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Abstract. In this article, a wider class of set-valued mappings is introduced, and a fixed point theorem for this new
mapping in a metric space is proved. Then, we derive a number of implications from our main finding. We also
present two non-trivial examples to support our primary theorem. Moreover, we look into fixed point set stability
for set-valued mappings and well-posedness. Finally, we present an application to integral inclusion problem.
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1. INTRODUCTION AND PRELIMINARIES

One of the most significant results in metric fixed point theory is the Banach contraction the-
orem (BCT). In many branches of science and technology, it has been extensively employed.
Numerous mathematicians have expanded and generalized the BCT in different ways and set-
tings (cf. [4, 11, 15, 17, 14, 18] and reference thereof). The BCT was extended to set-valued
mappings by Nadler Jr. [11] in 1969 (see Theorem 1.1). Nadler’s conclusion was expanded
upon in 1972 by Ciric [3] to a larger class of set-valued mappings (see Theorem 1.2). This
~ *Corresponding author

E-mail address: rpant@uj.ac.za

Received July 21, 2023



2 RAJENDRA PANT

study examines a broader class of set-valued mappings and derives certain fixed point con-
clusions. Some illustrative examples support our findings. We also investigate fixed point set

stability for set-valued mappings.

We recollect some notations, definitions, and findings from the literature [3, 11, 17]. Throughout
this paper, (. ,d) denotes a metric space, CB(.#) the collection of all nonempty closed and
bounded subsets of M and C(.#) the collection of all nonempty compact subsets of .#Z. As

seen below, the Hausdorff metric .7#” induced by d is

ocA BeB

H(A,B) = max{sup 9(o,B), sup @(ﬁ,A)} ,

for all A,B € CB(.#), where Z(a,B) = gnf d(o,B). Let & : M — CB(.#) be a set-valued (or
B

multi-valued) mapping. A point z € M is said to be a fixed point of & if z € £(z) and strict fixed

point of & if {z} = &(z). F(&) and SF(&) stand for the set of all fixed points and set of strict

fixed point of &, respectively.

Theorem 1.1. [11]. Consider (.# ,d) is a complete metric space and & : M — CB(.#) a set-

valued mapping such that for all o, € M,

(1.1) H((a),&(B)) <kd(a,p),

where k € [0,1). Then & has a fixed point.

Theorem 1.2. [3]. Suppose (. ,d) is a complete metric space and & : M — CB(M#) a set-
valued mapping such that for all o, € M,

(1.2) H(5(a),§(B)) <km(a,B),

where k as in Theorem 1.1 and

m(a,B) = max{d(a,ﬁ),@(a,&(a)),@([g,g(ﬁ» @(“75(3));@(13,5(06)) }

Then & has a fixed point.

Definition 1.3. [14]. Let 1) : [0,00) — [0,0) is such that 1) (¢) <7 forall 7 > 0, and limsupn(s) <
s—tT
r.
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2. MAIN RESULTS

Theorem 2.1. Suppose (.# ,d) is a complete metric space and & : M — CB(.#) a set-valued
mapping such that for all o, 3 € M,

2.1 %9(0@5(0‘)) <d(a,p) implies 7 (§(a),5(B)) < n(m(ex, B)),
where m(a, B) is as in Theorem 1.2 and n is as in Definition 1.3.

Then & has a fixed point.

Proof. Let oy € # and o € &(a). Since 12(au, (o)) < 2(ou,&(on)) < d(eu, ) by
(2.1), we have

Z(,8()) < H(E(an), ()
=1 <max{d(o‘lﬂz)’-@(al’é(al)),@(az,g(az)),@(0‘17§§a2))+0}>

(0, 00) + P(0,E(02)) }

< max{d(al,az),@(az,é(az))a >

This implies 2(0p,&(0n)) < d(o, ap). So there exists oz € & (o) such that
d<a27 (X?,) < d(al ’ a2)'

Continuing this way, we can construct a sequence (@) in .# such that a;,; € (o) and

dy+1 < dy, where d,, := d(ay,, a1 1). This implies that
dpi1 < 1 (dy) < dy.

It is evident that the sequences (d,) and (1(d,)) are bounded below and monotone decreasing.
Therefore both the real sequences converge. A standard argument shows that 1i_r>n d, =0 and

the sequence (o) is Cauchy. The completeness of .# implies that (¢,) converges to some

point in z € .# . Now, we show that
) 1 1
2.2) either id(a,,, (Xn+1) < d(an,Z) or Ed(an+1, an+2) < d(an+1,Z),

for each n € N. By inference and contradiction, we assume that

1 1
zd(afla (Xn—l-l) > d(an,Z) and Ed(an—i-la al’l—i-Z) > d(afl—i-laz)
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for each n € N. As a result of the triangle inequality, we have

d(0y, Oy 11) < d(04,2) +d(z, 0y y1)

A\

1
d (O, Oy 1) + Ed(an—b—l , 01 2)

N
| = ]~

1
d (0, Oyi1) + Ed(a"’ Opt1) = d(Cy, Cyp1).

This contradicts itself. The inequality (2.2) is valid for n € N. In the first scenario,
1 1
E.@(a,,,&(an)) < Ed(ocn,oc,m) <d(a,z) by (2.1), we have

P(0n11,5(2)) < (G (00),§(2)) <1 (m(0t,2))

We obtain by adding n — oo,

(2,6 (z)) < lim 1 (m(a, 2)).

n—yoo

Also lim m(ay,z) = 2(z,8(z)). Let A = 2(z,6(z)). Then by limsupn(s) <t forallt > 0, we

n— s—tT
obtain

A <limn(m(a,,z)) < lim  sup n(s) <A.
n—reo =+05c(2,1+9)

Therefore, unless 2(z,£(z)) = 0, is a contradiction. This suggests that z € £(z). In the other

scenario, we can conclude that z € §(z). O

If we replace m(a, B) = max{d(a,f),d(e,E(@)),d(B,E(B))} in Theorem 2.1 then we get

the following result.

Corollary 2.2. Assuming that (.# ,d) is a complete metric space and & : M — CB(.#) a set-

valued mapping such that

%9(06,5(06)) <d(a,p) implies 7#°(¢(a),5(B)) < n(max{d(a,B),d(a,&(x)),d(B.S(B))}).
forall o, B € .# ,where 1 is as in Definition 1.3. Then & has a fixed point.

Similarly, if we replace m(a,B) = d(a,3) in Theorem 2.1 then we get the following result.
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Corollary 2.3. Assuming that (M ,d) is a complete metric space and & : M — CB(.#) a set-

valued mapping such that

1 -

5 7(a.8(@)) < d(a,B) implies (& (at), S (B)) < n(d(et, B)),
forall o, B € .# , where 1 is as in Definition 1.3. Then & has a fixed point.

Corollary 2.4. Let (# ,d) be a complete metric space and & : M — CB(#) a set-valued

mapping such that

(s (a),5(B)) <n(m(a,pB)),

forall o, € .#, 1 is as in Definition 1.3. Then & has a fixed point.
Corollary 2.5. Theorem 1.2.
Proof. Tt comes from Corollary 2.4, when we take 1 (¢) = kr with k € [0, 1). O

Example 2.6. Let .# = {1,2,3,4} and d is the metric on .# defined by

d(a, ) =0,d(a, ) =d(B,a), d(1,2) =d(1,3) =d(1,4) =1,

W

d(2,3) =d(2,4) =d(3,4) = 2.

[\S)

Then (. ,d) is a complete metric space. Define 1 : [0,00) — [0,00) and & : M — CB(.#) by

o) 2 ifr<l, . {1},  ifae{l1,2,4},

r— i, otherwise; {2,4}, ifa=3.

We consider the followings cases.

Case 1: o, € {1,2,4}. Then
A (&(@),&(B)) =0<n(d(a,B))
Case2: a =1, B =3. Then

AEN)EE) = A (1), 2.4) = 1< =n(2(,6(3).

Case 3: =2, B =3. Then
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Case4: a =3, B =4. Then

=1(d(3,4)).

B

Thus in all the cases, 7 (&(a),&(B)) < n(m(a,B)), and (2.1) is satisfied. Further, all the

conditions of Theorem 2.1 are satisfied and 1 € £(1) C M is a fixed point of §.

Example 2.7. Let .# = [—2,6] and d the usual metric .#. Then (.# ,d) is a complete metric
space. Define 1) : [0,00) — [0,0) and & : M — CB(.#) by

t‘2 . a .

7 lftgl, {g,()}, 1fOC<0,
n(t) = &(a) =

t—3, otherwise; [ %} , ifa>0.

We consider the followings cases.

Case 1: a,f < 0. Then

#e.£6) = #({5.0}.{50})

Case2: oo <0, B> 0. Then

A (E(),5(B) = HG%O}{OQD

Case 3: o, 3 > 0. Then

A (E(0).E(B)) = H([‘)%H‘)QD
B

(04
= [Z-Z|<|a—B]
2-8|<la-p

Thus in all the cases, .77 (&(a),&(B)) < n(m(a,B)), and (2.1) is satisfied. Further, all the

conditions of Theorem 2.1 are satisfied and 0 € £(0) C . is a fixed point of &.
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3. STABILITY OF FIXED POINT SETS AND WELL-POSEDNESS

The idea of stability is connected to a system’s limiting characteristics. The stability of fixed
points describes the relationship between a set of mappings’ convergence and their fixed points
[1,2,5,6,8,9, 10, 12, 16]. The stability of the fixed point sets of the set-valued mappings is

covered in this section. We start with the next lemma.

Lemma 3.1. [11]. If (#,d) is metric space and B € C(X) then for every o. € X there exists
B € B such thatd(o,) = 2(o,B).

Theorem 3.2. Let (.# ,d) be a complete metric space. Assume that §j: M — C(#) (j € {1,2})

are two set-valued mappings satisfying (2.1) and 'Y, nk(t) <o forallt > 0. Then
k=1

@): F(&) #0 (je{1,2}).

(b): A (F(&1),F(&2)) < W(L), where L= ;2}%%(51 (), &2(a)) and W(L) = z n*(L).

Proof. Theorem 2.1 guaranties F(&;) # 0 (j € {1,2}) and (a) is proved. Next, suppose z; €

F(&)), thatis, z; € £(z1). By Lemma 3.1 there exists a 75 € £;(z;) such that

(3.1) d(z1,22) = Z(21,62(21))-

Again by Lemma 3.1 there exists a z3 € &,(z2) such that

d(z2,23) = @(22752(22))~

Continuing this way and following proof of Theorem 2.1, we are able to create a sequence (z,)

so that

(3.2) Znt1 € 8a(zn) and d(zns1,2012) < N(d(zns2nv1)) < - <N™(d(21,22))-

We establish that the sequence (z;,) is Cauchy by means of the Theorem 2.1°s proof. Conse-
quently, it converges to a point w € M. It may also be demonstrated that w is a fixed point of &.
Now, using (3.1) and the specification of L,

(3.3) d(z1,22) = 2(21,62(21)) < H(81(21),62(22)) <M = sup (&1 (), ().

acM
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Using the triangle inequality and (3.2), we have

n+1

n
d(z1,w) < Y d(zizi41) +d(zns2,w Z d(z1,22)) +d(zn42, W)
k=1 k=1

Making n — oo and using (3.3), we get

d(z1,w Z d(z1,22)) +d(zns2,w Z

Therefore for given z; € F(&;), we have w € F(&;) such thatd(z;,w) < W(L). Similarly, we can
prove that for given w; € F(&,), we have u € F(&;) such d(wy,u) < ¥(L). Combining above

two, gives (b). ]

Lemma 3.3. Assume that (. ,d) is a complete metric space and &, : M — CB(.#) (n € N)
be a sequence of set-valued mappings. Let (&,) converges uniformly & : M — CB(.#) and for
n € N each &, satisfies all the conditions of Theorem 2.1. Then & also satisfies (2.1) and has a

fixed point in M.

Proof. Choose a € M and 8 € & (o) arbitrarily. Since each &, for n € N satisfies (2.1), we have

%Q(G,én(a)) < d(a,B) implies 7(5u(0),6n(B)) < M (mn(ax, B))

for all o, B € M, where

(e B) = max (e ) 7. & (@) (8. & (), 7 %2 PV LN,

2

For &, — & uniformly, making n — oo and arguing same as in the proof of Theorem 2.1, we get

S 9(a,E(00))) < d(ot,B) implies (& (@), £(B)) < n(m(a. B))

for all a, B € M, where m(a, B) is as in Theorem 2.1. So, & satisfies (3.1). Since X is complete
and & satisfies (3.1), & has a fixed point in M. O

Theorem 3.4. Suppose (4 ,d) is a complete metric space. Let &, : M — CB(.#) (n € N) be
a sequence of set-valued mappings. Let &, converges uniformly & : M — CB(.# ). Suppose for
n € N each &, satisfies all the conditions of Theorem 2.1. Then F(&,) # 0 for all n € N and

F(§)#0.

Moreover, zftlgr(l)‘P(t) =0, where ¥(t) = ¥, n*(t) then lim 7 (F(&,),F(&)) =0.

k=1 n—oo
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Proof. By Lemma 3.3, F(§,) # 0 for all n € N and F(§) # 0. Suppose L, =

sup (Ey(a),E(a)). For (&,) is uniformly convergent to &, we get
acM

lim sup 7 (&,(@),E(a)) = 0.

= geM

From Theorem 3.2, we have
H(Fy(E),F(E)) <Y¥(L,) foralln € N.
Further, lim¥(¢) = 0 implies
t—0

lim 22(F, (&), F(£)) < lim ¥(L,) = 0.

n—yoo T n—oo

Therefore sets of fixed points of &, are stable. 0J

Now we show that fixed point problem is well-posed. We begin with the following defini-

tions.

Definition 3.5. [13]. Assume that (.#,d) is a metric space and & : .# — CB(M) a set-valued
mappings. We say fixed point problem is well-posed for & with respect to Z if

(i): SF(S) ={z}:

(ii): for any (o) in .# with lgn P(a,E(a,)) =0, we have lgn d(0p,z) =0.
n—oo n—yo0

Definition 3.6. [13]. Assume that (.#,d) is a metric space and & : .# — CB(M) a set-valued
mappings. We say fixed point problem is well-posed for & with respect to 77 if

(i): SF(8) ={z}:
(ii): for any (@) in .# with lim .27 (o, & (04,)) = 0, we have lim d(a,,z) = 0.

n—oo n—oo

It is easy to prove that if F(§) = SF() and fixed point problem is well-posed for & with

respect to & then it is well-posed with respect to 7.

Theorem 3.7. Suppose all the conditions of Corollary 2.2 are satisfied with SF(E) # 0. Then

@): F(§) =SF(§) = {z}.
(b): The fixed point problem is well-posed for & with respect to F .
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Proof. (a)Letu € SF& and z € F(&) such that u # z. Then 0 = 12 (u, & (u)) < d(u,z). Thus by
(2.1), we have

H(Eu),8(z)) < e(max{d(u,z),2(u,&(u)),7(z,5(2))})
= ¢(d(u,z)) <d(u,z).

Therefore, we have

d(u,z) = 9(z,§(u)) < H(5(u),S(2)) <d(u,z),
which is a contradiction unless u = z.

(b) Suppose (@) is a sequence in .# such that r}glgo P(an,E(a,)) = 0. We prove that
r}glgo d(o,,z) = 0. Assume by contraction r}grolo d(0,z) # 0. Then there exists € > 0 such that
€ < d(ay,z) for each n € N. Since ,}E’E‘o%“mé(“”)) = 0, there exists n(e) € N such that
P (0, & (00)) < € for each n > n(€). Now it is evident that +Z (04, & (00)) < € < d(04,2).

Using (2.1) for each , we get
d(0,2) = Z(on,5(2))
D (0, & (00)) + (& (), 6 (2))
P(0,& (o)) + @(max{d (0, z), Z(0m, & (04)), 2(2,6(2))})

= (0, & (o)) + @(max{d(ay,z), (04, E(a))}).

IN

VAN

Now on taking n — oo and using property of ¢, we get
e <d(ay,z) <ed(ay,z)) <&,

a contradiction. Therefore lim d(a,,z) = 0, and the fixed point problem is well-posed for &
n—yo0

with respect to 7. 0

4. AN APPLICATION TO INTEGRAL INCLUSION PROBLEM

Now, we discuss an application of Theorem 2.1 to integral inclusion of Volterra-type. Let the

space of all continuous real valued functions be denoted by 2" = % ([u,v],R) and

p(a,B)= sup |o(p)—B(p)l.

pG[M,V]
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We consider the integral inclusion

p
@D a(p) € 1(p)+ | F(p.a.@)ds, p e )]

where 4 : [u,v] X [u,v] x R — CB(R). Assuming that %, (p,q) = ¥4 (p,q,a(q)) is a lower semi-
continuous and for f € 2", where (p,q) € [u,v] X [u,V], a € R.
Define P: 2" — C(Z") as follows

p
@) Plalp) =S alp)e 2 ¢ alp) € f(p)+ [9(pg.alg)ds pe luy

u

foral ¢ € 2.

A continuous mapping f : 2" — 2 is a selection for P if f(a) € P(a). The Michael’s
selection theorem [7] ensures existence of continuous operator k¢ : [¢,v] X [u,v] — R such that

ka(p,q) € 9(p.q.a(q)) for p, g € [u,v] and a € 2". Thus

p
f(p) ‘f‘/koc(PaCI)ds € P(a(p)) and P(a(p)) # 0.

Theorem 4.1. Suppose P: & — C(Z") is defined by (4.2) such that

%d(a(q),P(oc(q))) < d(a(q),B(9))

implies
(4.3) H(YG(p,q,2(q)),9(p,q,B(q))) < o(m(a(q),B(q)))

forall q,p € [u,v], a,B € 2, where

m(a(q),B(q)) = max{d(a(q),B(q)),d(a(q),P(a(q))),d(B(q),P(B(q))),

1

5 ld(a(q),P(B(q))) +d(B(q), P(a(q)))]}-

Then the integral inclusion (4.1) has a solution.

Proof. First, we show that P satisfies condition (2.1) of Theorem 2.1. Let @ € 2 and a(p) €

P(o). By Michael’s selection theorem, we get ko (p,q) € Yu(p,q) for p,q € [u,v] such that

14
a(p) = 1(0)+ [ ka(p.a)ds
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For B € P(),

%d(a(q),P(oc(q))) < d(a(q),B(4))-

By (4.3), there exists 7(p,q) € 9(p,q) such that

ke (p,q) —r(p.q)|l < @ (m(a(q),B(q))),

for p,q € [u,v]. For p,q € [u,v] define a set-valued operator Q by

0(p.q) = 9p(p,g)N{B eR: |ka(p,q) — Bl < @ (m(a(q).B(q)))}

The lower semi-continuity of Q gives a continuous mapping kg(p,q) € Q(p,q) for p,q € [u,V]

such that
p

B(p) = f(p)+ [ ks(p.q)ds € P(Blq)) for pe fuv]

u

For any p € [u,v], we get

p p p
d(a(p),B(p)) = sup | ka(p,q)ds—/kﬁ(p,q)dSIS/ sup |ka(p,q) —kp(p.q)lds

pEuV] " " o pEuy

< ¢(m(a(q),B(q)))-

If we interchange the role of « and 3 then we get

A (P(a),P(B)) < p(m(a(q),B(q)))-

Therefore all the conditions of Theorem 2.1 are satisfied. Thus the inclusion problem (4.1) has
a solution in 2. O
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