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Abstract. This paper centers on introducing dislocated quasi-b-metric spaces and proposing the concepts of

Geraghty-type dqb-tricyclic Banach contraction and dqb-tricyclic-Kannan mapping. These innovations lead to

successfully proving the existence of fixed-point theorems within these spaces. In doing so, the main theorem

presented in this work extends and solidifies previous discoveries from recent literature into a unified framework.
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1. INTRODUCTION

Fixed point theory is a branch of mathematics that deals with the study of fixed points of

functions, particularly in the context of transformations and mappings. It provides a framework

for understanding the existence, uniqueness, and properties of fixed points for various types of

functions and spaces.

Fixed point theory has applications in various fields, including:
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Dynamical Systems: In the study of dynamical systems, fixed points often represent equilib-

rium points where the system remains unchanged over time. Understanding the stability and

behavior of these fixed points is crucial for predicting the long-term behavior of the system.

Functional Analysis: Fixed point theory is closely related to functional analysis, a branch

of mathematics that deals with vector spaces of functions. Many theorems and concepts from

functional analysis are used to study fixed points in more general settings.

Topology: Topological methods are often employed in fixed point theory to establish the ex-

istence of fixed points. The Brouwer fixed point theorem and the Kakutani fixed point theorem

are classic examples of results in this area.

Economics and Game Theory: Fixed points have applications in economics and game theory,

where they can represent equilibrium points in models of economic interactions and strategic

games.

Optimization: Optimization problems often involve finding points where a certain function

remains unchanged. Fixed point theory can provide insights into the existence and properties

of solutions to optimization problems.

The Banach Fixed Point Theorem, also known as the Banach Contraction Principle or the

Contraction Mapping Theorem, was indeed introduced in 1922 by the Polish mathematician

Stefan Banach [2] . This theorem is a fundamental result in fixed point theory and functional

analysis. Here is the statement of the Banach Fixed Point Theorem:

Banach Fixed Point Theorem: Let (E,d) be a complete metric space, and T : E → E be

a contraction mapping, meaning there exists a constant 0 ≤ k < 1 such that for all x,y ∈ E,

d (T x,Ty)≤ kd (x,y) . Then, T has a unique fixed point in E

The concept of a Kannan mapping was introduced by K. Kannan in 1969 [3] .. The Kannan

Fixed Point Theorem is a generalization of the Banach Contraction Mapping Principle and

provides conditions for the existence of fixed points for certain types of mappings in metric

spaces.

Theorem 1. Let (E,d) be a complete metric spaces and T : E → E be a Kannan contraction

mapping, i.e.

d (T x,Ty)≤ k [d (x,T x)+(y,Ty)]



SOME FIXED POINT THEOREMS FOR TRICYCLIC CONTRACTIONS 3

for all x,y ∈ E, where k ∈
[
0, 1

2

)
.Then T has a unique fixed point.

In 2003, In their paper, Kirk et al. [1] introduced the concept of cyclical contractive mappings

and extended the Banach fixed point result to the class of cyclic mappings. They generalized the

notion of contractive mappings to cyclical contractive mappings and proved that these mappings

also have a unique fixed point.

Definition 2. Let (E,d) be a metric space and let X and Y be two nonempty subsets of E.

A mapping T : X ∪Y → X ∪Y is said to be a cyclic mapping provided that

(1) T (X)⊆ Y, T (Y )⊆ X .

A point x ∈ X ∪Y is called a best proximity point if d (x,T x) = d (X ,Y ) where d (X ,Y ) =

inf(d (x,y) : x ∈ X ,y ∈ Y ) .In 2011, Erdal Karapınar and Inci M. Erhan [4] proved.

The following fixed point theorem for a cyclic map.

Definition 3. Let A and B be non-empty subsets of a metric space (E,d). A cyclic map T :

X ∪Y → X ∪Y is said to be a Kannan Type cyclic contraction if there exists k ∈
(
0, 1

2

)
such

that:

(2) d (T x,Ty)≤ k [d (T x,x)+d (Ty,y)] , ∀x ∈ X ,∀y ∈ Y.

This expanded the class of mappings for which a fixed point can be guaranteed, and provided

a new tool for studyingthe existence and uniqueness of fixed points in various mathematical

contexts.

In 2017, Sabar, Bassou, and their colleagues[5] introduced the concept of ”tricyclic contrac-

tions” and established a result related to them. The term ”tricyclic mappings” likely refers to a

certain type of mapping or transformation that they studied. The concept of tricyclic contrac-

tions might involve properties similar to the well-known contraction mappings but adapted to a

specific context or structure.

The mention of ”a similar result” suggests that the authors found an analogous theorem or

fixed point result, possibly akin to the Banach Fixed Point Theorem or another well-known

fixed point theorem, but specialized for tricyclic contractions[5, 15].



4 YOUSSEF, MOHAMED, MOULINE, BASSOU

Let (E,d) be a metric space and let X ,Y and Z be nonempty subsets of E.

A mapping T : X ∪Y ∪Z→ X ∪Y ∪Z is said to be a tricyclic mapping provided that

(3) T (X)⊆ Y, T (Y )⊆ Z and T (Z)⊆ X

In [4], M.Aamri, T. Sabar,, A.Bassou established new fixed point theorems

Theorem 4. Suppose that (X ,Y,Z) is a nonempty and closed triad of subsets of a complete

metric space (E,d) and T : X ∪Y ∪Z→ X ∪Y ∪Z is tricyclic mapping for which there exists

k ∈ ]0,1[ such that ∆(T x,Ty,T z)≤ k∆(x,y;z) for all (x,y,z) ∈ X×Y ×C.

where the mapping

∆ : X×Y ×Z→ [0,+∞)(4)

∆(x,y;z) → d (x,y)+d (y,z)+d (z,x)(5)

Then X ∩Y ∩Z is non empty and T has a unique fixed point in X ∩Y ∩Z.

In 2012, Shah and Hussain [6] introduced the concept of ”quasi-b-metric spaces” and in-

vestigated fixed point theorems within this framework. The term ”quasi-b-metric spaces” is a

combination of concepts from quasi-metric spaces and b-metric spaces, both of which involve

notions of distance and space. This concept likely combines properties of both types of spaces

to explore a new class of mathematical structures.

Quasi-metric spaces relax the strict triangle inequality property of metric spaces, allowing

for more flexible distance measures between points. This can be useful in contexts where the

distance between points doesn’t necessarily satisfy the standard triangle inequality.

B-metric spaces, on the other hand, are a modification of metric spaces where distances are

bounded by a constant. This concept can be particularly relevant in situations where distances

have an upper bound.

By combining these ideas, Shah and Hussain introduced the concept of quasi-b-metric spaces,

which presumably involves distance functions that are both relaxed in terms of triangle inequal-

ity and bounded by constants.

Definition 5. [7] Let E be a nonempty set . Suppose that the mapping d : E×E → [0,∞) such

that constant s≥ 1 satisfies the folowing conditions:
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(c1) d(x,y) = d(y,x) = 0 implies x = y for all x,y ∈ E;

(c2) d(x,y)≤ s[d(x,z)+d(z,y)] for all x,y ∈ E.

The pair (E,d) is then called a dislocated quasi-b-metric space (or simply dqb−metric).

The number s is called the coefficient of (E,d).

Remark 6. [7] It is evident that b-metric spaces, quasi-b-metric spaces, and b-metric-like

spaces fall under the category of dislocated quasi-b-metric spaces. However, it should be noted

that the reverse is not true.

Example 7. Let E = R and let

b(x,y) = |x− y|2 + |x|
g
+
|y|
h

where g 6= h

Then (E,b) is a dislocated quasi-b-metric space with the coefficient s = 2, but since b(2,2) 6=

0, we have (E,b) is not a quasi-b-metric space, and since b(1,2) 6= b(2,1), we have (E,b) is not

a b-metric-like sapace. And (E,b) is not a dislocated quasi-metric space. Indeed; let x,y,z∈ E.

suppose that b(x;y) = 0. Then

|x− y|2 + |x|
g
+
|y|
h

= 0

it implies that |x− y|2 = 0, and so x = y.

Next consider

b(x,y) = |x− y|2 + |x|
g
+
|y|
h

≤ (|x− z|+ |z− y|)2 +
|x|
g
+
|y|
h

≤ |x− z|2 +2 |x− z| . |z− y|+ |z− y|2 + |x|
g
+
|y|
h

≤ 2(|x− z|2 + |z− y|2)+ |x|
g
+
|z|
g
+
|z|
h
+
|y|
h

≤ s[b(x,z)+b(z,y)]

Where s = 2.
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Definition 8. 1-: A sequence ({xn}) in a dqb-metric space (E,d) dislocated quasi-b-

converges (for short, dqb-converges) to x ∈ E if

lim
n→∞

d (xn,x) = lim
n→∞

d (x,xn) = 0

In this case x is called a dqb-limit of ({xn}) , and we write (xn→ x as n→ ∞)

2-: A sequence ({xn}) in a dqb-metric space (E,d) is called Cauchy if

lim
n,m→∞

d (xn,xm) = lim
n,m→∞

d (xm,xn) = 0

3-: A dqb-metric space (E,d) is complete if every Cauchy sequence in it is

dqb-convergent in E.

Definition 9. Let X and Y be nonempty subsets of a dislocated quasi-b-metric sapce (E,d).

A cyclic map T : X ∪Y → X ∪Y is said to be a dqb− cyclic− banach contraction for all

x ∈ X ,y ∈ Y and s≥ 1 and sk ≤ 1.

Theorem 10. [1] Ler X and Y be nonempty subsets of a complete dqb−metric space (E,d).

Let T be a cyclic mapping thar satisfies the condition of a dqb− cyclic− banach contraction.

Then T has a unique fixed point in X ∩Y.

We are going to generalize this result to a tricyclic mapping. To achieve this, we provide the

following definitions :

2. MAIN RESULTS

We start our results by the generalization of the definition of dqb− tricyclic− banach con-

traction notion, as follows.

Definition 11. Let X ,Y and Z be nonempty subsets of a dqb−metric space (E,d).

A tricylic mapping T : X∪Y ∪Z→X∪Y ∪Z is said to be dqb−tricyclic−banach contraction

if there existe k ∈ [0, 1
2) such that

(6) ∆(T x,Ty,T z)≤ k.∆(x,y,z)

for all x ∈ X ,y ∈ Y, z ∈ Z and s≥ 1 and sk < 1.
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Theorem 12. Let X ,Y and Z be nonempty subsets of a complete dqb−metric space (E,d). Let

T be a tricyclic mapping thar satisfies the condition of a dqb− tricyclic−banach contraction.

Then T has a unique fiexed point in X ∩Y ∩Z.

Proof. Let x ∈ X ∪Y ∪Z we have

d(T x,T 2x) ≤ ∆(T x,T 2x,T 3x)≤ k∆(x,T x,T 2x)

and d(T 2x,T x) ≤ ∆(T 2x,T x,T 3x)≤ k∆(T x,x,T 2x)

So

(7) d(T x,T 2x)≤ kβ

and

(8) d(T 2x,T x)≤ kβ

Where β = max{∆(x,T x,T 2x),∆(T x,x,T 2x)}

Using(7) and (8) we have d(T 2x,T 3x)≤ k2β and d(T 3x,T 2x)≤ k2β .

For all n ∈ N, we get d(T n+1x,T nx)≤ knβ and d(T nx,T n+1x)≤ knβ .

Let m,n ∈ N with m > n, using the triangular inequality, we get:

d(T mx,T nx) ≤ sd(T mx,T n+1x)+ sd(T n+1x,T nx)

≤ s2d(T mx,T n+2x)+ s2d(T n+2x+T n+1x)+ sd(T n+1x+T nx)

≤ sm−nd(T mx,T m−1x)+ sm−n−1d(T m−1x,T m−2x)+ ......+ sd(T n+1x+T nx)

≤ (sm−nkm−1 + sm−n−1km−2 + ......+ skn)β

≤ ((sk)m−nkn−1 +(sk)m−n−1kn−1 + .......+(sk)kn−1)β

≤
m

∑
i=n

(sk)ikn−1
β

=
1− (sk)m−n

1− sk
kn−1

β with (sk < 1)

≤ 1
1− sk

β (kn−1)

For n→ ∞, we get d(T mx,T nx)→ 0.
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By the same way for all n,m ∈ N with m > n we have

d(T nx,T mx)≤ 1
1− sk

β (kn−1).

Take n→ ∞, we get d(T nx,T mx)→ 0.Thus T nx is a cauchy sequence.

Since (E,d) is complet, we have {T nx } converge to some z ∈ X .

nevertheless, an infinite number of terms of the sequence (T nx) lie in X , as in Y and Z; as a

result, z ∈ X ∩Y ∩Z .

Now, we will prove that z is the fixed point T z = z.

We have

d(T nx,T z) ≤ ∆(T nx,T n−1x,T z)

≤ k∆(T n−1x,T n−2x,z)

≤ k[d(T n−1x,T n−2x)+d(T n−2x,z)+d(z,T n−1x)]

let n→ ∞, we get d(z,T z) = 0.

The same we get

d(T z,T nx)≤ k[d(z,T n−1x)+d(T n−1x,T n−2x)+d(T n−2x,z)]

let n→ ∞, we get d(T z,z) = 0.

Hense d(z,T z) = d(T z,z) = 0 implies that T z = z where z is a fixed point of T.

To establish the uniqueness of a fixed point, consider another fixed point of T denoted as z′,

such that T z′ = z′.

We have

d(z′,z) = d(T z′,T z)

≤ ∆(T z′,T z,T z)

≤ k∆(z′,z,z)

= k[d(z′,z)+d(z,z)+d(z,z′)]

= k[d(z′,z)+d(z,z′)]
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By the same way we get that

d((z,z′)≤ k[d(z′,z)+d(z;z′)]

From that we get

d(z′,z)+d((z,z′)≤ 2k[d(z′,z)+d(z;z′)]

implies that

d(z′,z)+d((z,z′) = 0 =⇒ d(z′,z) = d(z,z′) = 0

and that prove the uniqueness of the fixed point of T. �

Example 13. Let X = R3 and let d(x,y) = ‖x− y‖2 + 3‖x‖2 + 2‖y‖2 such that ‖‖,it’s the eu-

clidean norme.

Then (E,d)is a dislocated quasi-b-metric space with the coefficient s = 2.

Suppose A = [0;1]×{0}×{0};B = {0}× [0;1]×{0} and C = {0}×{0}× [0;1].

Let T : X ∪Y ∪Z→ X ∪Y ∪Z defined by

T (x,y,z) =


(0, x

3 ,0) ,if (x,y,z) ∈ X ,

(0,0, y
3), if (x,y,z) ∈ Y,

( z
3 ,0,0) ,if (x,y,z) ∈ Z,

Clearly, T is tricyclic on X ∪Y ∪Z: Consider (x;0;0) ∈ X, (0;y;0) ∈ Y and (0;0;z) ∈ Z , we

have

∆(T (x,0,0),T (0,y,0),T (0,0,z)) = ∆((0,
x
3
,0),T (0,0,

y
3
),T (

z
3
,0,0))

=
5
9
(x2 + y2 + z2)

in other hand we have

H((x,0,0),(0,y,0),(0,0,z)) = 5(x2 + y2 + z2)

Thus

∆(T (x,0,0),T (0,y,0),T (0,0,z)) =
1
9

∆((x,0,0),(0,y,0),(0,0,z))

It now follows from the theorem that T has a unique fixed point (0,0,0).

We introduce a new dqb-tricyclic-Kannan in the following way.
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Definition 14. Let X ,Y and Z be nonempty subsets of a dqb−metric space (E,d).

A tricylic mapping T : X ∪Y ∪Z→ X ∪Y ∪Z is said to be dqb-tricyclic-Kannan contraction

if there existe k ∈ [0,1) such that

(9) ∆(T x,Ty,T z)≤ k. [d (T x,x)+d (Ty,y)+d (T z,z)]

for all x,y,z ∈ A×B×C and s≥ 1 and (s+2)k < 1.

Theorem 15. Ler X ,Y and Z be nonempty subsets of a complete dqb−metric space (E,d). Let

T be a dqb-tricyclic-Kannan contraction . Then T has a unique fiexed point in X ∩Y ∩Z.

Proof. Let x ∈ X ∪Y ∪Z we have

d(T 3x,T 2x)≤ ∆(T 3x,T 2x,T x)≤ k.
[
d
(
T 3x,T 2x

)
+d
(
T 2x,T x

)
+d (T x,x)

]
Then,

d(T 3x,T 2x)≤ k.
[
d
(
T 3x,T 2x

)
+d
(
T 2x,T x

)
+d (T x,x)

]
which implies

d(T 3x,T 2x) ≤ k
1− k

[
d
(
T 2x,T x

)
+d (T x,x)

]
(10)

d
(
T 2x,T x

)
≤ ∆(T 3x,T 2x,T x)(11)

≤ k.
[
d
(
T 3x,T 2x

)
+d
(
T 2x,T x

)
+d (T x,x)

]
(12)

we have

(13) d
(
T 2x,T x

)
≤ k

1− k

[
d
(
T 3x,T 2x

)
+d (T x,x)

]
�

(14) d
(
T 2x,T x

)
≤ k

1− k

[
k

1− k

[
d
(
T x,T 2x

)
+d (T x,x)

]
+d (T x,x)

]

(15) d
(
T 2x,T x

)
≤ k

1− k

[
k

1− k

[
d
(
T x,T 2x

)
+d (T x,x)

]
+d (T x,x)

]
which implies

(16) d
(
T 2x,T x

)
≤ k

1−2k
d (T x,x)
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Proof. And from (16) we have

d(T x,T 2x)≤ ∆(T x,T 2x,T 2x)≤ k.
[
d (T x,x)+d

(
T 2x,T x

)
+
(
T 2x,T x

)]
Then,

d(T x,T 2x) ≤ k.
[

d (T x,x)+
k

1−2k
d (T x,x)+

k
1−2k

d (T x,x)
]

≤ k.
[

d (T x,x)+
2k

1−2k
d (T x,x)

]
≤ k

[
1

1−2k

]
d (T x,x)

≤ k
1−2k

d (T x,x)

Then

(17) d
(
T 2x,T x

)
≤ td (T x,x) ,d

(
T x,T 2x

)
≤ td (T x,x) where t =

k
1−2k

and t ∈ (0,1)

�

Inductively, using this process for all n ∈ N we have

(18) d
(
T n+1x,T nx

)
≤ tnd (T x,x) , for all n≥ 1

and

(19) d
(
T nx,T n+1x

)
≤ tnd (T x,x) , for all n≥ 1

Let n,m ∈ N with m > n, by using the triangular inequality, we have

d(T mx,T nx) ≤ sd(T mx,T n+1x)+ sd(T n+1x+T nx)

≤ s2d(T mx,T n+2x)+ s2d(T n+2x+T n+1x)+ sd(T n+1x+T nx)

≤ sm−nd(T mx,T m−1x)+ sm−n−1d(T m−1x,T m−2x)+ ......+ sd(T n+1x+T nx)

≤ (sm−ntm−1d (T x,x)+ sm−n−1tm−2d (T x,x)+ ......+ stnd (T x,x))

≤ ((st)m−ntn−1 +(st)m−n−1tn−1 + .......+(st)tn−1)d (T x,x)

≤
m

∑
i=n

(st)itn−1d (T x,x)
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=
1− (st)m−n

1− st
tn−1d (T x,x)

≤ 1
1− st

tn−1d (T x,x)

we conclude

(20) d(T mx,T nx)≤ ηtn−1d (T x,x)

for some η > 1
1−st ,by evaluating the limit as n → ∞ in the preceding inequality, we get

d(T mx,T nx)→ 0.

Similarly, n,m ∈ N with m > n,, by using the triangular inequality, we have

(21) d(T nx,T mx)≤ ηtn−1d (T x,x)

Take n→ ∞ we get d(T mx,T nx)→ 0. Thus T nx is a Cauchy sequence.

by the completeness of E, , we have {( T nx)} converges to some z ∈ X ∪Y ∪Z.

Notice that
{

T 3nx
}

is a sequence in X ,
{

T 3n−1x
}

is a sequence in Y and
{

T 3n−2x
}

is a

sequence in Z and that both sequences tend to the same limit z. Regardinthe fact that X , Y and

Z are closed, we conclude z ∈ X ∪Y ∪Z, and then X ∩Y ∩Z 6= /0

Now, we will demonstrate that T z = z. by (9),

d (T z,z) = lim
n→∞

d
(
T z,T 3nx

)
≤ lim

n→∞
∆
(
T 3nx,T 3n−1x,T z

)
(22)

≤ lim
n→∞

k
[
d
(
T 3nx,T 3n−1x

)
+d
(
T 3n−1x,T 3n−2x

)
+d (T z,z)

]
(23)

≤ kd (T z,z)

and consequently we have d (T z,z) = 0, which implies T z = z.

To prove the uniqueness of the fixed point z, assume that there exists v ∈ X ∪Y ∪Z such that

z 6= z and T z = z . Taking into account that T is tricyclic we get z ∈ X ∩Y ∩Z. we have

d (z,z) = d (T z,T z)≤ H (T z,T z,T z)(24)

≤ k [d (T z,z)+d (T z,z)+d (T z,z)](25)

≤ k [d (z,z)+d (z,v)+d (z,z)] = 0(26)

which yields that d (z,z) = 0. We conclude that z = z and hence z is the unique fixed point of T .
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