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Abstract. In this paper, we introduce and study a modified inertial subgradient extragradient iterative method for
solving bilevel split quasimonotone variational inequality problems in the framework of real Hilbert spaces. The
method involves strongly monotone operators and quasimonotone operators as the cost operators. In addition,
we obtain a strong convergence result of the proposed method under some standard conditions on the control
parameters of the method. Our method does not require the prior knowledge of the operator norm or the coefficient
of the underlying operator in the space of infinite dimensional real Hilbert spaces. Finally, we provide some
numerical experiments to demonstrate the efficiency of our proposed methods in comparison with some existing
methods. Our result generalizes and improves some well-known results in literature.
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1. INTRODUCTION

Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H; and H, re-
spectively, A : Hy — Hy, B : Hy — H, are two operators and T : H| — H» is a bounded linear
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operator. The split variational inequality problem (SVIP) as introduced and studied by Censor

et al. in [5, 7] is defined as:

(1 Find x* € C that solves (Ax",x—x") >0V xeC
and
2) y*=Tx" € Q that solves (By",y—y*) >0V ye Q.

We denote the solution set of the problems (1), (2) and (1)-(2) by VI(C,A), VI(Q,B) and T,
respectively. The SVIP has wide applications in many fields such as phase retrieval, medical
image reconstruction, signal processing, and radiation therapy treatment planning see ([3, 8, 9])
and the references therein. It is easy see that, the SVIP (1) -(2) is a combination of the classical
variational inequality problems (VIP) introduced and studied independently by by Stampacchia
[26] and Fichera [10, 11] and the well-known split feasibility problem (SFP) introduced and
studied by Censor and Elfving in [9]: Find x* € C such that

3) y'=Tx"€Q.

The notion of SVIP has been studied extensively by many researchers, see [7, 19, 20, 25, 26] and
the reference therein for details. In 2017, Anh et al., [1] introduced and studied the notion of
a Bilevel Split Variational Inequality Problem (BSVIP) involving a strongly monotone operator

and a pseudomonotone operator. The BSVIP is defined as follows:

4) Find x* € " such that (Fx",x—x*) >0V x €T,

where I is the solution set of a SVIP (1)-(2) and F : Hy — H; is a strongly monotone and L-
Lipschitz continuous operator on H. It is easy to see that (4) is a generalization of SVIP (1)-(2).
Over the years one of the interesting techniques for approximating the solution of any bilevel
problem is the method of regularization or the use of the penalty function. These methods
will only work if the underlying cost operators are monotone, else, the methods will not be
applicable. For example, if the underlying operator is pseudomonotone, the regularization or

the use of the penalty function will not be applicable, because, the sum of a strongly monotone
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operator and a pseudomonotone operator is not always certain to be a monotone operator or a
pseudomonotone operator. Due to this drawback, researchers have employed the use of extra-
gradient method (EM), subgradient extragradient method (SEGM), the projection contraction
methods (PCM) and the Tseng’s extragradient methods for solving any form of bilevel prob-
lems. In particular, Anhetal., [1] applied the SEGM method to solve BSVIP in the framework

of Hilbert spaces. They defined their iterative method as follows.

(
u, = Txy,

Vp = PQ(un — W Fouy),

wn = Pg,(Un — UnF2vp),

where O, = {w € Hy : (uy, — UpFoup, — vp,w —vy,) <0}
) Y = Xn+ 0, T (Wp — )

tn = Pc(yn — AnFiyn)

2n = Pc,(yn — AF1ty)

where C, = {y € Hy : (yn — AyFiyn —tn,y — 1) <0}

(1 = NnXn + (1 - nn)zn — QU Fzp,

where F : Hy — H) is B-strongly monotone and L-Lipschitz continuous on Hy, F| : Hy — H;
is pseudomonotone and L-Lipschitz continuous on Hy, F> : H, — H, is pseudomonotone and

L,-Lipschitz continuous on Hj, &, C |a,b] for some a,b € (O, Hﬂﬁ) ,An C [c,d] for some

c,d € (07%1) and U, C [e, f] for some e, f € <O, L—12> They established that the sequence
generated by the iterative method (5) converges strongly to a unique solution of the BSVIP (4).

However, we have the following remarks regarding the iterative method (5):

Remark 1.1. (1) The operators F, and F; are pseudomonotone and Lipschitz continuous.
It is natural to ask if it is possible to weaken the operators F; and F;.
(2) It will be very difficult or impossible to compute the value of J,, since, it depends on

the value of the operator norm. That is &, C [a,b] for some a,b € (O, W) )



4 LUKUMON, MEBAWONDU, OFEM, AGBONKHESE, AKUTSAH, NARAIN
(3) Similarly, it will be difficult or impossible to compute the values of 4, and u, since
An C [c,d] for some c,d € (O,Lil) and W, C e, f] for some e, f € (O, LLZ)

(4) Is it possible to improve the convergence rate of the iterative method.

Furthermore, Huy et al., [16] introduced and studied a modified Tseng’s EM for solving BSVIP

as follows:
.
U, = Txn,
Vi = Po(ttn — nFotty),
Wn = Vn - ,LLn(szn — qun)7
© Yn = Xn+ 6, T (Wy, — uy)
Zn = Pc(yn — AnF1yn)
th = 2n — An(Fizn — Fiyn)
kxn+1 = NuXp + (1 — M)ty — QU Fty,
where
(min { Ll
. — ‘
mln{mnun}, if Fouy, # Fov,
(7) o
\nu’nv Fu, = F2vn,
Hwn—M”H .
2T (Wn—up)[* if T*(wy —uy) #0
®) Ont1= ¢
0, T*(wp —u,) =0,
\

F : Hy — H, is B-strongly monotone and L-Lipschitz continuous on Hy, F; : Hy — H] is pseu-
domonotone and L-Lipschitz continuous on Hy, F> : Hy — H; is pseudomonotone and L,-
Lipschitz continuous on H,. They established that the sequence generated by the iterative
method (6) converges strongly to a unique solution of the BSVIP (4). It is easy to see that

the iterative method (6) provides an affirmative solution to some of the concerns in the iterative
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method (5). However, the iterative method (6) can still be improved, if the following questions

are considered:

Remark 1.2. (1) Is it possible to weaken the underlying operators F> and F; from pseu-
domonotone and Lipschitz continuous operators to quasiomonotone and Lipschitz con-
tinuous operators?

(2) Isit possible to construct an iterative method that outperforms the above listed methods?

The purpose of this paper is to introduce and study a modified iterative method for solving a
BSVIP (4) in infinite dimensional real Hilbert spaces, in which the underlying cost operators
are quaismonotone and Lipschitz continuous, and strongly monotone, and Lipschitz continuous.

We propose a modified SGEM for solving the BSVIP with the following properties:

(1) In comparison with different iterative techniques for solving BSVIP (4), our proposed
iterative method is made up of two different types of step-sizes.

(2) In comparison with different iterative techniques for solving BSVIP (4), the way our
P/.s are defined is a modification of what we have in the literature.

(3) In comparison with different iterative techniques for solving BSVIP (4), our proposed
iterative method is designed in such a way that the underlying cost operators are
quasimonotone, Lipschitz continuous, and sequentially weakly continuous, and strongly
monotone and Lipschitz continuous.

(4) Our proposed iterative method does not depend on the knowledge of the bounded linear
operator ||T'|| unlike the following iterative methods in which knowledge of the bounded
linear operator is relevant for their implementation (see [7, 21, 28] and the references
therein).

(5) The sequence generated by the proposed methods converges strongly to a unique solu-
tion of the BSVIP in real Hilbert spaces.

(6) Our proposed iterative technique includes inertial extrapolation steps. We emphasise
that the inertial extrapolation step helps to improve the rate of convergence of an it-
erative method. The inertial steps remarkably increase the convergence speed of these
algorithms when compared with others without extrapolation step (see [1, 16] and the

references therein).
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To the best of our knowledge, no literature has reported the BSVIP in which the cost operators
are quasimonotone, Lipschitz continuous, and sequentially weakly continuous, and strongly
monotone and Lipschitz continuous. In addition, our numerical experiments justify that our
method is better than other methods in the literature for solving the BSVIP.

The rest of this paper is organized as follows: In Section 2, we recall some useful definitions
and results that are relevant for our study. In Section 3, we present our proposed method. In
Section 4, we establish strong convergence of our method and in Section 5, we present some
numerical experiments to show the efficiency and applicability of our method in the framework

of infinite dimensional Hilbert spaces. Lastly in Section 6, we give the conclusion of the paper.

2. PRELIMINARIES

In this section, we begin by recalling some known and useful results which are needed in the
sequel. Let H be a real Hilbert space. The set of fixed points of a nonlinear mapping 7' : H —
H will be denoted by F(T), that is F(T) = {x € H : Tx = x}. We denotes strong and weak

convergence by ”—" and ”—”, respectively. For any x,y € H and a € [0, 1], it is well-known

that

) lx = yl1* = llxl1> = 2(x,3) + |Iyl1>.

(10) lx+y01> = llxl1* +2(x, ) + lIyl1>.

(11) e —yI* < %] +2(n,x ).

(12) loex+ (1= a)y||* = olx||* + (1 = @) [ly]|* — (1 — @) ||x = ]|

Definition 2.1. Let 7 : H — H be an operator. Then 7 is called

(a) L-Lipschitz continuous if there exists L > 0 such that
ITx—Ty|| < Ljx—yl,
for all x,y € H.If L =1, then T is called nonexpansive. If y € F(T), and

1Tx =yl < llx—yll;
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for all x € H. Then T is called quasinonexpansive.

(b) monotone if
(Tx—Ty,x—y) >0, Vx,y € H;

(c) pseudomonotone if

(Tx,y—x) >0= (Ty,y—x) >0, Vx,y € H;
(d) a- strongly monotone if there exists & > 0, such that

(Tx=Ty,x—y) > at|lx =yl ¥V x,y € H;

(e) quasimonotone

(Tx,x—y)>0= (Ty,x—y) >0V x,y € H;

(f) sequentially weakly continuous if for each sequence {x,}, we obtain {x,} converges

weakly to x implies that 7x;, converges weakly to 7'x.

Remark 2.2. Tt is well-known that a-strongly monotone =- monotone = pseudomonotone =

quasimonotone. However, the converses are not generally true.

Let C be a nonempty, closed and convex subset of H. For any u € H, there exists a unique point
Pcu € C such that
lu— Feul| < [lu—y|| vy € C.

The operator Fc is called the metric projection of H onto C. It is well-known that FPc is a

nonexpansive mapping and that Pc satisfies

(13) (x =, Pex = Pey) = ||Pex = Foy?,

for all x,y € H. Furthermore, F¢ is characterized by the property
b= Y112 = |l — Pexl|? + ||y — Pex||®

and

(14) (x = Pex,y — Fex) <0,

forallxc Handy e C.
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Lemma 2.3. [13, 29] Let C be a nonempty, closed and convex subset of a Hilbert space H and
A : H — H ba L-Lipschitzian and quasimonotone operator. Suppose that y € C and for some

p € C, we have (Ay,p —y) > 0, then at least on of the following hold

(Ap,p—y) > 0o0r (Ay,q—y) <0

forall g € C.

Lemma 2.4. [24] Let {a,} be a sequence of positive real numbers, {a,} be a sequence of real

numbers in (0, 1) such thaty,, | 0, =~ and {d,} be a sequence of real numbers. Suppose that
an+1 < (1 —ay)an+ apdy,n > 1.
Iflimsupy_,..dp, < O for all subsequences {ay, } of {an} satisfying the condition
h]?l}iol.}f{ank+1 —ay } >0,

then, lim a,, = 0.
k—yoo

Lemma 2.5. [1] Let C be nonempty closed convex subset of a real Hilbert space H. For any

x€Handz € C,we have z = Pcx ifand only if (x—z,y—z) <0V y e C.

Lemma 2.6. [1] Let H be a Hilbert space and F : H — H be a tT-strongly monotone and L-

Lipschitz continuous operator on H. Let o € (0,1) and y € (0, %) Then for any nonexpansive
operator T : H — H, we can associate TV : H — H defined by T'x = (I — ayF)Tx forall x € H.

Then, T is a contraction. That is

1T =TTy < (1 - av)|x—yl|

forall x,y € H, where v =1—/1—1vy(2t —yL?) € (0,1).

3. PROPOSED ALGORITHM

In this section, we present our proposed method for solving a bilevel split variational inequality

problem in which the cost operators are quasimonotone and strongly monotone operators.

Assumption 3.1. Condition A.
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(1) The feasible sets C and Q are nonempty set, closed and convex subsets of the real Hilbert
spaces Hy and H, respectively.
(2) A: Hy — Hp and B : Hy — H; are quasimonotone, sequentially weakly continuous and
Lipschitz continuous with Lipschitz constant L; and L, respectively.
(3) F : HA — Hj is p-strongly monotone and L3- Lipschitz continuous on H; such that

0=1-1/1-0(2p—ol3) where 0 € (0.3)

(4) T : HA — H; is a bounded linear operator.

(5) The solution set of problem BSVIP (4) is denoted by Q # 0.
Condition B.

(1) &, C (0,1), lim &, =0 and Y7 0 = oo.

2) 7,k >0,0,j,8,8 € (0,1),n€(0,5),B€ (3, 5)ve05)ac (¥ 5)

&

We present the following iterative algorithm.

Algorithm 3.2. Initialization Step:

Step 1: Choose xo,x; € Hy, given the iterates x,_; and x, for all n € N, choose 6, such that

0< 6, < 6,, where

(
min{@,Wiﬁ}, lfxn #xn_l

§D|
Il

(15)

0, otherwise,
\

with 6 been a positive constant and {g,} is a positive sequence such that &, = o(,).

Step 2. Set
Wy = X+ Op(Xp — Xp—1)-
Then, compute
(16) Yn = Po(Twn — BAnATWy),
where the step size A, is chosen to be the largest A € {y,vl,yI?,---} satisfying

(17) A[ATwn — Ayl < 81| Twn = yal|
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(18) zn = Po, (Twy, — N1, AAyp)

D, ={weH: (Tw,— BLATw, — yu,w—y,) <0} and

(1—B01)[|Tw _)’nHz

(19) Tn = ||d ||2 ) dn:TWn_)’n_ﬁAn(ATwn_A)’n)'
n
Step 3. Compute
(20) Vn = Wy + '}/nT* (Zn - TWn)a
(21) Up :PC(Vn_a.unBVn)a

where the step size i, is chosen to be the largest 1 € {k, kj,kj%,---} satisfying

(22) W||Bvy — Buy|| < 82[[vn — ||
and 7%, is chosen such that for small enough € > 0, %, € |&, % —¢&| if Tw, # zp,
otherwise %, = 7.
(23) th = Py, (Vn — WVl Buy),
where ¥, = {v € H; : (v, — au,Bv;, — up,v—u,) < 0} and

and

-« —uy?
(24) vy =\ 52)””2’ Ul v~ — ottt (Bvn — Bty).
16

Step 4. Compute

(25) Xp+1 =1, — OO0, FT,

4. CONVERGENCE ANALYSIS

Lemma 4.1. Suppose the Assumptions 3.1 hold. Then the Armijo-like criteria (17) and (22) in
Algorithm 3.2 are well defined. In addition, the step size V, is also well defined.

Proof. The proof that ¥, is well define follows similar approach as in Lemma 3.1 of [18]. In
addition, the proof that the Armijo-like criteria (17) and (22) are well defined follows a similar

approach as in and Lemma 3.1 of [28], thus we omit it. UJ
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Lemma 4.2. Let {x,} be a sequence sequence generated by Algorithm 3.2 under the Assump-
tion 3.1. Then {x,} is bounded.
Proof: Let p € Q, it follows that Tp € VI(A,Q) C Q. Since lim,_se g—’;Hxn —Xy—1|| =0, there
exist N; > O such that g—’; |Xn — Xn—1]| < Ni for all n € N. Thus, using Algorithm 2.2, we have
[wn = pll = [lxn + 61 (%0 — xn—1) — p|
< I = I+ 64l 5 0-1)]
O
< |]xn = pll + @t — [ (xn — xu—1) |
O

(26) < |[xa = pll + 0N1.
Also using Algorithm 3.2 and (13), we have

2|20 — Tp|> = 2||P, (Twn — NTuAnAy,) — Po, (Tp)|?
< 2(zp —Tp,Twy — NTwAnAyn — T p)
= |2 = Tp|> + | Twa — NTudaAyn — Tp|* — |20 — Twa + N TudnAya|
= llza =TI + | Twn — TpI* + 1252 42| Ayal|* — 2(Twy — T p, N T AnAy,)
Iz — Twall> = 17> A | Ava® = 2(zn — Twa, N TaAnAva)

= |z = TpI>+ [ Twa = Tp|* = llza — Twall® = 2(z0 — TP, NTa2nAya),
which implies
(27) lza =T pI1> <N Twa = TP = llzn = Twal* = 2(zn — TP, N TGadnAAyn).
Now observe that

HdnH = HTWn —Yn _ﬁln(ATwn_Ayn)H
< | Twn — ynll + BAn||ATwn — Ayn|
< | Twn = ynll + Bt ]| Twn — yull

(28) :(1+ﬁ61)||TWn_yn||'
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Moreso, since y, € Q and Tp € VI(Q,A), we have (AT p,y, — T p) > 0 and using Lemma 2.3,
we have (Ay,,y, — T p) > 0. Thus, we have

(29) (AVn;2n = Yn) < (AVn, 20 = Tp) = (AVn, 20 =T p) = (AVn; 20— Yn)-

Thus, we have

(30) 2N TuAn(Ayn; 20— TP) < 20T (AVns 20 — Yn)-

More so, using the fact that (Twy, — BA,ATwy, — yp,w—y,) <0V w € Q C Hp, we have
(dn,zn = yn) = (Twp —Yn — BAn(ATwn — AVn), 20 — ¥n)

= <TWn —Yn— ﬁAnATWmZn _)’n> "‘/”Ln(A)’n:Zn _)’n>

3D SBM(Aynazn_)’n>'

This implies that

<dn7zn _Yn> < ﬁln<AynaZn _)’n>

_ﬁln<Ayn7Zn _yn> < _<dnazn —)’n>

(32) _znTnAn<Ayn7Zn_yn> <
Using (30) and (32), we have

—21n TnAn <Aynazn - Tp> <-2n TnAn <Ayn71n _yn>

2N,
< - dn,Zn_yn
B ( )

N7,
= — 73 (dnyzn — Twn+ Twy, — yn)
(33) = - 73 <dn7 Twy _yn> + %(dna Twy— Zn)

In addition, using (19), we have
<dn7 Twy _yn> = <TWn —Yn— ﬁ/ln(ATWn _Ayn)a Twy _yn>
> | Twn — yul* = BAn|ATwy, — Ay ||| Twn — |

> ”Twn_}’nHz_BalHTwn_)’nHz
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= (1 - ﬁ5l)H|TWn —ynH2
(34) = 7,||d, ||,

we then have that

2N1, -2nt,°

(35) — =g s Twa =) < ===
and (34) becomes
(36) 2N T (AYy2a — Tp) < _ZZ W a2+ 2?;” (d, Twon — 20).
Furthermore, using (19), we have
T =)
<ngndanWn Zn)

= [ Twa — 2l P+ anud 2= (1T — 20 Zrndnuz

[T — 2>+ ﬁzu - B&, )ZW"d = 17w =20~ 5
< T =P+ 50— B PN T sl ey — T =20
G =[Twa—alP+ Murwn—yn\2—||Twn—zn—grndnuz.
Thus, (36) becomes
(38) —2nrnxn<Ayn,zn—Tp>s_zgf” >+ 1| Twn — 2> + %Hm—ynll2
— | Twp — 2 — %Tndnﬂz.
Hence, (27) becomes
2o —Tp|?
< T =TI = lea =Tl 3521+ 1T =2l + T o0 i, 3
—uTwn—z,,—grndnuz
o s LT TN KU L il

13
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- HTWn_Zn_%TndnHz

e e O LR L
(39) < ||Tw, —Tp|>.
Which implies that
(40) lzn = Tpll < || Twn —Tpl||

Furthermore, using Algorithm 3.2, step-size (},) and (40), we have

v = pII* = [[wn + 1T (20 — Twa) — pl|
= [|wn _pH2 +7,%HT*(Z,1 - TWH)HZ + 2% (W — P, T (20 — Twy))

’T*(Zn - Tw”l)H2 +2yn<TW”l - Tp7zl1 - Twn>

= [lwa—pl*+%

1T (20— TWn)HZ + Yallzn — TpH2 — Yl Twy, — TPHZ —Yallzn — Twn”2

= [|wn _PHZ"'%%

1T (20 — TWn)H2 + Yl TWn — TPHZ — Yl Twn — TP||2 —Yallzn — TWnH2

< wa—plP+ %

1T (20— TWn)H2 Y+ & T (20 — TWn)H2

<|wu—plI*+1;
= |wn = pII> = WET* (zu — Twa) ||?
(41) <|lwa—plI*,

which implies that

(42) [va =PIl < llwn = pl.

Using a similar approach that we use to obtain the inequality (40), we have

y(l—ad)?

@) = plP < ol = gyl = =i = vl
Which implies that
(44) It =PIl < llv = p

In addition, using Algorithm 3.2, Lemma 2.6 and the fact that ¢ = 1 — \/1 —0(2p—owl}) €
(0,1), we have
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[Xn 11 = pll = [ltn — 0 0F 1, — |
= ||(1 — ay@F)t, — (1 — 0, 0F ) p — 0, OF p||
< (1=¢a)|tn — pll + 00| Gp|
< (1=904)|lva — pll+ ©0u| | Fp]|
< (1=904)|lwa —pll+ @ou||Fp]|

< (1=90)[[ln = pll + 0uN1] + @ || Fap |

< (1= 0a)lln — |+ o[ SN2
< max{ s, — p, 22

(45)

(46) < max{ — pl, M2,

Therefore, {x,} is bounded.

Lemma 4.3. Let {x,} be a sequence generated by Algorithm 3.2 under Assumption 3.1 and
suppose that there exists a subsequence {x,, of {x,} which converges weakly to x* € H, and
limy oo ||Wp, — Vi || = 0 = limy_ye0 [|tn, — Vi, ||. Then, x* € T..
Proof. We suppose that z,, # Twy, . It is easy to see from (41) that
2 2 2
Vi, =PI < lwne = PII™ = Wi €M1T7 (2, — Twn )|

47) < [lwn, =PI = €27 (e, — Twa, ),
which implies that
SZHT*(ZW - TW"k)HZ

< [[wa = pI* = [lv = pII?

2 2
< (Wn, = v 14 v, = P11 = [[vi, — Pl
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= Wnk - Vnk W}’lk - Vnk Vnk - n - ng
<| I*+2| v, = Pl [V, =PI = [V, = pII?

= Hwnk - vnkH2 +2‘Hwnk - v”k” ank _pH

using our hypothesis, we have

(49)

lim |7 (2, — T, )| = 0.

More so, we have

(50)

2 2 2 2
e =PI < Nlwa, = pIP + T e, = Twa ) |I* = Wallzm, — Twn |,

which implies that

Pullzng = T 1> < w, = pIIZ = [V, = I + o I T* (2 — Twn) |
(51) S ||Wnk _Vnk||2+2||wnk_VnkHank_pH +}/5k||T*(an—TWnk)||2,
using our hypothesis, we have
(52) Tim |23, — 7wy, | = 0.
From (39), we have
2 2 N (1-B&)? 2 n 2
(53) Nz, —TplI” < | Tw,—Tpl| —EW\TW—WH —||TWn—Zn—ETndn|| :

Now, observe that

(54)

[z, — TPHZ = ||zne — Twn, + Twy, — TPHZ
= || Twn, —Tp — (Twy, _an)Hz

= [|Twy, — Tp||2 —2(Twy, —Tp, Twy, —zn) + || TWy, _an”Z

> ([ Twa, = TpII* = 20T (W, = P)I1TWa, — 20, ||+ [ Twa — 2l

2
> HTwnk - TPHZ - 2HTH ”Wnk _p” HTWnk _anH + HTWnk _an” )

this implies that

(55)

2 2
~lzn, = TpI* < =1 Twa, = Tp|* + 20T [, — PUNT Wi, =2, | = 1T, — 2, 1>
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Adding (53) and (55), we have

n (1-B8)? 2 n 2
B2 (14 Bo, 2 [ Twn —yull” + [ Twn — 20 — BfndnH
(56) <21 Hwnk 4l ”TWnk _Z’lkH - ||Twnk _ansz
using (52), we have
(57) lim (| Twa, — v || = 0 = lim | Twp — 20 — |-
k—>o0 k k k—»oo ﬁ
Since y,, = Po(Twp, — BAy ATwy,), then from the characteristic of the metric projection, we
have
(58) <TWnk—ﬁ)bnkATWnk—)’nkax_)’nk> Sovxe Q7

which implies that

(59) (TWn, = Y, X = ) — BAn (AT Wy, x = y,) <0,

which implies that

(60) <TWnk — Yy X — )’nk> < ﬁlnk <ATWnk>x - ynk>

61) = By (ATwy,, TWp, — Yn,) + BAn (ATwp, x — Twy,).
Since A, 3 > 0, we have

(62) (Twi, = Yngs X — Yng) + (ATwy , yn, — Twp,) < (ATwy . x—Twy, ).

1
BAn,
Using (98), we have

(63) 0 <liminf(ATwy,,x — Twy,) < limsup(ATw,, ,x —Twy,).

k—yeo k—so0

Now, observe that

<Aynkax_ynk> - <Aynkax_ TWnk> + <A)’nk7TWnk —)’nk>

(64) = (Ayn, —ATwy , x — Twy, ) + (ATwy . x — Twy,) + (Avn, TWn, — Yy ) -
Since A is Lipschitz continuous on H; and (98)

(65) kh_?;lo HATWnk _AynkH <L /<11_I>130 HTWnk _ynkH =0.
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Combining (63), (64) and (65), we have

(66) 0 < liminf{Ay,, x —yn,) < lim sup (Ayngs X = V)

In what follows, we now establish that Tx* € VI(A, Q). To start with, we consider the case in
which limsupy_, ., (Ays, X — yn,) > 0 for all x € Q. Then there exists a subsequence {y,, } of
sequence {yy, } such that limsup,, ,..(Ayn, ,X—n, ) > 0 for all x € Q. It follows that we can
find Ny such that

(67) (Aynkm ,X— ynkm> > 0Vm > Nj.
Since A is quasimonotone, it follows that

(68) (Ax,x —yu, ) > 0Vm > Ny.
Now observe that

(69) Wy, — Xy, || = ankmanﬂﬂxnkm — X, 1| = 0 asm — eo.
ny,

Since, the subsequence {x,, } of {x,} is weakly convergent to a point x* € H. Again, since T
is a bounded linear operator, we obtain that {Tw,, } converges weakly to Tx*. Hence, using the
fact that r}l_l;rolo | TWny,, — Yy, || = 0, we have that {y,, } also converges to Tx*. Now passing the

limit as m — o in (68), we have

(70) lim (Ax,x —ypn, ) = (Ax,x—Tx") > 0.

m—yoo

Hence, Tx* € VI(A, Q).

Secondly, we consider the case in which limsup;_, ., (Ayp,,x — yn,) = 0 for x € Q. Let {5;} be a

non-increasing positive sequence defined by

(71) O = |<Aynk7x_y”k>|+k_|_—1'

By our hypothesis, it is easy to see that

1
72 lim &, = lim (A — Iim —— =0.
(72) i k1—r>rc>lo< s X y"">+k1—r>?ok+l
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By our hypothesis and (71), we have
(73) <A)’nk7x—)’nk>+5k>0

for each k > 1, since {y,} C Q, it implies that {Ay, } is strictly non-zero and
liminfy_,e ||Ayn, || = No > 0. We therefore deduce that

No

(74) Ay > 2

Vg

In addition, let {&,, } be a sequence defined by &,, = —ij P
3

It implies that
(75) (Ayn: &) = 1.

Combining (73) and (75), we have

(76) (AVny > % + Sy — ymy) > 0.

By quasimonotonicity of the operator A on H,, we get that

(77) (A(x+ Ok&ny), X + Ox€n, — yn,) > 0.

Now, observe that

(78)
(Ax,x + Ox&p, — V) = (Ax — A(X+ Ok, ) +A(X+ Ok€n, ), X + OkEnp — Yy )

(79) = (Ax—A(x+ O, ), X+ OkEny — Vi) + (A(x + OkEn, ), X + Ok€np — Yiy.)
Combining (77), (78) and applying the well known Cauchy Schwartz inequality, we have
(80) (Ax,x + &€, — yn) > (Ax — A(x + &y ), X + OEny — V)

(81) > —||Ax — A(x + &cen) || x + S — Y, ||

Since A is Lipschitz continuous, we have

(82) (Ax,x + &cen, — yu) + L[| S || 1x + S, — v, | = 0

Combining (74) and (82) and using the definition of {g,, }, we have

214
(83) (Ax, x4 8k&ny — Yin,) + 705ka+ Ok€n, — Y || = 0.
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Since, the subsequence {x,, } of {x,} is weakly convergent to a point x* € H;. Again, since T
is a bounded linear operator, we obtain that {7wy,, } converges Tx*. Hence, using the fact that
,}E}o | TWn, — ¥, || = 0, we have that {y,, } also converges to Tx*. Taking limit as k — oo, since

Or — 0, we have
, 2L \
(84) lim | (A, x+ G, — ) + TO‘WH Sk€n, — Y|l | = (Ax,x — Tx*) > 0.

Hence Tx* € VI(A, Q).

Using a similar approach, we have x* € VI(B,C). Hence, we conclude that x* € T".

O

Theorem 4.4. Let {x,} be a sequence generated by Algorithm 3.2 under Assumption 3.1. Then,
{xn} converges strongly to p € Q, which is the unique solution of BSVIP (4).

Proof. Let p € Q. Using Algorithm 3.2, we have

1 — I = 1+ 60w — x1) — I
= Hxn _pH2 +29n<xn — Py Xn —Xp—1) + Qr%HXn —Xn—1 ”2
< = I+ 26450 — o160 — Il + 0250 — 01|
< 1t = I+ 6l — 51121150 — PII+ B0l — a1 ]
= 50— IR+ ullts =1 20— 1+ G o =511

<t = pII* + Onllx0 = xn 1 |2]1%0 — Pl + NI ]
(85) < [lxn = pII* + Bl 2tn — Xn—1 || Mo
for some N> > 0.
ent1 = plI* = lltn — @00 Fty — p|?
= ||(1 - a,@F)t, — (1 — 0, 0F ) p — 04, @F p)||*
< [|(1 = 0u@F )ty — (1 = 0, @F ) p||*> = 20,0 (F p, X, 1 — p)

< (1 - ‘pan)thn —P||2 +2anw<vap_xn+l>
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< (1—¢a)*||va— plI* +20,0(Fp,p—Xni1)
< (1= 904)||wa— p|* +20,0(F p, p—Xn11)

<(1— ‘Z’O‘n)[Hxn _pH2 + eonn —Xn—1 ||N2] —f—ZOtna)(Fp,p _xn+l>

0,
oay

(86) = (1— o) %0 — plI* + 9P,

(1)

¢

= (1= 90)|[xn = pII* + 90 | =[xy —xu—1 [N2+2—(Fp, p —xn1)

where ¥, = % ||1%n — Xn—1]| N2 + 2% (Fp,p—Xp+1)- According to Lemma 2.4, to conclude our
proof, it is sufficient to establish that limsup,_,.,' ¥, < 0 for every subsequence {||x,, — p||} of

{|[x» — p||} satisfying the condition:

(87) liminf{|lx+1 = pll = [lxn, — P} 2 0.

To establish that limsup,_,., ¥, < 0, we suppose that for every subsequence {||x, — p||} of
{l[xn — p||} such that (87) holds. Then, According to Lemma 2.4, to conclude our proof, it is
sufficient to establish that limsup,,_,.,' ¥, < 0 for every subsequence {||x, — p||} of {||x, — p[|}

satisfying the condition:

(88) liminf{ |l +.1 = pll = [lxn, — pll} 2 0.

To establish that limsup;_,,, ¥, < 0, we suppose that for every subsequence {||x,, — p||} of
{|[x» — p||} such that (87) holds. Then,
. 2 2
liminf{|lxy 1 — p|” = [lxn, — p[I}
k—>oo
(89) = iminf{ (|l 1 = Pl = [lxn, = Pl xaer1 = Pl + o = pll)} 2 0.

From (86) and using (43), (41) that

2
||xnk+1 _pH

S ||tnk _p“ +2ankw<vap_xnk+l>

y(l—ad)’
a(l+ad)?

v

< ank _pH2 - ank - unkHZ - ank _tnk - a"nkbnkHz —|—2(Xnk(l)<Fp,p _x”k+1>
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2 2 y(l—ad)? 2
S ‘Wnk _pH _YnkSHT*(an—TWnk)H - (X(1+a62)2 an—I/th
=t — LV b |2+ 20, @ (Fp. p—ps1)
n == YO Tk PP —Xn+1

< N =PI + B 6, — 21 N2 = €1 T (2 — Tow )|

y(l—ad)? v

(90) - OC(I —|—OC§2)2 ank _unkHz - ank —In, — av’lkbnknz+2ankw<Fp?p_xnk+1>7

which implies that

y(1-ad)

- 2 2 |4 2
limsup (YnkSHT*(an - Twnk)” + a(l1+ad)? ank - u”k” + ”Vnk — Iy — avnkbnkH )

k—oo
. 2 enk 2
< hznsup [P = P11+ @y = [, =g —1 N2+ O N3 + 20, O(F p, p = Xs1) = |21 = |
—»00 N
< —liminf{|lx, 11 — p||* =[x, — p[*] < 0.
k—roo
Thus, we have
O lim [T (z, = To)l| = i [ =t | = Tim [, =, = Vi | = 0.
Thus, using argument as in (90), (91) and Lemma 4.1, we have

©2) Jim |2, — T | =0,

Also, using s similar approach as in (28), we obtain ||b,|| > (1 — &¢t)||un, — vn,||. Using, this

fact, we obtain

Y Y

||Vnk _t"k” = ank — Iy — av”kb”k +avﬂkb’lk”
14 14
S ||Vnk_tnk - avnkbnkH +av’lk”bnk”
14 14 ||unk_vnkH2
= —ty, — —Vp,b —(l-ao)—7—F—
||Vnk ng pe ng nk||+a( 62) ||bnk||
©93) < v =ty = 2 Vi |+ iy =i |

Using (91), we have

94) kh_r:)lo ank —Iny H =0.
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Using the triangular inequality and (94), we have
95) kh_r}olo Ht”k - unkH < klg?o thk - V”lkH +kh_r>1;lo ank - unkH =0

Using similarly approach as in 3.2 and (91), we have

(96)

klglz;lo ||vnk _wnkH = klgl;lo ||Wl’lk + ’}/I’lkT*(an - Twl’lk) _Wnk” == '}’nk ](1141;130 ||T*(an — Twnk)” — 0.

From (53) and (55), we have

n (1-B&) n
EWHT‘W _ynH2 1 Twn — 20 — Efndnuz
97) <2\ T[[wag = PINITWa, = 2l = 1 TWn, = 20, 1%,
using (92), we have
(98) Tim |7y, — i} = 0 = lim | 7owy, — 2, — %Tnkdnkﬂ.

Also, using s similar approach as in (28), we obtain ||d,|| > (1 — 6;B)||Twn, — Y, ||- Using, this

fact, we obtain

1700, = 2| = 1T, 3~ o+ |
< |\ Twn, — zn, — %Tnkdnku + %TnkHdnkH
< |NTwy, — zn, — %TnkdnkH - %(1 — SIB)%
(99) < | TWn, — 2, — %rnkdnkH +%HTwnk—ynkH.
Using, (98), we have
(100) ]}Elgo||TWnk—an|| =0.
In addition, we have
(101) B 3~ 2| < B 3~ T |+ Jim [T, 23, =0

It is easy to see that, as k — oo, we have

6
(102) Hwnk _xnkH = enkank _xnk_1|| = Opy - a_”k”xnk _xﬂk—lu — 0.
1y,
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In addition, we have that

(103) 1Vie = Xl < N1Wip — X || + Yl T (20, — T ) || — 0 as k — oo,
(104) Wi = Vi || < Wi — X, || + 11X, — Vi || = 0 as k — oo,

(105) tn, — Xn || < Ntn, — Vi || + [[Vig — X, || — O as k — oo

(106) tne = Wi |l < |1tn, — X || + || X0, — Wi, || — 0 as k — oo.

(107) N, — X || < Nttn, — Vi || 4 |Vi, — X, || = 0 as k — oo

(108) Xn+1 =t || < [t — O, @F ty, — ty, || = @y, ||@F 1, || — 0 as k — oo.
(109) [t = X || < o1 = g | 4 1, — X, || — 0 2 k — oo,

Now, since {x,, } is bounded, then, there exists a subsequence {xnk_,-} of {x,, } such that {xnkj}
converges weakly to x* € H. In addition, using (105) and the boundedness of {z,, }, there exists
there exists a subsequence {tnkj} of {t,, } such that {tnkj} converges weakly to x* € H;. Hence,
by (94), (107) and Lemma 4.3, we obtain that x* € Q. Furthermore, since Xy, cOnVerges weakly
to x*, we obtain
(110) limsup(Fp,p —xu,) = im(Fp,p—x,, ) = (Fp,p—x").

k—so0 J=ree !
Hence, since p is a unique solution of Q, it follows that

(111) limsup(F p, p —xp,) = (Fp,p—x") <0,

k—>oo

we have obtain from (111) and (109)

(112) limsup(Fp, p — 1) <0

k—yoo N

Using our assumption and (111), we have that klim ¥, = klim <¢6& ||%n — Xn—1]|N2 —1—2% (Fp,p—
—>00 —>00 n

xnﬂ)) < 0. Thus, From Lemma 2.4, we have that ,}52, X, — p|l =0. O



QUASIMONOTONE BILEVEL SPLIT VARIATIONAL INEQUALITY PROBLEM 25

5. NUMERICAL EXAMPLE

In this section, we will give some numerical examples which will show the applicability and the

efficiency of our proposed iterative technique in comparison to Algorithm 5, and Algorithm 6.

Example 5.1. Let H] = H, = L,([0, 1]) be equipped with the inner product

1 1
(X,y>=/0 x(t)y(r)de V x,y € Ly([0,1]) and HXH21=/0 (1) Pdt Wx,y, € Lo([0,1]).
Let A;B;F,T : L,([0,1]) — L»([0, 1]) be defined by

Ax(t) = ¥ € x(s)ds, ¥ x € L,(]0,1]),
x(1)

Fx(t) = 1€ [0,1],

1
Tx(s) = /0 K(s,0)x(t)dt ¥ x € Lo([0, 1)),

Bx(t) = f(x)Nx(t) ¥V x € Q,

where f: Q — R is defined as f(x) = m,N : L5(]0,1]) — Lp([0,1]) is defined as
Nx(t) = J$x(s)ds. Then, A,B are pseudomonotone and Lipschitz continuous but not mono-
tone on L,([0,1]), see [?]. It is easy to see that T is a bounded linear operator with 7% =
fo] K(t,s)x(t)dt ¥ x € Ly([0,1]) and F strongly monotone on L([0,1]) (we use this example
due to Remark 2.2). Let C be defined by C = Q = {x € Ly : (a,x) = b} where a # 0 and b = 2.

Thus, we have

Pe(®) = Po(n) =max {0, Lo b a5

We note that F; and F, of Algorithm 5, and Algorithm 6 are equal to A and B in our Algorithm
3.2. We choose o, = m,'y: 1.1,1=05,x=1.2,6,=05,%6=04,=0.7,a=0.6,n =
1.4, = 1.3,7, > 0 for all n € N. Also if we consider &€ = ||x, — x,, || < 107> as the stopping

criterion and choose the following as starting points:
Case I: xo(t) =t>+1+2, x1(t) =t —2;
Case IT: xo(t) =t +e* +1, x1(t) = 3t + 3¢%;
Case IIL: xo(t) = r* 4+ e(312) 42, x (1) = sin(2¢);
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Example 5.2. [18,23] Let H; = Hy = [h(R) := {x = (x1,%2,x3, -+ ),x; ER: ¥ | |x;|> < oo} and
x| = (X2, |x,~|2)% for all x € [,(R). Suppose the operators 7,A,B : [,(R) — I,(R) are defined

by

It is easy to see that 7" is a bounded linear operator with the adjoint operator T*y =

(0,y1,

sequentially continuous on /(R), and F is strongly monotone as seen in [23]. Let C = Q =

LUKUMON, MEBAWONDU, OFEM, AGBONKHESE, AKUTSAH, NARAIN

—%— Algorithm 3.2
—&— Algorithm 1.6
—6— Algorithm 1.5

0 5 10 15
Number of iterations

FIGURE 1. Example 5.1, Case 1 (top left); Case 2 (top right); Case 3 (bottom ).

Tx=(0,x,

—%— Algorithm 3.2
—&— Algorithm 1.6
—oS— Algorithm 1.5

Number of iterations

X2 X3
237

Number of iterations

--), X e lz(R)

Ax = (7—||x||)x V x € L(R),

Bx=(5— |x])x ¥V x € L(R),

Fx=x—xp.

Y2 ¥
2573

--) ¥ € [(R) and A, B are quasimonotone, Lipschitzain continuous and weakly
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{x € L(R) : ||x]| < 3}. Clearly, C and Q are nonempty, closed and convex subsets of /;(R).

Hence, we have

X if ||x|| <3,
(113) Pe(x) = Po(x) =
Hic—"”, if otherwise.

We note that F; and F, of Algorithm 5, and Algorithm 6 are equal to A and B in our Algorithm
3.2. We choose o, = m,y: 1.1,1=0.5,x=1.2,6,=05,%=04,=0.7,a=0.6,n =
1.4,y = 1.3,7, > 0 for all n € N. Also if we consider &€ = ||x, — x,, || < 107> as the stopping
criterion and choose the following as starting points:
Case I: xo=(1,1,1,--+), x; = (0.1,0.1,0.1,---);

Case II: xo = (1,2,3,4,---), x; = (2,2,2,--);

Case III: xp = (0.3,0.6,0.9,---), x; = (2,4,6,---);

En

0 100

102, E 10

L L L L L L L L 105 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 0 20 40 60 80 100 120 140 160 180 200
Number of iterations Number of iterations

10®

En

102§}

10

10
0 50 100 150 200 250

Number of iterations

FIGURE 2. Example 5.2, Case I (top left); Case II (top right); Case III (bottom ).
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6. CONCLUSION

A modified inertial subgradient extragradient inertial extrapolation iterative method ( with two
different types of step-sizes) is introduced and studied for solving the BSVIP (4) in infinite di-
mensional real Hilbert spaces when the cost operators are quasimonotone, and strongly mono-
tone and Lipschitz continuous. In addition, we established that the proposed iterative method
converges strongly to the solution set of BSVIP (4). Our method uses stepsizes that are gener-
ated at each iteration by some simple computations, which allow them to be easily implemented
without the prior knowledge of the operator norm or the coefficient of an underlying operator.
In addition, we present some examples and numerical experiment to show the efficiency and im-
plementation of our method in the framework of infinite and finite dimensional Hilbert spaces.
We emphasize that one of the novelty of this work is in the use of a weaker operator (quasi-
monotone), modified inertial term, modification of the PC’s introduced, and the method of proof

of the strong convergence of our iterative algorithm to the solution of the problem (4).
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