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Abstract. The main purpose of this paper is to define a generalized 2-metric and prove the existence and unique-
ness of fixed points for (y, @) generalized weakly contractive mappings in a generalized 2-metric space.
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1. INTRODUCTION

The study of fixed point theorems for self maps satisfying different contraction conditions
is the center of rigorous research activities. Dutta et al. introduced (y, ¢)-weakly contractive
maps in 2008 and obtained some fixed point results for such contractions, [4]. Later, G. V. R.
Babu et al. introduced (v, @)-almost weakly contractive maps in G-metric space, [1]. Fixed
points of contractive maps on S-metric spaces were studied by several authors and since then,
several contractions have been considered for proving fixed point theorems, [6, 2, 3, 10]. The
authors D. Venkatesh et al. further proved some fixed point outcomes in S;-metric spaces using
(v, @)-generalized weakly contractive maps in S,-metric spaces, [7].
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The concept of an area of a triangle in R? inspired, Gihler to introduced the concept of a 2-

metric, as a generalization of the metric, [5].

Definition 1.1. [S] Let X be a non-empty set and d : X x X x X — [0,e0) be a map satisfying
the following properties

(i) If x,y,z € X then d(x,y,z) = 0 only if at least two of the three points are the same.

(ii) For x,y € X such that x # y there exists a point z € X such that d(x,y,z) # 0.

(iii) symmetry property: for x,y,z € X,
d(x,y,z) =d(x,z,y) =d(y,x,2) = d(y,z,x) = d(z,x,y) = d(z,y,x).
(iv) rectangle inequality:
d(x,y,z) <d(x,y,t) +d(y,z,t) +d(z,x,t)

forx,y,z,t € X.

Then d is a 2-metric and (X,d) is a 2-metric space.

Definition 1.2. Let X be a non-empty set and d : X x X x X — [0,0) be a map satisfying the
following properties:

(i) If x,y,z € X then d(x,y,z) = 0 only if at least two of the three points are the same.

(ii) For x,y € X such that x # y there exists a point 7 € X such that d(x,y,z) # 0.

(iii) symmetry property: for x,y,z € X,
d(x,y,2) = d(x,2,y) = d(y,x,2) = d(y,2,%) = d(z,x,y) = d(z,y,%).
(iv) modified rectangle inequality:there exists o, 3,7 > 1 such that
d(x,y,z) < od(x,y,t)+ Bd(y,z,t) + yd(z,x,1)

forx,y,z,t € X.

Then d is a generalized 2-metric and (X ,d) is a generalized 2- metric space.

If « = B = y =1 then a generalized 2-metric is a 2-metric.
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Definition 1.3. Let (X,d) be a generalized 2-metric space. Let x,y € X and € > 0. Then the

subset
Be(x,y) ={z e X;d(x,y,z) < €}

of X is called a generalized 2-ball centered at x,y with radius €. A topology can be generated in
X by taking the collection of all generalized 2-balls as a subbasis, which we call the generalized
2-metric topology and is denoted by t. Thus (X, 7) is a generalized 2-metric topological space.
Members of T are called 2-open sets. From the property of the metric is can easily be seen that

Bs(x7y) = B[.;(y,)C)fOrS > 0

Example 1.4. Let X = [0, 1] and define

0 , only if at least two of the three points are the same

(1) dxyz) =

eP—yIHy—zl+|z—x| otherwise

For x,y,z € X and using Jensens’ inequality, we get

d(x,y,z)
— Pzl + =]
1 1 2 5
— prPylrsly—zltglexl pz -yl 3 y—zl+- 3z

< Petboyl b=+ flax

1 1 1
< e? {Eelx—yl + §ely—ZI + 6elz—ﬂfl}

<& {le|x—y|+|y—t|+z—x + %ez—y|+y—r+t—z + éez—x|+x—t+|r—z|}
= ad(x,y,1) + Bd(z,y,1) + vd(z,x,)

where o = %62 >1,B8= %ez >landy= %ez > 1. It follows that d is a generalized 2-metric.

Definition 1.5. Let {x,}, . be a sequence in a generalized 2-metric space (X ,d).

a) the sequence {x,}, .y is convergent to x € X iff for all & € X,

lim d(x,,x,&) =0.

n—eo
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b) the sequence {x,},y is a Cauchy sequence in X iff for all § € X,

lim d(x,,xm,&) =0.

n,m—roo

2. MAIN RESULT

Definition 2.1. [8] A function y : [0,00) — [0,00) is an altering distance function if it satisfies:
(i) y is continuous and non-decreasing.

(ii) y(t) =0 <= r=0.

To this prove uniqueness and existence of a fixed point the definition was amended to include:
(iii) v is sublinear function.

Denote the class of all altering distances functions by V.

Definition 2.2. Ler (X,d) be a generalized 2—metric space and T : X — X is a contraction if

there exists 0 < A < 1 such that
d(Tx,Ty,&) < Ad(x,y,§)

forall x,y,& € X.

In [9], authors have proved a similar result in a b, metric space with the additional property

that the set is partially ordered.

Definition 2.3. Let (X,d) be a generalized 2-metric space and a mapping T : X — X isa (y, )
generalized almost weakly contraction if it satisfies the inequality

By(d(Tx,Ty,§))
S v <max {d(x’y’§)7 d(vax7§)d(vay7€) d(vax7§)d(va)’7§) })

I+d(xy,E) °  1+d(TxTy8)

d(x,Tx,)d(y,Ty,E) d(x,Tx,£)d(y,Ty,E)
- <maX {d(x,y,é), ( 1+d()x,§,y5)y } (1+d(T)x,Tyy,§y) })

2) +pumin{d(x,Tx,8),d(x,Ty,§),d(y,Tx,5),d(y Ty,¢)}

where x,y,z€ X, 4 >0and y,p c V.

Theorem 2.4. Let (X,d) be a generalized complete 2—metric space and T : X — X be a (y, @)

generalized almost weakly contractive mapping. Then T has a unique fixed point.
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Proof. Let xo € X and define a sequence {x,},cy in X by
Xp = Txp—1,

for all n € N. If x, = x,,1 for some n € N then we have a fixed point. We assume that x,, #
Xn+1 and we shall show that the sequence {d(x,,x,+1,&)},cn is a decreasing sequence of real

numbers. By (2), we get

v (d(xn,Xn11,6))
=y (d(Txp—1,Txn,§))

< % [‘l’ (max{d(xn_l,xn,é),d(x”’l’Tx"’l’g)d(x”’“’“é) d(xnfl7Txn717§)d(xnaTxm§)})

1+d(Txn—]aTxl’lvé) ! 1+d(xl’l—laxn?§)

d(xp—1,Tx,1,6)d (%, Txn, &) d(xp_1,Txp_1,E)d(xn,Txn,E
-0 (max {d(xn—l yXn, g)? ( ll—i-d(Txln,l),T(xn,f) ) s ( ll—O—d(xl,,,]),x,(l,é) ) })

(3) +.umin{d(xn*17Txn7€)7d<xi’l7Txlhé)ad(xnflaTxn717€)7d<xn7Txnfla5)}]
since % <1, we get
W (d(Xn, Xn41,5))

= W(d(Txn—lvTxmé))
S ll/ <maX {d(xnfl ,xn7§)’ d(xnfl»Txnflvé)d(-xn:Txmg) d(xnflaTxnfl7§)d(xn7Txn7§) })

1+d(Txn,1,Txn7§) ’ 1+d(xn717xn7§)

d(xp—1,Tx,-1,E)d (%0, Txn, &) d(xp_1,Txp—1,E)d (%0, Txn, &
— (p (maX {d(xn—] ) é)? ( ll-i-d(Txln_l)7T(xn,é) ) I ( Il—ﬁ—d(xil_])ﬂy(”é) ) })

4) +pumin{d(xp—1,Txn, &), d (X, Txn, &) d (X—1, Txp—1,&),d (xp, Tx—1,6) }
Inequality (4), can be reduced since
min {d (%1, T, €),d (s T &), d (%1, T 1, ) (50, T 1,E)
= min{d (xy—1,%n41,8),d (xn, Xn41,8), d (Xn—1,%, 8 ), d (X, Xn, S ) }
5) =0.

Using (5), inequality (4) reduces to

W (d(xn; Xn41,8))

(6) < lll(max {d(xn*hxnvé)?d(xmxwrl?‘:)}) -0 (max {d(xnflvxmé)vd(xmxlﬂrlvg)}>
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Inequality (6) further reduces, if we assume that

max {d(x,—1,%n,&),d(xXn,Xn11,&) } = d(xXpn—1,%, )

for otherwise, we assume that

max {d(Xp—1,%n,§),d (X, X1, §)} = d (Xn, X 41, ).

In the latter case, inequality (6), reduces to

W (d(Xn,%n41,8)) < W(d(Xn,%n41,8)) — @ (d (X0, %011,8))
(7

It follows that 0 < —@ (d(x,,x,+1,&)) which leads to a contradiction. Thus

max {d(x,—1,%n, &),d(Xn, Xn+1,E) } = d(xn—1,%4, ). Hence, we have

W(d(xmxlﬂ-l?é)) < W(d<xn—17xn7§)) - (p(d(xn—lvxnag))
) < W(d<xn—17xn7§))

It follows that {d(x,,Xx,11,&)},cy is a decreasing sequence.
We next shall show that lim,, e d (X, X,11,&) = 0. Suppose that

limy,—yeo d (X, Xn+1,E) = r where r > 0 then taking limit as n — oo in inequality (7) we get

©9) v(r) < y(r)—o(r)

which is a contradiction unless we have that »r = O thus

limy, oo d (X, Xp41,E) = 0.

We next shall prove that {x,},.y is a Cauchy sequence in X. From the modified rectan-

gular inequality we obtain,

d(xl’laxn’hé) < ad(xn,xm,xn+1) +ﬁd(xm7§axn+l) + Yd(gvxmxn-l-l)
< ad(-xn;xi’l-i-] ;xm) +ﬁad(xmaxm+l 7&) +B2d(xn+1 y Xm+1 76)
+[37d(xm,xm+1,xn+1) +Yd(xnaxn+la§)

(10)
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Using properties of the altering distance functions we get,

v (d(xn,xm, §))
< oy (d (X, Xt 1,%m)) + BoY (d (s Xn1,€)) + B2 (d (n1,m41,))
+ Byw (d(Xm, Xim+1,%n+1)) + YW (d (Xn, X011, 8))

(11)

Using inequality (2) in (11) we get

v (d(xn,Xm; )
< ay (d(Xn, Xt 1,%m)) + Baw (d(xm, Xm11,8))
+ ﬁll/ (max {d(xn,xm,é), d(xn, Txn,&)d (i, Txm, &) d (o, T, & )d (X, Tx, &) })

1+d(Tx, Txm,E) 1+d (xp,%m,8)
- B max d(-x X, é) d(xanxn7§)d(XM7Txmﬂé) d(mex”’é)d(x’"’Txm’é)
O nyXmy G ), 1+d(Txp Txm,&) 1+d (x xm,€)

+ ﬁumln {d(xm Txn7§)7d(xn7 Txma §)7d(xm7 Txn; €)>d(x1”ﬂ7 Txm?é)}
(12) +BYW(d(xm7xm+laxn+l))+Y‘I/(d(xn;xn+la§))

Taking m,n — o we get,

: d (0, T2, 8)d (X, Txm, &) d (X, T, &) (im, T X, &)
m},ﬁilmmax{d(x"’xm’é)’ +d(Tox, Txg) 0 1+d (i m,8)

— lim max{d(xn,xm,cg) d (X X0 11,8)d (Xm X1 1,6) d(xn,anrl,é)d(xm,me,é)}

m,n—oo 1+d(xn+1 Km+1 7&) ! l+d(xn ,Xm,é)
13 = Jim d(m,é)
and

lim min {d(x,, Tx,&),d(xn, Txu, &)y d (X, Txn, &)y d (X, T, §) }

m,n—oo

= lim min {d<xl’l7xn+la5)7d(xnaxm+la5)7d(xmaxn+la5)7d<xm7xm+17€)}

m,n—oo

(14) =0
Taking m,n — oo in (12), using (13) and (14) we get

15 v (ml,ilrgmd<xmxm,é)) < Bv (ml,grgmd<xn,xm,5>) —Bo (ml,grgmdm,xm,é))
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Inequality (15) is only true if lim,, ;e d(Xn,Xm,&) = 0. Thus we conclude that {x,},cy

is a Cauchy sequence in X. Since (X,d) is complete there exists x’ € X such that

limmﬂ%m d(xn,x/, é ) —

We now show that Tx' = x’. Replacing x,, = x,,11, X, = Tx’ in inequality (15), we get

(16)  y(limd(e.1.7x.8)) < By (lim d(xui1, 7€) ) ~ o (lim d (1. 7.))

It follows that

(17) v (d(,TX,&)) <Py (d(x,Tx,&)) —Bo (d(x, T ,&))

which leads to a contradiction, unless we have d(x',Tx',&) = 0 i.e., Tx' = x'. To prove unique-

ness of x’, we assume that x” is a fixed point of T such that X’ # x”". From inequality (2),

By(d(x' x",E))
By (d(Tx', Tx",&))
<y (max {d (¢ ", &), AL ATl 108)))

I+d(x' x".8) T d(TA T E
d '7 /7 d //7 //7 d
—(p(max{d(x’,x”,‘g’), . Tlif(l/,(ﬁf,g)x 5), (xli); T ;x//Tx >>
(18) +pmin{d(X,Tx,&),d(x, Tx",&),d(", T ,E),d(x", Tx" &)}

It follows that
By(d(,x".8)) <w(dx'x". &) — ¢ (d(x ,x".E))
(19)
is a contradiction unless d(x',x”, &) = 0 which implies that x' = x”. O

Corollary 2.5. Let (X,d) be a generalized complete 2-metric space and a mapping T : X — X
be a self mapping. If there exists ¥, ¢ € ¥ such that

By(d(Tx.7y.8)) < y (max {d(x.3.), T GIEENDRE 1)

d(x,Tx,E)d(y,Ty,E) d(x,Tx,E)d(y,Ty,E
-0 (max {d(x;%§)7 ( 1+d())67)(,?)§)y )7 (1+d(T)x,(7%;,§y) )}>

(20)

where x,y,z € X and vy, € Y. Then T has a unique fixed point.
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Proof. Follows from theorem 2.4 by taking p = 0. UJ

Corollary 2.6. Let (X,d) be a generalized complete 2-metric space and a mapping T : X — X

be a self mapping. If there exists ¢ € Y such that

B(d(Tx,Ty,8))
d(x,Tx,E)d(y,Ty,E) d(x,Tx,E)d(y,Ty,E)
< (max {d(X,y»&), ( 1+d(x7y?)§)y ’ (1+d(Tx7Tyy7'g‘y) })
d(x,Tx,£)d(y,Ty,E) d(x,Tx,E)d(y,Ty,E)
-0 (max {d(x,)@é)? 1+d(x’y?)§)y ) 1+d(Tx77%;,’§y) })

(21)
where x,y,z € X and ¢ € . Then T has a unique fixed point.
Proof. Follows from theorem 2.4 by taking y- the identity mapping U

Example 2.7. Let X = [0, 1| and define

0 , if at least two of the three points are the same
22)  d(xyz)=

el —yIHy—z+z—xl otherwise

It can be shown that d is a generalized 2-metric.
d is a generalized 2-metric.

Let T : X — X be defined by
T(x) =sinx

then forx #y#z€X,

|Tx—Ty|+|Ty —z|+ |z — Tx|
= |sinx —siny| + |siny — sin(sin ! 2)| + |sinx — sin(sin~! 2)|
1

<l|x—y|+ ‘y—sin_lz‘ + ‘x—sin_ Z|

<l =yl+ly—z+lx—z
Since the exponential function is increasing, it follows that

(23) e T =Tyl HTy=2l+e=Tx| < plr=yl+ly=2)l+]x—|
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Let y(t) =t then it follows that for some 3 > 1

Bw(d(Tx,Ty,z))
< y(d(x,y,2))

d(x,Tx,z)d(y,Ty,z) d(x,Tx,2)d(y,Ty,z)
<y (max {d(x,y,2), efrndban delegdili L)

It follows from theorem (2.4), that T has a unique fixed point in X.

3. CONCLUSION

In this paper, we proved the existence and uniqueness of a fixed point for a (y, ¢)-weakly
contractive mapping in a generalized 2-metric space by further imposing a sublinearity property

on the class of all altering distance functions.
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