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Abstract. In this paper, we show that Banach contraction principle and other known fixed point results, in the
frame of extended b-metric space, are immediate consequences of the analogous theorems in b-metric space. We
establish a more general and extended version of Banach contraction principle, we also prove a Sehgal-Guseman
type theorem for mappings with contractive iterate at each point in extended b-metric space.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory provides a large set of theorems, that plays a very important role to proof
existence and to determine uniqueness of solutions of numerous problems in mathematics,
physics and applied sciences.

In 1922, Banach [1] initiated the study of fixed point theory by proving the contraction principle
(BCP for short), which states that any contraction on a complete metric space has a unique fixed
point. As generalization of BCP, Sehgal [2] introduced a new type of mappings with contractive

iterate at each point. This result was extended by many authors in different settings and various
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generalized metric spaces (see [3-9]).

On the other side, recent trends in fixed point theory are focused on generalizing the metric
structure of the space, trying to solve the problem of limitation and unsatisfactory of classical
metric. In 2017, Kamran [10] et al. introduced a very interesting generalization of the notion
of b-metric space which they called extended b-metric space. Since then fixed point theory in
this new settings has been widely investigated by many authors, interested reader is referred
to [11-14] for further details.

Kamran et al. introduced the concept of extended b-metric space as follows:

Definition 1. Let X be a nonempty set and 6 : X x X — [1,+oo[ a real valued mapping. A
function dg : X X X — [0,00) is said to be an extended b-metric if and only if for all x,y,z € X

the following conditions are satisfied:
=0ifand only if x =y,

:d(y7x)’
(d03) d X7Z) <6 (X,Z) [d(x7y)+d(yaz)]'

Remark 1. If we take 6 (x,z) = s (s > 1 a positive real ), we obtain the definition of a b-metric

space (see [15]).

We notice that a number of results (see [10], [13]) assume the continuity of the extended b

metric dg, this assumption is a direct consequence of Lemma 1.1 in [10] stated as follows:

Lemma 1.1. Let (X,dg) be an extended b-metric space. If dg is continuous, then every conver-

gent sequence has a unique limit.

This Lemma is given without proof, it seems that it is not necessary to assume continuity of
the metric dg, to assure uniqueness of the limit of convergent sequences in extended b metric

spaces. Therefore we give a correct form of this Lemma as follows.

Lemma 1.2. In every extended b-metric space (X,dy) every convergent sequence has a unique

limit.
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Proof. Let {x,} be a sequence that converges to both x and y in X.

‘We have

r}l_r)ilode (xn,x) = }Eﬁ,de(x”’y) =0.

By extended relaxed triangular inequality, we have

do(x,y) < 0(x,y)(do (x,xn) + dg(xn,y))-
By taking the limit as n — +o0, we get dg(x,y) = 0 and by (dg;) we have x = y. O

However, by assuming the continuity of the extended b-metric, we can show that Banach
contraction principle in this new setting (see [10]) is not a real generalization, in fact, we estab-
lish that this result and many others, are direct consequences of their counterparts in b-metric
space.

The obtained BCP version in [10] can be summarized as follows.

Theorem 1.1. Let (X,dg) be a complete extended b-metric space such that dg is a continuous

functional. Let T : X — X satisfy:
(1) do(Tx,Ty) < kdp (x,y), for all x,y € X,

where k € [0,1) such that for each xo € X, 1imy, 500 0 (X, Xm) < %, here x, = T"xg,n=1,2,....

Then, T has precisely one fixed point u. Moreover for eachy € X, T"y — u.

This theorem is a generalization of the following result due to M. Jovanovic et al. [see [16]

Theorem 3.3] in the frame of b-metric space.

Theorem 1.2. Let (X,d) be a complete b-metric space with coefficient s > 1 and T : X — X be
1

a mapping satisfying: d(Tx,Ty) < kd(x,y) for all x,y € X, and some k € {0, —). Then, T has
s

a unique fixed point u and lim,,_,. T"xg = u € X for every xo € X.

The above Theorem has been extended for value of constant k in the range [0, 1), indeed
in [17] N.V. Dung and V.T.L. Hang prove that the conclusion of Theorem 1.2 remain true for
kell/s,1).



4 YOUNESS EL KOUCH, JAMAL MOULINE
Theorem 1.3 ( Theorem 2.1 [17]). Let (X,d) be a complete b-metric space and let T : X — X

be a map such that for all x,y € X, and some k € [0,1)
d(Tx,Ty) < kd(x,y).
Then, T has a unique fixed point u and lim,,_. T"xo = u € X for every xy € X.

Definition 2. Let (X,dg) be an extended b-metric space and let 7 : X — X be a map. We said

that 7" is continuous, if for every x € X such that x,, — x we have Tx, — Tx.
Remark 2. Note that a contraction mapping in extended b-metric space is continuous.

2. MAIN RESULTS

2.1. Fixed point theorems for some contractions are not real generalization under conti-
nuity of dg. In the next, we show that under the continuity condition of the extended b-metric
dg, some fixed point theorems obtained in this new settings are consequences of their corre-

spondings results in b-metric space.
Theorem 2.1. If dg is continuous then Theorem 1.2 —> Theorem 1.1.

Proof. For any xy € X define the iterative sequence (x,) by
Xo=T"xo,n=1,2,...
By conditions of Theorem 1.1, we have limy, ;e 0 (X, X)) = r € R exists and r < %
Then for s = %(% + ), there exists N € N such that
2) 0 (x,Xm) < s forall n,m > N.
Let us consider the subset O y(xo) of X defined by
Orn(xo) ={T"xo/n>N}.

Let ¢ = Or n(xp) be the closure of 07 n(x) with respect to the extended metric dg

‘We claim that :

(1) dg is b-metric over ¢ with coefficient s,

(2) and T(¥¢) C €.
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1- Let x,y € €. By definition of ¢, there exists two sequence (T"xp); C Orn(xo) and
(T"x0), C Or N(x0) that converges respectively to x and y with respect to the metric dg. We

have
3)  dg(T"x0,T"x0) < O(T"x0,T"x0)(dg(T™x0,2) +dg(z,T""xp)), forall z € €.
Then by (2) we get
do(T™x0, T"x0) < s(dg(T"x0,2) +dg(z,T""xp)).
Taking the limit as k, p — oo and considering the continuity of dg it follows that

dg(x,y) < s(de(x,2) +ds(z,y))-

Which implies that (¢’,dy) is a complete b-metric space with coefficient s.

2- Let x € €. From the definition of %, there exists a sequence (7" xp); that converges to x
with respect to dg.

Since the mapping 7 is continuous, the sequence (7" !xg), converges to Tx. We have (T"*1x(); C
% and % is closed, then Tx € % and This finishes the proof.

Now, we have T : 6 — %€ a contraction mapping with constant k in the complete b-metric space
(¢,dy) and by taking into account that kr < 1 we get ks < 1.

Hence T satisfies all the hypotheses of Theorem 1.2, so T has a unique fixed point. 0

It is natural to ask if the result of Theorem 1.1 could be extended to all values of k € [0, 1). The
next Theorem give a positive answer to this question, first we need the following preliminary

result.

Proposition 2.2. Let (X,dg) be a complete extended b-metric space and T : X — X be a map-
ping. Then

(1) If T"™ has a unique fixed point ® € X, then ® is a unique fixed point for T.

(2) If T is a Banach contraction mapping with lipschitz constant k, then T" (n € N*) is

Banach contraction with lipschitz constant k".

Theorem 2.3. Let (X,dg) be a complete extended b-metric space. Let T : X — X a mapping

satisfies (1), where k € [0, 1), such that for some xo € X, 1imy, y—s00 0 (X, %) exists and finite,
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here x, =T"xy,n=1,2,....

Then T has precisely one fixed point u. Moreover the sequnece (T"xo) converges to u.

Proof. Since k € [0,1), we obtain lim,,_,.. k" = 0. We have lim,, ;e 0 (x,,,X;,) exists and finite,

so there exists a natural number p such that

kP lim 0 (xy,x,) < 1.

n,m—o0

/

Then, we have dg (T7x,TPy) < Adg(x,y) for all x,y € X, where A =k and 0 < A lim,, ;—ye0 0(x,,x,) <
1, with (x,,) is the subsequence of (x,) defined by x, = Xpn, for all n € N.

From Theorem 1.1, it follows that 77 has a unique fixed point # € X and by proposition 2.2, we
deduce that u is a fixed point of the mapping 7 and T"*”xy — u as n tends to infinity.

Now, we show that 7"xy — u, so for n a sufficiently large integer, there exists (r,q) € N x N,

such that n = pr4+q with 0 < g < p.

Set
0" = max {dg(TixO,u)/i =0,1,...p— 1} )
We obtain by successive iterations
do(T"x0,u) = do(T™ Ixo, TPu) < Adg (TP~ T xy, 1)
< Adg(TPU=DFaxy TPy)
< A2dg(TPU=2 %% 1)
<...
< Adg(T9xp,u) < A"6".
Since n — o0 implies r — o0, we obtain dg (T"xg,u) — 0 as n — oo, O
In [18] A.K. Dubey et al. proved a generalization of Hardy-Rogers fixed point theorem stated

as follows.

Theorem 2.4. [18] Let (X,d) be a complete b-metric space with constant s > 1. If T : X — X

satisfies the inequality:

d(Tu,Tv) < kid(u,v) +kod(u,Tu) + ksd(v,Tv) + ka[d (v, Tu) +d(u,Tv)), for all u,v € X.
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where ki > 0, fori=1,...,4 and ki + ko + k3 + 2skq < 1, then T has a fixed point.

Using the same arguments, assuming continuity of the mapping 7 and the extended metric

dg, we deduce the following result from Theorem 2.4.

Theorem 2.5. Let (X,dg) be a complete extended b-metric space with 0 : X X X — [1,00) and

dg is continuous. If T : X — X is continuous and satisfies the inequality:
do(Tu,Tv) <kidg(u,v) +kodg(u,Tu) + kzdg(v,Tv)
+kaldo(v,Tu) +dg(u,Tv)), for all u,v € X.

Where ki > 0, fori=1,...,4 and

ky + ko + ks +2ks im0 (i, um) < 1.

n,m—soo

Then T has a fixed point.

2.2. Sehgal-Guseman fixed point theorem in extended b metric space. Now, we state our

fixed point result for mapping with a contractive iterate at each point.

Theorem 2.6. Let T be a self-mapping on a complete extended b-metric space (X ,dg). Suppose

that the following conditions hold:

(i) There exists a k € [0,1), and for all x € X, there exists a positive integer n(x) such that:
4) do(T"Wx, T"™y) < kdg(x,y), forall y € X,

(ii) there exists xo € X such that 0*(xp) < % where 6% (x) = sup,c 0(T"(x),x),
(iii) 1imy, o0 0 (X1, Xm) < %, where x, 11 = ")y, foralln € N.
Then (x,)n>0 converges to some u € X. Moreover, iflimsup,, ... 0(T""x,,u) < oo, then u is the

unique fixed point of T and T"xo — u.

Lemma 2.1. Let T : X — X be a mapping satisfying the condition (14), then

r(x) = sup, ey« do (T" (x),x) is finite for each x € X such that 6*(x) < %
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Proof of the Lemma. Letx € X and [(x) = max {dg(T*(x),x) : k= 1,2,...,n(x) }, for each pos-

itive integer n, there exists an integer p such that pn(x) <n < (p+ 1)n(x), and we have

o (T"(x),x) < O(T"(x),) [d (1" T~ (), 7)) + i (T")x, )|

< O(T"(x), %) |do (T"O =10 (), 7)) + Z(x)}

< 0(T"(x),x) [kdo (T" ") (x),x) +1(x)]
< O(T"(x),x)I(x) + O(T" (x), x)kdg (T" "™ (x),x)

s < O(T"(x),x)I(x) + O(T"(x),x)0(T" "™ (x),x)ki (x)
+0(T"(x),x)0(T" "™ (x),x)k>de (T" "™ (x), x)
< O(T"(x),x)I(x) + O(T"(x),x)0(T" "™ (x), x)kl (x) + ...
+0(T"(x),x)0(T" "W (x),x) ... 0(T" ") (x), x)kPdg (T"~""¥) (x), x)
< O(T"(x),x)1(x) + O(T"(x),x)0(T" "™ (x), x)kl (x) + . ..

+0(T"(x),x)0(T" " (x),x)...0(T" "' (x), x)kPI(x).

Thus, we obtain
i=p j=i .
do(T"(x),x) <I(x) Y K ] 0(T" " (x),x)
i=0 j=0

(6) <I(x) lf K'9*(x) !
i=0
< 1(00° () Y. (k6" (x))

i=0

We have 0 < k0*(x) < 1, so we get

do(T"(x),x) < [x)07(x) for all n € N*.

= 1—k6*(x)

Now, we give a proof for Theorem 2.6.
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Proof. Starting with an arbitrary point xo € X, with 6% (xp) < % and define x4 = 7"(n)x,,, for
all n € N. We show that (x,) is convergent. We have
dg (anrl 7xn) =dg (Tn(x,,)xm Tn(xnil)xnfl)
< do(T" =)y, g Ty, )
S kd@ (Tn(xn)xn—l 7xn—1)
(7
<...

< kndg(Tn(x”)xO,xO)

S k”r(xo).

1
We have limy, —e0 0 (X, %) = r € R exists and r < %

Then for s = (% +r), there exists Ny € N such that

| =

(8) 0 (xp,xp) < s for all n,m > Np.

Hence, by the extended triangular inequality for m > n > Ny, we obtain
do(Xn, Xm) < 0%, % )K" 7(x0) + 0 (X X ) O (X 1 X )KL (x0)

+ 0 (X, x0) O (X1, Xm) O (X2, Xm) - - - 0(xm,2,xm)B(Xm,l,xm)km_lr(xo)

< r(xp) Z kiHG(xj,xm)

i=n j=n
9) ——
S I”(X()) Z ktsl—n—H

i=n
< r(xo)sl_" (ks)i

nl(ks)" — (ks)™]

< 1-n [( .

< rlxo)s 1 —ks

We have 0 < ks < 1 and by letting n,m — oo, we get lim, . dg(X,,%,) = 0, this proves that
(xn)n is a Cauchy sequence.

Since the extended b-metric space (X,dg) is complete, there exists u € X such that

(10) lim dg (x,,,u) = 0.

n—soo
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From (14), we have dg(T""x,,, T""u) < kdg(x,,u).
Which yields

(11) lim dg (T""x,,, T""u) = 0.

n=soo
Also from (14), we have
do(T" W3, 1) = d (T 0T g, | )y )
< kdg(T""x,—1,%5—1)
<...
< k”de(T”(”)xo,x()).

As k € [0, 1], we obtain

(12) lim dg(T" ") x,, x,) = 0.

n—oo

On the other hand, by applying the extended triangle inequality twice, we obtain

(13)
do (T u,u)

< O(T""u,u)dg (T u, T"x,)) + 6 (T, u)dg (T" W x,y, 1)
< O(T"u,u)dg (T u, T"Wx,) + O(T" W, u) 0 (T Wxy, 1) | do (T xp, x) + do (x,10) | -
Since limsup,, ... 6(T""x,,u) < oo, using (10), (11), (12) and (13), we get
do(T" ™ u,u) = 0.

Hence, we have Ty =y,
Fom inequality (14), it follows that 7" has a unique fixed point and by Proposition 2.2, u is
the unique fixed point of 7.
Following the same lines as in the last part of the proof of Theorem 2.3, we show that the

sequence (7"xp) converges to the fixed point u. O

Corollary 2.6.1. Let (X,dg) be a complete extended b-metric space with 0 continuous and T

be a self-mapping on X. Suppose that the following conditions hold:
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(i) There exists a k € [0,1), and for all x € X, there exists a positive integer n(x) such that:
(14) do(T"¥x, T"9y) < kdg(x,y), forall y € X,

(ii) there exists xo € X such that 0*(xo) < 1 where 0% (x) = sup,,cy- 0(T"(x),x),
(iii) 1imy, 00 0 (X, %) < %, where X, = ")y, foralln € N.

Then, T has a unique fixed point u € X and the sequence (T"xg) converges to u.

Proof. By (11), we have T”(”)xn — T”(”)u, from continuity of the function 6, it follows that
limsup,, .. 0(T"®x,,u) = 8(T"*)u,u) < o and the conclusion follows by using Theorem 2.6.

O

Corollary 2.6.2 ( Theorem 3.2 [9]). Let (X,d) be a complete b-metric space with coefficient
s > 1 and T be a self-mapping on X. Suppose that for all x € X, there exists a positive integer
n(x) such that:

d(Tn(x)x7 Tn(x)y) S kd(_x,y), for all y S X

Ifk < % then the sequence (T"xg),>0 converges to u € X, the unique fixed point of T.

For further research, it is interesting to study the following questions.
Question 1: Can we deduce Theorem 1.1 from Theorem 1.2 without assuming continuity of the
metric dg?
Question 2: Does the conclusion of Theorem 2.6 remains true, if we replace the condition

Plimy, jy—ye0 O (X, Xim) < %” by this one "limy, ;,—se0 0 (X, Xy,) eXists” ?
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