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Abstract. In this paper, we establish a coupled coincidence fixed point results for a hybrid pair of single valued and
multivalued mappings satisfying generalized contractive conditions, defined on a partially ordered bipolar metric
space. Our results unify, generalize and complement several known comparable results from the current literature.
An example is given.
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1. INTRODUCTION

Fixed point theory plays a vital role in applications of many branches of mathematics. Find-
ing fixed points of generalized contraction mappings has become the focus of well-built research
activity in fixed point theory. Recently, many investigators have published various papers on
fixed point theory and applications in different ways. One of the recently popular topics in fixed
point theory is to cast the existence of fixed points of contraction mappings in bipolar metric

*Corresponding author
E-mail addresses: srinivasabagathi @ gmail.com, srinumathsbrau @ gmail.com

Received November 25, 2021



2 B. SRINUVASA RAO, E. GOUTHAMI, CH. MAHESWARI, MOHIDDIN SHAW SHAIK

spaces which can be considered as generalizations of Banach contraction principle. In 2016,
Mutlu and Giirdal [1] has been introduced the concepts of bipolar metric space and they investi-
gated certain basic fixed point and coupled fixed point theorems for covariant and contravariant
map with contractive conditions see ( [2]-[6]).

The study of mixed monotone mappings is an active area of research due to its wide scope of
applications. The theory of mixed monotone multivalued mappings in ordered Banach spaces
was extensively investigated in [7]. Existence of fixed points in ordered metric spaces was ini-
tiated by Ran and Reurings [8], and further studied by Nieto and Lopez [9]. Several authors
studied the problem of existence and uniqueness of a fixed point for mappings satisfying dif-
ferent contractive conditions in the framework of partially ordered metric spaces and references
therein ([10]-[13]).

In [14], Bhaskar and Lakshmikantham introduced the concept of coupled fixed point and
proved some coupled fixed point theorems in partially ordered sets. As an application, they
studied the existence and uniqueness of solution for a periodic boundary value problem as-
sociated with a first order ordinary differential equation. Subsequently, Lakshmikantham and
Cirié [15] proved coupled coincidence and coupled common fixed point theorems for nonlinear
contractive mappings in partially ordered complete metric spaces. The study of fixed points for
multivalued contractions mappings using the Hausdorff metric was initiated by Markin [16] and
[17]. Later, Dhage [18] established hybrid fixed point theorems and gave applications of their
results (see also [19]). Hong in his recent work [20] proved hybrid fixed point theorems involv-
ing multi-valued operators which satisfy weakly generalized contractive conditions in ordered
complete metric spaces.

This paper aims to introduce some coupled coincidence point theorems for a hybrid pair
{g,F} of single valued and multivalued mappings satisfying generalized contractive conditions
defined on partially ordered bipolar metric spaces. We have illustrated the validity of the hy-
potheses of our results.

First we recall some basic definitions and results.
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2. PRELIMINARIES

Definition 2.1:([1]) Let A and B be a two non-empty sets. Suppose thatd : A X B — [0,0) be a

mapping satisfying the following properties :

(B1) d(a,b) =0if and only if a = b for all (a,b) € A X B,
(By) d(a,b) =d(b,a), forall a,b € ANB,
(33) d(al,bz) < d(al,bl) +d(a2,b1) +d(a2,b2), forall a;,ar € A, by,by € B.

Then the mapping d is called a Bipolar-metric on the pair (A, B) and the triple (A, B,d) is called

a Bipolar-metric space.

Definition 2.2:([1]) Assume (A, B;) and (A;,B;) as two pairs of sets.The function
F:AjUB| — Ay UB; is said to be a covariant map if F(A;) C A, and F(B;) C B; and denote
thisas F : (A1,B1) = (A2,B2).

The mapping F : A; UB; — Ay UB; is said to be a contravariant map, if F(A;) C B, and
F(B1) CApandthisas F : (A},B)) = (A2,By).

In particular, if d; and d, are bipolar metrics in (Aj,B;) and (A, B;) respectively. Then in
some times we use the notations F : (A,B;,d)) = (A2,B2,dy) and F : (A},By,d)) = (A2, By, d>).
Definition 2.3:([1]) Let (A, B,d) be a bipolar metric space. A point v € AUB is said to be left
point if v € A, a right point if v € B and a central point if both.

Similarly, a sequence {a,} on the set A and a sequence {b,} on the set B are called a left and
right sequence respectively.

In a bipolar metric space, sequence is the simple term for a left or right sequence.

A sequence {v,} is convergent to a point v if and only if {v,} is a left sequence, v is a right
point and nhf}od(v"’ v) = 0; or {v, } is a right sequence, v is a left point and ’}iﬁn;d(v, vp) =0.

A bisequence ({a,},{bn}) on (A,B,d) is sequence on the set A x B. If the sequence {a, } and
{by} are convergent, then the bisequence ({a,},{b,}) is said to be convergent. ({a,},{b,}) is
Cauchy sequence , if n}qiirgwd (an,bm) = 0.

A bipolar metric space is called complete, if every Cauchy bisequence is convergent, hence

biconvergent.
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3. MAIN RESULTS

Following definitions and results will be need in the sequel.
Let (A, B,d) be a bipolar metric space. For a points a € A,b € B and a subsets
X CA,Y C B, Consider the bipolar metric d(a,Y) ={d(a,y)/y € Y} and d(X,b) = {d(x,b) /x € X }.
We denote by CB(A) and CB(B) be a class of all nonempty closed and bounded subsets of A and
B respectively. Let H be the Hausdorff bipolar metric induced by the bipolar metric d on (A, B),
that is H(X,Y) = max {sup,.y d(x,B), SUpycy d(A,y)} for every X € CB(A) and Y € CB(B).
Definition 3.1: Let be given the mapping F : A>UB*> — CB(AUB) and g: AUB — AUB. An

element (a,b) € A2 UB? is called

(i) acoupled fixed point of a set valued mapping F if a € F(a,b) and b € F (b,a)
(ii) a coupled coincidence point of a pair {F, g} if ga € F(a,b) and gb € F(b,a)
(iii) a coupled common fixed point of a pair {F, g} if a = ga € F(a,b) and b = gb € F(b,a).

Lemma 3.1:([17]) Let k > 0. If X € CB(A),Y € CB(B) with H(X,Y) < k, then for each x € X

there exist an element y € Y such that d(x,y) < K

Lemma 3.2:([17]) Let (X,,Y,) be a bisequence in (CB(A),CB(B)) with

lim H(X,,Y) = lim H(X,Y,) = 0 for X € CB(A),Y € CB(B). I a, € X, b, € ¥, and

lim d(a,,b) = lim d(a,b,) =0, thena € X and b € Y.

Definition 3.2: Let (A, B, <) be a partially ordered set and F : (A2, B*) = CB(A, B) be a covari-
ant map. The map F is called a mixed monotone mapping if for (a;,b;) € AZUB? (i = 1,2),
with a; < a; and by > b, then for all u; € F(ay,b;) there exist uy € F(ay,b;) such that u; < u

and for all vi € F(by,a;) there exist vy € F(by,a;) such that vi > v;.

Definition 3.3: Let (A, B, <) be a partially ordered set and F : (A%, B>) = CB(A,B) and
g: (A,B) = (A,B) be two covariant maps. We say F' has the mixed g-monotone property if F
is monotone g-non-decreasing in its first argument @ and is monotone g-non-increasing in its

second argument b, that is, for any (a,b) € AZUB2.

(ar,az) €A, g(ay) <glap) = F(ay,b) < F(ay,b)

(b1,by) € B?, g(b1) > g(by) = F(a,by) > F(a,b>)
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Note thatif g(a;) < g(az), g(b1) > g(b>) and F has mixed g-monotone property, by Definition-
(3.3), we obtain F (aj,by) < F(a,by) and F(by,a1) > F(ba,az).

Let ¥ = {y: y: R — R} be a family of non-decreasing continuous function satisfying the

following three properties: such that

[

(@) ¥ y'(t) < +ooforallt >0,
n=1
(b) 0< y(t) <tforallz >0
(c) letye¥, lim y"(r)=0forallt >0
n—r+oo

Theorem 3.1: Let (A, B, <) be a partially ordered set such that there exist a bipolar metric d on
(A,B) .Consider the covariant mappings F : (A%,B?) = CB(A,B) and g : (A,B) = (A,B) such
that F (A2 UB?) C g(AUB) and satisfies the following conditions.

O H (F(a,b),F(p,q)) < ¥ <d<g<a>7g<p>> ;d(g(b%g(q)))

for all a,b € A and p,q € B with g(a) > g(p) and g(b) < g(g). Suppose also that

(3.1.1) g(AUB) is complete subspaces of (A,B,d)

(3.1.2) F has a mixed g-monotone property

(3.1.3) There exist (ag,by) € A>UB? and for some x| € F(ag,bo), y1 € F(by,ap) we have
gaop < x1 and gby > y;

(3.1.4) If a non-decreasing sequence ({a,},{pn}) is convergent to (p,a) fora € A, p € B, then
an < p, pp < a for all n and if a non-increasing sequence ({b,},{¢n}) is convergent to

(g,b) forb € A,q € B, then b,, > q, g, > b for all n.
Then F and g have a coupled coincidence point, that is there exist (a,b) € A> U B? such that
ga € F(a,b) and gb € F(b,a).
Proof: Let ag,by € A and py,qo € B. By (3.1.3) there exist x; € F(ag,bg), y1 € F(bg,ap) and

w1 € F(po,q0), 21 € F(qo, po) we have gag < wy and gbg > z; and gpo < x; and ggo > y1. By
assumption F (A UB?) C g(AUB), there exist aj,b; € A and py,q; € B such that

ga; =x1 € F(ao,bo),8b1 =y1 € F(bo,ap) and gp1 = w1 € F(po,q0),891 = 21 € F(q0, po)
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and gaop < gp1 and gby > gq1 and gpo < ga; and gqo > gb:.
Applying this in inequality (1), we have

d d(gh
@ HF(aobo). F(progn)) <y (808 2eletnsn) )
and

d(gb d
(3) H(F(b(),a()),F(ql’pl)) < W( (g OngI)‘lz‘ (gao,gpl))

On adding (2) and (3), we get

@ H(F(ao,bo),F(p1.q1)) —;H(F(bo,ao),F(ql,pl)) <y (a’(gao,gm) erd(gbo,gcn))
On the other hand

) H(F(a,b1),F(po,q0)) < l/f(d(g“hgpo);rd(gbl,gqo))

and

(6) H(F (b1,a1),F(q0,po)) < W(CI(gbl,gqo)erd(gal,gpo))

On adding (5) and (6), we get

o H(F (ay,b1),F (po.qo0)) ;H(F(bl,al),F(qo,po)) <y (d(gal,gpo) ;Ld(gbl,gqo))
Moreover,

(®) H(F (ao,b0),F(po,q0)) < W(d(gaovgpo);rd(gboygqo»

and

) H(F (bo,a0),F (g0, po)) < lI,(d(gbo,gqo)erd(gao,gpo)>

On adding (8) and (9), we get

H(F(ao,b0), F(po,q0)) + H(F (bo,a0),F (90, Po)) <y (d(gao,gpo) +d(gbo,gqo)>

(10) > >

From (4), (7) and (10),

If d(gao,gp1) = d(gbo,gq1) = 0, then gag = gp1 € F(po,q0),8bo = gq1 € F(qo, po)

and

If d(gay,gpo) = d(gb1,8q0) = 0, then gpo = ga; € F(ao,bo),8q90 = gb1 € F(bo,ap)
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If d(gao,gpo) = d(gbo, gqo) = 0 then gag = gpo, gbo = gqo- Consequently (gao, gho) is a cou-
pled coincidence point of F' and g.

Assume that either d(gag,gp1) # 0 or d(gbo,gq1) # 0 and d(gay,gpo) # 0 or d(gb1,8q0) # 0
also d(gao,gpo) # 0 or d(gbo,gqo) # 0. Take

e d(gag,gp1)+d(gho,gq1) € d(gai,gpo)+d(gh1,8q0)
g >0,- = >0
2 2 2 2

and & _ 9(8a0,8p0) +d(gbo,890) _

2 2
Using a property of y, we have y(%) > 0, so from (4), (7) and (10)

an H(F(ao,bo)vF(Pl,Cn));H(F(bOﬂO)’F(ql’pl)) < llf(g)
and
1) H(F(al,bl),F(Po,QO));H(F(blaal)aF(Conpo)) < ‘V@
also

13 H(F(ao,bo)»F(Po,CZo));H(F(bOWO)’F(qO’pO)) < W(g)

Since ga; € F(ap,bo), gb € F(bo,ap) then (11) and Lemma-(3.1) there exists wo € F(p1,q1),
22 € F(q1, p1) such that

d(gai,wa2)+d(ghi,22) £
<v(5)
2 2
Since F(A?UB?) C g(AUB) there exist pa,q, € B such that wy = gpa,z2 = gg». Thus

d(gai,gp2)+d(gh1,892)

&
(14) : <v(3)

and Since gp; € F(po,qo), 91 € F(qo, po) then (12) and Lemma-(3.1) there exists x, € F (a1, by),
y2 € F(by,ay) such that

d(x2,8p1)+d(y2,80 €
o) td0zg0) 8

Since F(A?UB?) C g(AUB) there exist ap, by € A such that x, = gay,y, = ghs. Thus

d(gaz,gp1) +d(gb2,8q1) &
2

(15) > <V
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also Since ga; € F(ag,bo), gb1 € F(bo,ap) and gp1 € F(po,qo), g91 € F(qo, po) then (13) and
Lemma-(3.1) there exists x; € F(ag,bo), y1 € F(bo,ap) and wy € F(po,qo), z1 € F(qo,po) such

that

d(x1,w1)+d(y1,21) £
< —
> =v(5)

Since F(A?2UB?) C g(AUB) there exist aj,b; € A, p1,q1 € B such that
X1 = ga1,y1 = gb1,w1 = gp1,21 = g4q1- Thus

d(gai,gp1) +d(gbi,gq1) _ 3

(16) > =v(5

Since, we have gag < gp1, gbo > gq1 and gpo < gai, gqo > gb1, ga € F(ap,by),

gp1 € F(po,q0).8b1 € F(bo,a0),891 € F(qo,po) and gay € F(ay,b1),gp2 € F(p1,91),
gby € F(b1,a1),8q92 € F(q1,p1), by assumption (3.1.2), we get

gai; < gp2,8b1 > gqo and gp1 < gaz,gq1 > gb

Applying this in (1) and using (14),(15), (16) we obtain

H(F(aubl),F(pz,qz));H(F(bl,al),F(%pz)) < W(d(gal,gpz);rd(gbl,ng)>
(17) < V()
and
H(F(a2,b2),F(p1,q1) + H(F (b2, @2). Fq1.p1)) ll,(cl(gazygzm)er(gbzug’qn)>
2 2
(18) < V()
also
H(F(a1,b1), F(p1,q) + HE (b1, a1), Flap)) - W(d(gal,gpl)er(gbl,gql))
2 2
(19) < v

Since gay € F(ay,by), gby € F(by,a;)then (17) and Lemma-(3.1) there exists wz € F(p2,¢2),
23 € F(g2, p2) such that
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d(gax,w3)+d(gbz,z €
(gaz 3)2 (gb2 3)§1I/2(§)

Since F(A?UB?) C g(AUB) there exist p3,q3 € B such that w3 = gp3,z3 = gg3. Thus

d(gaz,gp3) +d(gb2,893 £
(20) (ga2,8p3) +d (g gq)ng(_)
2 2

and Since gp> € F(p1,4q1), 892 € F(q1, p1)then (18) and Lemma-(3.1) there exists x3 € F (az,b2),

V3 € F(bz,az) such that

d(x3,gp2) +d(y3,892)
2

Since F(A?UB?) C g(AU B) there exist a3, b3 € A such that x3 = gasz, y3 = gbs. Thus

< wz(g)

d(gaz,gp2) +d(gh3,gq2) £
> < sz(i)

(21)
also Since ga, € F(ay,by), gby € F(by,ay) and gp> € F(p1,91), 892 € F(q1, p1) then (19) and
Lemma-(3.1) there exists x, € F(ay,by), y2 € F(by,a;) and

wa € F(p1,q1), 22 € F(qi1, p1) such that

d(x27W2) ‘f'd()’Z,ZZ) 2 €
< el
5 <y (3)

Since F(A?2UB?) C g(AUB) there exist ay,by € A, p2,q> € B such that

X = gaz,y» = gba,wr = gp2,22 = ggq» Thus

d(gar,gp2) +d(8h280) _ 2 €

22) 2 - 2

Since, we have ga; < gp», gb1 > gq» and gp < gaz, gq1 > gbs, gas € F(ay,by),

gr2 € F(p1,q1),8b2 € F(b1,a1),892 € F(q1,p1) and gas € F(az,b2),8p3 € F(p2,q2),
gbs € F(by,a3),8q3 € F(q2, p2). Again, applying assumption (3.1.2), we get

gax < gp3,8by > gq3 and gps> < gas,gqn > gbs

Continuing similarly this process, we have ga, | € F(ay,,by),

8Pn+1 € F(Pn,qn),8bny1 € F(by,an),8qn+1 € F(qn, pn) With

8an < gPnt1,8bn > gqny1 and gp, < gany1,8qn > gbut
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such that

23) d(gan,gpnﬂ)+d(gbn,g%z+1) < Il/n(g)
2 2

and

o1 d (8an+1,8Pn) +d (8bui1,84n) v (5)
2 2

also

25) d(gan,gpn)+d(gbn>g‘h) < ‘l/n(f)

2 - 2
Putt, = d (gan,gpn+1) +d(gbn,gqn+1) for any n € N then
)
(26) th < 2‘/’"(5)
Put s, = d (gan+1,8pn) +d (gbn+1,8qn) for any n € N then
S
(27) sn < 297(3)

Put r, = d (gan,gpn) +d (gbn,gqn) for any n € N then

€
(28) 'n < 2'4’”(5)
Since li_r>n v"(5) = 0. Therefore, (26), (27) and (28) gives
n—roo
lim#,=0,lims,=0and limr,=0
n—oo n—oo n—oo
that is

lim d (gan,gpn+1) = im d (gbn, gqn+1) =0,
n—soo n—oo

lim d (gan+1,8pn) = lim d (gby+1,89n) =0
Nn—yoo n—oo

lim d (gan,gps) = lim d (gbn,8qn) = 0

n—roo n—roo

Using the property (B3 ), we have

d (8an,8pm) < d (8an,8pPn+1) +d (8ans1,8Pns1) + - +d (8am—1,8Pm)
d (gbn,8qm) < d (gbn,8qn+1) +d (8bns1,8qn+1) + - +d (8bm—1,8qm)

(29)
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and

d (gam,8pn) < d (8am,8Pm—1) +d (8am—1,8Pm—1) + -+ +d (8ans1,8Pn)
d (gbm,8qn) < d(gbm),8qm—1)+d (gbm—1,89m—1) + -+ +d (gbui1,89n)

(30)

Next, we show that ({ga, },{gp,}) and ({gb,},{gq.}) are Cauchy bisequence in (g(A),g(B))
for each n;m € Nbe such that n < m. Then, from (26), (27), (28), (29) and (30), we have

d (gan,gpm)+d (8bn,8qm)

IN

(d(gan,gpn+1) +d (8bn,8qn11)) + (d (gan+1,8Pn+1) +d (8bnt1,8qn+1))
+eeet (d (gam—lvgpm—l) +d (gbm—l ;gqm—l))

+ (d (gam—1,8Pm) +d (8bm—1,8qm))

IN

byt rprr+ -+ rm—1+ -1

IN

(tn+tpir - Ftp1) + (gt F 12+ rme1)

VAN
™M
=
™M
3

IN
g
\S]
-s»
l\)zm
+
g
-E»

o

RSN

Gh < 2Y v +2 X v
k=n

and

d (8am,gpn) +d (8bm,8qn)
< (d(gam;gpm-1) +d(8bm,8qm—-1)) + (d (gam-1,8Pm-1) +d (8bm—1,8qm-1))
+- o+ (d (gan+1,8Pn+1) +d (8bn+1,8qn+1))
+(d (gan+1,8pn) +d (8bn+1,89n))

< Smeitrme1t a8y,
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< (Sntsprrto At Smot) + (a1 g2+ F 1)
m—1 m—1
Yot Y o
=

n k=n+1

IN

IN

m—1 € m—1 €
;lefk(z)'i' Y 2'I/k(§)

k=n+1

(32) <2y vz ¥ v
k=n

k=n+1
From (31) and (32), it follows now that ({ga,},{gp,}) and ({gb,},{gqn}) are Cauchy bise-

quences in (g(A),g(B)). Since, g(AUB) is complete, therefore, ({ga,},{gpn}) and ({gbn},{gqn})
are convergent in (g(A),g(B),d). There exists, a,b € A and p,q € B such that

lim ga, 1 = gp, lim gb, 1 = gq, lim gp, 1 = ga, lim gq, 1 = gb
n—oo n—soo n—oo n—oo
(33)

Now we will show that ga € F(a,b),gb € F(b,a) andgp € F(p,q),gq € F(q,p) As ({gan} ,{gpn})
is a non-decreasing bisequence and ({gb,},{gqx}) is a non-increasing bisequence in (A, B),
we have ga,, — gp,gb, — gq and gp,, — ga,gq, — gb.

By assumption (3.1.4) we get ga, < gp,gpn < ga and gb,, > gq,gq, > gb for all n.

If ga, = gp,gpn = ga and gb, = gq,gq, = gb for some n > 0, then

8P = 8an < 8Pn+1 < 84 = &Pn 89 = §bn = gqn+1 = gb = gqn and

8a = gpn < &ani1 < 8P = 8dn, 8b = gqn > gbny1 > gq = gby implies ga = gp and gb = gq
therefore, ga, = gan+1 € F(an,b,) and gb, = gb, 11 € F(by,ay).

So (gan,gby) is coupled coincidence point of F and g.

Suppose that (gan,gpn) 7 (gp.8a) and (gbn,gqn) # (89, gb) for all n > 0.

From (1), we have

H(F(a,b),F(pn,qn)) < ¥ (d(gmgl)n)%z-d(ghgqn)) < d(ga7gpn)42-d(gb7gqn)’
because d(ga,gp,) +d(gb,ggn) > 0 and y(t) <t forallr > 0. By (33)

lim H (F(a,b),F(pn,qn)) =0

n—soo

Since gpu+1 € F(pn,qn) and lgn d(ga,gpn+1) =0, we have ga € F(a,b).
n—oco

Similarly, we can prove gb € F(b,a) and gp € F(p,q), gq € F(q,b)
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On the other hand,

d(ga,gp) =d (nlgrolo gpn,,}grgogan> = lim d (gan,gpn) =0
and

d(gb,gq) =d (,}gr; gqn,ggrgogbn> = lim d (gbn, 8g) = 0
Therefore, ga = gp and gb = gq and hence F ang g have a coupled coincidence point.

Theorem 3.2: Let (A, B, <) be a partially ordered set such that there exist a bipolar metric d on

(A,B) .Consider F : (A%, B*) = CB(A, B) be a covariant set valued mapping, such that

d(a,p)+d(bﬂ))

34 H(Fa).F(pa) < v (40

forall a,b € A and p,q € B with a > p and b < g. Suppose also that

(3.2.1) F has a mixed monotone property

(3.2.2) There exist ag,bp € AUB and for some x| € F(ag,bo), y1 € F(bg,ap) we have ag < x;
and by > y;

(3.2.3) If a non-decreasing sequence ({a,},{pn}) is convergent to (p,a) fora € A, p € B, then
an < p, pp < a for all n and if a non-increasing sequence ({b,},{¢n}) is convergent to

(¢,b) forb € A,q € B, then b, > ¢, q,, > b for all n.

Then F has a coupled fixed point, that is there exist a,b € AU B such that a € F(a,b) and
b e F(b,a).

Example 3.1: Let A = {U,,(R) /Uy, (R) is upper triangular matrices over R} and

B ={L,,(R)/Lyy(R) is lower triangular matrices over R} with the bipolar metric

d(P,Q)= i ’fil \pij —qij|, for all P = (pij)mxm € Un(R) and Q = (¢ij)mxm € Lm(R). On the set
(A,B), con’s]i(_ier the following relation :(P,Q) € AZUB*,P < Q & p; i < g;j where < is usual
ordering. Then clearly, (A,B,d) is a complete bipolar metric space and (A, B, <) is a partially
ordered set. Let F : (A%, B?) = CB(A, B) be defined as

F<P7 Q) _ (plj . qu) +§<Iij)mxm forall (P: (pij)mxmaQ = (%'j)mxm) €A2UBZ
mxm

and g:AUB —AUBDby g(P) = (pij)mxm and let y : (0,1) — (0,1) by y(t) = % forr € (0,1)
Let the bisequence (P, 0, ) in (A, B) such that li_r}n g(P) =X, li_r>n 2(0y,) =Y. Then obviously,
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X=Y= %(I,-j)mxm. Now for all n > 0, g(P) = (Pnij)mxm and g(On) = (Gn;j)mxm and
nijtqnij nij+Pnij .
F(PnaQn) = (%) + %(Iij)mxma F(Qnapn) = <%> + %(Iij)mxm- Then obvi-
mxm mxm
ously, F has the g-mixed monotone property, also there exist P = (O;j)mxm and Q = (I;;)mxm
Oij+1ij
such that F ((Oij)mxma (Iij)mxm) - (%)mxm + %(L’j)mxm i (Oij)mxm
and F ((Iij)m><M7 (Oij)mxm) - ( ];_ j)mxm“” %(Iij)mxm j (Iij)mxm
Taking (P = (pij)mxva = (Qij)mxm) ) (R = (rij>m><M7S = (Sij)mxm) € A2UB? with P ~ R,

O < S thatis Dij > Yijs gij < Sij, We have

d(F(P,Q),F(R,S)) =d(Pai% 4 2(p;), " 4 2(1,))

m
= % . '21 \(pij+qij) — (rij +sij)]
Lj=

S%(,Z \pij—rijl+ X !qij—Sij|>

i,j=1 i,j=1

< 1(d(g(P),8(R))+d(g(Q).8(S)))
d(g(P),g(R))+d 2(s

< %( (g(P).8( ))er (2(0).8( )))

Therefore, all the conditions of Theorem (3.1) holds for y(z) = % for all # > 0 and we see that
F(A%2UB?) C g(AUB) and also verified that F has g-monotone property and ((%Ii i )mxms (%Ii )mxm)

is a coupled coincidence point of F and g.

Corollary 3.1: Let (A, B, <) be a partially ordered set such that there exist a bipolar metric d on
(A,B). Consider the covariant mappings F : (A%, B%>) = CB(A,B) and g : (A,B) = (A,B) such
that F (A2 UB?) C g(AUB) and satisfies the following conditions. There exists k € (0,1) such
that

(35) H(F(a,b),F(p,q)) < - (d(g(a),g(p)) +d(g(b),g(q)))

| =R

for all a,b € A and p,q € B with g(a) > g(p) and g(b) < g(g). Suppose also that

(i) g(AUB) is complete subspaces of (A,B,d)
(ii) F has a mixed g-monotone property
(iii) There exist ag, by € AUB and for some x| € F(ag,bp), y1 € F(bo,ap) we have gag < x|

and gby > yi
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(iv) If a non-decreasing sequence ({a,},{pn}) is convergent to (p,a) fora € A, p € B, then
an < p, pp < a for all n and if a non-increasing sequence ({b,},{gn}) is convergent to

(g,b) forb € A,q € B, then b,, > q, g, > b for all n.

Then F and g have a coupled coincidence point, that is there exist a,b € AU B such that
ga € F(a,b) and gb € F(b,a).

proof: It follows by taking y(z) = k¢ in Theorem (3.1).

4. CONCLUSIONS

In the present research, we introduced and proved a coupled coincidence fixed point results
for a hybrid pair of single valued and multivalued mappings, satisfying generalized contractive
conditions, defined on a partially ordered bipolar metric space and gave suitable example that
support our main result.

FUNDING

No funding.

AUTHOR CONTRIBUTIONS

All authors contributed equally and significantly in writing this article. All authors read and
approved the final manuscript.

ACKNOWLEDGMENT

The authors are very thanks to the reviewers and editors for valuable comments, remarks and
suggestions for improving the content of the paper.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A. Mutlu, U. Giirdal, Bipolar metric spaces and some fixed point theorems, J. Nonlinear Sci. Appl. 9(9)
(2016), 5362-5373.



16 B. SRINUVASA RAO, E. GOUTHAMI, CH. MAHESWARI, MOHIDDIN SHAW SHAIK

[2] A. Mutlu, K. Ozkan, U. Giirdal, Coupled fixed point theorems on bipolar metric spaces, Eur. J. Pure Appl.
Math. 10(4) (2017), 655-667.
[3] G.N. Kishore, R.P. Agarwal, B. Srinuvasa Rao, R.V. Srinivasa Rao, Caristi type cyclic contraction and com-
mon fixed point theorems in bipolar metric spaces with applications, Fixed Point Theory Appl. 2018 (2018),
18.
[4] G.N.V. Kishore, K.P.R. Rao, H. Isik, B.S. Rao, A. Sombabu, Covarian mappings and coupled fixed point
results in bipolar metric spaces, Int. J. Nonlinear Anal. Appl. 12(1) (2021), 1-15.
[5] G.N.V. Kishore, H. Isik, H. Aydic, B.S. Rao, D.R. Prasad, On new types of contraction mappings in bipolar
metric spaces and applications, J. Linear Topol. Algebra. 9(4) (2020), 253-266.
[6] G.N.V. Kishore , K.P.R. Rao, A. Sombabu, R.V.N.S. Rao, Related results to hybrid pair of mappings and
applications in bipolar metric spaces, J. Math. 2019 (2019), Article ID 8485412.
[71 Y. Wu, New fixed point theorems and applications of mixed monotone operator, J. Math. Anal. Appl. 341
(2008), 883-893.
[8] A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to
matrix equations, Proc. Amer. Math. Soc. 132 (2004), 1435-1443.
[9] J.J. Nieto, R. Rodriguez-Ldpez, Contractive mapping theorems in partially ordered sets and applications to
ordinary differential equations, Order, 22 (2005), 223-239.
[10] R.P. Agarwal, M.A. El-Gebeily, D. ORegan, Generalized contractions in partially ordered metric spaces,
Appl. Anal. 87 (2008), 109-116.
[11] H. Aydi, Coincidence and common fixed point results for contraction type maps in partially ordered metric
spaces, Int. J. Math. Anal. 5(13) (2011), 631-642.
[12] W. Shatanawi, B. Samet, M. Abbas, Coupled Fixed Point Theorems for Mixed Monotone Mappings in Or-
dered Partial Metric Spaces, Math. Computer Model. 55 (2012), 680-687.
[13] H.K. Nashine, B. Samet, C. Vetro, Coupled Coincidence Points for Compatible Mappings Satisfying Mixed
Monotone Property, J. Nonlinear Sci. Appl. 5 (2012), 104-114.
[14] T.G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applications,
Nonlinear Anal., Theory Meth. Appl. 65 (2006), 1379-1393.
[15] V. Lakshmikantham, L. Ciri¢, Coupled fixed point theorems for nonlinear contractions in partially ordered
metric spaces, Nonlinear Anal., Theory Meth. Appl. 70 (2009), 4341-4349.
[16] J.T. Markin, Continuous dependence of fixed point sets, Proc. Amer. Math. Soc. 38 (1973), 545-547.
[17] S.B. Nadler, Multi-valued contraction mappings, Pac. J. Math. 30 (1969), 475-478.
[18] B.C. Dhage, Hybrid fixed point theory for strictly monotone increasing multivalued mappings with applica-

tions, Comput. Math. Appl. 53 (2007), 803-824.



COUPLED COINCIDENCE POINTS FOR HYBRID PAIR OF MAPPINGS 17

[19] B.C. Dhage, A general multivalued hybrid fixed point theorem and perturbed differential inclusions, Nonlin-
ear Anal., Theory Meth. Appl. 64 (2006), 2747-2772.
[20] S.H. Hong, Fixed points of multivalued operators in ordered metric spaces with applications, Nonlinear Anal.,

Theory Meth. Appl. 72 (2010), 3929-3942.



