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Abstract. We proved the existence of common fixed point theorems for finite family of self- mappings involving
contractive conditions of Rational type in dislocated quasi metric spaces by extending and generalizing some
results in the literature. We also give some examples that support our results in this particular work.
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1. INTRODUCTION

The purpose of this paper is to prove the existence and the uniqueness of common fixed point
of f inite family of compatible mappings in dislocated quasi metric spaces introduced by Wilson
[18] as a generalization of metric spaces and also to provide some supporting examples to our
main result.

Hitzler and Seda [2] introduced the concept of complete dislocated quasi metric space. They
also generalized the Banach contraction principle [1] in dislocated metric space. Furthermore
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Zeyada et al. [4] introduced the notion of complete dislocated quasi metric space and established
fixed point theorems by generalizing the results of Hitzler and Seda in the same space. Later on
many papers of different authors have been published containing fixed point results for different
type of contraction in the same space. Aage and Salunke([11] and [12]respectively) derived
fixed point theorem in dislocated quasi-metric spaces. Sarwar et al.[21] established some fixed
point results for single and a pair of continuous self-mappings in the context of dislocated quasi
metric spaces which generalize, modify and unify the result of Aage and Salunke in 2014.
Isufati [13] proved some fixed point theorem for continuous contractive condition with rational
type expression in the context of dislocated quasi metric spaces. After these theorems in the
literature, several authors have generalized and extended the fixed point results in various spaces
for different types of contractive conditions and mappings in dislocated metric spaces. Rahman
and Sarwar [3] obtained a unique fixed point result for a complete dislocated quasi-metric space
in 2016. Yeshimabet Jira,Kidane Koyas and Aynalem Girma[5], proved fixed point result in the
setting of dislocated quasi-metric spaces for a pair of self-mappings which generalize the result
of Rahman and Sarwarin 2018.

In this paper, we generalize the following important results of Yeshimabet Jira,Kidane Koyas
and Aynalem Girmal[5] to the finite family of contractive mappings in dislocated quasi-metric

spaces.

Theorem 1.1. [5] Let (X,d) be a complete dislocated quasi metric spaces and T, f : X — X
be self-maps satisfying the following condition

i) TX CX

ii) T and f are weakly compatible and fX is closed subset of X

iii) d(Tx, Ty) < a@ (d(fx, fy)) +bg (max{d(fx.fy),d(fx, Tx)})
o (d(fx.,fy> (1A ) d(fxT)| )
+

(1+d(fx.fy))°
forall x,y € X and a,b,c > 0 witha+b+c < 1 and ¢ is a comparison. Then T andf have a

unique common fixed point if Tand f commute at their coincidence points.

Remark 1.2. [5] For f =1 (I is identity on X ) form of contractive condition of Theoreml.1,

we get
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(1+d(x))? ’

d(Tx,Ty) <a@(d(x,y))+be (max{d(x,y),d(x,Tx)})+

whenever, f = I contractive condition of Theorem 3.1

Theorem 1.3. [5] Let (X,d) be a complete dq-metric space and let
T,f :X — X be continuous self mappings satisfying the contractive condition of Theorem 1.1.

Then f and T have a unique common fixed point.

Corollary 1.4. [5] [5] Let (X,d) be a complete dislocated quasi-metric space. Let T : X — X
be a self mapping satisfying

(1+ d(x,y)d(x,Tx))2
d(Tx,Ty) < ay(d(x,y)) +by(max{d(x,y),d(x, Tx)}) + ey | d(x,y) 7= ,

for all x,y € X,a,b,c > 0 witha+b+c <1 and vy is a comparison function. Then T has a

unique fixed point.

In support of the following definitions we are motivated to generalize Theorem 1.1 for finite
family of self-mappings.
Let the set of coincidence point C(717>...T,—1,T,) and the set of common fixed points
F(T\T»...T,—1,T,) of finite family of self-maps Ti,75,73,...,T, respectively are denoted by
{xeX:N\'D..Ty—1x=Tyx}and {x € X : 1 T»...T,,—1x = T,x = x}. Then in the sequel we need

to have the following definitions.

Definition 1.5. Finite family of self-maps 77,73, 73,...,T, on a nonempty set X are said to be
Commuting each other if T1 sz = T2T1x, ceey T1 Tnx = TnTlx, T2T3x = T3T2x, ceey TnflTn = TnTn,pC
for all x € X. That is self-maps 71,73, 73,...,T, on a non-empty set X are said to be commuting

each other if

(T1T2...Tn_1)Tnx = Tn(Tsz...T,,_lx) forall x € X.

Definition 1.6. Finite family of self-maps 73,75, 73, ..., T, of a metric space (X,d) are called

compatible if

'lim d(TnTsz...Tn,1Xj,Tsz...Tn,ITan) = 0,
J—ee
whenever {x j};.o:l is a sequence in X such that

lim T,x; = lim T115..T,_1x; =t for some t € X.
j—reo j—reo
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Definition 1.7. Finite family of self-maps 7,7, T3, ...,T, of a metric space (X,d) are called

weakly compatible if they commute each other at their coincidence points.

Thatis, T,u =T T>...T,_juforu € X, then 1 I»...T,, 1 T,u=T,11T,...T,,_juforu e X.

Inspired with this, we establish common fixed point theorems for finite family of self-
mappings and show the existence and uniqueness of common fixed point in dislocated quasi-

metric spaces involving contractive contraction of rational type by extending Theorem 1.1

2. PRELIMINARIES

Now, we begin with some definitions and examples that support our definitions.

Definition 2.1. Let X be a nonempty and d : X x X — [0,0) be a function, called a distance
function, satisfies:

dy: d(x,x) =0,

dy :d(x,y) =d(y,x) =0, then x =y,

ds :d(x,y) = d(y,x)

2d(x,y) <d(x,z) +d(z,y), Vx,y,z € X.

&

Then, if d satisfies the condition ditods, then d is called a metric on X. If it satisfies the
conditions d1,d; dy4, then it is called a quasi-metric space. If d satisfies conditionsd,,d3,d4 then
d is called a dislocated metric and if it satisfies only d, and d4 then d is called a dislocated
quasi-metric on X. Non empty set X together with metric d on X is called metric space and it is

given by (X,d) and with dg — metric d, i.e. (X,d) is called a dislocated quasi-metric space

Definition 2.2. [4] Let (X,d) be a metric space and 7 : X — X be a self - map. Then T
is said to be a contraction mapping if there exists a constant k € [0, 1), such that d(Tx,Ty) <
kd(x,y),Vx,y € X

Definition 2.3. [4] Let (X,d) be a metric space. Then, the mapping 7: X — X is said to be
contractive mapping if d(Tx,Ty) < d(x,y), Vx,y € X with x # y.

Definition 2.4. [4] Let (X,d) be a dislocated quasi-metric space. A mapping 7 : X — X
is called contraction if there exists a constant k € [0, 1) such that d(Tx,Ty) < kd(x,y) for all

x,yeX.
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Lemma 2.5. [4] Limit of a convergent sequence in a dq-metric space is unique.

Theorem 2.6. [4] Let (X,d) be a complete dislocated quasi-metric space and T: X — X be a

contraction. Then T has a unique fixed point in X.

Definition 2.7. Two self-maps f and g of a non empty set X are said to be commuting if

fegx=gfxforall xin X .If fx = gx for some x in X, then x is called coincidence point of f and

8.

Definition 2.8. [9] Let (X,d) be a metric space. Then two self-mappings f,g : X — X if

fx = gx = x are called weakly compatible if they commute at their coincidence points.

Definition 2.9. Let X be non empty set and 7 : X — X be a self-map. For a given x € X we

define T;,(x) inductively by Ty and we call 7, (x) is the n'" iterate of x under T

3. MAIN RESULTS

In this section we study the existence and uniqueness of common fixed point for finite family
of self-mappings and show it in dislocated quasi- metric spaces involving contractive contrac-

tion of rational type.

Theorem 3.1. Let (X,d) be a complete dislocated quasi metric spaces and Ty, T», ..., T, : X —
X be finite family of self-mappings satisfying the following conditions.

) TiX CHhXC...CTX,

ii) 1,1, ...,T,—1 and T,, are weakly compatible and T,X is closed subset of X

i) d(MhG..T,_1x, .. T,_1y) < ay(d(Tx,T,y))

+by(max{d(Tyx, T,y),d(T,x, T\ T»...T,,_1x) }2)
(T35 T,3) (14 /AT T (T T T T 1)
(14+d(Tix.Tyy))

+cy
for all x,y € X and a,b,c > 0 with a+b+c < 1, and 7y is a comparison function. Then
T, T>,...,T,—1 and T,, have a unique common fixed point if 11, T, ..., T, and T,, commute each

other at their coincidence points.

Proof. Let xg € X, so that yg = T1xg = Thx1 = ... = T,x,_1.

By condition (i) we have that
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Tixie X, hxy e 3X,....,T,, 1x,-1 € T, X.

Then there exist x;,, € X such that y; = T1x1 = Thxy = ... = T)x,,.
Continuing this process we construct a sequence {x j} and { y j} suchthaty; =Tix; =Thxj 1 =
L= Tnxj+(n71) for _] S {O, 172,}

Now considering two cases we have the following proof.

Case - i:
Suppose yj = yj+1 = ... = Y1 (n1) for some j € {0,1,2,...}. Then
we have yj = Tlxj = Tlxj—H = .. = Tlxj+(n—1) =Vj+1 = T2xj+1 =..= T2Xj+(n_1) =..=

Yit(n-1) = TnXjy (n—1) of which x;, , 1) is coincidence point of 71, T3, ...T,.
Let Tlxj = Tlxj+1 =..= T1Xj+(n_1) = Tij-H =..= Tij+(n—1) =..= Tnxj+(n—1) = w, for
some w € T,X. Then by the weakly compatibility of 77,73, ...T,, we get

hw = Nhxj 1) =Dhxj ;1)

= Dw=D0Dx; 1)=DBDhxj 1)

= hHw=..= n—]W:Tn—]Tnxj+(n—l)
3.1 = TnTn—lxj+(n—1) =Tuw
Therefore, T\ Tow = TLTyw=...=T, T,w=T,T,_1w for w € X which gives 71, T3, ..., T,, com-

mute each other at their coincidence point w and by composition it gives that 7175...T,,_1w =
T,w.
Therefore (1 T»...T,— 1) T,w = T,(T1 T»...T,,—w) forw € X.
Claim -1: d(T\' ... T, 1w, 1 T5...T,_1w) =0
By using condition (iii) of Theorem 4.1 given above we have that
dnT..T—wTT..T,_1w) <ay(d(T,w,T,w))
+by(max{d(T,w,T,w),d(T,w, T\ T»...T,_1w)})
d(Tyw, Tyw) [1 +\/dTw, Tow)d (Tyw, Ty T2...Tn_1w)] ’
(1+d(T,w,T,w))?

+cy

d(Tyw, Tyw) < ayd(T,w, T,w)) + by(max{d(T,w,T,w),d(T,w, Tiw)})
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d(Tw, T,w) [1 +/d(Tw, Tw)d(T,w, le)] i
(1+d(T,w, T,w))?

+cy

= ay(d(Tyw,Tyw)) + by(max{d(Tyw, Tyw),d(Tiw, Tyw) })
2
d(Tyw,Tiw) (H—\/d(le,le)d(le,le))
(1+(T1 WaTl W))2

+cy
Since y(¢) <t for all r > 0, then we obtain
d(Tyw, Tyw) < ad(Tyw, Tyw) + bd(Tyw, Tyw) + cd(Tyw, Tyw)
d(Tyw,Tyw) < (a+b+c)d(Tiw, Tiw).
Since 0 <a+b+c <1, we have
dNh.. T, yw,T\Ts...T,_1w) < ay(d(T,w, T,w))

+by(max{d(T,w,T,w),d(Tyw,\ T»...T,—_1w)})
2

d(Tw,Tyw) [1+\/d(T,,w7T,,w)d(an T T, 1w)]
cY (T d (T Tyw))?

is satisfied if
(3.2) dNh.. T, yw,NT..T,_1w) = 0.

Claim-2: T1 T2...Tn,1W =W
d(Tsz...Tn,IW,W) = d(Tsz...Tnflw, T1T2 Tn 1xj+(n 1)) d(le Tl.xj+(n 1))

< ay(d(Tw, Tnijr(n,l)))

+ by(max {d(Tw, T\ Tr... Ty 1w),d(Tw, Tx ;1 (n—1)) }) +

oy (d(an,Tann1))(1+\/d(an,Tnx,-+<n1>)§(an,T1 T2~~~Tn1W))2)

(1+(TnWaTnxj+(n71)))

=ay (d(an, Tnxj+(,l_1)))

+ by(max {d(T,w,Tiw),d(Tw, T,x 4 (n—1)) })

d(Tow T34 1) (14T T 1>>d<an,T1w>>)2)
(H'(lev nXjt(n—1) )

= ay(d(Tyw,w)) + by(max{d(T\w, le),d(le w)})
d(Tiw,w) (1+\/ (Tiww)d (lele)))z
(1+(Tiww))*
Since d(Tiw, Tyw) = 0, then (max{d(T\w,Tyw),d(Tyw,w)}) is d(Tyw,w) and
(dmw,w)(1+\/d<nw,w>d<nw,nw>)2

+cy

’

(14+(Tywyw))? ) < d(Tyw,w). Thus,

d(Tyw,w) < ay(d(Tyw,w)) +by(d(Tyw,w)) +cy(d(Tyw,w)) .
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Since y(¢) <t for all t > 0, then we obtain
d(Tyw,w) < ad(Tyw,w) + bd(Tyw,w) + cd(Tyw,w)
<(a+b+c)d(Tyw,w).
Since 0 < a+b+c < 1, we get the following.
d(NT.. T,_1w,w) <ay (d(an, Tnxj+(n—1)))
—|—by(max{d(an, Nh...T,_w),d(T,w, Tnxj+(n_1))})

2
+ C/}/ d(TnW,TnXJ+(n,1)) <1+\/d(TnW,Tan+<n,1))d(an,Tl T2...Tn,1W)>
(1 (T Ty o))’

is possible if
(3.3) d(T.. T, yw,w) =d(Tyw,w) = 0.

Similarly,
d(w, T Tz...Tn_lw) = d(Tlxj+(n_1),T1W) < a’}/(d(Tan+(n_1),TnW))
+b}/(max{d(Tnxj+(n_1), an),d(Tnxj+(n_1), T1T2---Tn—1xj+(n—1))})

2
14/ d(Tnx (1) Tow ) d (T i (1) T T T 1 X (1))
e <d<Tnxj+(n_1)7TnW) — (144 (T ) Tow) ) | >
dw, N1 T;.. T,—1w) < ay(d(w,Tiw)) + by (max{d(w,Tyw),d(w,w)})
dooiw) (1A T Gen) )
(1+(w.Tyw))?

Since d(w,w) = 0, then max {d(w, Tyw),d(w,w)} is d(w, Tyw) and
(1+/atwTrwidtem)

(14+(wTiw))

+cy

d(w, Tyw)
Thus,

S d(W, le).

dw,Tyw) < ay(d(w,Tyw) +by(d(w,Tiw)) + cy(d(w,Tyw))

Since y(¢) <t for all t > 0, then we obtain
d(w,Tiw) < ad(w,Tiw) +bd(w, Tyw) 4+ cd(w, Tiw)
<(a+b+c)d(w,Tiw)
Since0<a-+b+c<1,so
dw, N T;.. T,—1w) < ay(d(Tnxj+(n_1), T,w))
+b}/(max{d(Tnxj+(n_1), Taw),d(ToXjt (n—1), T1T2...Tn_1xj+(n_1))})
(1+\/d(Tan(,,,l),an)d(Tan(n,wT] Tz...Tnlxj+(n1)))2>

+ cy <d(Tn-xj+(n—l)a an) (l+d(Tan+(n_1)7TnW)>2
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is possible if
(3.4) d(w, T1T2...Tn_1w) =0.

From (3.3) and (3.4) we obtain 11 1>...T,, 1w = w.

By (3.1), we obtain Tyw = Tow = ... = T,w = w. Therefore, w is a common fixed point of
n,1,..T,.

Next we show the uniqueness of w. Suppose w and z are two distinct fixed points of 71, 7>, ..., T,,.

That means,
Tw=Thw=..=Tw=wand Tiz=Tz=..=T,z=2z

Then by condition (iii) of the above Theorem 3.1, we have the following.

d(W,Z) = d(Tsz...Tnflw, T1T2...Tnflz)

IN

ay(d(T,w,Tyz))

+ by(max{d(T,w,T,z),d (Tyw, i T>...T,—1w)})

(1++/d(Tw, T,2)d(Tw, T T>...T,—1w) )
(1+d(Tw, Tp2))?
ay(d(w,z)) + by (max{d(w,z),d(w,w)})

(1 + \/(d(w,z)d(w,w)))2
(14+d(w,z))?

+ ¢y (d(an, T:z2)

IN

+ cy|d(wz)

Since d(w,w) = 0 then max {d(w,z),d(w,w)} is d(w,z) and

2
14++/d(w,z)d (w,w)
d(W7Z) < (1+d(W,Z))2 ) S d(W,Z)

Thus,

d(w,z) < ay(d(w,z)) +by(d(w;z)) + cyd((w,2))-

Since y(¢) <t for all + > 0, then we obtain

dw,z) < ad(w,z)+bd(w,z)+cd(w,z)

< (a+b+c)d(w,z).
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Since0 <a-+b+c<1,

d(w,z) <ay(d(T,w,T,z)) +by(max{d(T,w,T)z),d (T,w, T\ T»...T,—1w)})
14+/d(Tyw, T2)d (Tyw, T T2,..Tn—1w)>2>

+cy | d(Tow, Thz) ( (1+d(Tw,T2))°

is possible if
(3.5) d(w,z) = 0.
Similarly,

d(Z, W) = d(Tl T2-~-Tn—IZ7Tl T2...Tn_1w) < ay(d(Tnz,an))

+by(max{d(Tyz,T,w),d(Tyz, 1 T»...T,—12) })
1-4/d(Tyz, Tw)d (T2, Ty Tz...THz)>2 )

+cy d(TnZy an) ( (1+d(TnZ7TnW))2

= ay(d(z,w)) + b’}/(ma)Cd<Z,W)7d2(Za 2))

(1+d(zw)*
Since d(z,z) = 0, then max{d(z,w),d(z,z)} is d(z,w) and

(H— (d(z,w)d(az)))
(1+(zw))?

1+
+cy | d(z,w) (

d(z,w)
Thus,

<d(z,w).

d(z,w) < ad(z,w)+bd(z,w)+cd(z,w) < (a+Db+c)d(z,w).

Since 0 < a-+b+c < 1, so we obtain the following.
d(z,w)) < ay(d(Tuz, Taw))

+by(max{d(T,z,T,w),d(T,z, T T>...T,—12) })
2
1+\/d(T,,z,an)d(Tnz,TlTz...T,,,lz))
(1+d(TnZanw))2

+cy | d(Tuz, Tyw) (

is possible if
(3.6) d(z,w) =0.

From (3.5) and (3.6), we have that w = z. Hence, w is a unique common fixed point of

T, D, ..., T,

Case-ii : Suppose y; # yj+1 # Yj+2 7 - # ¥j4(n—1) foreach j € {0,1,2,...} . Then,
d(yj,yjr1) = d(Tixj,Tixj41)

= d (Tlxj+1,T1xj+2) =..=d (Tlxj+(n—2)7Tlxj+(n—l))
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= d(yjr1,yjr2) =d (Toxj1,Taxji2)
= = d(Bx ), Bx s () = o = d V) Vit ne1)
(3.7) = d (Tnflxj+(n72)a Tnflxj+(nfl)) .
d(NT.. Ty 1Xj(ne2), 1T Ty 1X 1 (1)) < a¥ (d (TaXji(n—2), TuXj(n-1)))

by (max{d (Txj4 (-2, ¥+ (1)) +d (T (02, T T2 T 1% (0-2)) )
R T ). )

d (T, Tox;
+ev | d(Txjs n-2) ToXj (n-1) (1T (02 T 1))

From (3.7) we have,
d (T L. Th 1% (n2), 1 T2---Tn71xj+(nfl)) =d (Tlxj+(n72)7Tlxj+(n71))
Then,
d (Yt (n-2)Yjr(n-1) = d (T4 (n-2), TiXj (1))
d (Tixj (n—2) Tixj (1)) < @Y (d (Toxj(n—2)> TnXjs (n1)) ) +
by (max{d (Tnxj+(n—2)7Tan+(n—1)) .d (Tnxj+(n—2):Tl T2---Tn—lxj+(n—2)) })
2
<l+\/d(Tnxj+(n—2) Tnxf+(n—1>)d(Tnxj+(n—2)leT2“~Tn*1xj+(n—2>)) >

+c'}/< (Toxj - (n-2)s TnXj(n—1)) (14d(Txj (02 X o))

Also we have
d(yj4(n-2)Yj+0-1) = 4 (X} (n-2), TiXj(u-1)) = d(vjyj1) = d(T1xj, Tixj 1) and
d (it (-2 Yjrn-1) =d (¥jyjr1) <a ( y1131)

+ by (max{d(y;- l,y]) d(yi-1,9,)})
+CY( Yi-1,Yj) +\/dyj1>yj)d(yj17yj))2)

(1+d(yj>17yj))2
Since y(¢) <t for all + > 0, then we obtain

d(yj,yj+1) < ad(yj-1,y;)+bd(yj_1,y;)+cd(yj-1,y;)

< (a+b+c)d(yj-1,y));
Let p=a+b+c. Then,
(3.8) d(yj,yj+1) < pd(yj-1,y})-

Since 0 < p < 1, we obtain d(yj—1,y;) < pd(yj—2,¥j-1)-
Then,

11
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d(yj,yj+1) < pd(yj-1,y))

< p(pd(yj-2,yj-1)) = P*d(yj-2.j-1)

< prd(yj-2,yj-1)-
If we continue this process, we get that d(y;,y;+1) < p/d(yo,y1).
Since 0 < p < 1, we have lli_n>1°°pjd(y0,y1) =0.
Thus, ’

(3.9) lim d(yj,yj+1)=0.
J—
Similarly, we can easily show that,

(3.10) 1lim d(yj1,y;) = 0.
J—reo

Now we show that {y j}is a Cauchy sequence in X. Let m, j € N with m > j, applying triangular
inequality
d(yj,ym) <d(yj,yj+1) +d(¥js1,Ym)
<dyj Y1) Fdyjt1,yj42) o+ dVm—1,Vm)
< pld(yo,y1) + p/d(yo,y1) + ..+ p"d(yo, 1)
<p/(L+p+..+p" 7 Ndyo,y1) =p’ (Zg()j*lp’) d(yo0,y1)
<p/ (2o p') d(yo,y1) = %d(yo,yl)
< %d()’om)-
Since 0 < p < 1, then plino%d(yo,yl) —0

This implies,

(3.11) lim d(yj,ym) = 0.

7 —
Letm,je Nwithm < j
Applying triangular inequality
d(ym:yj) < d(Ym:Ymr1) +dVmt1,¥;)
<dm;Ym+1) +dVmr1,Ymi2) + - +d(yj-1,¥;5)
< p"d(yo,y1) + p"d(yo,y1) + ..+ p/d(yo, 1)
<pP"(14p+..+p " Nd(yo,y1) = p" ( {;3’*117") d(yo0,y1)
<p"(Xeor)d(yo,y) = lpTr;d(yo,yl)
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< pd(yO,yl)'
Since 0 < p < 1, then lim Td(yo,yl) =0.
p—0
This implies,
(3.12) lim  d(ym,y;) = 0.

jm—)

From (3.11) and (3.12) we get

lim d(yj,ym)= lim d(ym,y;) =0.
m, j—eo

m, j—eo
Thus, {y;} is a Cauchy sequence in X for j € {0,1,2,...}.
Since, X is complete there exists g € X such that lim y; =gq.

J—ee

Thus,

Jh_r}nooTli— lim szj+1 = 11_r>n°oTnx]+(,, )=¢

from which we have

jli_r>an1T2 T 1Xj g (n- 2)—}11_I>nooTnx,+(n =9

Since T, X are a closed subset of X, there is w € T,,X such that
q=T,w.

Now we show that 71 75...T,, 1w = gq.
d(NT.. T W, T1 .. Ty 1 X4 (n—2)) < a¥ (d(Tow, Tx s (4-2)))

+by (max {d(an, Tnxj+(n_2)),d (Tow, N T>...T,—1w) })

(VAT T g2 AT o Ty )
+cy (d(TnW7 Tan—l-(n—Z)) (1+d](TnW-,Tan+(n,2)))2 .

By the equation (3.7), we have

d (M. Ty w, 1 .. Ty 1y (y—2)) = d (T T2 T 1w, TiX 4 (n—2))
=d(NT..T,—1w,q).
Then,
d(NTs..Thw,q) =d (1T Ty 1w, Tix o (n—2)) < a¥ (d(Tow, Xy (4-2)))
+by(max{d(an,Tnxj+(n 2)) d(Tw, T T5...T,— lw)})

2
(]+\/d Tuw, ”x]+(n 2)) (nWTlTZ Tnflw))

Since Tiyw = Thw = ... = T, w, then we obtain that

13
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d(Tl w, q) <ay (d(Tl w, Tﬂxj-l—(n—Z)))
+by (max {d(T\w, TuXjs(n—2)),d(Tiw, Tiw) }
2
+cy (d (Tiw, TnX 4 (n—2)) CAVAUR AR ZIUTITD), )

(1+d(Tiw T o))
Letting j — oo we get jliﬂmoo ThXjy(n—2) =9-

d(N .. Ty_1w,q) < ay(d(Tiw,q) + by (max{d(T\w,q),d(Tyw,Tiw)})

<l+\/d(T1w,q)d(T1w,T1w)>2
(1+(Tiwg))?

Since d(Tiw, Tyw) = 0, then max{d(T\w,q),d(Tyw,Tiw)} = d(T\w,q) and

(1+\/d(T1W,q)d(T1W,T1W))2
(1+(Tiwg))*

+cy | d(Tiw,q)

d(Tl w, Q)
Thus,

<d(Tiw,q).

d(NT...Ty—1w,q) < ay(d(Tiw,q)) +by(d(Tiw,q)) + cyd(Tiw,q).

Since y(¢) <t for all # > 0, then we get
d(Tl TZ---Tn71w7 CI) < ad(T1W7 q) +bd(T1Wa q) + Cd(T1W7 q)
<(a+b+c)d(Tiw,q).

Since 0 < a+b+c < 1, so the given inequality is satisfied if
(3.13) d(T... T,—1w,q) = 0.

Similarly,
d((,],T] Tz...Tn_]W) < a’}/(d(Tan+(n_2),TnW))

+by (max{d(Tnxj+(n_2), an),d(Tnxj+(n_2), T Tz...Tn_lxj+(n_2))})

(1+\/d(Tan(,,,z),an)d(T,,xH,,,z),Tl Tz...Tn_le(n,z)))
(14+d(Tx ) Tow) )

Since 11 T»...T,— 1w = Tyw and Ti T>... Ty 1% (5—2) = T1xj + (n — 2), then

+cy <d(Tan+(n_2) ,Taw)

d (q, T1T2...Tn_1w) <ay (d(Tan+(n_2), TIW))
+ b}/(max {d(Tan+(n_2),le),d(Tan+(n_2),T1Xj + (l’l — 2))})

1+\/d(7}1x i+ (n—2),Tiw)d (Tpx ~+(,1_2),T1xj+(n—2)))2)
+cy | d(Tx i (y_ny, TiW ( : E .
y( ( n J+(n 2) 1 ) (1+d(Tan+(n,2),T1W))2

Letting j — oo we get lim Tix;+ (n—2) = lim Tuxj,(,—0) =q.
Jj—>oo J—e

By (3.7) we have
d(g, 1 T...T,-1w) < ay(d(q,Tiw)) + by (max{d((q,Tiw)),d(q,9)})
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(1+/@aTwidas)’

(1+d(q.Tiw))
Since d(q,q) = 0, then max{d((q,Tiw)),d(q.q)} is d(q,Tiw) and

2
(1+ d(g,Th W)d(q,q))
cy (d(q7 Tl W) (1+d(q,T1W))2 > S d<q7 Tl W)

Thus,
d(q, 1 T>...T,_1w) < ay(d(q,Tiw)) +by(d(q,Tiw)) +cy(d(q, Tiw)

Since y(t) <t for all t > 0, then we get that

+C'}/ <d(q7 le)

d(qa I4 TZ"~Tn—1W) < ad(qa le) + bd(cb le) + Cd(cb le)
<(a+b+c)d(q,Tiw)

Since 0 < a+b+c < 1, so the given inequality is satisfied if
(3.14) dg,"'T...T,—1w) = 0.

Using (3.13) and (3.14), we have ¢ = 11 15...T,,_w.

Then, g = Tiw = Thw = ... = T,w from which we have

g=T1hH..T,_\w=Tyw.

By the weakly compatibility of 7, 7>, ..., T, we have

(NG..T,—1)Tyw=T,(T.. T,_1w).

Then,

(NG..T,—1)Tyw= (N1T5..T,—1) g =T, (1 T5...T,—1w) = Tpq.

Thus q is a coincidence point of 71,73, ..., T,.

Consider

d(NT..Ty-19,q) =d (1 T..T,-1q, 1 T»...T,—w) =d (1 T»...T,—19, T1w)
< ay(d(Tyg, Tyw))

+ bY(max{d ((an, THW)) d (Tn% Tl TZ---TanCI)}> 5
1+\/d(TnQ7TnW)d(TnQ7TIT2-~-T;1—ICI)> )

—|— C’y d(TnQ) Tl’lw) ( (1—|—d(an7TnW))2

Since T 15...T,,—1q = T,,q and T,w = g, then

d(ND..Th—19,9) < ay(d(Tiq,q)) +bY(max{d(T1q,q),d(T1q,leq)})
1+\/d(T1q7q)d(T1q,qu)) )

+cy | d(Tiq,q) ( (14+d(Tyq.9))*

Since (1) <t,(max{d((T1q,q)),d(Tiq,T1q)}) is d(Tiq,q) and

15
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(1+\/d(T11]-,q)d(qu,T1q

Then we get the following

)

d(NTs...Th-19,9) < ad(T1q,q) < bd(Tiq,q) < cd(Tiq,q)
< (a+b+c)d(Tigq,q).

Since 0 < (a+b+c¢) < 1, so the above inequality is satisfied if
(315) d(Tsz...Tnflq,q) =0.

Similarly,
d (q, TITQ...Tnflq) =d (Tsz...Tnflw, T]Tz...Tnflq) =d (le, Tsz...Tn,IC])
<ay(d(T,w, Tuq))

+ by (max{d(T,w,T,q),d (T,w, T\ T»...T,_1w)})
1+4/d(Tyow,T,q9)d (W, T\ T....T,—1w)

(14+d(Tw,Thg))’ )
Since T 15...T,,_yw = T,w = g and T,,q = T q, then we have

N—
(%)

+cy d<TnW7 Tn‘]) (

d(q,\T»..T,—1q9) < ay(d(Tiw,Tiq))

+by (max{d(Tyw,Tiq),d(Tyw, Tiw)})
2
1+\/d(T1 W,qu)d(Tl w, T} W))
(1+d(Tyw.Tiq))*
d(q,i'T>..T,-19) < ay(d(q,Tiq)) + by (max{d(q,Tiq),d(q,q)})

2
14++/d(q,Tiq)d(q,q)
+cy (d(q, Tiq) ( (1+d(q,T19))* )

+cy | d(Tiw, Tiq) (

Since, max{d(q,T1q),d(q,q)} is d(q,Tiq) and y(t) < t, then we have
d(q, T\ T>...Ty-19) < ad(q,Tiq) +bd(q,Tiq) +cd(q,T1q)
<(a+b+c)d(q,Tiq).

Since 0 < a+b+c < 1, so the given inequality is possible if
(316) d(q,Tsz...Tnflq)ZO.

So, from (3.15) and (3.16), we have 1 1>...T,,_1q = q.

Thus, T173...T,,—1q = T,q = q. Therefore, g is a common fixed point of 7773...7,,—1 and T;, in X.
i.e., q is a common fixed point of 71,73, ..., T, in X.

Next we show that ¢ is unique in X.

Let r be another common fixed point of 71,73, ...,7,,—1 and 7,, in X.
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hir=Tr=..=T, y«r=T,r=r,Thatis, NT>..T,_1r=T,r=r.
Consider,
d(NT..Ty-1q, V' T.. T,_1r) =d(q,r) < ay(d(T.q,T,r))

+by(max{d ((T.q,Tur)) ,d (Twq, T Tz---Tn—1Q)})2
<1+\/d(TnQ7an)d(T;1q7Tl TZv--Tn—lq)> )

+ecy (d (Tg, Tur) (14d(Tyq,Tr))?

d(g.r) < ay(d(g.r)) +by(max{d(d(g.r)) d(g.9)}) +cy (d<q, LSS CLIIEID)
t) <t,max{d (d(q,zr)) ,d(q,q)}isd(q,r) and
(1+\/d(qu7q)d(qvq)>

(1+d(q,r))?
ad(q,r)+bd(q,r)+cd(q,r) < (a+b+c)d(q,r)

N——

Since ¥
d(q,r)

d(q,r)

Since 0 < a+ b+ c < 1, so the given inequality is satisfied if

—~

then we obtain

(3.17) d(q,r) =0.

Similarily,
dNDh..T,_\r,T\T5..T,_1q) = d(r,q) < ay(d(T,r,T,q))

+by(max{d ((T,r,T,q)),d (T,r,1 T5...T,_17)})
(1+\/d(an,7}1q)d(an,T1T2...Tn,1r))2
(1+d(TyrTog))
<ay(d(rq)) +by(max{d(r,q),d(r,r)})
1+\/d(r7q)d(r7r)>
(1+d(rg))*

Since ¥(t) < t,max{d(r,q),d(r,r)} is d(r,q) and

2

<1+ d(nq)d(r,r))

d(nQ) (1+d(r,q))2
d(r.q) < ad(r.q) +bd(r.q)+cd(r,q) < (a+b+c)d(r,q).

Since 0 < a+ b+ c < 1, so the given inequality is satisfied if

+cy d(ana TnQ)

d(r,q)

+cy (d (r.q) (

<d(r,q), then we obtain

(3.18) d(r,q) = 0.

From (3.17) and (3.18), we conclude that r = g.

So,g is a unique common fixed point of 77,75, ...,T,, in X. 0
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Theorem 3.2. Let (X,d) be a complete dg-metric space and
,T;,...,T, : X — X be continuous self-mappings satisfying the contractive condition of The-

orem4.1. Then T\, 1>, ..., T, have a unique common fixed point.

Proof. We follow the proof of Theorem 3.1 and construct a sequence {y j} . Let sub-sequences

of {y;} be {x2;}, {x2j51 s {xa(je1) oo {X2js (1) } -

We define X2j+(n71) = Tl TZ-"Tn71x2j+(n72) and X2j+(n72) = Tnx2j+(n73)'
Similarly we can show that the sequence { y j} is a Cauchy sequence.

By the completeness of X one can show that lim y; =w forw € X.
J—ee

Since {xzj} , {x2j+1} , {x2 j+1)} s {x2j+ n—1 } are subsequences of {yj}, then
hmxz—hmx21 o= lm Xy =W

e Jj+ jea” 2 (=1

Since T, T2, ..., I, are continuous then we arrive at

T'w=T; lim x —hm Tix —hmx o=1m Tixo: 0y o= lim x5 (,_1y =W
1 1 ! X2j 1X2j 2j+1 = Pl 1A2j+(n—2) fanivl 2j+(n—1)
Torw=T 11m X = hrn Trx = lim x .= lim Dxy ¢, _

2 2. 2j+1 = Pasit 2X2j+1 = oo 2(j+1) oo 242j+(n-2)

= hm X
oo 2j+(n—1) —

T 1w = T 1 hm x2]+(n 2) = llm T 1x2j+(n—2)

= li
]in X2j+(n—1) =W
Then, Tyw = ... = T,,_1w = w which gives that
n..T, jﬁjlwxzj+(n—2) = j@)lm N..Th-1X%2 4 (n2) = J.ILII}OOXZj—O—(n—l) =w
(3.19) = T..T,_qw=w.

Similarly,

Tow =T B xaji(n-3) = 1M Tuxpj(n3) = M xaji () = w. Then,
(3.20) Tow =w.

So, from (3.19) and (3.20) we obtain that 7173...T,,_ 1w =w = T,w.
Therefore w is common fixed point of 71, 1>, ..., T},.
To show the uniqueness of w, let z be another common fixed point of 71, 7>, ..., T;,.

That is Ty T5...T,,—1z = z = T,,z. Then by (iii) of Theorem 3.1, we have the following.
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d(W,Z) =d (T]Tz...Tn,IW, Tsz...Tnflz)

<ay(d(Tyz,Tyz)) + by (max{d(T,w, T,2),d (Tyw, 1 T»...T,—1w)})
1-4A/d(Tow, Tr2)d (Tow Ty Tz.,.Tn_lw)>2
(1+d(Tyw,T2))*
d(w,z) <ay(d(w,z))+by(max{d(w,z),d(w,w)})
(1+ d(w,z)d(w,w))2
(1+d(w.2))?
Since d(w,w) = 0 then max {d(w,z),d(w,w)} is d(w,z) and

2
14++/d(w,z)d(w,w)
d(W7Z) ( (1+(W7Z))2 ) S d(W7Z)'

Thus, d(w,z) < ay(d(w,z)) +by(d(w,2)) +cy(d(w;2))
Since y(¢) <t for all t > 0, then we obtain
d(w,z) < ad(w,z) +bd(w,z) +cd(w,z) < (a+b+c)d(w,z)

Since0<a+b+c<1,s0

+cy | d(Tw, T,z) <

cy (d(w’ 2)

d(w,z) < ay(d(Tyz,Tz)) + by (max{d(T,w,T,z),d(Tyw, T\ T5...T,—_1w)})
2

(1+\/d(T,,wj,,z)d(an,TlTz...T,Hw))
(1+d(Tyw,T,2))?

+cy | d(Tw, T,z)

is possible if,
(3.21) d(w,z) =0.

Similarly,
d(z,w)=d(T\T..Th—12, T ... Ty—1w) < ay(d(Thz, T,w))
+by(max{d(T,z,Tyw),d (Tyz, 1 T5...T,~12) })

2
/AT Tw)d (T T T T, 12)
(14d(Tz,Tyw))?

+cy (d(Tnz, T,w) (

d(z,w) < ay(d(z,w)) + by (max{d(z,w),d(z,2)}) +cy | d(z,w) <1+(1+d(z,w))2

\/d<z,w>d(z,z>)2>

Since d(z,z) = 0, then max{d(z,w),d(z,z)} is d(z,w) and
(H— d(z,w)d(z,z))2

d(Z’W) (1+(Z,W))2

Thus,
d(z,w) <ad(z,w)+bd(z,w)+cd(z,w) < (a+b+c)d(z,w).
Since0 <a+b+c<1,so
d(z,w) < ay(d(T,z,T,w)) + by (max{d(T,z, T,w),d (T,z, T T»...T, — 12)})

<d(z,w).
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(1+\/d(T,,z,an)d(Tnz,T1 T2?T<n—1)z)>2
(1+d(Tpz,Tw))*

+cy | d(Toz, Tyw)

is possible if,
(3.22) d(z,w) =0.

From (3.21) and (3.22) , we have that w = z. Thus, w is a unique common fixed point of

T, T,...,Tp. 0

Remark 3.3. In contractive condition, from our Theorem 3.1 if 7,, = I, where [ is identity map
on X and n > 2, we obtain the following corollary which is the simplified form of contractive

condition of Theorem 2.3 of Rahman M. U., Sarwar M.[3].

Corollary 3.4. Let (X,d) be a complete dislocated quasi-metric space. Let T) : X — X be a
self mapping satisfying

d(Tlx, le) < ay(d(x,y)) +b7(max{d(x,y),d(x, Tlx)}) Yoy d(x,y) <1+\/d(x,y)d(x,T1x)>

(14d(x))* ’
forall x,y € X,a,b,c >0 witha+b+c <1 and y is a comparison function. Then Ti has a

unique fixed point.
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