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Abstract. In this paper, we establish a common fixed point theorem for four compatible mappings of
type (A) in Menger spaces under a new contraction condition. Also, an example is given to justify our

results.
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1. Introduction

There have been a number of generalizations of metric space. One such generalization
is Menger space introduced in 1942 by Menger [6] who was use distribution functions in-
stead of non-negative real numbers as values of the metric. Schweizer and Sklar [11] and
[12] studied this concept and gave some fundamental results on this space. The important
development of fixed-point theory in Menger spaces was due to Sehgal and Bharucha-Reid
[13]. The theory of probabilistic metric spaces is of fundamental importance in probabilis-

tic functional analysis. For the detailed discussions of these spaces and their applications
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we refer to [3],[16],[17],[18],[19].

Sessa [14] introduced weakly commuting maps in metric spaces. Jungck [4] enlarged this
concept to compatible maps. The notion of compatible maps in Menger spaces has been
introduced by Mishra [7]. In 1993, Jungck, Murthy and Cho [5] generalize the concept of
compatible mappings into compatible mappings of type (A). Recently, some fixed point
theorems in Menger spaces have been proved by many, authors, Radu [8]-[10], Stojakovic
[20],[21], Dedeic and Sarapa [2], Cho, Murthy and Stojakovic [1] and others under various

contractive conditions.

In this paper, a common fixed point theorem is proved for four compatible mappings
of type (A) in Menger space, which satisfy a new contraction condition and a fixed point

theorem in a metric space as a corollary.

2. Preliminaries

Let R denote the set of reals, Rt the nonnegative reals and N denote the set of all
natural numbers. A mappings F' : RT — R™ is called a distribution function if it is
nondecreasing and left continuous with inf FF = 0 and sup F' = 1. We will denote A by
the set of all distribution functions.

A probabilistic metric space (briefly, PM-space) is a pair (X, £) where X is a nonempty set
and ¢ is a mapping from X x X to A. For (u,v) € X x X, the distribution function F'(u,v)

is denoted by F},,. The function £}, ,. are assumed to satisfy the following conditions:

(P1) Fu(z) =1 forevery z>0 iff w=uo,

(P2) F,,(0) =0 for every wu,ve X,

(P3) Fuu(z) = Fyu(z) for every w,ve X,

(P4) if F(x) =1 and F,,(y) =1 then F,,(x +y) =1 for every wu,v,w e X.

In a metric space (X, d) the metric d induces a mapping F' : X x X — A such that

F(u,v)(z) = Fy.(z) = H(z — d(u,v)),

)



A COMMON FIXED POINT THEOREM 275

for every u,v € X and x € R, where H is a specific distribution function defined by

The following definitions and lemmas are needed in the sequel.

Definition 2.1[11]. A T-norm is a function t : [0,1] x [0,1] — [0, 1] which satisfies:
(T1) t(a,1) =a and t(0,0) =0,

( t(b, a),
(T3) t(e,d)>t(a,b), c¢>a,d>Db,
(T4) t(t(a,b),c) =t(a,t(b,c)).

(T2) t(a,b)

Definition 2.2[11]. A Menger space is an order triple (X,&,t) where (X,€) is a proba-
bilistic metric space and t is T-norm satisfying:

(P4) Fu(x+y) > t(Fuw(x), Fuy(y)) for allu,v,w e X and z,y > 0.

B. Schweizer and A. Sklar [11] introduced particular spaces of PM-spaces which are called
simple spaces.

Definition 2.3 An PM-space (X, &) is said to be a simple space if and only if there exists

a metric d on X and a distribution function G satisfying G(0) = 0, such that for every
r,y i X

G<d(;y))> T #y,

Furthermore, we say that (X, &) is the simple space generated by the metric space (X, d)
and the distribution function G.

Theorem 2.4[11]. A simple space is a Menger space under any choice of T satisfying
(T1),(72),(T3)and(T4).
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Schweizer and Sklar [11] pointed out, if T-norm t of Menger space (X, F,t) is continuous,
then there exists a topology on X such that X, 7 is a Hausdorff topological space in the
topology T induced by the family of neighbourhoods {U,(e,\) : x € X, e > 0, A > 0} where

Us(e,N) ={y € X5 F,,(e) >1— A}

Definition 2.5. A sequnce {x,} in a Menger space X is said to be convergent to a point

x € X if for every € > 0 and X\ > 0, there is an integer N (e, \) such that

F,, () >1—=X forall n> N(e ).

The sequence {z,} is called a Cauchy sequence if for each ¢ > 0 and A > 0, there is an
integer N (e, A) such that F, . (¢) >1— X for all n,m > N(e, \).

An important T—norm is the T-norm t(a, b) = min{a, b}, a,b € [0, 1] and this is the unique
T—norm such that t(a,a) > a for every a € [0,1]. Indeed if it satisfies this condition, we

have

min{a,b} < t(min{a,b},{a,b}) < t(a,b)

< t(min{a, b}, 1) = min{a, b}

Therefore, t = min.

Theorem 2.6 [8]. Let t be a T-norm defined by t(a,b) = min{a,b}. Then an induced
Menger space {X,&,t} is complete if a metric space (X, d) is complete.

For complete topological preliminaries on Menger spaces see, for example [12].

G. Jungck [4] introduced more generalized commuting mappings, called compatible map-
pings, which are more general than those of weakly commuting mappings. In general,
commuting mappings are weakly commuting mappings and weakly commuting mappings
are compatible mappings but the converse is not true.

Recently, G. Jungck et al. [5] defined the concept of compatible mappings of type (A)
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which is equivalent to the concept of compatible mappings under some conditions and
proved a common fixed point theorem for compatible mappings of type (A) in metric
spaces.

Further, S. N. Mishra [7] and Y. J. Cho et al. [1] introduced the concept of compatible
mappings and compatible mappings of type (A) respectively in Menger spaces as follows.
Definition 2.7 [7]. Two self mappings S and T of Menger space (X, &, t), where t is con-
tinuous will be called compatible if and only if Fsry, 1ss,(w) = 1 for all w > 0, whenever
{z,} is a sequence in X such that Sx,, Tz, — z for some z € X.

Definition 2.8 [1]. Let (X, &, t)be a Menger space such that T-norm t is continuous and
S, T be mappings from X into itself. S and T are said to be compatible of type (A) if

lim Frsg, sse,(w) =1 and Um Fspy, rre, (w) =1, for u>0,
n—oQ n—oo

whenever {x,} is a sequence in X such that lim, o, Sz, = lim, o Tx, = z for some
z e X.

The following Proposition 2.9 and 2.10 show that the Definitions 2.7 and 2.8 are equivalent
under some condition [1].

Proposition 2.9. Let (X, ¢, t)be a Menger space such that T-norm t is continuous and
t(z,x) > x for all x € [0,1], and let S,T : X — X be continuous. If S and T are
compatible, then they are compatible of type (A).

Proposition 2.10. Let (X, &, t)be a Menger space such that T-norm t is continuous and
t(x,x) > x for all x € [0,1], and let S, T : X — X be compatible of type (A). If one of S
and T is continuous, then S and T" are compatible.

As a direct consequence of Proposition 2.9 and 2.10 we have the following [1].
Proposition 2.11 Let (X, &, t)be a Menger space such that T-norm t is continuous and
t(u,w) > u for allu € [0,1], and let S, T : X — X be mappings. If S and T are compatible
mappings of type (A) and Sz =Tz for some z € X, then STz =TTz =TSz = 55z.
Proposition 2.12.Let (X, £, t) be a Menger space such that T-norm t is continuous and
t(u,uw) > u for all uw € [0,1], and S, T : X — X be mappings. Let S and T be compatible

mappings of type (A) and lim,,_,o, Sz, = lim,,_,o, Tz, = z for some z € X. Then we have
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(1) lim, o, T'Sx, = Sz if S is continuous at z.

(2) STz=TSzandSz =Tz if S and T are continuous at z.
3. A Common Fixed Point Theorem

Before proving our main theorem, we need the following lemma.
Lemma 3.1 [16]. Let {z,,} be a sequence in Menger space (X, &, t), where t is continuous

and

t(u,u) > u for all u € [0,1]. If there ezists a constant k € (0,1) such that

F.

Tn,Tn41

(k:x) > anq,mn(l’)v

for allz >0 and n € N, then {x,} is a Cauchy sequence. Now, we are ready to give our
main theorem.

Theorem 3.2. Let (X,&,t) be a complete Menger space with t(z,y) = min{x, y} for all
x,y € [0,1] and A, B, S, T be mappings from X into itself such that

(3.1) A(X)CT(X) and B(X) C S(X),

(3.2)  the pair {A,S} and {B,T} are compatible of type (A),

(3.3) ome of A,B,S and T is continuous,

(8.4) there exists a constant k € (0,1) such that

(1:1A96,By(]€rlL))2 Z min {FSx,Ax<u)FTy,By(u)7 FS:L‘,By(2u)FTy,Ax(u)7 FSCE,ACE (U)FSI,By(Qu)7
FTy,Ax(U/)FTy,By (’LL), FSx,Ax (u)FTy,Ax (U), FSx,By<2u)FTy,By (u),

(Fsz,a2())?, (Fry,py(u))?, (Fsery(u))?},

forallz, ye X and u> 0. Then A, B, S and T Have a unique common fized point in X.

Proof. By (3.1), since A(X) C T(X), for any zy € X, there exists a point 1 € X such
that Azg = T'zy. Since B(X) C S(X), for this point x1, we can choose a point x5 € X
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such that Bx; = Sz and so on. Inductively, one can define a sequence {y, } such that

Yon = T$2n+1 = Az,
Yon+1 = STopqe = Bropy, n>0.
Now, we prove Fy, .. . (ku) > F,, . ., (u)forall u> 0, where k € (0, 1). Suppose that
Fyponis (k) < Fy, | (u) for some u > 0. Then by using (3.4) and Fy,, ,,.., (ku) <
Fan—laan (’LL), we have

(Fpanonss (B0))* = (Fawy, Bran (ku))?
> Min{ Fs5,,, A (W) F T340, Brsnsr (W) Fsign,Branir (20) FTag, o, Axs, (W),
FSuy, Awsn (W) FS2ay Brgy oy (20), Frag, y Aws, (W) Fray, o1 Baonar (),
FSay, Avyy (W) Fray, 1 Az (W) FSyy Bagy i (20) Fray, 1 Baos (0),
(Fstan,4020 (W), (Pragyin, Bransa (W) (Fszan Taa (1))}
= min{Fy_1 a0 (W) F o yonis (W), Fyont yonin (20) Fiayy g, (1),

F <U>Fy2n’y2n+l (u)7

(u)F, (2u), F,

Y2n—1,Y2n Y2n—1,Y2n+1 Y2n,Y2n
Fy2n71 sYan (u) Fy2nyy2n (u) Y Fy2n71 sY2n+1 (QU)Fy2n7y2n+1 (u) 9

(o (W), (Far o ()%, (Fa 1o ()}

> man{Fy, g, (W) Fy o (W) H(Fya 100 (W), Fia i (W),
Fyor 1 (W (F o1 (W) Fi i (0))5 Fpor o (),
Fyo 1 (W F 1 (05 Fyoy i (W), Finy i (),
(o (W), (Far o ()%, (Fi 1o ()}

> min{(Fy,, yonis (k1)) Fy oy (K0, (Fyan yon s (K0))?,

F, (ku))?,

Y2n,Y2n+1

(Fygn,y2n+1 (u))2, (Fygn,yznﬂ (u))2, (Fygn,yznﬂ (U))Q}

= (Fy2n7y2n+1 (u))2>

(ku), F,

Y2n,Y2n+1

(ku), (F,

Yon,Y2n+1



280 R. A. RASHWAN! AND AMIT SINGH?*

which is a contradiction. Thus, we have

B (k) > Fyp g, ().
Similarly, we obtain
Fypityonro (KU) = Fyp oy (0).
Therefore
Ey i (k) = Fy, (),

for alln € N and u > 0.

Hence by Lemma 3.1, it follows that {y,} is a Cauchy sequence in X. Since the Menger
space (X, &, t) is complete, {y,} converges to a point z in X and the subsequences
Axoy, Sy, Broyyq and T'xo, 1 also converges to z.

Now suppose that T is continuous, Since B and T are compatible of type (A), then by

Proposition 2.12, we have
BTxoy 1, TTxo,1 — T2 as n — .
Putting x = x9,, and y = Tx9,11 in (3.4), we have
(Fazgn,BTaon (ku))? = min{ Fau,, Ave, (W) Frrag, o Brass: (0), Fsag, BTaosn i (20) Frrag, 1 Ags, (W),
FSaon, Awsn (W) FSua, BTwsn iy (20); FrTan, 1, Azan (W) FrTws, 1 BTwgn e (W),

FSI2n1A$2n (U)FTT;EQ”H,A@” (u)7 FS$2naBTZ2n+1 (QU)FTTOE%H,BT:EMH (u)v

(FSJCQmAﬂCQn (U))Q, (FTTx2n+17BTx2n+1 (u))27 (st2n7TTx2n+1 (u))2}

Taking limit as n — oo, we have
(For:(ku))® > min{F, .(u) Fro (), For.(2u) Fr. . (u), F. .(u) . r.(2u),
Fr..(uw)Fr,r.(u), F, .(u)Fr, .(u), F, 7.(2u) Fr, r.(u),
(Fop2(u)?, (Frars(u)?, (Fors(u)?}

= (FZ,TZ(U))27
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which implies that Tz = z. Again replacing x by xs, and y by z in (3.4), we have
(Fawsnp=(ku))® > min{Fou, avs, (4) Frz 2 (1), Fay,52(20) Frz ar,, (1),
Fsyy, Axo, (W) Fsgy, B2(20), Fory azy, (W) Fr, g, (u),
F'Suy,, Awa, (W) P72 Azy, (W), Fsiy, B2(20) Fr. 5. (),

(Fsu5,,, Azs (u))2, (FTz,Bz(U>)2= (Fszn,TZ(u))Q}

Taking limit as n — oo and using Tz = z, we have
(Fzsz(ku))2 > min{F,.(u)F, p.(u), F, g, (2u)F, .(u), F, .(u) F, p.(2u),
L (w)F, p.(u), Fy () F, . (u), I p2(2u) F; p.(u),
(Foz(w)?, (Frpa(w))?, (Frpz(u))?}

= (FZ7BZ<U))2a

281

which implies that Bz = z. Since B(X) C S(X), there exists a point w in X such that Bz

= Sw = z.

Again by using (3.4), we have

(FAw,Z(ku))Q = (FAw,BZ<kU))2

v

Frsaw(W) Frs 52 (0), Fsw,aw(W) Fre aw (), Fsw,p:(20) Fr. 52 (1),
(Fsuw,aw(1))?, (Frzp:(4))?, (Fsuwr:(u))*}

= min{F; aw(W)F, - (0), Fy 2 (20) F; aw (), Py aw(u) F - (20),
Fyaw(W)F (), B aw(W) Py aw(u), Fr 2 (2u) F . (u),
(Feau())?, (F- 2 (w))?, (F 2 (u))*}

= (Fz,Aw (U»Qv

min{FSw,Aw(U)FTz,BZ (U), FSw,Bz(Qu)FTz,Aw (U), FSw,Aw (U)FSw,Bz(2u>7

which implies that Aw = z. Since A and S are compatible of type (A) and Aw = Sw = z

by Proposition 2.12, we have
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Az = ASw = SSw = Sz.

By using (3.4) again, we have Az = z. Therefore Az = Bz = Sz = Tz = z, that is z is
a common fixed point of A, B, S and T. For uniqueness, let Z be another common fixed

point such that Z # z. Then by (3.4), we have

(Foz(ku)® = (Fazpz(ku))’
> min{Fs, a.(w)Frzp:(u), Fs. p:(2u) Frz a.(w), Fs, 4. (u) Fs, pz(2u),
Frsa.(w)Fr:pz(u), Fs,a.(w)Frz a,(w), Fs, p:(2u) Frz pz(u),
(Fsz,a2(w))?, (Fre,pe(u)?, (Fsr:(w))?}

= (F.z(w)),

which means that z = 2. Thus z is a unique common fixed point of A, B, S and T.
As a consequence of Theorem 2.6 and Theorem 3.2, we have the following corollary in a

metric space.

Corollary 3.3. Let A, B, S, T be mappings from a complete metric space (X, d) into
itself such that

(3.5) A(X)CT(X) and B(X) C S(X),

(5.6)  the pair {A,S} and {B,T} are compatible of type (A),
(8.7) one of A, B,S and T is continuous,

(3.8) there exists a constant k € (0,1) such that

(d(Az, By))* <k ma{d(Sz, Ar)d(Ty, By), 5d(Sz, By)d(Ty, Av), 3d(Sz, Ar)d(St, By),
d(Ty, Az)d(Ty, By),d(Sx, Ax)d(Ty, Az), %d(va, By)d(Ty, By)

(d(Sz, Ax))?, (d(Ty, By))?, (d(Sz, Ty))*},

forall x, y € X. Then A, B, S and T have a unique common fixed point in X.
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Now we give an example of a PM-space and two pairs of mappings which satisfy all

axioms of Theorem 3.2.

Example 3.4. Let X = [0, 1] with the Fuclidean metric d and let £ : X x X — D be
defined as

Glamm) T#Y,
H(u)v r=y

F.

x7y

for all z, y € X, where G(X) is any distribution function such that G(0) = 0. Then, (X,
€) is a simple space and using Theorem 2.4, the space (X, &, t) will be Menger space with
T = min’.

Define the mappings A, B, S and T as the following:

0, 0<z<1,
Axr = Sx =

Bz = Tr=z, 0<z<1.

These mappings satisfy the conditions (3.1), (3.2) and (3.3). Moreover, for k = % and

u>0, A, B, Sand T satisfying (3.4) as follows:

(1) If v =y = 1, then

L.HS. of (3.4) = (F1 1(2))* = (G(2))*.
R.H.S. Of (3.4) = min{Fié(u)Fi&(u),Fi&@u)Fié(u),Fi%(u)F%’%(Zu),

Fy () Fy(u), Fr oo (u)Fy (), Fi o (2u) Fy (),
(Fy o ()2, (Fys () (i, ()}
< (Faw) =Gy

Hence (3.4) is satisfied.

(I1) If 0 < z,y < 1, then (3.4) is trivially satisfied.
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(III) If x = 1, 0 <y < 1, then
L.H.S. of (3.4) = (}%70(%))2 = (G(9u))?.

R.H.S.of (34) = min{F. 1 (u)F,

112 Y

o(u), F1o(2u)F,
Fy 1 (u)Fyo(u), Fi 1 (w)F, 1 (u), F1 (2u) Fyo(u),

(), (Fyo(u)?, (F1 ,(u)*}
(u)* = (G(6u))*.

(F

NI
,_.
w"‘

IN

(F

1
11

m"“

Hence (3.4) is satisfied.

(IV) If0 <z <1, y = Ithen
L.H.S. of (3.4) = (Foé(%“))Q = (G(4u))*.

R.H.S. of (34) = min{F,o(u)F| 1(u), F, 1(2u)Fy o(u), Fyo(u)F, 1(2u),

1 1
' ' Loy

Fro(u)Fy 1 (w), Foo(u) Fro(u), F, 1 (2u) Fy 1 (u),

1
4

< (R = (GG

Hence (3.4) is satisfied. Note that 0 is the unique common fized point of A, B, S and T.
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