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1. INTRODUCTION AND PRELIMINARIES

In 1942, thanks to a brilliant idea to see the distance between two points x and y as a random

variable characterized by its distribution function Fx,y(t) = P(d(x,y) < t), Menger introduced

the notion of a probabilistic metric space [10]. But, the main study of the properties of Menger

space is due to Schweizer and Sklar and their collaborators (see [15, 16, 17]). Sehgal and

Bharucha-Reid [18] were the first to extend the fixed point theory to this space. Since then, many

authors investigated the fixed point theory in this setting (see for example [1, 4, 5, 6, 8, 9, 12, 14,

18, 19]). Many fixed point theorems presented in probabilistic metric spaces were inspired by
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their corresponding results on metric spaces. One of the most attractive extensions is the random

version of Caristi’s fixed point theorem established by Zhang et al. [21] in 1991. This result was

extended by Chaira et al. [3] to study the existence of a common fixed point of two mappings

S and T satisfying a system of Caristi-type contractions. Recently, like what was done within

the framework of standard metric spaces, fixed point theorems in probabilistic metric spaces are

used to prove some random optimization principle and to resolve some differential and integral

equations. For more details, see for example [2, 7, 13, 21] and the references therein.

In this work, we propose a generalization of the above results by considering two Menger

spaces (X ,F ,τ) and (Y,G ,τ) and two mappings T : X −→ Y and S : Y −→ X satisfying the

system  Fp,ST p (t)≥ H (t−a[ψ (p)−φ (T p)])

Gq,T Sq (t)≥ H (t−b[φ (q)−ψ (Sq)])

where ψ and φ are two lower semi-continuous functions. To demonstrate our main theorem,

we first give conditions under which the product of two complete Menger spaces is a complete

Menger space. This theorem is used, in Application section, to prove the existence of a solution

of an integral equation system.

In order to fix the framework needed to state our main results, we recall the following notions.

Definition 1.1. A function F : R −→ R+ is called a distribution function, if it satisfies the

following conditions:

(1) F is nondecreasing,

(2) F is left continuous,

(3) inf F = 0 and sup F = 1.

We denote by D the set of all distribution functions.

Example 1.2 (Heaviside function).

H(t) =


0 if t ≤ 0

1 if t > 0.
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Example 1.3. Let µ be a finite measure on (R,BR). We call the distribution function of µ

the function Fµ defined on R by

Fµ(x) = µ(]−∞,x
[)

Definition 1.4. [6] A triangular norm (briefly a t-norm) is a binary operation τ on the unit

interval [0,1] that is associative, commutative, nondecreasing in each of its variables and such

that τ(x,1) = x for every x ∈ [0,1].

Example 1.5. The following are the two basic t-norms:

• Minimm: τM (x,y) = min{x,y}.

• Lukasiewicz t-norm: τL(x,y) = max{x+ y−1,0 }.

Definition 1.6. [15] A probabilistic metric space (briefly a PM-space) is an ordered pair

(X ,F ), where X is a non-empty set and F is a mapping from X × X in to D defined by

F (p,q) = Fp,q where the distribution functions Fp,q satisfy the following conditions:

(1) ∀t > 0, Fp,q (t) = 1 if and only if p = q;

(2) Fp,q (0) = 0;

(3) Fp,q = Fq,p;

(4) If Fp,q (t1) = 1 and Fq,r (t2) = 1, then Fp,r (t1 + t2) = 1.

If furthermore τ is a t-norm verifying the following triangle inequality:

Fp,r (t1 + t2)≥ τ
(
Fp,q (t1) ,Fq,r (t2)

)
, ∀p,q,r ∈ X , t1, t2 ≥ 0,

the triplet (X ,F ,τ) is called Menger space.

Definition 1.7. [12] The (ε,λ )−topology on (X ,F ) is the topology introduced on X by the

family of the neighbourhoods
{

Up (ε,λ )
}

p∈X ,ε>0,λ>0, where

Up (ε,λ ) =
{

q ∈ X : Fp,q (ε)> 1−λ
}
.

It is assumed in the remainder of this paragraph that sup
t<1

τ (t, t) = 1.

The following result is due to Schweizer and al. [17].
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Theorem 1.8. If (X ,F ,τ) is a Menger space such that sup
t<1

τ (t, t) = 1, then (X ,F ,τ) is

a Hausdorff space in the topology induced by the family
{

Up (ε,λ )
}

p∈X ,ε>0,λ>0 of neighbor-

hoods.

Definition 1.9. [21] Let (X ,F ,τ) be a Menger space. A sequence (pn)n∈N in X is said to be

(i) τ-convergent to p ∈ X , if

∀ε,λ > 0 ∃N ∈ N ∀n ∈ N, n≥ N =⇒ Fpn,p (ε)> 1−λ

(ii) τ-Cauchy sequence, if for any

∀ε,λ > 0 ∃N ∈ N ∀n,m ∈ N, n,m≥ N =⇒ Fpn,pm (ε)> 1−λ

Definition 1.10. [21] A Menger space (X ,F ,τ) is said to be τ-complete, if each τ-Cauchy

sequence in X is τ-convergent to some point in X .

The following result was established by Schweizer and Sklar in [16].

Theorem 1.11. Let (X ,F ,τ) be a Menger space such that sup
t<1

τ (t, t) = 1. Then, a sequence

(pn)n∈N in X is τ-convergent to p ∈ X if and only if for each t ∈ R,

lim
n−→∞

Fpn,p (t) = H (t) .

The following theorem establishes a connection between metric spaces and Menger spaces.

Theorem 1.12. [18] Let (X ,d) be a metric space. Let F : X ×X −→ D be the mapping

defined by:

Fp,q (t) = H (t−d (p,q)) (p,q ∈ X , t ∈ R) .

Then (X ,F ,τM) is a Menger space. It is complete if the metric d is complete.

We say that a t-norm τ satisfies the condition (P) if, for all y ∈ [0,1],

lim
x→1−

τ (x,y) = y.

Remark 1.13. It is easy to see that if a t-norm τ satisfies the condition (P), then

sup
t<1

τ (t, t) = 1.
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Theorem 1.14. [21] Let (X , F , τ) be a Menger space with τ satisfying the condition (P).

Let (pn)n∈N and (qn)n∈N be two sequences in X such that (pn)n∈N is τ-convergent to p ∈ X and

(qn)n∈N is τ-convergent to q ∈ X. Then

(1) for any given t ∈ R, we have:

liminf
n−→∞

Fpn,qn (t)≥ Fp,q (t) .

(2) If t ∈ R is any continuous point of Fp,q, then

lim
n−→∞

Fpn,qn (t) = Fp,q (t) .

Theorem 1.15. [21] If (X , F , τ) is a Menger space with τ satisfying the condition (P), then

it is metrizable. In addition, if (X , F , τ) is sequentially complete, then it must be net-complete.

2. MAIN RESULTS

The proof of our main result is based on the following lemma:

Lemma 2.1. Let (X ,F ,τ) and (X ,G ,τ) be two complete Menger spaces with τ satisfying

the condition (P). Then (X×Y,F ∞,τ) is a complete Menger space, where

F ∞ ((p1,q1) ,(p,q2))(t) = F∞

(p1,q1),(p,q2)
(t) := min

{
Fp1,p (t) ;Gq1,q2 (t)

}
,

for all (p1,q1), (p,q2) ∈ X×Y and t > 0.

Proof. It is easy to see that (X×Y,F ∞) is a probabilistic metric space. Let’s prove that it is

a complete Menger space.

Let (p1,q1), (p,q2) ,(p3,q3) ∈ X×Y and t1, t2 > 0.

F∞

(p1,q1),(p3,q3)
(t1 + t2) = min

{
Fp1,p3 (t1 + t2) ;Gq1,q3 (t1 + t2)

}
≥min

{
τ (Fp1,p (t1) ,Fp,p3 (t2)) ;τ

(
Gq1,q2 (t1) ,Gq2,q3 (t2)

)}
.

Since τ is nondecreasing in each of its variables and
F∞

(p1,q1),(p,q2)
(t1) = min

{
Fp1,p (t1) ;Gq1,q2 (t1)

}
F∞

(p,q2),(p3,q3)
(t2) = min

{
Fp,p3 (t2) ;Gq2,q3 (t2)

}
,
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then F∞

(p1,q1),(p3,q3)
(t1 + t2)≥ τ

(
F∞

(p1,q1),(p,q2)
(t1) ,F∞

(p,q2),(p3,q3)
(t2)
)

.

Let ((pn,qn))n be a Cauchy sequence in X×Y . For each ε > 0 and λ > 0, there exists N ∈N

such that, for all n,m ≥ N, we have F∞

(pn,qn),(pm,qm)
(ε) ≥ 1− λ . Then Fpn,pm (ε) ≥ 1− λ and

Gqn,qm (ε) ≥ 1−λ . Which implies that (pn)n and (qn)n are two Cauchy sequences in X and Y

respectively. Since X and Y are complete, there exist p ∈ X and q ∈Y such that pn −→
n→∞

p for F

and qn −→
n→∞

q for G . Thus, there exists N ∈N such that, for all n≥ N, we have Fpn,p (ε)≥ 1−λ

and Gqn,q (ε)≥ 1−λ . Hence, F∞

(pn,qn),(p,q) (ε)≥ 1−λ . This proves that X×Y is complete. �

Theorem 2.2. Let (X ,F ,τ) and (Y,G ,τ) be two complete Menger spaces with τ satisfying

the condition (P). Let T : X −→Y and S : Y −→ X be two mappings such that, for all (p,q) ∈

X×Y and t > 0,

(2.1)

 Fp,ST p (t)≥ H (t−a[ψ (p)−φ (T p)])

Gq,T Sq (t)≥ H (t−b[φ (q)−ψ (Sq)])

where ψ : X −→ R+ , φ : Y −→ R+ are two lower semi-continuous functions.

Then the mapping L : X×Y −→ X×Y , defined by L (p,q) = (Sq,T p), admits a fixed point

(p∗,q∗) in X×Y .

Proof. We distinguish three cases:

Case.1 If there exists p∗ ∈ X such that ψ (p∗)< φ (T p∗), then by the system (2.1), for all t > 0,

we have Fp∗,ST p∗ (t) = 1. Thus, p∗ = ST p∗. Setting q∗ = T p∗, we have Sq∗ = p∗ and then

(p∗,q∗) is a fixed point of L .

Case.2 If there exists q∗ ∈Y such that φ (q∗)< ψ (Sq∗), then the same argument used in Case.1

gives the desired result.

Case.3 Suppose that, for all (p,q) ∈ X×Y , we have φ (T p)≤ ψ (p) and ψ (Sq)≤ φ (q).

We put ν = min(a,b)

Claim. The binary relation “ � ” on X×Y defined by:

(2.2) (p,q)�
(

p′,q′
)
⇐⇒

 Fp,p′ (t)≥ H
(

t−ν

(
ψ (p)−ψ

(
p
′
)))

Gq,q′ (t)≥ H
(

t−ν

(
φ (q)−φ

(
q
′
)))
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is a partial order. The reflexivity and the antisymmetry of “� ”are obvious. For the transitivity,

observe that

(2.3) if (p,q)�
(

p′,q′
)
, then φ

(
q′
)
≤ φ (q) and ψ

(
p′
)
≤ ψ (p) .

Indeed,

• if φ (q′) > φ (q), by the definition of “ � ”, we have Gq,q′ (t) = 1, for all t > 0. This

implies that q′ = q, which is a contradiction;

• if ψ (p′) > ψ (p), then Fp,p′ (t) = 1, for all t > 0. This implies that p′ = p, which is a

contradiction.

Let (p1,q1) ,(p2,q2) ,(p3,q3) ∈ X ×Y such that (p1,q1)� (p2,q2) and (p,q2)� (p3,q3). Ap-

plying (2.3), we get

φ (q3)≤ φ (q2)≤ φ (q1) and ψ (p3)≤ ψ (p2)≤ ψ (p1) .

Let t > 0.

• If t ≤ ν (φ (q1)−φ (q3)), then Gq1,q3 (t)≥ 0 = H (t−ν (φ (q1)−φ (q3))).

• If t > ν (φ (q1)−φ (q3)), taking t1, t2 > 0 such that t = t1+t2 and t1 > ν (φ (q1)−φ (q2))

and t2 > ν (φ (q2)−φ (q3)), we have

Gq1,q3 (t)≥ τ
(
Gq1,q2 (t1) ,Gq2,q3 (t2)

)
≥ τ (H (t1−ν (φ (q1)−φ (q2))) ,H (t2−ν (φ (q2)−φ (q3))))

= τ (1,1) = 1 = H (t−ν (φ (q1)−φ (q3))) .

By the same argument, we obtain

Fp1,p3 (t)≥ H (t−ν (ψ (p1)−ψ (p3))) .

It follows from (2.2) that (p1,q1)� (p3,q3). Consequently, “� ”is a partial order on X×Y .

Claim. The partially ordered set (X×Y,�) has a maximal element.

Let {(pα ,qα)}α∈I be a chain of X × Y indexed by a totally ordered set I. The nets

(ψ (pα))α∈I and (φ (qα))α∈I are decreasing and thus convergent respectively to some reals
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l1 and l2. For all ε > 0 and λ > 0 such that ε > λ , there exists α0 ∈ I such that for all α ∈ I,

α0 ≤ α =⇒ l1 ≤ ψ (pα)< l1 +
λ

ν
.

Let α,β ∈ I such that α0 6 α 6 β . Then ψ (pα)−ψ
(

pβ

)
≤ λ

ν
and

Fpα ,pβ
(ε)≥ H

(
ε−ν

(
ψ (pα)−ψ

(
pβ

)))
≥ H (ε−λ ) = 1

> 1−λ .

By the same argument, there exists α1 ∈ I such that for all α,β ∈ I,

α1 6 α 6 β =⇒ Gqα ,qβ
(ε)> 1−λ .

Let α2 = α0 ∨ α1. For all α,β ∈ I such that α2 6 α 6 β , we have Fpα ,pβ
(ε) > 1− λ

and Gqα ,qβ
(ε) > 1− λ . Then F∞

(pα ,qα ),(pβ ,qβ)
(ε) > 1− λ . Hence ((pα ,qα))α∈I is a Cauchy

net in X ×Y . From Lemma 1.15, the sequence ((pα ,qα))α∈I is convergent in X ×Y . Let

(p,q) ∈ X ×Y such that (pα ,qα) −→ (p,q). Thus, pα −→ p and qα −→ q. In view of the

lower semicontinuity of φ and ψ , it follows that for all α ∈ I,

φ (q)≤ liminf
β

φ
(
qβ

)
= lim

β

φ
(
qβ

)
= l2 ≤ φ (qα) .

By the same argument, we obtain ψ (p)≤ ψ (pα), for all α ∈ I.

Now, we prove that (p,q) is an upper bound of ((pα ,qα))α∈I . In fact, let α ∈ I and t > 0 is

a continuous point of Fpα ,p. By Theorem 1.14, we have

Fpα ,p (t) = lim
β

Fpα ,pβ
(t)

≥ liminf
α

H
(
t−ν

(
ψ (pα)−ψ

(
pβ

)))
≥ H (t−ν (ψ (pα)−ψ (p))) .

Let t be any positive number. Since the distribution function Fpα ,p is nondecreasing, there

exists a sequence of continuous points t1 < t2 < ... < tn < .. of Fpα ,p such that tn −→ t. Letting

n−→+∞ in the inequality

Fpα ,p (tn)≥ H (tn−ν (ψ (pα)−ψ (p)))
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and using the left continuity de Fpα ,p and H, we get

Fpα ,p (t)≥ H (t−ν (ψ (pα)−ψ (p))) .

By the same argument, one can show that, for all t > 0 and α ∈ I,

Gqα ,q (t)≥ H (t−ν (φ (qα)−φ (q))) .

Applying (2.2), we obtain (pα ,qα) � (p,q), for all α ∈ I, i.e., (p,q) is an upper bound of

((pα ,qα))α∈I . By Zorn’s lemma, (X×Y,�) has a maximal element (p1,q1) proving the claim.

By (2.1), we obtain:
Fp1,ST p1 (t)≥ H (t−ν (ψ (p1)−ψ (ST p1)))

Gq1,T Sq1 (t)≥ H (t−ν (φ (q1)−φ (T Sq1)))

According to (2.2), we have (p1,q1)� (ST p1,T Sq1). Then (p1,q1)= (ST p1,T Sq1), that is,

ST p1 = p1 and T Sq1 = q1. If we put p∗ = p1 and q∗ = T p1, the desired result holds.

�

Example 2.3. Consider the sets X = [1;+∞[ and Y = ]0;1] respectively endowed with the

metrics d and δ defined, for all (p1, p2) ∈ X2 and (q1,q2) ∈ Y 2, by

d (p1, p2) = 2 |p1− p2| and δ (q1,q2) =

∣∣∣∣ 1
q1
− 1

q2

∣∣∣∣
and define the functions

F : X×X −→ D and

(p1, p2) 7−→ Fp1,p2

G : Y ×Y −→ D

(q1,q2) 7−→ Gq1,q2

as follows:

Fp1,p2 (t) = H (t−2 |p1− p2|) and Gq1,q2 (t) = H
(

t−
∣∣∣∣ 1
q1
− 1

q2

∣∣∣∣) , for all t ∈ R.

Since the metric spaces (X ,d) and (Y,δ ) are complete, (X ,F ,τM) and (Y,G ,τM) are complete

Menger spaces.
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Consider the two mappings T : X −→ Y and S : Y −→ X defined by

T p =

 1
p ; p ∈ [1,2[

1 ; p ∈ [2,+∞[
and Sq =

 1
q ; q ∈]0, 1

2 [

1 ; q ∈ [1
2 ,1]

and the lower semi-continuous functions ψ : X −→ R+, φ : Y −→ R+ defined by:

ψ (p) =

 2p ; p ∈ [1,2[

p+1 ; p ∈ [2,+∞[
and φ (q) =

 2
q ; q ∈]0, 1

2 [

1
q +1 ; q ∈ [1

2 ,1]

Let us show that, for all (p,q) ∈ X×Y and t > 0,
Fp,ST p (t)≥ H (t−2(ψ (p)−φ (T p))) ,

Gq,T Sq (t)≥ H (t− (φ (q)−ψ (Sq))) .

Since the function H is nondecreasing, it suffices to show that, for all (p,q) ∈ X×Y ,

(S) :

 |p−ST p| ≤ ψ (p)−φ (T p) ,∣∣∣1
q −

1
T Sq

∣∣∣≤ φ (q)−ψ (Sq) .

Note that for all (p,q) ∈ X×Y , ST p = 1 and T Sq = 1.

• If p ∈ [1,2[, we have |p−ST p|= p−1 and ψ (p)−φ (T p) = 2p− p−1 = p−1.

• If p ∈ [2,+∞[ ,we have |p−ST p|= p−1 and ψ (p)−φ (T p) = p+1−2 = p−1.

• If q ∈
]

0,
1
2

[
, we have

∣∣∣∣1q − 1
T Sq

∣∣∣∣= 1
q
−1 and φ (q)−ψ (Sq) =

2
q
− 1

q
−1 =

1
q
−1.

• If q =
1
2

, we have
∣∣∣∣1q − 1

T Sq

∣∣∣∣= 1 = φ

(
1
2

)
−ψ

(
S

1
2

)
.

• if q ∈
]

1
2
,1
]

, we have
∣∣∣∣1q − 1

T Sq

∣∣∣∣= 1
q
−1 and φ (q)−ψ (Sq) =

1
q
+1−2 =

1
q
−1.

Then, for all (p,q) ∈ X ×Y , the system (S) is satisfied. Hence, we have, for all (p,q) ∈ X ×Y

and t > 0, 
Fp,ST p (t)≥ H (t−2(ψ (p)−φ (T p))) ,

Gq,T Sq (t)≥ H (t− (φ (q)−ψ (Sq))) .

All conditions of Theorem 2.2 are satisfied and p∗ = q∗ = 1.

If we take X = Y , F = G , ψ = φ , S = idX and a = b = 1, we obtain [21, Theorem 3] as a

corollary:
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Corollary 2.4. Let (X ,F ,τ) be a complete Menger space with τ satisfying the condition

(P). Let T : X −→ X be a mapping such that, for all p ∈ X and t > 0,

Fp,T p (t)≥ H (t−φ (p)+φ (T p)) ,

where φ : X −→ R+ is a lower semi-continuous function. Then the mapping T admits a fixed

point p∗ in X.

3. APPLICATION

Let (Ω,A ,P) be a probability measure space. Denote by E the set of all the equivalence

classes of measurable mappings p : Ω−→R+. For every p,q ∈ E the function Fp,q, defined for

every t ∈ R by Fp,q (t) = P({ω : |p(ω)−q(ω) |< t}), is a distribution function. Consider the

family defined by F (p,q) = Fp,q, for every (p,q) ∈ E 2 and the Lukasiewicz t-norm defined

by τL (x,y) = max{x+ y− 1,0} for every x,y ∈ [0,1]. From [6, Proposition 2.84], the triplet

(E ,F ,τL) is a complete Menger space. For k > 0 and α > 0, we denote by RL k (E ) the set

of functions f : E −→ E such that, for all p,q ∈ E , t ∈ R and ω ∈Ω,

Ff p, f q (t)≥ Fp,q

( t
k

)
and f p(ω)≤ α

Let f and g be two elements of RL k (E ). The following application

d∞( f ,g) : (Ω,A ) −→
(
[0,1] ,B[0,1]

)
ω 7−→ sup

p∈E
d ( f p(ω) ,gp(ω))

is a random variable, where d ( f p(ω) ,gp(ω)) = | f p(ω)−gp(ω) |.

Let F ∞ be the family of distribution functions defined by:

F∞
f ,g (t) = P({ω : d∞( f ,g)(ω)< t}) , for all f ,g ∈RL k (E ) and t > 0.

Lemma 3.1. The ordered triple (RL k (E ) ,F ∞,τL) is a complete Menger space.

Proof.

(1) (RL k (E ) ,F ∞,τL) is a Menger space. Indeed, let f ,g,h ∈RL k (E ).

• (∀t > 0 : F∞
f ,g (t) = 1) ⇐⇒ ∀p ∈ E : f p = gp ⇐⇒ f = g.

• F∞
f ,g (0) = P({ω ∈Ω : d∞ ( f ,g)(ω)< 0}) = P( /0) = 0.

• F∞
f ,g = F∞

g, f .
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• Let t1, t2 > 0 such that F∞
f ,g (t1) = 1 and F∞

g,h (t2) = 1. Consider the two sets

A = {ω ∈Ω : d∞ ( f ,g)(ω)< t1} and B = {ω ∈Ω : d∞ (g,h)(ω)< t2}.

Since for all ω ∈Ω

d∞ ( f ,h)(ω)≤ d∞ ( f ,g)(ω)+d∞ (g,h)(ω) ,

it follows that

A∩B⊂ {ω ∈Ω : d∞ ( f ,h)(ω)< t1 + t2} .

Therefore,

P(A∩B)≤ P({ω ∈Ω : d∞ ( f ,h)(ω)< t1 + t2}) .

Since

P(A∩B) = P(A)+P(B)−P(A∪B)≥ P(A)+P(B)−1 = 1,

then P(A) = F∞
f ,g (t1) = 1 and P(B) = F∞

g,h (t2) = 1. Hence

F∞
f ,h (t1 + t2) = P({ω ∈Ω : d∞ ( f ,h)(ω)< t1 + t2}) = 1.

From the above calculation we have

F∞
f ,h (t1 + t2)≥ F∞

f ,g (t1)+F∞
g,h (t2)−1.

Since F∞
f ,h (t1 + t2)≥ 0, then

F∞
f ,h (t1 + t2)≥max

(
F∞

f ,g (t1)+F∞
g,h (t2)−1,0

)
.

Hence the triangular inequality holds.

(2) (RL k (E ) ,F ∞,τL) is complete. Indeed, let ( fn)n be a Cauchy sequence in

(RL k (E ) ,F ∞,τL). Let ε,λ > 0. Then there exists N ∈ N such that, for all n,m≥ N,

we have

F∞
fn, fm (ε)≥ 1−λ .

Let p ∈ E . Since

{ω ∈Ω : d∞ ( fn, fm)(ω)< ε} ⊂ {ω ∈Ω : d∞ ( fn p, fm p)(ω)< ε} ,
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then Ffn p, fm p (ε) ≥ F∞
fn, fm (ε) ≥ 1− λ and ( fn p)n is a Cauchy sequence in (E ,F ,τL).

As the space (E ,F ,τL) is a complete Menger space [20, Theorem 3.4], the sequence

( fn p)n converges in E . The mapping f : E −→ E , p 7−→ f p := lim
n→∞

fn p is well defined.

To prove that f ∈RL k (E ), let us fix p,q ∈ E and t > 0 and proceed in two steps:

(i) Suppose that t is a continuous point of Ff p, f q. Since ( fn p)n converges to f p

and Ffn p, fnq (t) ≥ Fp,q
( t

k

)
for all n ∈ N, we get, according to Theorem 1.14, that

Ff p, f q (t)≥ Fp,q
( t

k

)
.

(ii) If t is not a continuous point of Ff p, f q, there exists a nondecreasing sequence of

continuous points (tn)n in Ff p, f q such that tn converges to t. As proved in the above

step, Ff p, f q (tn)≥ Ff p, f q
( tn

k

)
, for all n ∈ N. Using the left continuity of Ff p, f q, we

obtain that Ff p, f q (t)≥ Fp,q
( t

k

)
.

Let us prove that ( fn)n converges to f with respect to F ∞. Let ε,λ > 0, there exists

N ∈ N, such that for all m > n≥ N, F∞
fn, fm (ε)≥ 1−λ . Using the same argument above

depending on whether ε is a continuous point of F∞
fn, f or not, we prove that

F∞
fn, f (ε)≥ 1−λ , for all n ∈ N.

It remains to prove that ( f p)(ω) ≤ α , for all p in E and all ω in Ω. Let p be an

arbitrary element in E . Since ( fn)n converges to f with respect to F ∞, the sequence

( fn p)n converges to f p with respect to F . This implies that ( fn p)n converges in law to

f p. Consider the two distribution functions:

Fn (t) = P({ω ∈Ω : ( fn p)(ω)≤ t}) and F (t) = P({ω ∈Ω : ( f p)(ω)≤ t}).

Suppose α is any continuous point of F . Since ( fn p)n converges in law to f p, then

lim
n→∞

Fn (α) = F (α). Since Fn (α) = 1 for all n ∈ N, then

P({ω ∈Ω : f p(ω)≤ α}) = F (α) = 1,

which implies that ( f p)(ω) ≤ α for all p in E and all ω in Ω. Let α be an arbitrary

positive real. Since F is nondecreasing, then there exists a nonincreasing sequence of

continuous points (tm)m of F converging to α and satisfying

F (tm) = lim
n→∞

Fn (tm)≥ lim
n→∞

Fn (α) = 1, for every m ∈ N.
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Using the right continuity of F and letting m −→ ∞, we get F (α) = 1. Therefore,

( f p)(ω) ≤ α for all p in E and all ω in Ω, proving that (RL k (E ) ,F ∞,τL) is a

complete Menger space.

�

Let H be the set of the pairs (u,v) of continuous functions defined from [a,b]× [0,α] to R+

satisfying the three following conditions:

(i) For all s ∈ [a,b] and all x,y ∈ [0,α]:
|u(s,x)−u(s,y) | ≤ |x− y|;

|v(s,x)− v(s,y) | ≤ |x− y|.

(ii) For all s ∈ [a,b]: u(s,0) = 0 and v(s,0) = 0.

(iii) for each (s,x) ∈ [a,b]× [0,α],
v(s,µu(x))≥ 2u(s,x)− x

u(s,µv(x))≥ 2v(s,x)− x,

where µu(x) =
1

b−a

∫ b

a
u(s,x)ds and µv(x) =

1
b−a

∫ b

a
v(s,x)ds

Remark 3.2. If (u,v) ∈H , then 0≤ u(s,x)≤ x and 0≤ v(s,x)≤ x , for all (s,x) ∈ [a,b]×

[0,α].

Let (u,v) ∈H . Consider the two mappings T,S : RL k(E )→RL k(E ) defined by

(T f ) p(ω) =
1

b−a

∫ b

a
u(s, f p(ω))ds and (Sg) p(ω) =

1
b−a

∫ b

a
v(s,gp(ω))ds,

for all f ,g ∈RL k (E ), p ∈ E and ω ∈Ω.

Denote by S the set of all permutations on N.

Theorem 3.3. Let (u,v) ∈H . If there exists β > 0 and f0 ∈RL k (E ) such that

T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l−1(n) ◦Sσ2l(n) f0 p(ω)≥ β ,

for all n ∈ N, l ∈ N, p ∈ E , ω ∈Ω and all σ1, ...,σ2l ∈S.
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then the integral equation system

(IES)


gp(ω) =

1
b−a

∫ b

a
u(s, f p(ω))ds

f p(ω) =
1

b−a

∫ b

a
v(s,gp(ω))ds

admits a non trivial solution ( f ∗,g∗) in (RL k (E ))2 .

Proof. 1) First we show that T and S are well defined. Let f ∈RL k (E ), (p,q) ∈ E 2 and

t > 0 such that d ( f p(ω) , f q(ω))< t. Using the condition (i), we have

d (u(s, f p(ω)) ,u(s, f q(ω)))< t, for all s ∈ [a,b]. Applying the integral properties, we get

d
(

1
b−a

∫ b

a
u(s, f p(ω))ds,

1
b−a

∫ b

a
u(s, f q(ω))ds

)
< t.

This implies that d ((T f ) p(ω) ,(T f )q(ω))< t. Thus,

{ω : d ( f p(ω) , f q(ω))< t} ⊂ {ω : d ((T f ) p(ω) ,(T f )q(ω))< t} .

Hence

F(T f )p,(T f )q (t)≥ Ff p, f q (t)≥ Fp,q

( t
k

)
.

On the other hand, one can easily show that 0≤ (T f )p(ω)≤ f p(ω), for all f ∈RL k(E ) and

(p,ω) ∈ E ×Ω. It follows that T f ∈RL k (E ). Similary, we prove that S f ∈RL k (E ) for all

f ∈RL k (E ).

2) We show that T is continuous. Let ( fn)n be a sequence in RL k (E ) converging in

RL k (E ) to f with respect to F ∞. Let n ∈ N, p ∈ E and ω ∈Ω.

|(T fn p)(ω)− (T f p)(ω)| ≤ 1
b−a

∫ b

a
|u(s,( fn p)(ω))−u(s,( f p)(ω))|

≤ |( fn p)(ω)− ( f p)(ω)|

Then d∞ ( fn, f )(ω) ≥ d∞ (T fn,T f )(ω), and F∞
fn, f (t) ≤ F∞

T fn,T f (t) for all t in R. Hence for all

ε,λ > 0, there exists N in N such F∞
T fn,T f (ε)≥ 1−λ .

3) Let [RL k (E )]
β

be the set of the elements f ∈RL k such that for all l,n∈N,p∈ E ,ω ∈Ω

and {σi}1≤i≤2l ∈S

T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l−1(n) ◦Sσ2l(n) f p(ω)≥ β
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The non empty set [RL k (E )]
β

is a closed. Indeed, let ( fn)n∈N be a sequence of elements of

[RL k (E )]
β

converging to f with respect to F ∞. Let l,m ∈ N, {σi}1≤i≤2l ∈ S, p ∈ E and

ω ∈Ω, Since T and S are continuous functions then

T σ1(m) ◦Sσ2(m) ◦ ...◦T σ2l−1(m) ◦Sσ2l(m) fn

converges to T σ1(m) ◦Sσ2(m) ◦ ...◦T σ2l−1(m) ◦Sσ2l(m) f with respect to F ∞. Since

T σ1(m) ◦Sσ2(m) ◦ ...◦T σ2l−1(m) ◦Sσ2l(m) fn p(ω)≥ β

for all p ∈ E and all ω ∈Ω . Using the same argument based in the convergence in law, we can

show that

T σ1(m) ◦Sσ2(m) ◦ ...◦T σ2l−1(m) ◦Sσ2l(m) f p(ω)≥ β ,

proving that f ∈ [RL k (E )]
β
.

Now, we prove that [RL k (E )]
β

is sable by T and S. Let f ∈ [RL k (E )]
β

. Let l,n ∈ N,

p ∈ E , ω ∈Ω and σ1, ...,σ2l ∈S.

T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l−1(n) ◦Sσ2l(n) (T f ) p(ω)

= T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l+1(n) ◦Sσ2l+2(n) f p(ω)

where σ2l+1,σ2l+2 ∈S such that σ2l+1 (n) = 1 and σ2l+2 (n) = 0. Since f ∈ [RL k (E )]
β

, we

get

T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l−1(n) ◦Sσ2l(n) (T f ) p(ω)≥ β .

By the same we obtain

T σ1(n) ◦Sσ2(n) ◦ ...◦T σ2l−1(n) ◦Sσ2l(n) (S f ) p(ω)≥ β ,

where σ2l+1,σ2l+2 ∈S such that σ2l+1 (n) = 0 and σ2l+2 (n) = 1.

4) We conclude by checking that all conditions of Theorem 2.2 are satisfied. Let f ∈

[RL k (E )]
β

, t > 0, s ∈ [a,b], p ∈ E and ω ∈Ω, we have

v(s,(T f )p(ω))≥ 2u(s, f p(ω))− f p(ω).

By integrating, we get

(ST f )p(ω))≥ 2(T f )p(ω)− f p(ω).
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Then

(T f )p(ω)− (ST f )p(ω)≤ f p(ω)− (T f )p(ω).

Using this fact,

| f p(ω)− (ST f )p(ω)|= ( f p(ω)− (T f )p(ω))+((T f )p(ω)− (ST f )p(ω))

≤ 2( f p(ω)− (T f )p(ω)) .

Then

sup
p∈E

( f p)(ω)− sup
p∈E

(T f p)(ω)≥ 1
2

sup
p∈E
|(ST f )p(ω)− f p(ω)| ..

If we consider the mapping φ : [RL k (E )]
β
→ R+ defined by

φ( f ) =
∫

Ω

sup
p∈E

( f p)(ω)dP,

we obtain

2(φ( f )−φ(T f ))≥
∫

Ω

d∞(ST f , f )(ω) dP.

The map φ is continuous on [RL k (E )]
β

. Indeed, let us fix a sequence ( fn)n ⊂ RL k (E )

and f ∈ [RL k (E )]
β

such that fn −→
n→∞

f with respect to F ∞. Let ε > 0, there exists

N ∈ N such that, for every n ≥ N we have Ffn, f (ε) ≥ 1− ε . Then, for all n ≥ N, we get

P({ω : d ( fn (ω) , f (ω))≥ ε})≤ ε and

|φ ( fn)−φ ( f )|=
∣∣∣∣∫

Ω

d∞ ( fn,0)(ω)−d∞ ( f ,0)(ω)dP
∣∣∣∣

≤
∫

Ω

d∞ ( fn, f )(ω)dP

If we set En,ε = {ω : d∞ ( fn, f )(ω)< ε}, then

|φ ( fn)−φ ( f )| ≤
∫

En,ε

d∞ ( fn, f )(ω)dP+
∫

Ω−En,ε

d∞ ( fn, f )(ω)dP

≤ ε +P({ω : d∞ ( fn, f )(ω)≥ ε})

≤ 2ε.

If t > 2(φ( f )−φ(T f )), then t >
∫

Ω
d∞( f ,ST f )(ω) dP and t > d∞( f ,ST f )(ω) p.p.
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Thus

F∞
f ,ST f (t) = P{ω : d∞( f ,ST f )(ω)< t}= 1≥ H (t−2(φ ( f )−φ (T f ))) .

If t ≤ 2(φ ( f )−φ (T f )), the above inequality is obvious.

By the same argument we show that, for all t > 0,

F∞
g,T Sg (t) = P{ω : d∞(g,T Sg)(ω)< t} ≥ H (t−2(φ (g)−φ (Sg))) .

Thus all the assumptions of Theorem 2.2 are satisfied, therefore the system (IES) admits at least

a solution ( f ∗,g∗) ∈ ([RL k (E )]
β
)2.

�

4. CONCLUSION

This work is part of a fixed point research project for mappings verifying Caristi-type con-

tractions in the context of Menger spaces. This is a continuation of the study published in [3].

Our main result improves, extends, and generalizes some classical results:

(i) It improves and generalizes [21, Theorem 3] as mentioned in Corollary 2.4.

(ii) It extends [3, Corollary 2.2] from standard metric spaces to a Menger spaces.

The objective of the application is to prove the existence, under certain conditions, of a solution

of a system of random nonlinear integral equations. It’s an extension and a generalization of

many existing classical ones.
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