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Abstract. In this paper, we introduce the notion of neutrosophic R — w—contractive mappings in the setting
of relational neutrosophic b-metric space. Our findings possibly open new way for another direction of relation-
theoretic as well as neutrosophic fixed point theory. we prove some relevant results on the existence and uniqueness
of fixed points for this type of mappings in the setting of neutrosophic b-metric space.
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1. INTRODUCTION

The concept of fuzzy sets was initially formulated by Zadeh [29] in 1965. This concept has
been used extensively in topology as well as modern analysis by many researchers and plays a
very important role in a large number of scientific and engineering applications. Atanassov [4]
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initiated Intuitionistic fuzzy sets for such cases. Neutrosophic set is a new version of the idea of
the classical set which is defined by Smarandache [26]. Enter the previous concepts in differ-
ent metric spaces has been the focus of many researchers’ attention, as Kramosil and Michalek
[11] introduced the notion of fuzzy metric space. Later, George and Veeramani [6] modified
the notion of fuzzy metric spaces due to Kramosil and Michalek with view to have a Hausdorff
topology. The approach of intuitionistic fuzzy metric spaces was introduced by Park in [19].
Kirisci and Simsek [10] generalized the approach of intuitionistic fuzzy metric space by present-
ing the approach of a neutrosophic metric space which deal with membership, nonmembership,
and naturalness functions. Successively, several researches were carried out various contractive
mappings in different spaces. For instance, Gregori and Sapena [7] defined fuzzy contractive
mappings and proved a very natural extension of the well-known Banach contraction principle
for such mappings in G-complete as well as M-complete fuzzy metric spaces. Mihet [15] ex-
tended the class of Gregori and Sapena’s fuzzy contractive mappings [7] and proved a fuzzy
Banach contraction result for complete non-Archimedean fuzzy metric spaces in the sense of
Kramosil and Michalek. Sowndrarajan et al. [27] proved some fixed point results in the setting
of neutrosophic metric spaces and others.

On the other hand, in 1993, Czerwik [5] introduced the notion of a b-metric with a view of
generalizing the Banach contraction mapping theorem. After that, a lot of authors have worked
in this directions and have presented some nice results related to the fixed point theory (see
for example [8, 9, 16, 24] and others. As a generalization of b-metric space and neutrosophic
metric space, Shakila and Jeyaraman [25] introduced the notion of neutrosophic b-metric space
and proved neutrosophic b-metric versions of some conventional theorems fixed points via neu-
trosophic sets.

Relation-theoretic fixed point theory is a relatively new direction of fixed point theory. This
direction was initiated by Turinici [28] and it becomes very active area after the existence of
the well-known results due to Ran and Reurings [20] and Nieto and Lopez [17, 18] with their
interesting applications to boundary value problems and matrix equations. Recently, there are

several researchers working in this direction. See for example [2, 3, 22, 23], and others.
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2. PRELIMINARIES
In this section, some basic definitions are mentioned that are helpful to understand the main

results.

Definition 2.1. [19] A binary operation * : [0, 1] x [0,1] — [0, 1] is called a continuous triangular

norm (t-norm) if it meets the following assertions:

(1) =is associative and commutative;
(2)  xis continuous;
(3)  xxl=x,Vxel0,1];
(4) TIfx<zandy<rwithx,yzre[0,1], thenxxy < zxr.
Example 2.1. The following three examples of basic (t-norm):
(1)  x*xy=min(x,y).
(2)  xxy=uxy.
(3)  xxy=max(x+y—1,0).

Definition 2.2. [19] A binary operation o : [0, 1] x [0,1] — [0, 1] is called a continuous triangular

conorm (t-conorm) if it meets the following assertions:

(1)  ois associative and commutative;
(2)  ois continuous;
(3)  x00=0,Vxe|0,1];

(4) Ifx<zandy<rwithx,yzre[0,1], thenxoy<zor
Example 2.2. The following three examples of basic (t-conorm):
(1)  xoy=min(x+y,1).

(2)  xoy=x+y—xy.

(3)  xoy=max(x,y).
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Shakil and Jeyaraman [25] defined the notion of neutrosophic b-metric space as follows:

Definition 2.3. [25] A seven tuple (x, @, B,7,*,0,b) is said to be a neutrosophic b-metric space

if ¥ # ¢, b > 1 is a given real number, * is a continuous t-norm, o is a continuous t-conorm,

«, B and y neutrosophic sets on x2 x [0,c0) meet the below circumstances for all x,y,z € ¥,

a(x,y, 1)+ B(x,y,t) +y(x,y,1) <3;

0<a(xyt) <l

o(x,y,0) =0;

o(x,y,t) =1forallr > 0iffx =y;

o(x,y,t) = o(y,x,t), forall t > 0;

o(x,z,b(t+s)) > o(x,y,t) * t(y,z,s), forall t,s > 0;

o(x,y,.) : [0,00) — [0,1] is a left continuous andtgrfwoc(x,y,t) =1,
0< By <1,

B(x,50) =1,

B(x,y,t) =0forallz > 0iff x =y;

B(x,y,t) = B(y,x,t), for allz > 0;

B(x,z,b(t+s)) < B(x,y,t) 0 B(y,z,s), forallz,s > 0;

B(x,y,.) : [0,00) — [0,1] is a left continuous anthTw (x,y,t) =0;
0<y(x,y1) <1

Y(x,,0)=1;

Y(x,y,¢) =0 forallz > 0iff x =y;

Y(x,y,t) = v(y,x,t), for allz > 0;

Y(x,z,b(t +5)) < y(x,y,t) o ¥(y,2,s), for allz,s > 0;

Y(x,y,.) : [0,00) — [0, 1] is a left continuous andtligl ¥(x,y,¢) = 0.
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Example 2.3. ([25]) Let (x,d,b) be a b-metric space and x+*y = min(x,y),xoy = max(x,y) for
all x,y € [0,1] and let o, B and y are fuzzy sets on x> x [0,00) defined as follows:

ax,y,t) = ’+d"y >0
0,ifr=0
d(x
B(x,y.1) = ity 120
1, ift=0
Y(x7y7t): 7
1, ift=0

Hence (x,a,B,7,%,0,b) is a neutrosophic b- metric space.

Definition 2.4. [25] A sequence {x, } in a neutrosophic b-metric space (x, o, 3,7, *,0,b) is said

to be convergent if there exists x € y such that

lim ot(x,,x,t) =1, Vt > 0;
n—yoo

lgn B (xp,x,t) =0, ¥t > 0;
and
lim y(x,,x,t) =0, V¢ > 0.

n—

In this case x is called the limit of the sequence {x, } and we write lim,_,. X, = x or x,, — x.

Definition 2.5. [25] A sequence {x,} in a neutrosophic b- metric space (x, ., B,7,*,0,b) is

said to be Cauchy sequence if for every € € (0, 1) there exists ny € N such that
O (X, Xmyt) > 1 —€;

B (X, Xm,t) < €;
and
Y(Xns Xy 1) < €;

for all m,n > ng,t > 0.
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Definition 2.6. [25] The space y is said to be complete if and if only if every Cauchy sequence

{x,} in x converges to some x € ¥.

Roldan-16pez-de-Hierro [21] defined a comparison y : [0, 1] — [0, 1] that satisfies the follow-
ing conditions
(1) vy is non-decreasing and left continuous;
(2) y(t) <t forallt € (0,1);
(3) w(0)=0.
Let ¥ denotes the family of all such functions y.
For example, y(t) =t for all € [0, 1]. Notice that, using the previous definition, the condition

y (1) = 1 is not necessarily true.

Remark 2.1. [21] Let y €¢ ¥
(1) y(t) <t forallt €[0,1];
(2) If y(t9) = to, for some ty € (0, 1], thenty = 1;
(3) If {t,} € [0,1], and y(t,) — 1, thent, — 1.

In the following, we recall some relation-throretic notions as follows:

Definition 2.7. [12] A subset R of x? is called a binary relation on x. If (x,y) € R (we may
write xRy instead of (x,y) € R), then we say that “x is related to y under R”. If either xRy or

yRx, then we write [x,y] € R.

Observe that ¥ is a binary relation on ¥ called the universal relation. In this presentation, ¥

is a non-empty set and R refers for a non-empty binary relation on ¥.

Definition 2.8. [13, 14] A binary relation R on a non-empty set J is said to be:

(1) reflexive if xXRx,Vx € x;

(2) transitive if xRy and yRz imply xRz, Vx,y,z € x;

(3) antisymmetric if xRy and yRx imply x = y,Vx,y € x;

(4) partial order if it is reflexive, antisymmetric and transitive;

(5) complete if [x,y] € R,Vx,y € x;
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(6) f -closedif (x,y) € R= (fx,fy) € R,Vx,y € x where f: x — x is a mapping.

Definition 2.9. [1] Let x be a non-empty set and R be a binary relation on . A sequence

{xn} C x is said to be an R - preserving sequence if (x,,x,+1) € R forall n € N.

In what follows, we provide relation-theoretic versions of the neutrosophic metrical notions:

(a, B, 7)-self- closedness, convergence and completeness.

Definition 2.10. A binary relation R on y is said to be an (a, 8,7)- self- closed if given any
convergent R -preserving sequence {x,} C x which converges (in neutrosophic sense) to some

x € X, 3{xn, } C {xs} with (x,,,x) € R.

Definition 2.11. A sequence {x,} C y is called R — (a, B, y)- Cauchy if x,Rx,+1,Vn € Ny and

Ve > 0andt > 0, dng € N satisfying
O (Xp, X p,t) > 1—€,¥n>N,pe Ny,
ﬁ(xnuxi’l-i-put) < evvnszpeN()?
Remark 2.2. Every Cauchy sequence is an R — (., B,7)- Cauchy sequence, for any arbitrary

binary relation R. R — (a, B,7)- Cauchyness coincides with Cauchyness if R is taken to be the

universal relation.

Definition 2.12. A neutrosophic b- metric space (X, a, 3,7, *,0,b) which is endowed with a
binary relation R is said to be R — (a, B, 7)- complete if every R — (a, B,7)-Cauchy sequence

is convergent in .

Remark 2.3. Every complete neutrosophic b- metric space is R — (, B,7v)-complete neutro-
sophic b- metric space, for any arbitrary binary relation R. R — (o, B,Y)- -completeness coin-

cides with completeness if R is taken to be the universal relation.

Very recently, Saleh et al. [22] introduced the notion of KM-fuzzy R — y—contractive map-

pings as follows:
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Definition 2.13. Let (x,M,*) be a non-Archimedean fuzzy metric space (in the sense of
Kramosil and Michalek), R a binary relation on y and f: x — x. We say that f is a KM-
fuzzy R — y- contractive mapping if there exists ¥ € ¥ such that (for all x,y € y and all r > 0
with xRy)

M (x,y,t) >0 = min{M (x,y,t), max{M(fx,x,t),M(y, fy,t) }} < w(M(fx, fy,1)).
3. MAIN RESULTS

First, we will define the concept of neutrosophic R — y— contractive as follows:

Definition 3.1. Let (), @, ,7,*,0,b) a neutrosophic b- metric space, R a binary relation on
and f: x — x. We called That f is called neutrosophic R — y contraction if there exists y € ¥

and k € (0,3) such that for all x,y € ., > 0 with xRy,

w(a(fx, fy,kt)) = min{o(x,y, 1), max{o(fx,x,0),(y, fy:1)}},
B(fx fy.kt) < y(max{B(x,y,0),min{B(fx,x,1), B(y,fy,0)}}),

(3.1) v(fx, fykt) < y(max{y(x,y,r),min{y(fx,x,1),y(y, fy,1)}}).

Now, we will state and prove the first main results:

Theorem 3.1. Let (), ., B,7,%,0,b) a neutrosophic b-metric space equipped with a binary
relation R. Assume that f : X — X is a neutrosophic R — y- contractive mapping defined in
(3.1)and x is a R — (a, B, 8)— complete such that

(i) there exists xq in X such that xoR fxo;

(ii) R is transitive and f— closed;

(iii) one of the following holds:

(a) f is continuous or

(b) R is (a,B,7)-self closed.

then f has a fixed point & € .

Proof. For arbitrary xo € J, define a sequence {x,} in y by x, = fx,—1, Vn € Ny. If x, = x4,
for some N € Ny, then x;, is a fixed point of f. Assume that x,, # x,,+1, Vn € Np.

By (i), there exists xg € x such that xoR fxg and x,, = fx,,_1, then xoRx;. As Ris f—closed and
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xoRx1, we have that x; Rx,. continuing this process, we get x,Rx, 11, Vn € Ny.

Using a neutrosophic R — y— contractive (3.1). For ¢z > 0 and n € Ny, we have

a(xn-i-l?xml) 2

(3.2)

B(-xn+17-xnat)

O (X415, k1) > WO (X1, Xn, kt)) = W(OU(fXn, fXn—1,kt))
min{ 0t (X, Xn—1,1 ), max{ &(fxn, Xn,1), A(Xn—1, fXn—1,) } },
min{ & (X, x,—1,1), max{ o (xX,+1,%n,), 0 (Xp—1,Xn,1) } },

O (X, Xp—1,1)

W (0t (xn, Xn-1,1))

v(a(fxn—1,fxn-2,1))

. t t t
mln{a(-xnflaxn*27 _)amax{a(fxnflvxnfla _)7 a(xn727fxn*2a _>}}

k k k
. t t t
mln{a(-xn717xn727 %)7max{a(xnaxn717 %)7 a(-XVL*Z?xn*la %)}}
t
a(-xn—17-xn—27 z)
t

W(a(xn—laxn—Za %))

t
W(a(fxn—%fxn—&z))

. 4 t t
min{ o (x,—2,x,3, ﬁ),max{a(fxn_z,xn_z, k_z)’ a(xp—3, fxn-3, ﬁ)}}

t t
a(xn—27xn—3a ﬁ) > W(a(fxn—3;fxn—47 ﬁ))
t

L2 (X(XI,XO,W),

IN

ﬁ(xn‘f‘l?x"’kt) = B(fxn;fxn—lakl)
w(max{B (xu,Xp—1,2), min{ B (fXn,%n,1), B (Xn—1, [Xn-1,1)}}),

IN

= W(maX{B (xn,xn,l,t),min{ﬁ (xn+17xn7t)7ﬁ(xnflaxn7t)}})a
= W(ﬁ(xnaxn—lat))
< B(xnaxn—lal)

= ﬁ(fxnfhfxn*Z?t)

9
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IN

W(max{ﬁ (xnflaxan: 5),11111’1{[3 (fxnflaxnfla E)vﬁ(xn*%fxn*z’ 5)}}>

k k k
w(max{B (x,_1,%n_2, %),min{ﬁ(xn;xnla %),B(anaxnla %)}})
V(B 1,52 7))
B(xn—laxn—Zv %)
ﬁ(fxn—z,fxn—&%)
Wmax{B(s,-2,%3, 353) min{B(f%u2,%0-2,15): B3, fn-3, 75) 1)

VB (a230-3,75) < B(fas, frua, 1)

t
L. < [3(X1,XO,F)7

Y(xn+17xn7t) < ’}/(xn—klvxnakt):’}/(fxnvfxn—hkt)

3.4)

< y(max{y(xn,xn—1,2), min{y(fXn,%n,2), Y(Xn—1, fXn—1,2)} }),

= y(max{y(xn,xn—1,1), min{Y(Xp41,%n,1), Y(Xn—1,%n,1) } }),

= Y(Y(n,Xn-1,1))

< Y0, Xn151)

= Y(fxn—1,fXn-2,1)

< ylmax{a(-1 %2, Dmin{Y( o151 D) Y2 2 D))

t . t t
= W(max{a(xn—l s Xn—2, _)7m1n{’}/(xn7xn—la _)7 /)/(xn—ern—] ) %)}})

k k
t
= Y(rlm-1,2-2,7))
t
S ’}/(xn—l s Xn—2, %)
t
= Y(fxn-2, fXn-3, %)
t . t t
S W(maX{'}/(Xn,Z,Xn,_g, k_2)7mln{'y<fxn*27xn*27 k_2)7 Y(xn737fxn737 p)}})
t t
= W(Y(xnfbxnf% ﬁ)) < Y(fxnf& fxn747 ﬁ)

t
< ..< Y(x17x07W)'
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Also, forallt >0, p > 1, we have

t t

a(xnaxn+p7t) > a(xnaxn—o—la%)*a(xn—i—l;xn—l—pa%)?
t t

ﬁ(xnaxn+p,t) < ﬁ(xn,xn—i-l,%)*a(xn+laxn+p7%);
t t

Y(xmxn+p7t) < '}’(xmxn—o—l,%)*a(xn—i-l;anrva)-

Continuing in this way we get

t t t
O (X, Xt pyt) > a(xny-xn+17%)*a(xn-l—l»xn-l—ZaW)*"-*a(xn+p—17xn+p7W)u
t t t
B(xn;xn+p7t) < ﬁ(xnaxn—O—]?%)*ﬁ(xn—i-l;xn—i-%m)*"'*B(xn+p—1axn+p7W)7

t t
V(Xnaxn+p>t) < Y(Xnvxn—O—la E) * Y(xn+l7xn+27 W) ok y(er—p—laanrpv W)

Using (3.2)-(3.4) in the above inequalities, we conclude

t t
e oy T

*
t t t
B (Xn; Xn+pst) < 5(?60,761,%)*ﬁ(xomaw)*m*ﬁ(xo,%(2b)p_1kn+p_3),

O (Xp, Xntpst) > 0(x0,x1, ) * (X0, X1, ok 0(x0, X1,

t
2bkn—1

t

t t
V(s Xntpt) < Y(XO,XMW)*Y(XO,M,W)*---*Y(XO,%<2b)p_1kn+p_3)-

Using the properties of the definition 2.3, in the above inequalities we get

lim o(xp, Xpgp,t) =15 1%, x1=1,

n—oo
’}glgoﬁ(xn,xn+p,t) =0%0x%...x0=0,
(3.5) lgn Y(Xn, Xntp,t) =0x0%...x0=0.

Hence {x,} is a Cauchy sequence in ). Thus {x,} is R — (&, B, y)- Cauchy sequence, and
since (x, @, B,7,*,0,b) is R — (o, B, v)— complete, there exists x € x such that x,, — x.
Now, If f is continuous, then taking the limit as n — o on the both sides of the x,,+| = fx,,n €
Np, we getx = fx.

Otherwise, If R is (a, B, 7)- self closed, then there exists {x,, } C {x,} such that x,, Rx, Vk € Ny.
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Since lim,, ;0 x,,, = x, we have forz > 0,

nli_r>r010a(xnk,x,t) = 1,
r}i_r&ﬁ(xnk,x,t) = 0,
(3.6) ,}EEOY(XW’X’[) = 0.

As x,, Rx, Vk € Ny, by condition 3.1, we get
W(a(fxnwfx?kt)) Z min{a(xnk,x,l),max{(x(fxnk,xnk,t),Oc(x,fx,t)}},

B(f X fx, k) W (max{B (xn, x,1), min{B (fxn, Xn, . 1), B (x, f2,1)}}),

Y(fxnkvfkat)

IN

IN

W(max{'}/(xnkvx’ t), min{Y(fxnkvxnwt)a Y(x, fx,1)}}).

Hence

v

min{ (X, , X, 1), max{ o(Xp,+1,%,,t), C(x, fx,1)}},

l//(max{ﬁ(xnk7x7t)amin{[)’(xnk—b—l>xnk7t)7ﬁ(x7fx7t)}})7

l[/(OC(Xnk_H ,fX, kt))

B(xnk—H 7fx7 kt)

IN

IN

}’(xnk.H s X, kt) W(maX{Y(xnkaxv t) ) min{Y(xnk-H 7xnk7l)7 Y(xvfxa t)}})

Letting n — oo, we find

li_r>n v(o(xp41, fx,kt)) > min{l, max{1, li_r>n O (X 41, Xn, 5 1), 0(x, fx,1) }} =1,
lim B 1. fr k) < y(max{0,min{0, lim Bl 1,%.0).B(x. f.0)}}) = y(0) = 0,

lim Y0, 1, fx, k) < y(max{0,min{0, im y(x, 1 1,%,,1), Y(x, fx,1)}}) = y(0) = 0.

Thus, using (3) of the remark 2.1, we get

lgn (X(xnk+1,fx,t) > lgn (X(xnk+1,fx,kt) = 1,
r}gl;loﬁ(xnk-i-l;fx?t) Sr}glgoﬁ(xnk—l—lvfxakt) = 0,
r}g{}o’)/(xnk-l—lafxat) < r}grgo/)/(xnk-l-lafxakt) = 0.
Thus x = fx that is x a fixed point of f. 0]

For the uniqueness of the fixed point, we add suitable condition to the theorem 3.1 as follows:
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Theorem 3.2. In addition to the hypotheses of Theorem 3.1, the following condition holds:

(iv) for all x,y € Fix(f) there exists z € ) such that xRz and yRz. Then the fixed point is unique.

Proof. Theorem 3.1 decides that Fix(f) # ¢. Let x,y € Fix(f), by condition (iv), there exists

7 € x such that xRz and yRz. Define zo = z and 7,1 = fz,,Vn > 0, we claim that x =y. As

xRz, we have for all £ > 0,k € (0, ;) that,

o(fx, fz0,t) > (fx,fz0,kt)

A%

y(a(fx, fz0,kt)) = min{o(x,z0,1), max{a(fx,x,1), (20, f20,2) } },

= a(x,z1,t) > w(a(fx,fzo,kt)) > min{a(x,zo,t), max{o(x,x,1),a(z0,21,1) } },

= o(x,z1,1) = w(o(fx, fzo,kt)) > min{a(x, 20,1), max{1, &(z0,21,2) } },

:>O£(x,z1,t) > W((X(fX,fZO,kl))Zmin{a(X,ZO,t),l},

= a(x,zi,t) > y(a(fx, fzo,kt)) > a(x,zo,t).

Similarly,
ﬁ(fx>fZ07t) < ﬁ(fx7fZ07kl)
:>ﬁ(x’zl7t)
= B(x,z1,1)
= B(x,z1,1)

and

’)/(fx,fZ(),t) < }/(fx,fz(),kt)
@'}’(LZ]J)
:>'}/()C,Z1,t>

= y(x,z1,t)

IN - IN A

IN

IN - IN A

IA

W(max{ﬁ (x,z(),t),min{ﬁ (fxaxvt)aB(ZO7fZ07t))}})7
llf(maX{B()C,Zo,t),min{o,ﬁ(ZO,ZI,I))}}),
W(maX{B ()C,Z(),t),()}),

l//(ﬁ(X,Z(),l‘>) < ﬁ(xaz(%t)a

l//(max{y(x,z(),t),min{}/(fx,x,t), Y(ZO;fZO7t))}}>7
W(maX{Y(xv Z07t)7min{07 Y(Z(%Zl’l))}})?
I//(max{'y(x,zg,t),O}),

W(Y(x,20,1)) < ¥(x,20,1).

Since R is f- closed, we conclude by induction that xRz, Vn € Ny, using the same way above,

we can find
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(X, Zpt1,1) = W(OU(X,Zp41,1) > OL(X,20,1);
ﬁ(xazn—i-l;t) < W(B<X7Zn7t)) < ﬁ(xvzﬂat)v

(3.7) Y(x7zn+1vl) < W(Y(xazmt)) < Y(x>zl17t)'

Thus, {a(x,z,,7)} is non-decreasing and bounded above, {B(x,z,,7)},{y(x,2,,7)} are non-
increasing and bounded below. Hence there are 0 < o(r) < 1,0 < B(r) < 1 and 0 <
y(t) < 1 such that for # > 0 we have lim,_,c 0¢(X,2,,7) = @(t),lim, . B(x,2,,7) = B(z) and

limy, 0 Y(x, 25,¢) = ¥(¢). Thus

r}i_r}c}oa(xazmt) =1, ,}i_fgﬁ(xyzn,f) =0, ,}EEQY(xvzmt) =0,vr>0.

By the same way, we can prove that

lim & (y,zn,t) = 1, lim B(y,20,t) = 0, lim Y(y,z0,£) = 0, ¥z > 0.
n—oco n—oo

n—yoo
Since

t t
a(xayvt) Z Oc(x,zn, _) * a(Znayv _)7

2b 2b
4 4
< — —
a(x7y7t) —_ B(‘X7Zn7 2b)oﬁ(Zn7y7 2b)7

t

t
< — —).
a(x,y,t) < 7(x,zn,2b)07(zn,y,2b)

Letting n — oo, by the continuity of *,0, we find

o(x,y,t) >1x1=1 = a(xyt)=1,
B(x,y1) <000=0 = PB(x,y,1)=0,

Y(x,3,1) <000=0 = y(x,y,1) =0.

Hence x = y. 0
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