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1. INTRODUCTION AND PRELIMINARIES

It is well known that the Banach contraction principle was published in 1922 by S. Banach

as follows:

Theorem 1. [1] Let (X,d) be a complete metric space and a self mapping T : X — X. T is
said to be contraction if there exists k € [0,1) such that for all x,y € X, d(Tx,Ty) < kd(x,y)
then T has a unique fixed point in X .
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Currently, fixed point is a very active area of research because of the importance of its ap-
plications in multiple fields. The Banach contraction principle has been extensively studied in
various spaces, and different generalizations have been proposed (see [2, 3, 4, 5]).

Kannan established his known extension of this contraction in 1968 [6]. He proved in a
complete metric space (X,d), the self-mapping 7 : X — X has a fixed point in X if the
following condition is satisfied: d(Tx,Ty) < k[d(x,Tx)+d(y,Ty)] for all x,y € X where 0 <
k<3

Chattergea introduced a similar contractive condition in 1972 [3] as follows:

Let T : X — X, where (X,d) is a complete metric space if there exists 0 < k < % such that
d(Tx,Ty) <kl[d(y,Tx)+d(Ty,x)] for all x,y € X. Then T has a fixed point in X

Sabiri and al [4] investigated convergence and existence results of the proximity points for
p-cyclic contraction in (S) convex metric space in 2020 and developed a novel notion of the
measure between p-points where p > 2.

In 2021, Sabiri and al [7] proved the existence and uniqueness of a fixed point for various
types of tricyclic contractions.

In 2008, Jachymski [8] extented the Banach contraction principle in metric space endowed
with a graph.

In this work, inspired by the idea given in [9, 10, 11, 12, 13, 14], we investigate Kannan and
Chatterjea’s fixed point theorem in generalized metric space with graphs, introduced by Jleli
and Samet. In addition, several interesting results about the existence and uniqueness of fixed
points in generalized metric space were demonstrated (see [15, 16]).

We start by recalling some basic concepts of graphs which are used in this paper.

A directed graph or digraph G is determined by a nonempty set V (G) of its vertices and the set
E(G) CV(G) xV (G) of its arcs. Let A denote the diagonal of the Cartisian product V (G) x
V (G). A digraph is said to be reflexive if the set E (G) of its edges contains all loops, i.e., A C
E (G). G is said to be transitive if and only if for any x,y,z € V (G)

[(x,y) € E(G) and (y,2) € E(G) | = (x,2) € E(G).

We say that a vertex x in V (G) is isolated if for any vertex y in V (G) such that x # y we have
(x,y) ¢ E(G) and (y,x) ¢ E (G).
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We denote by G~! the converse of a digraph G, that is, the digraph obtained from G by
reversing the direction of arcs. Then we have E (G™') = {(x,y) € X x X : (y,x) € E(G)}.

Also, (N? denotes the indirected graph obtained from G by ignoring the direction of the edges.
So it is clear that E (5) =E(G)UE(G™).

The notion of a G-monotone sequence was introduced in [11]. It is claimed that a sequence
{xn} € V(G) is G-increasing if (x,,x,+1) € E (G) for all n € N, G-decreasing if (x,1,x,) €

E (G) for all n € N, and G-monotone if it is either G-increasing or G-decreasing.

Definition 1. Let X be a nonempty set and D : X x X — [0,+o0[ be a function satisfies the
following conditions:

(D) For every (x,y) € X XX, D(x,y) =0 = x=y.

(D) For every (x,y) € X x X, D(x,y) = D(y,x).

(D3) For every (x,y,z) € X X X x X D(x,y) < D(x,z) +D(z,y)

(Dg4) There exists C > 0 such that if (x,y) € X x X and {x,} € C(D,X,x), then

D(x,y) < ClimsupD(x,,y).
n—s oo

where C(D,X,x) = {{x,} CX: nln}rmD(xn,x) =0}.

If D satisfies the conditions (D), (D), and (Dy), then D is called a generalized metric on X .
In this case, we say that the pair (X, D) is the generalized metric space.

If D satisfies the conditons (Dy), (Dy), and (D3), then (X,D) is called a dislocated metric

space.

Definition 2. Let {x,} a sequence in generalized metric space (X, D) is to be D-convergente to
xif {x,} € C(D,X,x) and a D-Cauchy sequence if

li_r>nJr D(x,,xm) = 0. Note that in generalized metric spaces, a sequence has at most one limit,
nm )

and a D-convergent sequence may not be a D-Cauchy sequence. Furthermore, (X,D) is to be

D-complete if every D-Cauchy sequence in X is a D-convergent to some element in X.

Definition 3. A generalized metric space (X,D) endowed with a graph G is said to be G-
complete if every D-Cauchy G-monotone sequence {x,} C V (G) D-convergent to a point in

V(G).
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The digraph G is said to satisfy the property (P) that is for any G-monotone increasing
(resp. decreasing) sequence {x,} which D-convergent to some element x € V (G), we have

(xn,x) € E(G),(resp (x,x,) € E(G)) for all n € N.

Definition 4. A self mapping T on X is called

(i) weak continuous if the following condition holds: if {x,} C X is a D-convergent to
x € X, then there exists a subsequence {x,} of {xn} such that {Tx,,} D-converges to Tx
(as g —> +o0).

(ii) Orbitally G-continuous if for all x,y € V (G) and any sequence {k,} of positive integres,
{T*kx} D-converges toy and (Tk"x, Tk”+1x) € E (G) implies {T (T*x)} D-converges to Ty.

In 2019, Chaira et al. introduced G-Kannan mapping in generalized metric space (X,D) with
the digraph G. A mapping 7 : X — X is said to be a G-Kannan mapping if the following
conditions are satisfied:

(i) T is G-monotone, that is, for all x,y € X, (x,y) € E(G) = (Tx,Ty) € E (G).

(ii) There exists k € [0, 3) such for every x,y € V (G)

(x,y) € E(G) = D(Tx,Ty) < k(D (Tx,x)+D(yTy)).
Lemma 2. [9] Let T : X — X a G-monotone mapping and suppose there exists xo € X
such that (xo,Txg) € E(G) (respectively, (Txg,x0) € E(G)) and the complete subgraph
G [07(x0)] is transitive, then {T"xy} is a G-increasing (respectively, G-decreasing) sequence

and (T"xo,T"xo) € E (G) (respectively (T"xy,T"xo) € E (G)) for any m,n € N such m < n,
with G 07 (xg)] induced by the orbit 01 (xp):={T"xp,n € N}.

In 2021 (see[7]) we defined Kannan S-type tricyclic contraction and we proved the existence

and uniqueness of fixed point in metric space (X,d).

Definition 5. Ler A, B and C be nonempty subsets of a metric space (X ,d)
T:AUBUC — AUBUC

be a Kannan-S-type tricyclic contraction, if there exists k € [0, %) such that

(1) T(A) CB,T (B) CC,T(C) CA.
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(2) D(Tx,Ty,Tz) <kl[d(x,Tx)+d (y,Ty)+d(z,Tz)] for all (x,y,z) € AxBxC.

Definition 6. The metric space (X,d) be a Chatterjea-S-type tricyclic contraction, if there exist
k€0, %) such that
(1) T(A) CB,T(B)CC,T(C)CA.
<

(2) D(Tx,Ty,Tz) <kl[d(y,Tx)+d (z,Ty) +d (x,Tz)] for all (x,y,z) € AXxBxC.

In this paper, we prove the existence and uniqueness of the fixed point based on the technique

of graph theory in generalized metric space.

2. MAIN RESULTS

Definition 7. Ler (X, D) a generalized metric space we define the map:
D3 : X XX xX — [0,400]

such that

D3(x,y,2) = D(x,y) +D(y,z) + D(x,z) for all x,y,z € X.

Remark 1. For every x,y,z € X, D3(x,y,2) =0=—=x=y=12.
For every x,y,z € X, D3(x,y,z) = D3(x,2,y) = D3(y,2,x) = .....D3(z,,%).
For every x,y,z € X, D(x,y) < D3(x,y,2).
For every x,y,z € X, D(x,x) < D3(x,y,2).

Definition 8. Ler a metric space (X,D). A mapping T : X — X is said to be a Kannan-
S-type contraction if there exists k € |0, %) such that for every x,y,z € X : D3(Tx,Ty,Tz) <
kID(Tx,x)+D(y,Ty) +D(Tz,z)].

Definition 9. Let a generalized metric space (X, D) with digraph G. A mapping T : X — X is
said to be a G-Kannan S-mapping if the following conditions are satisfied:
(i) T is G-monotone, that is for all x,y € X, (x,y) € E(G) = (Tx,Ty) € E (G).

(ii) there exists k € |0, %) such for every x,y,z € V(G).

CVEEO) (T 1y T2) < KD (Tx) 4 D Ty) + D(T2.2)].

—
=
&\l

~—
Q
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In this work we shall adopt the following notations:

0o = 8(D3,T,xp) =sup{D3 (Ti+1x0,Tix0,x0) 11 €N}

k 1
B = Y and with k € [0,§).

Example 1. Let X = {0,1,2,3,4}. Consider the function D defined on X by D (x,y) = (x —y)*.
We have D is a generalized metric with constant C > 3.

Define the mapping T : X — X by T(0)=T(4)=1andT(1)=T(2)=T(3) =0.

We have D3(T(0),7T(1),T(2)) =2and D(0,T(0))+D(1,T(1))+D(2,T(2)) =6, thenT is
not Kannan-S-type contraction.

But by considering the digraph G = (X ,E) represented in Figure 1

FIGURE 1. Digraph G = (X,E)

We have T is a G-Kannan-S-mapping with constant k € [%, %)

Proposition 3. Let T : X — X a G-Kannan S-mapping and suppose there exists xy € X such
that (xo,Txg) € E (G) (respectively, (Txoy,xo0) € E (G)) and the complete subgraph G[01(xo)]
is transitive then:

(1) For every n > 2, we have:
D5 (T"x0, T" 'x0, T"2x0) < 80B" 2,
(2) For every n,m,s > 2, we have:

D3 (T"x0, T"x0, T°x0) < kSo(B" >+ B2+ B°72).
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Proof. 1. For n =2 is trivial.
Assume that n > 2. Since T is a G-Kannan S-mapping and (7" 'xo, 7" %xq) € E (G) and
(T"2x9, T"3x0) € E (G) then:

D3 (T"x0, T 'x0, T"2xp)
< k[D(T" 'x0,T"x0) +D(T" 2x0,T" 'x0) + D(T" 2x0, T" >x0)]

< k[2D3 (Tn)C(), Tn_le, Tn_sz) + Ds (Tn_l)C(), Tn_sz, Tn_3xO)]
k

< D Tn—] T}’l—2 Tn—3 .
> 1—2]([ 3( X0, X0, X())]

By induction on n, we prove that:

k
< n—2 2
< (—1 —Zk) D53 (T*x0,Tx0,%0)

< §op"?

Ds (THX(), Tn_le, Tn_sz)

2. For n,m,s > 2, Since T is a G-Kannan S-mapping, we have:
D3 (T"xo, T"x0, T%x0) < k[D(T" 'x0,T"x0) + D(T™ 'x9, T"x0) + D(T* ' x0, T5x0)].
By using 1. We have:
D3 (T"x0, T"x0, T*x0) < 8o(B" >+ B™ > +B*2).
OJ

Theorem 4. Let (X, D) be a generalized G-complete metric space endowed with a reflixive di-
graph G such thatV(G) =X and T : X — X is a G-Kannan S-mapping with k € |0, inf{%, é})
Suppose that there exist xy € X such that § (D3, T,xg) < 400, (x9,Tx9) €E ((N;) and the subgraph
G [07(x0)] is transitive, then the sequence {T"xy} converge to some point w € X.

Moreover; if one of the following conditions holds:

1. T is weak continuous.

2. T is orbitally G-continuous.

3. G satisfies the property (P) and D(xg, Tw) < 4-oo.

Then w is the fixed point of T.
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Proof. We assume that (xo,Txg) € E(G). Let (m,n,s) e NxNxNsuchthat2 <n<m<s,
we have (T"xo,T"xo) € E(G) and (T"xo,T*xp) € E(G).

If T is G-Kannan S-mapping, we obtain:
D(T"xo, T"x0) < D3 (T"x0, T™x0, T*x0) < 3k8o(B" ).

where f§ = ﬁ € [0,1[. Thus {T"xo} is a D- Cauchy sequence.

From the G-completeness of (X, D) the sequence {T"xo} is D-converges to some w € X.

1. Assume that T is weak continuous, then there exists a subsequente {7"xp} such that
{T"a*1xy} D- converges to Tw when ng — +oo. Using the uniqueness of the limit, we get
Tw=w.

2. Assume that T is orbitally G-continuous, since {T"xp} is D-converges to w and
(T"x0, T"'x0) € E(G), then T(T"xo) — Tw , therefore Tw = w.

3. Assume that G satisfaies the property (P) and D(xg,Tw) < +oo. Since {T"xp} is a G-
monotone increasing sequence which D-converges to w € X, we have (7"xp,w) € E(G) for any
neN.

Let n,m € N such that. If T is a G-Kannan S-mapping such that 2 < n < m, then:
D3 (T"xo, T"x0,Tw) < k[D(T"x0,T" 'x0) + D(T™x0, T™ 'x0) + D(Tw,w)]

< k8o(B"2+ B ) +kD(Tw,w)

< 2k80B" " + kClimsupD (T xo, Tw).

p—-teo

Taking limit superior as n — —+oo we get:

limsupD(T"xp,Tw) < limsup(D3 (T"xp,T"x0,Tw))

n—-y+oo n—y4-oo
< limsup2k8oB" 2 + kClimsupD(TPxo, Tw).
n—->+-oo p—r+too

Thus:

(1 — kC)limsupD(T"xo, Tw) < limsup2k8oB" 2.

n—-—oo n—-y oo
Since k < inf{%, é} and B € [0,1] then D(T"xo,Tw) — 0. So {T"xp} D-converges to Tw. By

the uniqueness of the limit we get 7w = w. UJ
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Proposition 5. Let (X,D) a generalized metric space, and suppose that T is a G-kannan S

mapping. If w € X is a fixed point of T satisfying D3 (w,w,w) < +oo then D3 (w,w,w) = 0.

Proof. Let w € X be a fixed point of T such that D3 (w,w,w) < +o0
since (w,w) € E(G) we have:
D3 (wywy,w) = D3(Tw,Tw,Tw)
< k(D(Tw,w)+ D(Tw,w)+ D(Tw,w)),

< 3kD3(w,w,w),
which implies (1 —3k) D3 (w,w,w) < 0.Thus, D3 (w,w,w) = 0. O

Proposition 6. Let (X,D) be a generalized metric space, and suppose that T is a G-kannan
S mapping. If T has three fixed points wi,wy,w3 in X such that D(wi,wp,w3) < oo, then

w1 = wy = ws.
Proof. Suppose that wi,wy,w3 in X are three fixed points of T then:

D3 (Wl,WZ,W3) = D3 (Twl,TWZ,TW3)
< k[D(Twi,w1) +D(Twa,w2) +D(Tw3,w3)]
= k[D(wi,w1)+D(wa2,w2) +D(w3,w3)]

< k[D3(wi,wi,w1)+ D3 (wa,w2,w2) + D3 (w3, w3,w3)] = 0.
Thus D3 (Wl,WZ,W3)=O, then wi = wy = wjs. O

Example 2. Let X = [0,1].Consider the generalized distance function D defined on X by
D(x,y) = (x —y)2 and the self mapping T on X defined by:

2 sixe{0}U{g,n €N},
Tx=

% otherwise.

Consider the graph G on X consisting of the transitive closure of the graph represented in

Figure 2
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@ ---@ 990

FIGURE 2. Digraph G = (X,

We have:
1 1
E(G)=AU{(0, ) nGN}U{(— 6—) n,m € Nand n>m}
and
(TO,T 4) = (0, z=1) € E(G) for any n € N,
(T6H7T ) (6n1+1,6m+1)€E( )foranyn,meN,

then T is G-monotone.
For xy = 1,we have (Txo,x0) € E(G),G[071(x0)] is transitive and
8 (D3, T,xo) = sup{D3 (T""'x0,T'x0,x0) : i € N} =3 < 0.
Let x,y,z € X such that (x,y) € E(G), and (y,z) € E(G).
If x =y =z then:

D3 (Tx,Tx,Tx) =0 < k(D(Tx,x) +D(Ty,y) +D(Tz,z)).

If (x,y,2) = (0,0, &) then:

1 2
D3 (TO,TO,T@) — m

25k
62(n+1)

IN

= k(D(T0,0) +D(T0, 0)+D(T61n 61n))
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If (x,y,2) = (O, é, 6Lm) then:

1.1 2 2 6" —6™)?
Ds (TO’T@’T@) T G2ntl) T g2(m+1) (62(n+m+1))
L2 2 62"
- g2ntl) " g2(m+l)  g2(ntm+l)
_ 2 3
- g2nt) + 62(m+1)
< 25k(62(:+1) + 62(’}‘“)) with k < %

1

I 1

6"’ 6"

If(x,y,z):(é,%m,é)withSZmZnthen:
1 1 1
Ds(Tx,TyTz) = Di(ToTen T

(6n _6m)2 (6n _6s)2 (6m _6s)2
62(n+m+1) 62(n+s+1) 62(m+s+1)

67 —2(6") 462" 6% —2(6"T) + 6% 62" —2(6™F) + 6%

62n _|_62m 62n + 625 62m _|_623

62(n+m+1) 62(n+s+1) 62(m+s+1)

11

< 62(mtm+l) * g2(nts+1) = g2(m+s+1)
62n 62m 62n 62s

- 62(ntm+1) + 62(n+m+1) + 62(n+s+1) + 62(nt+s+1) + 62(m+s+1) + 62(m+s+1)
- 2 2 2
= gt T g T g2l

1 1 1 . 2
< 25k(62(n+1) t 2w t 62(s+1)) withk < —=

11 1 1 I 1
= k(D(T@,@)+D(T6—m,6—m)+D(T5,§)).

Then, for all x,y,z € X such that (x,y) € E(G),and (y,z) € E(G).We have:

21
D3 (Tx,Ty,Tz) < k(D(Tx,x) +D(Ty,y) +D(Tz,z)) with k € [g, 5[-

Then T is a G-kannan S mapping, The sequence {T"xy} = {6—1,,} is G-decreasing, D-convergent

t0 0 and (0, %) € E(G), then G has the (P) Property. Thus implies that T has a fixed point 0.

) 61

Now we define a G-Chatterjea S-mapping in dislocated metric space (X, D) as follows:
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Definition 10. Let a dislocated metric space (X,D) with the digraph G. A mapping T : X — X
is said to be a G-Chatterjea S-mapping if the following conditions are satisfied:

(i) T is G-monotone, that is for all x,y € X, (x,y) € E(G) = (Tx,Ty) € E (G),

(ii) There exists k € |0, %) such for every x,y,z € V (G):

(x,y) € E(G) — D3 (Tx,Ty,Tz) < k[D(Tx,y) +D(Ty,z) +D(Tz,x)].

Lemma 7. Let (X,D) be a dislocated metric space with digraph G, T : X — X is a G-
Chatterjea S-mapping and suppose there exists xg € X such that (xo, Txo) € E (G) (respectively,

(Txo,x0) € E (G)) and the complete subgraph G [0 (xo)] is transitive then:

(1) For every n > 2, we have:
D3 (T"x0, T" %0, T" 2x0) < 80" 7,

(2) For every for s > m > n > 2, we have:

n—1

1-B

D3 (Tnx(), me(), TSXO) S 503/((

)

Proof. 1. For n =2 is trivial.
Assume that n > 2. Since T is a G-Chatterjea S-mapping and (7" 'xo,7" %xo),
(T"Xo, Tn_z)Co), (Tn_le, T”_3x0) € E(G), then:

D3 (T"x0, T 'x0, T"xp)

IA

k[D(T"xo, T" 2x0) +D(T" 1x0, 7" 3x0) + D(T" 2x0, T" ' x0)]

< k[2D3 (Tn)C(), Tn_le, Tn_sz) + Ds (Tn_l)C(), Tn_sz, Tn_3XO>].

Thus is
n n—1 n—2 k n—1 n—2 n—3
D3 (T"xo, T" ' x0, T xo)gm(D(T x0, " “x0, T" " xq).
By induction on n,we prove that
k
D3 (T"x0, T" 'x0,T" *x9) < (m)"_zD:s (T%x0, Tx0,%0)

< 6Oﬁn_2
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2. fors > m > n > 2, we have

D3 (T"xp, T"x0, T xp)

< k[D(T"x0, T™ 'x0) +D(T™x0, T* 'x0) + D(T*x0, T 'x0)].
i=m—2 . . . i=s—2 . . .
Y D3 (T'xo, T 'x0, T 2x0) + ¥ D3 (T'x0, T xo, T 2x0) +
< k| #=n-l s i=m—1
— i=s—

Y D3 (Tixo, T xo, T 2x0)

i=n

By using 1. We have:

D(T"xp, T"xp) < D3 (T"xp,T"x0,T x0)
n—1 m m—1 K n s—2
R L e .

= —p " 1-B " 1-p )
L

< 60k(?i[;+216_n[;)

< &ﬁk(fi;)

O

Theorem 8. Let a dislocated (X, D) G-complete metric space endowed with a reflixive digraph
G such that V(G) =X and T : X — X is a G-Chatterjea S-mapping. Suppose that there exist
xo € X such that 6 (D3,T,xo) < +oo, (x0,Tx,) €E (E?) and the subgraph G |07 (xo)] is transitive,
then the sequence {T"xy} converge to some point w € X.

Moreover, if one of the following conditions holds

1. T is weak continuous.

2. T is orbitally G-continuous.

3. G satisfies the Property (P) and D(x,Tw) < oo.
Then w is a fixed point of T.

~

Proof. We assume that (xo,Tx,) € E(G). Let (m,n,s) € N x N x N such that, s >m >n > 2.

We have (T"xp,T"xy) € E(G) and (T"xp,T*x0) € E(G).
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If T is G-Chatterjea S-mapping, by lemma, we get:

anl
I—B)'

For every (m,n,s) € N x N x N such that s > m >n > 2, where 8 = ﬁ € [0,1]. Thus

D3 (T"x0,T"x0,T°x0) < 803k(

{T"x0} is D-Cauchy sequence.

From the completeness of (X, D) the sequence {7T"x(} D-converge to some point w € X.

1. Assume that T is weak continuous, then there exists a subsequente {7"4xp} such that
{T"*xy} D-converges to Tw when ng — ~+oo. using the uniqueness of the limit, we get Tw =
w.

2. Assume that T is orbitally G-continuous, since {T"xp} is D- converges to w and
(T"x0, T"'x0) € E(G), then T (T"xo) — Tw.

3. Assume that G satisfaies the property (P) and D(xg,Tw) < +oo. Since {T"xp} is a G-
monotone increasing sequence which D-converges to w € X, we have (T"xg,w) € E(G) for any
neN.

If T is a G-Chatterjea S-mapping such that m > n > 2, then:

D3 (T"xo, T™xo, Tw) < k[D(T" 'xo,T™xq) + D(T™ 'xq, Tw) + D(T"xq,w)]

n—1
1-p

n—1
Since {T"xo} D-converge to w we have D3 (T"xp, T"xp, Tw) < k60(l]3_—ﬁ).

< k[8o( )+ D(T™ 'xo, Tw) + D(T"xp, w)]

Taking limit superior as m — oo , then {T"xy} D-converges to Tw by the uniqueness of the

limit we get Tw = w. UJ
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