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Abstract. In this manuscript, we give some new examples of rectangular quasi b-metric spaces and it is not
rectangular metric space nor metric space. After that we prove existence and uniqueness of new fixed points for
some new contractions in rectangular quasi b-metric spaces. Then we validate these findings with appropriate and
innovative examples.
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1. INTRODUCTION

The fundamental result of fixed point theory of Banach contraction principle was given by
Banach in 1922 [1], which was extended in many ways. After this fundamental contraction
principle, several generalized forms of metric spaces were introduced by various mathemati-
cians (see [2, 3,9, 8, 11]).

In 1989, Bakhtin [13] introduced b-metric space and Czerwik, S. [5] presented some general-
izations of well known Banach’s fixed point theorem in so-called b-metric spaces. He proved
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the following result: Let (X; d) be a complete b-metric space and let 7" : X — X satisfy

d(Ty,T9) <pd(y,9), v,0€X

where p : R™ — R™ is increasing function such that lin,_..p"(t) = 0 for each t > 0. Then T
has exactly one fixed point u and lim,_,.d(T"(y),u) = 0.

A. Branciari in [4] initiated the notions of a generalized metric space as a generalization of a
metric space, where the triangular inequality of metric spaces replaced by d(x,y) < d(x,u) +
d(u,v) +d(v,y) (quadrilateral inequality). Various fixed point results were established on such
spaces, see [1, 3, 8, 6, 7, 11, 12] and references therein.

Combining conditions used for definitions of asymmetric metric and generalized metric spaces,
Piri et al [10] announced the notions of generalized quasi metric space.

In this paper, we introduce the notion of new contractions and establish some new fixed point
theorems for mappings in the setting of complete rectangular quasi b-metric spaces. Moreover,

an illustrative examples is presented to support the obtained results.

2. PRELIMINARIES

Definition 2.1. Let X be a non-empty set and s > 1 be a given real number. A function d :
X x X — R is a b-metric if and only if for all x,y,z € X ,the following conditions are satisfied:
(i) d(x,y) =0 if and only if x = y;
(i) d(x,y) = d(y,x) for all distinct points x,y € X
(iii) d(x,z) < s(d(x,y) +d(,2)).
Then (X,d) is called a b-metric space.

Definition 2.2. Let X be a non-empty set and d : X x X — R™ be a mapping such that for all
x,y € X and for all distinct points u,v € X, each of them different from x and y, on has

(i) d(x,y) =0if and only if x =y;

(i) d(x,y) = d(y,x) for all distinct points x,y € X

(iii) d(x,y) <d(x,u)+d(u,v)+d(v,y). ( quadrilateral inequality)

Then (X,d) is called a rectangular metric space.
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Definition 2.3. Let X be a non-empty set, s > 1 be a given real number,
and d:X x X — R™ be a mapping such that for all x,y € X and for all distinct points u,v € X,
each of them different from x and y, on has
(i) d(x,y) =0 if and only if x =y;
(ii) d(x,y) = d(y,x) for all distinct points x,y € X;
(iil) d(x,y) <s(d(x,u)+d(u,v)+d(v,y)). ( quadrilateral inequality)

Then (X,d) is called a rectangular b-metric space.

Note: It is worth noting that every metric space may be a b-metric space, but its converse is
not always true.Also every metric space may be a rectangular metric space and every rectangular

metric space may be a rectangular b-metric space (with coefficient s = 1).

Example 2.4. Let X = N,oc > 0and d: X x X — R such that:
(i) d(x,y) =0if and only if x = y;
(i) d(x,y) = d(y,x) for all distinct points x,y € X;
(iii) d(x,y) =4a.ifx,y € {1,2} andx # y
(iv) d(x,y) = a,.ifx,y ¢ {1,2} and x # y
Then (X,d) is called a rectangular b-metric space with coefficient s = g > 1.but (X,d) is not

rectangular metric space, as d(1,2) =40 £ 3o =d(1,3) +d(3,4) +d(4,2).

Example 2.5. Let X =N, a >0and d: X x X — R™ such that:
( 0 if X=Yy;

81 if x=1,y=4;
34 if (x,y) € {1,2,3} and x#Yy;

d(x7y> =

A otherwise

\
where A > 0 is a constant
8
Then (X,d) is called a rectangular b-metric space with coefficient s = 7 > l.but (X,d) is not
rectangular metric space, as d(1,4) =84 £ 7A =d(1,2)+d(2,3) +d(3,4).

The following is the definition of the notion of rectangular quasi metric space.

Definition 2.6. Let X be a non-empty set and d : X x X — R™ be a mapping such that for all

x,y € X and for all distinct points u,v € X, each of them different from x and y, on has
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(i) d(x,y) =0if and only if x =y;
(ii) d(x,y) <d(x,u)+d(u,v)+d(v,y).(quadrilateral inequality)

Then (X,d) is a rectangular quasi metric space.

Note: Any rectangular metric space is a rectangular quasi metric space, but the converse is
not true in general.
We give an example to show that not every rectangular quasi metric on a set X is a rectangular

metric space on X.

Example 2.7. Let X = {¢,2¢,3¢,4¢,5t} with t > 0, as a constanta > 0 and define
d:X xX —R" by:

(
(1,2
d(t,3t) =d(2t,3t) =d(3t,t) =d(3t,2t) = ;
(t,4t) =d(2t,4t) = d(3t,4t) = d(4t,t) = d(4t,2t) = d(41,3t) = 2a;
(t,5 )

3
2t,5t) = d(3t,5t) = d(4t,5t) 5%

(
(
(
(

5
d(5t,t) =d(5t,2t) = d(5t,3t) = d(5t,4t) = Za;
Then (X,d) is a rectangular quasi metric space, but for the fact that
3 5
d(t,5t) = S0 #+ 10= d(5t,1).

but (X,d) is not a rectangular metric space.

Definition 2.8. Let (X,d) is a rectangular quasi metric space and {x,},.y be a sequence in X,
and x € X. Then

(i) We say that {x,},cy is called convergent to x if and only if

lim d(x,x,) = lim d(x,,x) =0.

n—+oo n—y+oo

(i) We say that {x,}, .y is called the Cauchy sequence if

lim d(xp,x,) = lm d(xy,x,)=0.
n,m—»—+oo n,m——+oo

(iii) (X,d) is called complete rectangular quasi metric space if every Cauchy sequence in X

converges to some x € X
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Lemma 2.9. Ler (X,d) be a rectangular quasi metric space and {x,}, be a Cauchy sequence
with pairwise disjoint elements in X. If {x, }, forward converges to x € X and backward con-

vergestoy € X, then x = y.

Definition 2.10. Let (X,d) be a rectangular quasi metric space. X is said to be complete if X is

forward and backward complete.

3. MAIN RESULTS

In this section, firstly we prove common fixed point theorem in complete rectangular quasi
b-metric space. We start by introducing the notion of a rectangular quasi b-metric space as

follows:

Definition 3.1. Let X be a non-empty set, s > 1 be a given real number, and d : X x X — R*
be a mapping such that for all x,y € X and for all distinct points u,v € X, each of them different

from x and y, on has
(i) d(x,y) =0if and only if x =y;
(ii) d(x,y) <s(d(x,u)+d(u,v)+d(v,y)). ( quadrilateral inequality)

Then (X,d) is called a rectangular quasi b-metric space.

Now, we give an example of a rectangular quasi b-metric space.

Example 3.2. Let X = AUB where A = {%, %, %, é} and B = [1,2]. Define the generalized
metric d on X as follows
11 11 11 11 11
R A
z?,%) =d(3,3) 1— (1).6;d(zi§i =d(5,3) =04
(??) =1 015"11(575) 1: f(z,g) 1= (1).5;
d(5,5)=d(3,3)=d(, ) =d(5,5) =0

and d(x,y) = [x—y| if x,y € Borx € B,y € A Then (X,d) is a rectangular quasi b-metric space
3

with coefficient s = 3 > 1. Indeed Condition (i) in Definition trivially holds.

Now, we show condition (ii) in Definition holds:

Case (1) If x,y € A, then
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d(x,y) :d(%,%) _03< s[d(%,u)m(u,v)w(v,%)] when i,y € {i, ;}
d(6,y) = d(5,3) = 0.1 < s[d(5,u) +d(u,v) +d(v, 3)] when u,v € {1, 1}
d(x,y):d(%&):Olgs[d(%,u)+d(u,v)+d(v,i)] when u,ve{ , }
d(x,y) :d<%,%> —05< s[d(%,u)—kd(u,v)—kd(v,%)] when i, € {2 ,;}
d(x,y) :d(%,%) _03< s[d(i,u)—i—d(u,v)—i—d(v,%)] when v e {3 1}
d(x,y) :d(%,%) _01< s[d(é,u)m(u,v)w(v,%)] when 1, v € {2, ;}
d(x.y) = d(5, 1) = 0.6 < s[d (3 u) +d{u,v) +d(v, )] when u,v € {3, ;}
d(x,y) :d(%,%) :()4gs[d(%,u)nLd(u,v)er(v,%)] when i,y € {3 ;}
d(x,y)zd(%,%)leSSs[d(%, W)+ d(u,v) +d(v ,%)] when ve{; i}
() = d(g,5) =05 < sld(g,u) +d(uv) +d(v. )] whenuve{; Ht
d(x,y):d(%,%):Oﬁgs[d(% W) +d(u,v) +d(v ,%)] Whenuv€{2 i}
d(x,y) :d(%,%) —06 gs[d(é,u)—l—d(u,v)—i—d( ,%)] when i, v € {2 i}

Case (i) If x,yc Borxe A,yc Borxe B,y €A,
then d(x,y) = |x —y| < s|x —u| + |u —v| + |v —y| for all distinct points u,v € X \ {x,y}.
But (X,d)is neither a metric space, a rectangular metric space nor a rectangular quasi metric

space because the triangle inequality, symmetry, and rectangular inequality fail respectively as

follows:

11 11 11 11 11
d(§,4 106;{04 d(2 3)1Hzi(§,z)l:(l).3+0.i,cll(§,z):0.67&0.420,’(4—1,5),
a‘tndd(i,5 —105$07 d2 3))-l—d(3 4)+d(4 5)

We next give the definitions of rectangular quasi b-convergence of a sequence and completeness

of rectangular quasi b-metric spaces.

Definition 3.3. Let (X,d) is a rectangular quasi b-metric space and {x,},.y be a sequence in
X, and x € X. Then

(i) We say that {x,}, .y is called convergent to x if and only if

lim d(x,x,) = lim d (x,,x) =0.

n—r—+oo n——4-oo
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(ii) We say that {x, },.y is called Cauchy sequence if

) = Jim_d (s 3) =0

(iii) (X,d) is called complete rectangular quasi b-metric space if every Cauchy sequence in X

converges to some x € X.
Now, we state and prove the following fixed point theorem.

Theorem 3.4. Let (X,d) be a complete rectangular quasi b-metric space with s > 1, and let f;

g be two self maps define onto itself such that

3.1) d(fx,gy) < aM(x,y) +N(x,y)
and

(3.2) d(gy, fx) < aM'(y,x)+N'(y,x)
forall x,y € X, where a, € |0, %), and

M(x,y) = max{d(x,y),d(y, fx),d(y,gy)}

M'(y,x) = max{d(y,x),d(fx,y),d(gy,)}
N(x,y) = min{d(x,y),d(x, fx),d(x,gy),d(y, fx),d(y,gy)}
N'(y,x) = min{d(y,x),d(fx,x),d(gy,x),d(fx,y),d(gy,y)}

then f and g have a unique common fixed point.

Proof. Let xq be an arbitrary point in X.Define the sequence x, in X as xp,,+1 = fx2, and x2,42 =
gxyuy1 forn > 1.

Suppose that there is somen > 1 such that x, = x,,11.

If n = 2k, then xp; = x4+ and from (3.1)

(3.3) d(xX2k+1,%0%42) = d(fxor, 8%ok+1) < OM (X4, X25+1) + N (X024, X2k+1)

where

M (o, X0p41) = max{d(xXok, Xok+1),d (Xok41, fxor), d (X251, 8%2k+1) }

= max {d (xop, X2k-41),d (X241, X2k+1),d (X241, X2642) }
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= max{0,0,d (xax+1,%2%+2) }

= d(Xop41,%2%+2)

N (X2, Xok41) = min {d (X, Xok41),d (X2k, fx2k), d (Xok, 8%0k41),d (X2k4-1, fX2k), d X2k 11, 8%2k41) }
= min{d(xXox,X2141),d (Xok41,%2%+1) , d (X2, X2k 12)  d (X1, X2k 41) » d (X441, X2k42) }
= min {07 07 d(X2k,X2k+2),0, d(-x2k+l 7x2k+2)}

=0
Thus we have from (3.3)
d(xXok+1,%0%42) < 0 (X1, %2k+2)

(1 —ot)d(xok41,%0%42) <O

1
but 1 — o > 0 since a € [0, ),

S
therefore
d(xop41,X2k42) = 0
and
(3.4) d(xo42,X2041) = d(gXonr1, foxok) < M (xgep1,X0k) + N’ (Xgey 1, X2k)
where

M’ (xXpp41,%2k) = max {d (xaps1,%2x) s d (f Xk Xok+1) d (§X2k+ 1, X2k41) }
= max {d (xpi41,%2k),d (X2k41,%2%+1),d (X2k+2,X2k+1) }
= max{0,0,d (xox+2,X2k+1) }

= d(Xok+2,X2k+1)

N’ (xok41,X21) = min{d (xprs1,%01) , d ([ Xk, X2) d (8% k1, X2) A ([ X2k, Xok51 ), A (8% -1, X2k +1) }
= min{d(Xop41,%X2k),d (X211, %2k ), d (X2k42, X2 ) » d (X2k 41, X2k1-1) » A (X2k-2, X2k 41) }
=min{0,0,d(xpk+2,%2),0,d (X2x+1,%2%42) }

=0
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Thus we have from (3.4)
d(xXok2,X0k41) < O (X012, X2k 41)

(1—a)d(xop42,%2%41) <0

1
but 1 —a > 0 since o € [0, —),
s

therefore
d(xk12,%2%41) =0
Hence xox 12 = Xop+1 = X2k
Xok = fXok = gXok
Hence x,; 1s a common fixed point of f and g . If n = 2k + 1, then using same argument, it can

be shown that x| is a common fixed point of f and g. Now suppose that x, # x, for all

n > 1 and from (3.1),

(3.5 d(xX2n11,%042) = d(fX20,8X2n+1) < M (X2, X2041) + N (X20, %201 1)
where
M (x2p,%0n11) = max{d (xan, X2n+1),d (Xon+1, fX2n),d (Xon+1,8%m11) }
= max{d(xon,X2n41),d (X2n11,%20+1),d(X2n41,X2042) }
= max{d(xn,X21+1),0,d (X2n+1,X20+2) }

= max{d(X2n,X2n+1),d(X2n+1,%2042) }

N (20, X2n41) = min{d(x2n,X2n+1),d (X2, fX2n),d (X20, 8%2n+1),d (X2n41, [X2n),d (X2n41, 8%2n+1) }
= min{d(x2n,X2n+1),d(X2n41,%2m+1),d (X20,X2042) , d (X201, X2m41) s d (X20 41, X2042) }
= min{d(xon,X2n+1),d(X2n,%2n+2),0,d (X241, %20+42) }

=0
Case -(i): If M (x2p,%0041) = d(X2n+1,%21+2) then from (3.5)
d(xX2n41,%m+2) < ad(X2p+1,%2m+2)

(1 - a)d(x2n+lax2n+2) <0
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but 1 — ¢ > 0. Therefore
d(x2n+l ;x2n+2) <0

Case -(ii): If M(x2p,X20+1) = d(X24,X2n+1): Then we have from (3.5)
d(x2n11,%2n12) < Qd (X2, %204 1)
In this way we extend and get
d(xon+1,%n+2) < @d(xon, %00+ 1)
So, foralln>1
d(Xon11,%n12) < d(Xop,X0n11) < €2d(Xou—1,%20) < ... < " 1d(x0,x1)
and
(3.6) d(Xon42,X2n11) = d(8Xons1, fX20) < OM' (X241, X20) +N' (X2041,X20)
where
M (xop 11, X0n) = max{d(xan 4 1,%20),d(fXon, X2n41),d(8%2011,%2011) }
= max{d(xon+1,%20),d(X2n+1,X2n+1),d(X2n+2,%2n+1) }

= max{d(x2n+1,%20),d(X2n+1,X20+1),d (X2n+2,%20+1) }

= max {d(Xon41,%m),d(X2n42,X2041) }

N (x2n11,%20) = min{d(xon1,%20),d(fX2n,X20), A (82011, %20), d (f X2, X2041),d (8X2n 11, X2011) }
= min{d(X2n+1,%n),d(X2n11,X20+1),d (X2n12,%20),d (X241, X2n41),d (X202, X20 1) }
= min{d(xan+1,%n),d(X2012,%2),0,d (X20 42, X2041) }

=0
Case -(1): If M’ (x2n+1 7X2n) = d()Czn+2,)C2n+1) then from (3.6)
d(x2n12,%2n41) < OQd (X202, X2011)

(1 —at)d(x2p42,X2n41) <O
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but 1 — ¢ > 0. Therefore
d(x2n42,%2041) <0

Case -(ii): If M’ (xp41,%21) = d(X24+1,%2,): Then we have from (3.6)

d(x2n+2,X%n+1) < Od(X2p41,%2,)

In this way we extend and get

d(x2n+2,X0n+1) < ad(X2p41,%20)

So, foralln>1
d(Xons2,%m1) < 0d(x2p11,%20) < 0%d(x2p, %00 1) < oo < " (x1,x0)

Similarly we can show that
d (X, Xn42) < a'd(xo,x7)
and
d(xpi2,%xn) < a'd(x2,x0)
forall n > 1.
Now, we show that x,, is a rectangular b-Cauchy sequence.
Applying rectangular b-inequality and x, # x,41 for all n < 1 and d, = d(xp,Xp+1), d), =
d(Xps1,%n) » dy = d(Xp,Xp12), dx), = d(xn+2,x,) For the sequence x,, we consider d(x,, X, p)
in two cases. If p is odd say p = 2m + 1 then
d(Xn, Xp2m+1) < S[d (X, %n11) +d (Xns 1, X042) + d (X012, X1 2m41)]
< sldy+ dpi1] + 8 [dns2 + dui3] + ..+ " dpiom
< slady + o do] 4 s? [ 2 dy + a3 dg] + ... 4 s
<sa"(1+sa? +s2at + .. )dy +sa™ (1 4+ sa? + 2o + ..)dy
l1+o

P n
= 1 _SaZSOC a'()7

Hence

IN

(3.7 d (X, Xps2m41) s so'dy
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and

d(Xns2mi15%n) < S[d (X 2mi1,Xn42) +d (X2, X4 1) +d (Xng1,%)]

< sldy 4y ]+ 57y g+ dyy 3] o 5"y
< S[Odnd6+06n+ld6] +S2[an+2d(/)+an+3d(/)] +...—f—sm06n+2md(l)

<sa(1+sa? +s2at 4. )dy +sa™ (14502 + s> +..)d)

1+o
=T +a2sa”d6,
—s

Hence

+a

1
(3.8) d(xn+2m+l7xn) < 1—

sod!
—sa? 0

In the same manner, we can show that when p is even

(3.9) d (s Xs2m) < l_sgzsa”d0+(x"_2d*0
and

1+o B
(3.10) d (X 2m ) < 550" dg + o Pdxg

When 7 tend to infinity of (3.7),(3.8),(3.9) and (3.10) we get d(x,,Xn4p) = d(Xptp,X,) = 0 for
all p=1,2,3,.... Hence x, is a rectangular b-Cauchy sequence in (X,d).

By completeness of (X,d), there exists r € X such that x, = fx,_| — ras n — co.

Now we show that fr=r.

By rectangular b-inequality

d(frr) <sld(fr, gxn) +d(8xn, %) +d(xn, )]

1
(3.11) ;d(fr, r) < aM(r,x,) +N(r,x,) +d(xpi1,%) +d(xp, 1)
where

M(r,x,) = max{d(r,x,),d(x,, fr),d(xn,gxn)}

= max{d(r,x,),d(x, fr),d(xXn,xXn12)}
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= max{0,d(x,, fr),0}

= d(xnafr)

N(r,xp) = min{d(r,x,),d(r, fr),d(xn,gxn),d(r,gxn),d(x, fr)}
= min{d(r,r),d(r, fr),d(x,,gr),d(r,gr),d(x,, fr)}

=0.
Putting these values in (3.11) we get
1
—d(fl’,l”) < OCd(I",fI”)
s

d(fr,r) < sad(r, fr) <d(r,fr)

and

d(r, fr) < s[d(gxn, fr) +d(xn,8x,) +d(r,x,)]
(3.12) %d(r,fr) < aM'(x,,r) +N'(xn,7)
where

M (x,,7) = max{d(xn,r),d(fr,x,),d(gxn,xn)}
= max{d(xnv r)ad(frvxn)7d(xﬂ+2axn)}
= max{0,d(fr,x,),0}

:d(fraxn)

N'(xp,7) = min{d (x,,7),d(fr,r),d(gxn, %), d(gxn, 7),d(fr,x,)}
=min{d(r,r),d(fr,r),d(gr,x,),d(gr,g),d(fr,x,)}

=0.
Putting these values in (3.12) we get

Sd(r fr) < ad(frn

13
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d(fr,r) <d(r,fr) <sad(fr,r)
(1 —sa)d(fr,r) <0

Since 1 —sa > 0 therefore fr =r
Hence r is a fixed point of f.

Now we show that r is a fixed point of g. Suppose gr # r.
(3.13) d(r,gr)=d(fr,gr) < oaM(r,r)+N(rr)
where
M(r,r) = max{d(r,r),d(r, fr),d(r,gr)}
= max{0,0,d(r,gr)}

=d(r,gr)

N(r,r) =min{d(r,r),d(r, fr),d(r,gr),d(r, fr),d(r,gr)}
=min{0,0,d(r,gr),0,d(r,gr)}
=0.
Now putting these values in (3.13) we have
d(r,gr) < ad(r,gr)

(1-a)d(r,gr) <0

Similarly we can show that

(1-a)d(gr,r) <0
1
But 1 — o £ 0 since o € [0,—). Thus gr = r. Hence
s
fr=gr=r

Therefore f and g have a common fixed point of X.
Now suppose p and g are two common fixed points.

Then clearly p = fp and g = ggq, then

(3.14) d(p,q) =d(fp,gq) < oM (p,q) +N(p,q)
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where

M(p,q) = max{d(p,q),d(q, fp),d(q,89)}
=max{d(p,q),d(q,p),d(q,9)}

=max{d(p,q),d(q,p)}

N(p,q) = min{d(p,q),d(p, fp),d(p,gq),d(q,fp).d(q,89)}
=min{d(p,q),d(p,p),d(p,q),d(q,p),d(q,q)}
=0.

If M(p,q) = d(p,q) On putting these values in (3.14) we get

d(p,q) < od(p,q)

(1-a)d(p,q) <0
but 1 —a > 0thus d(p,q) =0
If M(p,q) = d(q,p) On putting these values in (3.14) we get

d(p,q) < ad(q,p)

and

d(q,p) < omax{d(p.q),d(q,p)}
Therefore

d(p.q) < ad(q,p) < o*d(p,q)
or

d(p.q) < ad(q, p) < &*d(q,p)
Thus

(I-a)d(p,q) <0

and

(1 - (X)d(q,p) <0

But 1 —a > 0 thus d(p,q) = 0 Hence p = q. O
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Corollary 3.5. Let (X,d) be a complete rectangular quasi b-metric space with s > 1, and let

f:X —=X; g:X — X be two self maps define onto itself such that

d(fx,gy) < aM(x,y) +N(x,y)

and

d(gy, fx) < aM'(y,x) +N'(y,x)
forall x,y € X, where a, € |0, %), and
M(x,y) = max{d(x,y),d(y,gy)}
M'(y,x) = max{d(y,x),d(gy,y)}
N(x,y) = min{d(x,y),d(x, fx),d(x,gy)}

N'(y,x) = min{d(y,x),d(fx,x),d(gy,x)} then f and g have a unique common fixed point.

Corollary 3.6. Let (X,d) be a complete rectangular quasi b-metric space with s > 1, and let

f:X —=X; g:X — X be two self maps define onto itself such that
d(fx,gy) < aM(x,y) +N(x,y)

and

d(gy, fx) < aM'(y,x) +N'(y,x)

1

forall x,y € X, where a € [0,—), and

M(x,y) = max{d(x,y),d(y, gyj}
M'(y,x) = max{d(y,x),d(gy,y)}
N(x,y) = min{d(x, fx),d(x,gy)}
N'(y,x) = min{d(fx,x),d(gy,x)}

then f and g have a unique common fixed point.

Now, we prove another common fixed point theorem with new contraction map- ping in

complete rectangular quasi b-metric spaces.

Theorem 3.7. Let (X,d) be a complete rectangular quasi b-metric space with s > 1, and let

f: X —=X; g:X — X be two self maps satisfying

(3.15) d(fx,gy) < aM(x,y)+N(x,y)
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and

(3.16) d(gy, fx) < aM'(y,x)+N'(y,x)

1
forall x,y € X, where o € [0,-), and
s

_ d(x,gy)d(y, fx)
M(x.y) = max {d<x’y) 1+d(fx,gy) }
) _ d(gy,x)d(fx,y)
M(y,x)—max{d(y, x), I +d(gy. [ }

N(x,y) = min{d(x,y),d(y, fx),d(x,gy)}

N'(y,x) = min{d(y,x),d(fx,y),d(gy,x)}

then f and g have a common fixed point.

Proof. Taking xo be an arbitrary point in X.define the sequence x, in X as x2,1.1 = fx2, and
Xop+2 = gXop+1 form > 1.
Assume that there is some n > 1 such that x,, = x4+ 1.

If n = 2k, then xo; = x4+ and from (3.15)

(3.17) d(X2k+1,%2%42) = d(fxok, 8%2k+1) < OM (X4, X25+1) + N (X024, X2k+1)

where

d (xop, 8%2k+1)d (X241, fX0k) }
1 +d(fxor, 8%2k+1)

d (xXok, X2k 12)d (X211, %04 1) }
14 d(xXok+1,%X2k+2)

M (xk,X0k+1) = max {d(x2k7x2k+l);

= max{d(x2k7x2k+l):

{ }
max 9

=0

N (x2k, Xo41) = min{d (X, Xok+1),d (X2k+1, fX2k), d (X2k, 8%2k41) }
= min{d (X, X2k+1),d (X2k+1,%2%+1),d (X2k, X2 42) }
= min{0,0,d(xor, x2x42) }

=0.
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Now putting these values in (3.17)
d(x2k+1,%2%42) <0
and
(3.18) d(xok12, %0k 41) = A8 4 1, fxok) < M (xopy1,200) + N (X241, %)

where

d(gxok41,%0k)d ( fXok, X2k 41) }
1+ d(gxok+1, fxox)

d (xXok 12, %0 )d (X211, X2k 4 1) }
1+ d(xok+2,X2k+1)

M/ (x11,%2k) = max {d(x2k+1 , X0k ),

= max {d(x2k+1 \X2k),

0
= max 0,
{ 1 +d (X542, X2k 41) }

=0

N'(xopy1,%21) = min{d (xoy1,%21),d(fX20, X2k41), d (8% 41, X21) }
=min{0,d (x4 1,%0%11),d(X2k+2,%2) }
=0
Thus we have from (3.18)
d(x2k+2,%2k+1) <O
Therefore
X1 = Xk+2
Thus

Xok4+2 = X2k+1 = X2k

Xok = fxok = gXok

Hence xy; is a common fixed point of f and g .

If n =2k + 1, then using same argument, it can be shown that x| is a common fixed point of
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fand g.
Now suppose that x;,, # x4 for all n > 1 and from (3.15),

(3.19) d(Xon+1,%2n+2) = d(fxon, 8xon+1) < M (X1, X2n+1) + N (X20, X20+1)

where

d(x2,8%2n11)d (X2n 41, fX2n) }
1+d(fx2n,8%n+1)

d(x2n,X2042)d (X2n41,X2041) }
1 +d(x2n11,%n+2)

M(x2n7x2n+1) = max {d(XZnax2n+l)a

= max {d(x2n7x2n+l)a

— d(x Xon+ ) X
= max | 2 +
2n 1)s +d(x n+1, 2n 2)

= d(x2,X2n+1)

N (x2n,%2n+1) = min{d (xon, X2n+1),d (X2n+1, fX2n), d (X2n, 8X2n+1) }
= min{d(xon,X2n+1),d(X20+1,%20+1),d (X2n, X2n+2) }
= min{d(xan,X2n+1),0,d (X21, %24 +2) }
=0.
Putting these values in (3.19)
d(x2n11,%2n42) < Od(X2n, X201 1)
So, foralln > 1
d(xon11,%n12) < d(Xon,Xon11) < €2d (X1, %20) < ... < " 1d(x0,x1)
Similarly
d(Xoms2,Xon+1) < 0d(xX2n11,%2,) < @2d(x2p,X20-1) < oo < &L (x1,x0)

Similarly we can show that

d(-xn7-xn+2) S and(x()axZ)

and

d(xn+27xn) < Ocnd(XQ,X())

19
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forall n > 1.

Now, we show that x;, is a rectangular b-Cauchy sequence. Applying rectangular b-inequality
and x, # x,41 for all n < 1 and d, = d(xp,xp11), d), = d(Xp11,%n) » A%y = d (X, X12), d*), =
d(xn42,x,) For the sequence x,,, we consider d(x,,x,+p) in two cases. If p is odd say p =2m+1

then

d(Xn, Xnr2my1) < S[d (X, Xnq1) +d(Xng1,%012) +d (X2, X0 12m11)]
< sldn + dp1] + 5P dnro + dngs] + o+ " dpom
S S[Otnd() + an+ld0] +S2[an+2d0 + an+3do] + . +Sman+2md0

<sa"(1+sa? +s2a* + .. )dy +sa™ (1450 + 2o + ..)dy

R n
= 1 _Sazsa d(),

Hence

(3.20) d(Xn, Xnt+2m+1)

IN

and

d(Xny2mi15%n) < S[d(Xnr2mi1,X042) +d (X2, X 1) +d(Xng1,%)]
< sldy, +dy 4]+ s° dyo+dy 3]+ 45"y
< s[o"dy+ o d)] + o) + o)) + . 4 s e T
<sa(14s0? +s2a* +..)dy+ so" (1 +sa? + 52 ot +..)d),
1+«

_ T e g
1 s o

Hence

+a

1
(3.21) d(nsmin %) < ———sa'dy

— 502

In the same manner, we can show that when p is even we can show

(04 _
(3.22) d(Xn, Xn1om) < l_sazsa”d0+(x” 2dx
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and

I+o
(3.23) d(Xpt2ms%n) < ﬁsa”dé + o 2dx),

When 7 tend to infinity of (3.20),(3.21),(3.22) and (3.23) we get d(x,,Xp4p) = d(Xn4p, %) =0
for all p =1,2,3,.... Hence x, is a rectangular b-Cauchy sequence in (X,d). By completeness
of (X,d), there exists r € X such that x, = fx,_| — rasn — oco.

Now we show that fr=r.

By rectangular b-inequality

d(frr) <sld(fr,gxn) +d(8xn, %) +d(xn, )]

(3.24) %d(fr, r) < oM(rx,) +N(rx,) +d(xp1,%0) +d(xp, 1)

where

d(r,gxn)d(xn, fr

M) = max{d(rx), =~ =07 57
- d(r,Xns1)d(Xn, f1
_max{d(”»xn)v 1_|_d(fl",xn+1)
= max{0,0}
=0

N(r,x,) = min{d(r,x,),d(xn, fr),d(r,gx,)}
=min{d(r,r),d(r, fr),d(r,gr)}
=0.

Putting these values in (3.24) we get
%d(fr, r) <0

d(fr,r) <0

and

d(r, fr) < s[d(gxn, fr) +d(xn,8x,) +d(r,x,)]
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(325 S0 7) = M (i) N (i, )+, 35+ 7.5)

where

d(gx,,r)d(fr,x,
1+d(gxn, fr)

d(xy41,7)d(fr,x,
1+d(xps1,f7)

M’ (xn,r) = max{d(x,,r),

= max{d(xy,r),

= max{0,0}

=0

N'(xp,7) = min{d (xn,r),d(fr,x,),d(gx,,7)}
=min{d(r,r),d(fr,r),d(gr,r)}
=0.

Putting these values in (3.25) we get

%d(r,fr) <0

d(r,fr) <0

therefore fr = r Hence r is a fixed point of f.

Now we show that r is a fixed point of g. Suppose gr # r.
(3.26) d(r,gr)=d(fr,gr) < oaM(r,r)+N(rr)

where

d(r,gr)d(r, fr)
L+d(frgr)
d(r,gr)d(r,r)}

L+d(frgr)

M(r,r) = max{d(r,r), }

= max{0,

=0
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N(r,r) =min{d(r,r),d(r, fr),d(r,gr)}

= min{0,0,d(r,gr)}

=0.

Thus

d(r,gr) <0
Similarly we can show that

d(gr,r) <0
Therefore gr =r.
Hence

fr=gr=r

Therefore f and g have a common fixed point of X.

Example 3.8. Let X = AUB where A = {0,%,%,%,%} and B = [1,2].
We define d on X as follows
1 11 11 1 11 11 11

d(O,%):d(??):d(%?):0.3;d(0,§):d(?%):d(?,%):d(f,z)—01,
A O X SRR VA & S TR

2 1471_ %7?_‘1’137 1157 o3 e ’
d(0,0)=d(5,5) =d(5,5) =d(3, ;) =d(5,5) =0;
and d(x,y) =|x—y|ifx,y€e Borx€ B,y A
Then (X,d) is a rectangular quasi b-metric space with coefficient s = % >1

Let f: X — X and g : X — X be defined as

1
5, if XEA,
flx) = 1 ¢ cen
- 1 X >

&
—, if x€A;

gx)=1¢ 3
g, if xGB,

23
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1
Then f and g satisfy all conditions of Theorem 3.4 with o € [0, —) and has a unique fixed point
S
1

X = —.

3
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