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1. INTRODUCTION AND PRELIMINARIES

In 1942, thanks to a brilliant idea to see the distance between two points x and y as a random
variable characterized by its distribution function F, ,(t) = P(d(x,y) < t), Menger introduced
the notion of a probabilistic metric space [10]. But, the main study of the properties of Menger
space is due to Schweizer and Sklar and their collaborators (see [15, 16, 17]). Sehgal and
Bharucha-Reid [18] were the first to extend the fixed point theory to this space. Since then, many
authors investigated the fixed point theory in this setting (see for example [1,4, 5,6, 8,9, 12, 14,
18, 19]). Many fixed point theorems presented in probabilistic metric spaces were inspired by
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their corresponding results on metric spaces. One of the most attractive extensions is the random
version of Caristi’s fixed point theorem established by Zhang et al. [21] in 1991. This result was
extended by Chaira et al. [3] to study the existence of a common fixed point of two mappings
S and T satisfying a system of Caristi-type contractions. Recently, like what was done within
the framework of standard metric spaces, fixed point theorems in probabilistic metric spaces are
used to prove some random optimization principle and to resolve some differential and integral
equations. For more details, see for example [2, 7, 13, 21] and the references therein.

In this work, we propose a generalization of the above results by considering two Menger
spaces (X,.%,7) and (Y,¥,7) and two mappings 7 : X — Y and S : Y — X satisfying the

system

where ¥ and ¢ are two lower semi-continuous functions. To demonstrate our main theorem,
we first give conditions under which the product of two complete Menger spaces is a complete
Menger space. This theorem is used, in Application section, to prove the existence of a solution
of an integral equation system.

In order to fix the framework needed to state our main results, we recall the following notions.

Definition 1.1. A function F : R — R is called a distribution function, if it satisfies the

following conditions:

(1) F is nondecreasing,
(2) F is left continuous,

3) inf F=0andsup F = 1.

We denote by Z the set of all distribution functions.

Example 1.2 (Heaviside function).

0 ift<0

1 ift>0.
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Example 1.3. Let [ be a finite measure on (R, Bg). We call the distribution function of 1

the function F,, defined on R by

Fiu(x) = p(] —o,x[)

Definition 1.4. [6] A triangular norm (briefly a t-norm) is a binary operation 7T on the unit
interval [0, 1] that is associative, commutative, nondecreasing in each of its variables and such

that 7(x, 1) = x for every x € [0, 1].

Example 1.5. The following are the two basic t-norms:

e Minimm: Ty (x,y) = min{x,y}.

e Lukasiewicz t-norm: tr(x,y) = max{x+y—1,0 }.

Definition 1.6. [15] A probabilistic metric space (briefly a PM-space) is an ordered pair
(X,.#), where X is a non-empty set and .% is a mapping from X x X in to & defined by
Z (p,q) = Fp 4 where the distribution functions F}, , satisfy the following conditions:

(1) Vt >0, F, ,(t) = 1 if and only if p = ¢;

(2) F,4(0) =0;

) Fpq = Fop;

4 IfFy (1) =1and F, () = 1, then Fy, , (] +12) = 1.

If furthermore 7 is a t-norm verifying the following triangle inequality:
Fp7r (tl +t2) Z T (Fp,q (tl) an,r (t2>) ) Vp?Qar € X7 1,0 Z 07
the triplet (X,.#,7) is called Menger space.

Definition 1.7. [12] The (g,A) —topology on (X,.%) is the topology introduced on X by the

family of the neighbourhoods {U, (¢,1)} where

pEX,e>0,A>0°

Up(e,A)={qeX : Fq(e) >1—1}.

It is assumed in the remainder of this paragraph that sup 7 (7,¢) = 1.
<1
The following result is due to Schweizer and al. [17].
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Theorem 1.8. If (X,.#,71) is a Menger space such that supt (t,t) = 1, then (X,.7,7) is

<1

a Hausdorff space in the topology induced by the family {U p (s,l)} of neighbor-

peX,e>0,A>0
hoods.

Definition 1.9. [21] Let (X,.#, 7) be a Menger space. A sequence (py),cy in X is said to be

(i) T-convergentto p € X, if
Ve, A>0 INeN VrneN, n>N = F, ,(e)>1-A4
(i) 7-Cauchy sequence, if for any
Ve,A>0 INeN VameN, nm>N = F,, , (£)>1-24

Definition 1.10. [21] A Menger space (X,.%, T) is said to be T-complete, if each 7-Cauchy

sequence in X is T-convergent to some point in X.
The following result was established by Schweizer and Sklar in [16].

Theorem 1.11. Let (X,.%,T) be a Menger space such that supt (t,t) = 1. Then, a sequence
<1
(Pn)pen in X is T-convergent to p € X if and only if for each t € R,

lim F, ,(t)=H(t).

n—-yoo

The following theorem establishes a connection between metric spaces and Menger spaces.

Theorem 1.12. [18] Let (X,d) be a metric space. Let ¥ : X x X — 9 be the mapping
defined by:
Fpq(t)=H(t—d(p.q)) (p,qeX,1€R).
Then (X,.7 ,ty) is a Menger space. It is complete if the metric d is complete.
We say that a t-norm 7 satisfies the condition () if, for all y € [0, 1],
lim 7 (x,y) =y.
x—1-

Remark 1.13. It is easy to see that if a t-norm 7 satisfies the condition (), then

supt (¢,7) = 1.

t<1
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Theorem 1.14. [21] Let (X, %, T) be a Menger space with T satisfying the condition (2?).
Let (pn),cn and (qn),cn be two sequences in X such that (py),cy is T-convergent to p € X and

(q”)neN is T-convergent to q € X. Then

(1) for any givent € R, we have:
o > ‘
l}fg{}oprmqn () = Fpq (1)
(2) Ift € R is any continuous point of F), 4, then

im Fp, g, (1) = Fpq ().

n—yoo

Theorem 1.15. [21] If (X, %, T) is a Menger space with T satisfying the condition (2?), then

it is metrizable. In addition, if (X, %, 1) is sequentially complete, then it must be net-complete.

2. MAIN RESULTS

The proof of our main result is based on the following lemma:

Lemma 2.1. Let (X,.#,7) and (X,9,7) be two complete Menger spaces with T satisfying

the condition (&?). Then (X XY, Z%,7) is a complete Menger space, where

F=((p1:41),(P:q2)) (1) = F(, 4. (p.gy) () = min {Fp1p(1):Ggyq, (1) } 4
forall (p1,q1), (p,q2) € X XY andt > 0.
Proof. It is easy to see that (X x Y,.%) is a probabilistic metric space. Let’s prove that it is
a complete Menger space.

Let (p1,q1), (p,q2),(p3,93) € X xY and 11,1, > 0.

oo

Eipa0.(p3.03) (t; +12) = min {Fm,pa (t1 +12):Ggy 45 (1 +f2)}

> min {7 (Fp,p (11), Fp.ps (22)): 7 (Ggy.2 (11), Ggongs (12)) }-

Since 7 is nondecreasing in each of its variables and

F(o;hm),(p,qz) (t1) = min{Fp, , (11): Gy, 4, (11) }

(o)

F o) (pras) (2) = min{F, p, (12); G g5 (12) } ,
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then FJ ) gy (1 +12) 2 T (F<°Zl7q1>7<p7qz> (1) F G g (pavas) (@)-

Let ((pn,qn)), be a Cauchy sequence in X x Y. For each € > 0 and A > 0, there exists N € N

such that, for all n,m > N, we have F~
(pnvqn)v(Pmaqm)

Gyn.gm (€) > 1 —A. Which implies that (p,), and (g,), are two Cauchy sequences in X and Y

(¢) >1—A. Then Fp,, ,, (€) > 1—A and

respectively. Since X and Y are complete, there exist p € X and ¢ € Y such that p, P for &
n—yoo
and g, — 4 for ¢. Thus, there exists N € N such that, forall n > N, we have F,,, ,(e) > 1—A4
Nn—yoo

and anvq (8) Z 1— )V Hence’ F(O;nﬂn)v(paq

) (¢) > 1—A. This proves that X x Y is complete. [J

Theorem 2.2. Let (X, 7 ,7) and (Y,9,7) be two complete Menger spaces with T satisfying
the condition (). Let T : X — Y and S : Y — X be two mappings such that, for all (p,q) €
X xYandt >0,

2.1 Fystp(t) 2 H(t —aly(p) — ¢ (Tp)])
>H

Gq.1sq(t) = H (t = bl (9) — ¥ (Sq)])

where W : X — Ry, ¢ : Y — R are two lower semi-continuous functions.

Then the mapping £ : X xY — X x Y, defined by £ (p,q) = (Sq,Tp), admits a fixed point
(p*,q*)in X xY.

Proof. We distinguish three cases:
Case.1 If there exists p* € X such that y (p*) < ¢ (T p*), then by the system (2.1), for all ¢ > 0,
we have Fj g7+ (t) = 1. Thus, p* = STp*. Setting g* = Tp*, we have Sg* = p* and then
(p*,q") is a fixed point of .Z.

Case.2 If there exists ¢* € Y such that ¢ (¢*) < y(Sq*), then the same argument used in Case. 1

gives the desired result.
Case.3 Suppose that, for all (p,q) € X xY, we have ¢ (Tp) < y(p) and y (Sq) < ¢ (¢).

We put v = min(a,b)

Claim. The binary relation “ < on X x Y defined by:

Fop 0= H(1=v(w(p)-v (7))

(2.2) (pg) = (0.d) = q’q,(t)ZH(z—v(q)(q)—‘P(‘/)))
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is a partial order. The reflexivity and the antisymmetry of “< "are obvious. For the transitivity,

observe that

(2.3) if (p,q) 2 (p',q'), then¢ (¢') < ¢(q) and y(p') < w(p).

Indeed,

o if ¢ (¢') > ¢ (g), by the definition of “ <, we have G, (t) = 1, for all £ > 0. This
implies that ¢’ = ¢, which is a contradiction;
o if y(p') > w(p), then F, ,y (r) = 1, for all + > 0. This implies that p’ = p, which is a
contradiction.
Let (p1,91),(p2,92),(p3,93) € X XY such that (p1,q1) = (p2,42) and (p,q2) = (p3,93). Ap-

plying (2.3), we get

¢ (q3) <9 (q2) <9 (q1) andy(p3) <y (p2) <y (p1)-

Letr > 0.

o If1 <v(¢(q1) = 9(q3)), then Gy 45 (1) > 0=H (1 = v (¢ (1) — 9 (43)))-
o Ift>Vv(¢(q1)— 9 (g3)), taking 71,1, > Osuchthatt =11+t andt; > v (9 (q1) — ¢ (¢2))

and 1, > v (¢ (q2) — ¢ (43)), we have
Ggrqs (1) = T (G (11), Gy g5 (22))
>T(H (1 —v(9(q1)—9(q2)) H(2—V(9(q2) — ¢ (43))))
=t(L)=1=H({—=v(9(q1)—¢(a3)))-

By the same argument, we obtain

Fpips (t)>H(t—=v(y(p1)—w(ps3)))-

It follows from (2.2) that (p1,q1) < (p3,¢3). Consequently, “=< "is a partial order on X x Y.

Claim. The partially ordered set (X x ¥, <) has a maximal element.
Let {(pa,qa)}acr be a chain of X x Y indexed by a totally ordered set I. The nets

(V(Pa))qer and (¢ (qa))qes are decreasing and thus convergent respectively to some reals
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Iy and I,. For all € > 0 and A > 0 such that € > A, there exists o € I such that for all @ € I,
A
o <oa=1 gw(pa)<ll+;.

Let t, B € I such that o < a < . Then ¥ (po) — ¥ (pg) < — and

< | >

Fpqps (8) > H (e=V (¥ (pa) — v (pp)))
>H(e—A)=1
>1-A.
By the same argument, there exists a; € I such that for all o, € 1,

o << P = Gypqy(€) >1-A.

Let op = oy V ;. For all o, € I such that ap < a < 3, we have Fpo.pp (&) >1—-4

1 —A. Then F™

net in X x Y. From Lemma 1.15, the sequence ((pa,qa))qe; 1S convergent in X x Y. Let

)(8) > 1—A. Hence ((pa,qa))ye; is @ Cauchy

(P,q) € X XY such that (pg,qe) — (P,g). Thus, pe — p and g4 — q. In view of the

lower semicontinuity of ¢ and , it follows that for all & € 1,

¢ (g) < hnkinﬂp (ap) = li;;w (28) =1 < ¢ (qa)-

By the same argument, we obtain y (p) < ¥ (pq), for all @ € 1.

Now, we prove that (p,q) is an upper bound of ((pg,qa)) In fact, let @ € I and t > O is

ael”

a continuous point of F),, 5. By Theorem 1.14, we have
> lirr(lxian (t=v(v(pa)—v(pgp)))

> H(t—v(¥(pa) — ¥ (D))
Let ¢ be any positive number. Since the distribution function F,, ; is nondecreasing, there
exists a sequence of continuous points 11 < 1, < ... <1, < .. of F, 5 such that 7, — ¢. Letting

n — oo in the inequality

Fpo.p(tn) > H (ty = V(¥ (pa) — ¥ (P)))



A GENERALIZATION OF CARISTI THEOREM 9

and using the left continuity de F), 5 and H, we get

Fpop (1) 2 H(t =V (Y (pa) =¥ (P)))-

By the same argument, one can show that, for all t > 0 and & € I,

Gyoq(t) 2 H(t =V (9 (qa) —¢(q)))-

Applying (2.2), we obtain (pg,q«) = (P,q), for all o € 1, i.e., (P,q) is an upper bound of
((Pa»qa)) qer- By Zorn’s lemma, (X x ¥, =) has a maximal element (p1,q1) proving the claim.

By (2.1), we obtain:

Fps1p, (1) > H (= v (y(p1) —y(STp1)))
Gy, 15q, () 2 H(t =V (¢ (q1) — ¢ (TSq1)))

According to (2.2), we have (p1,91)= (STp1,TSq1). Then (p1,q1)= (ST p1,TSq1), that is,

STp; = py and TSq; = q;. If we put p* = p; and ¢* = T p, the desired result holds.

Example 2.3. Consider the sets X = [1;+oo| and Y = |0;1] respectively endowed with the
metrics d and 8§ defined, for all (p1,p2) € X? and (q1,q2) € Y?, by

1 1

a1 q2

d(p1,p2) =2|p1—p2| and 5 (q1,92) =
and define the functions

F: XxX — 9 and 4. YXY — 9

(Pl,pz) — FP17P2 (QI,QZ) — thqz

as follows:

a1 q2

Fpp, (1) =H(t=2|p1 —p2|) and Gy, 4, (t) = H (t ) , forallt € R.

Since the metric spaces (X,d) and (Y, 0) are complete, (X, ,ty) and (Y, ,ty) are complete

Menger spaces.
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Consider the two mappings T : X — Y and S : Y — X defined by

;g €)0,5]
;g€ [3.1]

1
- ell,2

Tp=< * pell2l and Sq =
1 5 pe2,+

—_ Q=

and the lower semi-continuous functions Y : X — R4, ¢ : Y — R defined by:

2p ; pe[L,2] ;g €)0,3]

2
v(p) = and ¢ (q) =4 | * |
p+1 5 pe2,+e 1 aelp]

Let us show that, for all (p,q) € X xY and t > 0,
Fysrp(t) 2 H (@ =2(y(p)—¢(Tp))),
Gyrsq(t) =2 H (1 — (¢ (9) — v (59)))-
Since the function H is nondecreasing, it suffices to show that, for all (p,q) € X XY,
(s) lp=STp|<w(p)—9¢(Tp),
-] <@ -visa).
Note that for all (p,q) € X XY, STp=1and TSq = 1.

o If pe[1,2], we have |p—STp|=p—1and y(p)—¢(Tp)=2p—p—1=p—1.
o If p€[2,+oof we have |p—STp|=p—land y(p)—¢(Tp)=p+1-2=p—1.

1 1 1 1 2 1 1
o Ifgc 0,5 , we have 7 Tsq :Z]—land¢(q)—ly(Sq):C—]—5—1:5— .
1 11 1 1
Ifg= =, weh ———=1=0|=z)—-v(SZ).
*fq A PR (2) v 2)
1 1 1 1 1 1
e ifge |-, 1|,wehave |—— —|=——1land ¢ (q) —y(Sq) = -+1—-2=—-—1.
5 i o R (¢) —w(Sq) . .

Then, for all (p,q) € X x Y, the system (S) is satisfied. Hence, we have, for all (p,q) € X XY
andt >0,
Fysrp(t) 2 H (1 =2(y(p) =9 (Tp))),

Gyrsq(t) = H (1t — (¢ (q) — v (5q))).

All conditions of Theorem 2.2 are satisfied and p* = q* = 1.

Ifwetake X =Y, % =9, w=¢,S =idx and a = b = 1, we obtain [21, Theorem 3] as a

corollary:
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Corollary 2.4. Let (X,.%#,1) be a complete Menger space with T satisfying the condition

(P). Let T : X — X be a mapping such that, for all p € X andt > 0,

Fyrp(t)>H(t—¢(p)+¢(Tp)),

where ¢ : X — R is a lower semi-continuous function. Then the mapping T admits a fixed

point p*in X.
3. APPLICATION

Let (Q,47,P) be a probability measure space. Denote by & the set of all the equivalence
classes of measurable mappings p : Q — R .. For every p,q € & the function F), ;, defined for
everyt € Rby F,,(t) =P({w: |p(w) —g(w)| <t}),is a distribution function. Consider the
family defined by % (p,q) = F, 4, for every (p,q) € &% and the Lukasiewicz t-norm defined
by 7 (x,y) = max{x+y— 1,0} for every x,y € [0,1]. From [6, Proposition 2.84], the triplet
(&, ,11) is a complete Menger space. For k > 0 and a > 0, we denote by Z.%Z (&) the set

of functions f : & — & such that, for all p,g € &,t € Rand o € Q,
t
Fpr"q ([) > Fp,q (E) and fp(O)) <o
Let f and g be two elements of Z.Z;. (&). The following application
dw(fag) : ('Q‘vﬂ) — ([071]7%[0,1])

) — supd(fp(m),gp(®))
peé

is a random variable, where d (fp () ,gp (®)) = |fp(®) —gp(®)|.

Let .7 be the family of distribution functions defined by:

F,(t) =P({o: do(f,g) (@) <t}), forall f,g € ZL; (&) and t > 0.
Lemma 3.1. The ordered triple (2L (&) ,F=,11) is a complete Menger space.

Proof.
(1) (2L (8),.Z7=,11) is a Menger space. Indeed, let f,g,h € Z.ZL (&).
° (Vt>O:FJ‘:jg(r):1) < Vpel&: fp=gp <— f=g.
o 7, (0)=P{w€Q: du(f.g)(®) <0})=P(0)=0.

o Fr =ry
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e Lett1,1, > 0 such that F7°, (1) = 1 and F7, (1) = 1. Consider the two sets
A={weQ:do(f,g)(w)<ti}andB={0 € Q: dw(g,h) (®) < 12}.

Since for all w € Q

des (f,1) (©) < dwe (f',8) (@) +dee (8, 1) (@),
it follows that

ANBC{w € Q: dw(f,h)(®) <t;+1}.
Therefore,

PANB) <P{weQ: dw(f,h)(w)<ti+1}).
Since
P(ANB)=P(A)+P(B)—P(AUB)>P(A)+P(B)—1=1,
then P(A) = F7, (t1) = 1 and P (B) = F, (12) = 1. Hence
Fy(ti+h)=P{o €Q: do(f,h)(0) <ti +n}) =1
From the above calculation we have
Fiy(ti+1) > FFy (1) + Foy, () — 1.

Since F°

FE, (11 +12) > max (F;jg (1) + F5, (12) — 1,0) .

Hence the triangular inequality holds.
2) (#Ly (&), F7,71) is complete. Indeed, let (f,), be a Cauchy sequence in
(2L (&), F=,1). Let €,A > 0. Then there exists N € N such that, for all n,m > N,

we have
Fropm (&) 21-2.

Let p € &. Since

{(1) €Q: do (fn, fm) (®) < 8} - {(D € Q: dos (fup, fup) (@) < 8}7
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then Fy,p 1,p (€) = Ff . (€) 2 1— 4 and (f,p), is a Cauchy sequence in (&,.7,17.).
As the space (&, %, 1) is a complete Menger space [20, Theorem 3.4], the sequence
(fap), converges in &. The mapping [ : & — &, p— fp:= }ggofnp is well defined.
To prove that f € Z.% (&), let us fix p,q € & and ¢ > 0 and proceed in two steps:

(i) Suppose that ¢ is a continuous point of Fy, ¢,. Since (f,p), converges to fp
and Fy, 14 (t) > Fpy (é) for all n € N, we get, according to Theorem 1.14, that
Frp.q(t) 2 Fpg ()

(i) If 7 is not a continuous point of Fy, r,, there exists a nondecreasing sequence of
continuous points (t,), in Fyp, r4 such that #, converges to ¢. As proved in the above
step, Frp.rq (tn) > Frp fq (%) for all n € N. Using the left continuity of Fy, 74, we
obtain that Fyp, ¢4 (1) > Fpq (%).

Let us prove that (f,), converges to f with respect to .#*. Let €,A4 > 0, there exists
N € N, such that forallm >n > N, Fj:,fm (¢) > 1 — A. Using the same argument above

depending on whether € is a continuous point of F;” - or not, we prove that
F;:,f(g) >1—A,forallneN.

It remains to prove that (fp)(®w) < a, for all p in & and all @ in Q. Let p be an
arbitrary element in &. Since (f5), converges to f with respect to ., the sequence
(fap), converges to fp with respect to .%. This implies that (f,p), converges in law to

fp. Consider the two distribution functions:
Fo(t) =P({o€Q: (fup) (@) <t}) and F (1) = P({o € Q: (fp) (®) <t}).

Suppose ¢ is any continuous point of F. Since (f,p), converges in law to fp, then

1i_r>nFn (a) =F (a). Since F, () = 1 for all n € N, then
PlocQ: fp(o) <a})=F(a)=1,

which implies that (fp) (0) < a for all p in & and all @ in Q. Let a be an arbitrary
positive real. Since F is nondecreasing, then there exists a nonincreasing sequence of

continuous points (#,),, of F converging to & and satisfying

F(ty) = lim (tw) > lim F, (a) = 1, for every m € N.

n—yoo
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Using the right continuity of F and letting m — o, we get F (&) = 1. Therefore,
(fp)(w) < o for all p in & and all @ in Q, proving that (Z.Z(&),.7%,1) is a
complete Menger space.
O
Let .77 be the set of the pairs (u,v) of continuous functions defined from [a,b] x [0, o] to R

satisfying the three following conditions:

(i) Forall s € [a,b] and all x,y € [0, &]:

ju(s,x) —uls,y)| < e—yl;
‘V(S,X) —V(S,y)‘ < |X—y’.
(ii) Forall s € [a,b]: u(s,0) =0and v(s,0)=0.

(iii) for each (s,x) € [a,b] x [0, a],

v(s, Uy (x)) > 2u(s,x) —x

u(s,uv(x)) > 2v(s,x) - X

1

b b
! /u(s,x)dsanduv(x):b /v(s,x)ds

- b—a

where p,(x)
—a

Remark 3.2. If (u,v) € 2, then 0 < u(s,x) <xand 0 < v(s,x) <x, forall (s,x) € [a,b] X
[0, ox].
Let (u,v) € . Consider the two mappings 7,S : Z.ZL (&) — %L (&) defined by
1 b 1 b
(T p(@) = 5— [ uls, fp(@)ds and (S¢)p (@) = — [ "v(s.gp(@))ds
—aJa b —a Jag

forall f,g € ZL (&), pe & and ® € Q.

Denote by G the set of all permutations on N.
Theorem 3.3. Let (u,v) € . If there exists B > 0 and fo € #L (&) such that
701 650201 o o TOu-1(1) 5 gOu(M) £, (0) > B,

forallne N, leN,pe &, o€ Q andall 6y,...,09 € 6.
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then the integral equation system

[a—y

S

(IES) -
1p@) = [ visan(@)as

admits a non trivial solution (f*,g*) in (L (&))*.

Proof. 1) First we show that T and S are well defined. Let f € Z.Z, (&), (p,q) € & and
t>0suchthatd (fp(®),fq(w)) <t. Using the condition (i), we have
d(u(s,fp(w)),u(s,fqg(w))) <t, forall s € [a,b]. Applying the integral properties, we get

a’(b—ia/abu(s,fp(a)))ds,big/fu(s,fq(co))ds) <t.

This implies that d ((Tf) p(®),(Tf)q(w)) < t. Thus,

{o:d(fp(w),fq(w) <t} c{w:d(Tf)p(w),(Tf)q(®))<t}.
Hence

Frpyprp)g () 2 Frppq (1) 2 Fpg (%) :
On the other hand, one can easily show that 0 < (T f)p(w) < fp(w), for all f € Z.Z (&) and
(p,w) € & x Q. It follows that T f € Z.L;(&). Similary, we prove that Sf € Z.Z; (&) for all
fEXZZLL(E).

2) We show that 7' is continuous. Let (f,), be a sequence in Z.Z (&) converging in

AL (&) to f with respectto F=. Letn €N, p € & and 0 € Q.

(T 10) (@)~ () @) < 5 [ (s, (o) (@)~ (s, (70) (@)
< |(up) (@) = (/) (@)

Then dos (fn, ) (@) > doo (T fu, T f) (@), and F ((t) < Fy7 7, (¢) for all ¢ in R. Hence for all
€,A >0, there exists N in N such F77 ,.(€) > 1—-4.

3) Let [ZZ) (&)] be the set of the elements f € .2 such that forall,n € N,p € &,0 €

and {Gi}1§i§21 €6

7010 5 §02(n) o o Ou-1(n) 5 gou(n fp( )>B
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The non empty set [Z.Z (&)]p is a closed. Indeed, let (f,),cn be a sequence of elements of
(%2 (&)]g converging to f with respect to F*. Let [,m € N, {6;}1<i< € &, p € & and

w € Q, Since T and S are continuous functions then
7o) 6 §0:0) oo 7Ow-1(m) g gonlm)
converges to 791" 0 §92(m) o o T02-1(m) ¢ §02(m) £ wwith respect to .Z>. Since
T 6 §920M) o o Tu-1(m) o 5% £ 1 () > B

for all p € & and all w € Q. Using the same argument based in the convergence in law, we can

show that

T701(m) 5 §02(m) o Ou-1(m) 5 gOu(m fp( ) > B,

proving that f € [Z.Z (&)]g -
Now, we prove that [Z.Z (&)]g is sable by T and S. Let f € (2.2 (&)]g. Let[,n €N,

peE&,we Qandoy,...,0p9 €6.

T701(7) 5 §02(n) o o Ou-1(n) 5 gOu(n (f) (@)

=79 o520 o o) o g0 £p ()

where 0y;11,0212 € & such that 041 (n) = 1 and 6242 (n) = 0. Since f € [ZZ (g)]ﬁ’ we
get
7011 6 §92(1) o o TOu-1(1) 5 gOu(n) (Tf)p(w)=p.

By the same we obtain
7010 5 §02(n) o o Ou-1(n) 5 gou(n) (Sf)p(w) > B,

where 05;11,02,47 € G such that 611 (I’l) =0and 073747 (l’l) =1.
4) We conclude by checking that all conditions of Theorem 2.2 are satisfied. Let f €
(Z2Z1(&)]g.1>0,s € [a,b], p€ & and ® € Q, we have

v(s, (Tf)p(@)) = 2u(s, fp(®)) — fp().
By integrating, we get

(ST f)p(@)) = 2(T f)p(®) — fp(®@).
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Then
(Tf)p(w)—(STf)p(®) < fp(w) — (T f)p(o).

Using this fact,

[fp(@) = (ST f)p(w)| = (fp(@) = (Tf)p(@)) + (T f)p(@) — (ST f)p(0))
<2(fp(0) = (Tf)p(0)).

Then

sup (/) (©) — sup (Tfp) (@) > 5 sup (ST )p(®) ~ p(®)!-

pEE pESE pEE

If we consider the mapping ¢ : [Z.Z (&)]g — R defined by

0(f)= [ sup (£p) (@)dP,

peES

we obtain

20(/)=0(Tf) = [ d=(ST1.1)(0) dP

The map ¢ is continuous on [%Z.Zy (&)]g. Indeed, let us fix a sequence (f,), C Z.Z (&)
and f € [ZZ)(&)]p such that f, —> f with respect to #~. Let € > 0, there exists
n—soo

N € N such that, for every n > N we have Fy, r(€) > 1 —¢&. Then, for all n > N, we get
P{ow: d(fu(0),f(w))>¢e}) <eand

= ‘/Qdoo(fnao)(w)—doo(f,O)(co)dP‘

< /Q ds (fo, f) (@) dP

Ifweset E, ¢ = {®: dw(fy, f) (@) < €}, then

fl < /En,gd"" (forf) dP+/ o (for ) (@) dP

<e+tP({o: du(fn,f)(0) > 8})

< 2€.

Ift >2(0(f)—o(Tf)), thent > [odo(f,STf)(®w)dP and t > du(f,ST f)(®) p.p.
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Thus

Fisrp(t) = P{o: doo(f,STf) (@) <t} =12 H(t=2(0 (/) =9 (Tf))).

Ift <2(¢ (f)— ¢ (Tf)), the above inequality is obvious.

By the same argument we show that, for all # > 0,

Fors (1) =P{o: do(g,TSg) (0) <t} > H(t—2(¢(g) — 9 (Sg)))-

Thus all the assumptions of Theorem 2.2 are satisfied, therefore the system (/ES) admits at least

a solution (f*,g") € (2L (5)]ﬁ)2

4. CONCLUSION

This work is part of a fixed point research project for mappings verifying Caristi-type con-
tractions in the context of Menger spaces. This is a continuation of the study published in [3].

Our main result improves, extends, and generalizes some classical results:

(i) It improves and generalizes [21, Theorem 3] as mentioned in Corollary 2.4.

(i1) It extends [3, Corollary 2.2] from standard metric spaces to a Menger spaces.

The objective of the application is to prove the existence, under certain conditions, of a solution
of a system of random nonlinear integral equations. It’s an extension and a generalization of

many existing classical ones.
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