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Abstract. In this paper, Suppose that f : Sy — Sy is a surjective phase-isometry between the unit spheres of two
real £,(I", H)-type spaces X and Y. We prove that the mapping f is phase equivalent to an isometry. Otherwise,
this isometry is the restriction of a linear isometry between the whole spaces, i.e., this isometry on the unit sphere
can be linearly extended into isometry in the whole space.

Keywords: phase-isometry; Winger’s theorem; Tingley’s problem; £,,(I", H )-type spaces.

2010 AMS Subject Classification: 46B04, 46B20.

1. INTRODUCTION

Let X and Y be real normed spaces. A mapping f : X — Y is called a phase-isometry if it

satisfies the functional equation

{F )+ DN = FOY =+l e =y} (xy € X).

We say that the mapping f is a plus-minus linear isometry if and only if there exists a phase
function € : X — {1,—1} such that £f(-) is a linear isometry. Then we called the mapping f is

phase equivalent to a linear isometry. We can say that linear isometry is g, g = €f.
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The famous Wigner’s theorem plays a very important role in quantum mechanics and in
representation theory in physics. We refer the reader to the papers [1, 2, 3, 4, 5, 6] for more
information and background on Wigner’s theorem. Ritz[5, Corollary 8(a)] presented the real
version of Wigner’s theorem, which implies that any phase-isometry between two real inner
product spaces is a plus-minus linear isometry. Recently, Zeng and Huang[7] showed that every
surjective phase-isometry between real £, (I", H)-type spaces for p > 1 is equivalent to a linear
isometry, which generalizes Wigner’s theorem to real £,(I", H)-type spaces for p < 1.

The relationship between the metric structure and linear structure of normed space had been a
problem that many scholars in the space theory field pay attention to. In 1987, Tingley proposed
the following question in [8]: Let X and Y be normed spaces, whose unit spheres are denoted by
Sx and Sy, respectively. Suppose f : Sx — Sy 1s a surjective isometry. Whether or not exist F,
the extend of f, is a real linear (bijective) isometry from X onto ¥Y'? This problem is known as
the Tingly’s problem or isometric extension problem. We refer the reader to the introduction of
[9, 11] for more information and recent development on this problem. The survey of Ding[10]
is one of the good reference for understanding the history of the problem. We could consider

the natural positive homogeneous extension F' of f from X to Y defined by

WA . x#0,
0 , x=0.

F(x)=

is the desired extension of f on the whole space X. For this we need to present a property of F'.
This property that holds for general normed spaces may be of independent interest.

Problem 1.1 Let f be a surjective phase-isometry between the unit spheres Sx and Sy of real
normed spaces X and Y respectively. Is it true that the natural positive homogeneous extension
F is a phase-isometry?

In this paper, we answer Problem 1.1 in positive for real /7 (I, H)-type spaces for p > 1. That
is for every phase-isometry from the unit sphere S i onto Sgpa g of real £7 (I, H)-type spaces
for p > 1, the natural positive homogeneous extension is phase equivalent to a linear isometry,
and therefore actually a phase-isometry. We also show that the Problem 1.1 is solved in positive

for real inner product spaces.
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2. MAIN RESULTS

Throughout this section, we consider the spaces all over the real field and denote by R the
set of reals. The spaces X and Y are used to denote real normed spaces. We use Sy and Sy to
denote the unit spheres of X and Y, respectively. This paper mainly discusses the £,(I", H )-type
spaces with 1 < p < oo, p # 2, where I is a nonempty index set and H is a real inner product
space. Let’s describe the ¢,(I", H) space.

IH) = (x=Y 500 xyeH |xP =Y x| < +o)
yell yer
For the elements on the unit sphere Syr g, a restriction ||x|| = 1 is added. For each x =

YLyerXy®ey € Sy, u), we denote the support of x by I'y, i.e.,

supp(x) =y ={yeT:x, #0}.

So we can write x = } yer Xy ® €y = Yyer, Xy ® €y. For any x,y € St,(r.H)> We say x is p—
orthogonal to y if

Iynly=g,

we also can write by x L, y.

In first lemma, we simply explain the relationship between orthogonality in Se,(r,H) and
orthogonality in St,(AK)-
Lemma 2.1 Let X = (,(I',H),Y = {,(A,K), 1 < p <oo,p#2. Suppose that f : Sx — Sy is
a surjective phase-isometry. Then f is a norm-preserving map. Moreover, we have x 1, y &

f(x) L, f(y) for any two elements x,y € Sx.
Proof. An important conclusion had been proved in the [7, Lemma2.1], which is applicable to
the whole ¢, (I', H) space

x Lpy e [ey[7+[lx=ylI” = 2(x” + lIyl]”)-

Obviously, it is also true in unit spherical space. Next, we prove that f is a norm-preserving
map. It only needs to make x = y in the definition of phase-isometry and they are non-zero

elements.

{f ) +FWIL S = FDIIE = L+l e =yl
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{F )+ LN ) = FNY = {4l [be = x]}

{2l7)11,03 = {2]x[], 0}

Then f is a norm-preserving map, || f(x)|| = ||x||. Finally,

() +FWIL ) = fFDIIF = L+l =y} (phase —isometry)

2([LFCN”+LONP) = 2(lxllP + Iyl[?) - (norm — preserving)

If x L, y then the above two equations are equal, imply that f(x) L, f(y).
UJ

Lemma 2.2 Let X ={,(I',H),Y ={,(A,K), 1 < p <oo,p+#2. Suppose that f:Sx — Sy is a
surjective phase-isometry. Let Y € I" and denote by A Fley) the support of f(ey). For every I'y is
a singleton, x € Sx, then Ay ) is a singleton.

Proof. We defined x :=u®ey, , u € Sy. If Ag(,) is not a singleton, set 0,h € Ay and 01 # &.
There is exist four nonzero elements y,z € Sx, u,uz € Sk, with I'y and I, is a singleton, such
that f(y) = HZ_:H ®eg, and f(z) = Hz_ill ®es,. Obvious, f(y) L, f(z), by Lemma 2.1, we have

yLpz thenx L,yorx 1,z By Lemma 2.1 again, we get f(x) L, f(y) or f(x) L, f(z),itis

a contradiction, so we get the result. O

Theorem 2.3 Let X = (,(I',H),Y = {,(A,K), 1 < p <oo,p#2. Suppose that f : Sx — Sy
is a surjective phase-isometry. Then there is a bijection ® : I' — A such that for each x =
Yyerxy®ey € Sy, f(x) = Zyerx;r(},) ® ez (y) € Sy. Where x;r(y) € K with ||xy|| = ||x;t(y) || for all
yel.

Proof. The proof of this theorem is divided into two aspects. On one hand we need show the
n: ' — A is a bijective mapping, on the other hand x and f(x) have the same norm values of
elements on the corresponding indexes. First, we show the one point. Defined the mapping
m:T = Aby 7(Y) = Afuge,), u €Su- U #p L, u®ey Ly u®ey, by Lemma 2.1,
flu®ey) L, f(u®ey,), thus 7 is a injective mapping. Next, we prove its surjective property.
We can set up 6 € A/n(I"),v € Sg. Because f is a surjective phase-isometry, there is exist

x € Sx, such that f(x) =v®eg. Foreach yeI'and u € Sy, f(x) L, f(u®ey), by Lemma 2.1,
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we get x L, u® ey. By the arbitrariness of u and y, we only reach x = 0, it is a contradiction.
Then 7 is a bijective mapping.

For all x =} ycrxy®ey € Sx, by the first part of the proof, we have f(x) = Zyerx;;(y) Qen(y) €

Sy. For each y € Iy, there exist vy ;) € Sk such that f( yw”) = Vg(y) @ €g(y)- Then

- ||xy||”+(1+||xY||)”

= {1 - ||XY||p+ ||x7/+ ” Xy || ||P}v{1 - ||x7’||p+ ||x}’ || Xy || Hp}
= (o ZE oy - 2y

ol ey
= (P + 1L by (£ ) — r LTy

| x 7“ HXVH
= {1 =[x 17+ ¥ Fvam 173 VAT =[xz 1P + 162 = vam I}

N

= oy 17+ (1 [ 17

We note that the function @(¢) = (1+1¢)? —¢? is strictly increasing on (0,4o0) when p > 1,
we have ||xy| < Hx || for each y € I'y. Then the equation ||f(x)|| = ||x|| = 1 implies that
|xy|l = Hxn(y) || for each yerll.

0J

Remark 2.4 From Theorem 2.3, we know for every x € Sx,xy € H,x;r(y) EK x=Yyerxy®ey€
Sx, f(x) = Zyefx;;(y) ® ez (y) € Sy, there have [|xy| = ||x;r(y)||. We can take any y € Sx with
[Ny =0,y € H,y;(y) € K, it is clear that ||yy| = ||y;r(y) ||. For A € R, we can structure

x+Ay Xy Ayy
Sy T e+ Y e
ol ~ & il 07 2 v A &

_ 1 A
We can get 7 = \|X+/1y\|x+ Ty S0 we have

x+ Ay XYy Yy
FEEEE Y m Y T et Y me
eyl = e T iyl 2 QQJu+zw| Y
x/
By Theorem2.3, f(z) = ey+
Liaa®ot X o ®

This means HxS,H = HXZH, ||y’y|| =
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Lemma 2.5 Let X ={,(I',H),Y ={,(A,K), 1 < p <oo,p# 2. Suppose that f : Sx — Sy is
a surjective phase-isometry. Then for all x,y € Sx, I'xN 1’y = 0, there exist two real numbers
o(x,Ay) and B(x,Ay) in R with |o(x,Ay)| = |B(x,Ay)| = 1 such that

x+Ay
x4+ Ayl

forall L € R with Ay € X. Otherwise, a(x,y)B(x,y) = a(x,Ay)B(x,Ly)

[lx+ Ayl f( ) = 0u(x,Ay) f(x) + B(x, Ay)Af(y),

Proof. Suppose that x =} yer, Xy ® ey and y =} yer, yy ® ey. By Theorem 2.3 and Remark 2.4,
set A € R, we can write that

=) oy ®@enm: fO) = Y Yy ®eay
yelx vely

x+Ay
||x+7WHf(m) =Y GRey+A Y Yy®ey
vely yely

with [[xy|| = ||x[| = [|xy]| and [lyy|| = [[yy[| = [[¥%| for all y € [, UT,. We can analyze this

1
1
(llxellP=+1A 17 {lyl17) P

constant t = IE JrllyH = < 1, obvious > 0. Because f is a phase-isometry, we

have

{+ 17, (1=0)"}

B x+Ay b » x+Ay b »
{|||| v ||+ x||P —[Az|?, H” ] —x[|P —[Ar|P}

_ x+Ay P_(34P x+Ay P_ 24P
AR + 7P = A, A2 — 1 — s

={ ; [l + 13|, ; 1y, — 13 |1P }.
Yel x YeL X

So (t+1)P = Lyer, ¥y +x5[I7 or Lyer, |1, — txy||P. By norm triangle inequality, we have
Yoyer, [y £ 517 < Eyer, (1K)l + ([ ]1)P = (¢ + 1)P. Tt follows that Yyer xy ® ey = £f(x).

The same reason is available
Z yy ® €y = y)'
yely
Next, we will show that a(x,y)B(x,y) = a(x,Ay)B(x,Ay). Using the first conclusion, we get
Xty
[+ yIl.f( [ H) = a(x,y)f(x) +B(x,y)f (), lee(x,y)| = [B(x,y)] =

et Al () = A0+ B AWt )] = Bl 2)] =
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Reference 1, we set tg) = HxlTyH = % By Theorem 2.3 we have

{lto+1P +|to+ At|P, |to —t\l’ +|to — At|P}

_ x+y x+/ly " x+Ay 1}
el Tl el e ol
x+y x+Ay x+y x+Ay
= s +f Al / ’
W) Y e VW e~ 1

= {lla(xy)Bey)iof (x) +t0f (v) + (x, Ay)B(x, Ay)ef (x) + At f (9)]|*,
[loe(x, ) B (6, y)t0.f (x) +10.f (v) — o(x, Ay) B (x, Ay)ef (x) — At f ()17}
= {la(xy)Bxy)io+a(x, Ay)B(x, Ay)t|” + |t + At|”,

|0 (2, 3) B (x,y)t0 — 0e(ox, Ay) B (x, Ay)e|” + |10 — At}

It follows that a(x,y)B (x,y) = a(x,Ay)B(x,Ay) and the proof is complete.
0

Theorem 2.6 Let X =(,(I',H),Y ={,(A,K), 1 < p <oo,p+#2. Suppose that f : Sx — Sy is
a surjective phase-isometry. Then it is phase equivalent to an isometry of the unit sphere which

is the restriction of a surjective linear isometry between the whole spaces.

Proof. When p =2, X and Y are real inner product spaces. Though the famous Wigner’s theo-
rem, we can show F is a plus-minus linear isometry. we only consider the case p > 1, p # 2.

By the theorem 2.3, we can define a bijection 7 : I' — A, for fixed ¥ € I' and correspond-
ing the w(y) = 8 € A. Thus we can define two proper subsets of Sy and Sy, which are
also unit spheres. Sy = {x € Sy : 0 ¢ [y}, Sy = {f(x) € Sy : o & Af(y}. Then we know

Sy@,He Sv@,Kes .
Sx HSZ#PIWZEII’ ”SV@ZT@%E” From the theorem 2.3, we obtain f(Sy) = Sy. For any
h
he H,uec Sy, exist ve S,k €K, such that Hu@ ey | = Hv@pk®6’50”' By |lul]| = ||v|| =1,
we can get = ccording to the definition o type-spaces, when on 0 PO-
get ||h k||. A ding to the defi fSZ(FH) ype-sp h ly 1 p
k
sition has elements, we can see xy = ||h® H Axog € H®ey, A € R. Then f(x) = IIkSZZH
. . ®37/ k®63 k®650
By ||a]| = [k|| = ||h®e7,0|\ = (Hh®€ ||) flxo) = Hk®6’50|| eyl So
I’l®ey . N . K®e§o
|h®ey || f( ey H) k®egs,. We apply Wigner’s Theorem to mapping f : ||H®670H ||K®650H to
. H®e . H®e K®e
obtain a phase function € : ‘|H®ey°|| — {1,—1} with &(xo) = 1 such that £ f : HH®67;2” — ‘|K®e§2”
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is a linear isometry.

By Lemma 2.5 for each u € Sy, we have

u+ Axg

A 7
Hl/l+ XOHf(HM‘f’A«XOH

) = a(u, Axo) f (u) + B (u, Axo) A f (x0),  |o(u, Axo)| = |B(u, Ax0)| = 1.

Define a mapping g : Sy — Sy given by

8(u) = ou(u, Axo) B (u, Axo) f (u)

for all u € Sy and xp € H ® ey,. Obviously, g is a phase-isometry. Through proving that g is a
surjective isometry, we can get that g : Sy — Sy is a linear isometry by Mazur-Ulam Theorem.
From the defined of g, we can get g(u) = +f(u) for each u € Sy. Let uj,up be in Sy and

Axg € H® ey,, we have

{llwr +u2l|” + (24)7, [lur — a7}

uy + Axg ur + Axg uy + Axg ur + Axg

— 14+ AP r, _ p
( ){H||u1+/lxo|| Tia £ Ao L1 ey yon Ttz Aol 17}
uy + Axo uy + Axo uy + Axo ur + Axg
= (1A {|lg(-— ) F e e (=) — g ) ||
(1+ A7) () + 8P e () — 2 )
= {llg(wr) +g(u)||” + (247, llg(ur) — g(u2) "}
This implies ||g(u;) — g(u2)|| = ||ug — uz|| for all uy,up € Sy. Otherwise, we just need to let
u;p = —up, A =1, then g(—u) = —g(u) for all u € Sy. So g is a surjective isometry.
Next we define a linear isometry f : Sy — Sy by Hu—i—lxoﬂf(%) = g(u) +&(x0)A f(x0)
for each u € Sy and xp € H ® ey,. We only need to show that HLH—)LxOHf(%) = +|ju+

Afo(%) for each 0  u € Sy and 0 # Ax € H ® ey,. From the definition of 7 and Lemma

2.5, we can have

o+ Aol FE0 ) o, Ao B (1, oxo) (1) + £ x0) A F (x0),
[l + Axo|
U+ Ax

ut+Ax|| f(——) = a(u, Ax) f(u uAX)A f(x

-+ Al () = o ) )+ Bl AVAS ),

where |oc(u,Axo)| = |B(u,Axo)| = |at(u, Ax)| = |B(u,Ax)| = |€(x9)| = 1. We need to show that

€(xo)oc(u, Axo) B (u,Axg) = ot(u,Ax)PB(u,Ax)
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The proof of the equation can be referred to [7, Theorem2.8]. Then we get the f is phase
equivalent to f. Finally, by[12] we can know that f can be extended from the unit sphere to the
isometric operator of the whole space.

This completes the proof.
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