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Abstract. Let & be a reflexive Banach space. In this paper we are concerned with the existence of weak solutions
x € (S, &) of the quadratic functional integro-differential inclusion of fractional orders, o, 8 € (0,1),

RDE(x(t) —x(0)) € G(t, g (t, x()) P2y (t,RDPx (1)), t € [0, 7]

with the initial condition, x(0) = xo, xo € &, in the reflexive Banach space & under the assumption that the multi-
valued function G satisfy Lipschitz condition in &. The main tool applied in this work is O’Regan fixed point
theorem. We investigate qualitative properties of the solution of this inclusion such as the continuous dependence
on the set of selections Sg and the continuous dependence on the data xo. Here, we prove two new theorems on
the mentioned properties of the solution of the considered quadratic functional integro-differential inclusion of
fractional orders. We additionally provide an example given as numerical application to illustrate our main result.
Keywords: multi-valued function; weak solution; quadratic functional integro-differential inclusion; Lipschitz

condition; reflexive Banach space.

2020 AMS Subject Classification: 34A34, 34K30, 47G20.

1. INTRODUCTION

Let .# =[0,.7] and let & be a reflexive Banach space with norm ||.||s and dual &*. Denote
by €(.#,&) the Banach space of all continuous functions x : .& — &.
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Consider the quadratic functional integro-differential inclusion of fractional orders, o, €

(0,1),

(1.1) RD(x(t) —x(0)) € G(t, g1 (t, x()) Py (tRDPx (1)), t e .~
with the initial condition

(1.2) x(0) = xq, X0 €&

where G : . x & — x(&) is a nonlinear multi-valued mapping and (&) denote the power set
of nonempty subsets of the Banach space &.

Recently, integral and integro-differential equations were studied by some authors (see [20]-
[22]). Indeed a functional inclusions and differential inclusions have been investigated by some
authors and there are many results concerning the existence of solutions and their properties
of these problems (see [3], [8]-[10] and [14]-[15]). Also, a functional integral inclusion was
discussed by B.C. Dhage and D. O’Regan (see [17], [18] and [23]) they proved the existence of
extremal solutions using Caratheodory’s conditions on the multi-valued function. However, in
this article, we establish our results using Lipschitz condition on the multi-valued function. The
existence of weak solutions of the integral equations were studied by a number of authors such
as (see for instance[1]-[2], [5], [12] and [16]).

In [19], H. A. H. Salem is devoted to proving the existence of weak solutions to some quadratic
integral equations of fractional type in a reflexive Banach space relative to the weak topology.
Here we study the existence of weak solutions x € € (.#, &) of the quadratic functional integro-
differential inclusion of fractional orders (1.1) in the reflexive Banach space & with the initial
condition (1.2) using O’Regan fixed point theorem. We prove the existence theorem of that
inclusion in the space € (.#, &) under the assumption that the multi-valued function G satisfy
Lipschitz condition in &

We investigate the continuous dependence of the solution on the set of selections Sg and on the
data xg. We additionally provide an example given as numerical application to illustrate our

main result.
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2. PRELIMINARIES

Here, we present some auxiliary results that will be needed in this work.
let & be a Banach space and let x : .# — &, then
(1) x(.) is said to be weakly continuous (measurable) at ty € .# if for every ¢ € &, ¢(x(.)) is
continuous (measurable) at tg.
(2) A function h : & — & is said to be weakly sequentially continuous if h maps weakly con-
vergent sequence in & to weakly convergent sequence in &.
If x is weakly continuous on .#, then x is strongly measurable and hence weakly measurable
(see[4] and[7]). Note that in reflexive Banach spaces weakly measurable functions are pettis
integrable (see[7] and [13] for the definition) if and only if ¢ (x(.)) is Lebesgue integrable on .%
for every ¢ € &*.
Now we state a fixed point theorem and some propositions which will be used in the sequel

(see[11]).

Theorem 2.1. (O’Regan fixed point theorem)

Let & be a Banach space and let 2 be a nonempty, bounded, closed and convex subset of
the space € (9 ,&)) and let of : 2 — 2 be a weakly sequentially continuous and assume that
A D(t) is relatively weakly compact in & for each t € .#. Then </ has a fixed point in the set
2.

Proposition 2.2. A subset of a reflexive Banach space is weakly compact if and only if it is

closed in the weak topology and bounded in the norm topology.

Proposition 2.3. Let & be a normed space with 'y # 0. Then there exists ¢ € & with ||@]| = 1
and |ly[l = o (y).

Definition 2.4. [6] A multi-valued map G from .# x & to the family of all nonempty closed
subsets of & is called Lipschitzian if there exists . > 0 such that for all t;,t; € .# and all

X1,Xp € &, we have

%(G(t],X]),G(tz,Xz)) < g(’tl —tz‘ + HX] — X2

&)

where ¢ (%, 7) is the Hausdorff metric between the two subsets %, % € ¥ x &.
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Denote Sg = Lip(.#, &) be the set of all Lipschitz selections of G.

3. MAIN RESULTS

In this section, we present our main result by proving the existence of weak solutions
X € €(#,&) of the quadratic functional integro-differential inclusion of fractional orders (1.1)
in the reflexive Banach space & with the initial condition (1.2), under the assumption that the

multi-valued function G satisfy Lipschitz condition.

Definition 3.1. By a weak solution of the quadratic functional integro-differential inclusion of
fractional orders (1.1) in the reflexive Banach space & with the initial condition (1.2) we mean

a single-valued function x € ¥ (.#, &) this function satisfies (1.1) and (1.2).

Consider now the problem (1.1) and (1.2) under the following assumptions:
(H1) The set G(t,x) is compact and convex for all (t,x) € . x &.

(H2) The multi-valued map G is Lipschitzian with a Lipschitz constant . > 0 such that
H(G(t1,x1),G(t2,%2)) < Z (|1 — 2] + [|x1 —x2][)

for all t;,tp € .# and x1,Xx; € & where (%, %) is the Hausdorff metric between the two
subsets #Z, Y € I X &.

(H3) The set of all Lipschitz selections Sg of the multi-valued function G is nonempty.

(H4) gi(t,.), i = 1,2 is weakly sequentially continuous for each t € .#.

(H5) gi(.,x), i = 1,2 is weakly measurable on .# for every x € &

(H6) There exist functions a; € € (.#), i = 1,2 and constants b;, i = 1,2 > 0 such that

¢ < |ai(t)[+by|x

li(t,x) g, Ve 7, i=1,2.

(H7)The function g; : . x & — & satisfy Lipschitz condition.
ie.
Ig1(t2,2(t2)) — g1 (t1,2(tr)) .o < b1{[t2 — 1| + [|2(t2) — z(t1) [| £ }-
(H8) There exists a positive real number r of the algebraic equation
ZLoib K + 2.2biba||x0lleKi + ZbiKiK + ZLllai]l¢bki — Ur + [ZL]ay
(Zaillb2 +-ZbiK) [[x0lls +-Lbiba(|[x0lls)* +.#] = 0.

<K +
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Remark 3.2. From assumptions (H2) and (H3), there exists a Lipschitz selection g € Sg such
that

l8(t2,x) —g(t1,y)]le < L (e —ti[+ Ix = yll»),

for every t,t; € . and x,y € &.
And this selection satisfies the quadratic functional integro-differential equation of fractional

orders
3.1) RD(x(t) — x(0)) = g(t, &1 (t,x() P (LR DPx(1)), te .~

with the initial condition (1.2).

Then the solution of the problem (1.2) and (3.1), if it exists, is a solution of the problem (1.1)
and (1.2).

Now, we study the existence of a weak solution of the problem (1.2) and (3.1).

Theorem 3.3. Let the assumptions (HI1)-(HS8) be satisfied. If the weak solution x € € (.9, &) of

the problem (1.2) and (3.1) exist, then it can be represented by
x(t) =x0 +1%(1),
where

t=B

mxoﬂafﬁym)), te 7.

y(t) = g(t, g1 (t, (xo +1%y(1)) P ea(t,
Proof. Let
RD% (x(1) — x(0)) = y(1) € #(.#, )

Then from the definition of Riemann-Liouville fractional order integral of order o € (0,1), we

have

S (x(0) ~x(0)) = y(0)

Integrating both-sides, we get

I'%(x(t) = x(0)) — £ =1Ly (1)



6 AHMED M. A. EL-SAYED, NESREEN F. M. EL-HADDAD

operating by I* for both-sides, we get
I(x(t) —x(0)) = A% 1+I17%(1)

t _S(xfl
z/o %.Ms—f—l”o‘y(t)

_ ¢ a 1+a
= F(OH—I)t +1I " %y(1).

Differentiate both-sides with respect to t, we have

x(t) = x(0) + it‘)‘_1 +1%(t).

I'(a)
Att=0, we get £ =0.
Hence, we have
(3.2) x(t) = xo +1%y(t).

Operating by 1'-A for both-sides, then we have
1'Px(t) =1"Pxo + 112 Py (v).
From the definition of fractional order integral, then

t(t—s) B
I'Px(t) = /&xodsqq”a_ﬁy(t)
0

r(1-p)
1B )
= ——xo+I'""* Py(1).
r2-p)
Differentiate with respect to t, then
d d t-h d
1B = —teBy(t
al O = G @ v
t—B
= — xo+1*Py(v).
r(1-p)
From the definition of Riemann-Liouville of fractional order derivative, we have
-B
RnBory L a—p
DPx(t) = =——xo + 1% Py(t).
r(1-p)

And from equation (3.1), we have
t—B

O +1%Py())), te 7.

(3.3)  y(t) =gt gt (xo+1%(1)Paalt,
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Now, for the existence of a weak solution of the problem (1.2) and (3.1) we have the following

theorem.

Theorem 3.4. Consider the assumptions (HI1)-(HS8) hold. Then there exists at least one weak

solution x € € (.7, &) of the problem (1.2) and (3.1).

Proof. Define the operator <7 by
t—B

mXOHO‘*ﬁy(t))), te 7.

y(t) =gtz ((xo +1%(1))Pea(t,
Let the set 2, defined by
={yeb(S,8), llylle <t};
r = Za|¢K+.2L|aillgbalxolls +-Zlar ]l #barKy +.Zby ||xo| s K+ Lbiba([|x0] )
+ 2$b1b2rK1||X0||g+Zb1rK1K+$b1b2r2K%+.//.

Lety € 2, be arbitrary, then we have from proposition 2.3

I Zy(O)lle = 9(y(1))

i
= #(e(t21(t, (o + 1%y ()P ea(s, 5 +147Py(1))))
= le(ta(t oo+ VO Pa(t, o 1P (0) e
< Ll o+ 1Y O)P et g gyro+ 1 Py0)le + le(t0) e
-
< Ll (oo + 1) e 2 gyt 1 PO+ et 0) e
-B

< Llar O]+ 0r(olls + 1101 (lar(0)] + bal g —gyr0-+ 1 Py(0))

+g(t,0)ls

-B

< Z{Jai(O]+bi[[xolle +bi1*(ly(0)| )} {IP|ax(t )|+b21ﬁml\xo\|£+bzla\lﬂ )l

+2(t,0) 15

S)oc 1 S)B 1

< 20l oilole+bn [ T Iyl [ L aa(slas
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by t(t_s)ﬁ—l B t(f—g)o-!
gyl ) gy P ) Sy O leds} + suple(e0)

a o

t
K -
MK+ ballolle+ b2 Ml gy )+

IN

t
< b b _
{llatll# +bi|xolle + lHyH%F(aH)

o o
— 1 K+Db byr —
o o

_— ZLb K+b bor——
F(a+1)}+ 1ol {K+ba]xol|s + Y

a a

T
{K+bz|x0ll e +b2rm} +. 4

IN

Z{|la1]l# +b1][xoll +bir Y+

IN

Z|a1]|¢{K+bal[xol|& +bar }

+$b1rm

o

IN

Z a1l K+ Z||at||«b2][x0

+$b1 HXO

g+$]]a1]\<gb2rr K

(a+1)

T
- ZLbir——K

%bib 21 ¢bib
+Zb1ba (X0 ¢)” + Lb1bor ToT1)

90(
INa+1) I(oe+1)
Z|lar]|¢K+ 2L a1 lgba|xolls + L |a1 [|¢barKy + b1 ||x0| e K+ Zbiba([|x0] )

+.Zbbor 0|6 4+ -Zb1bor?( Y+ .

IN

+2.%b1byrK; ||X()||g +$b1rK1K—|—$b1b2r2K% + A .

_g)B-1 a
where ./ = sup|g(t,0)|, K= f{ & ?%) laj (s)|ds, K = %

Therefore

||,Q/y||c < $||a1 <gK+.,§,”||a1 %berl+$b1||X0||gK+$b1b2(||X0”g)2

#ba (X0l + L a1

+2.Zb1borK; HX()Hg +$b1rK1K+$b1b2r2K% +. M =

Then ||Zy|c <r.

Hence, &7y € 2Z;, which proves that &/ 2, C 2, and the class of functions {.<7 2, } is uniformly
bounded.

Now, we will show that &7 : 2, — 2.

Let y € 2, and let t;,t; € ., t; <tp (without loss of generality assume that ||.</y(ty) —
2y (t1)| # 0), then we have

l7y(t2) = y(u)]|

B
= (e, (o0 1y (2))P g1, gy xo +1° (1)

B
— (gt (t, (o + 1%y ()P ea(u, F(Il_ﬁ)xo+1a*ﬁy(t1)))||g
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ty (tz_s)ﬁfl Sﬁ
re 2t ra-p)

t (tl_s)ﬁfl Sﬁ
e 2O Ti-p)

o (1n _ Bl -B
${|t2_t1|+||g1(t2,(xo+1“y(t2)))/0 (tzr(;)) gz(ST(i B)

o U (g —s)P-! 5P
(o + 1)) [ e m g
b (ty —s)B-1 s B

rp) S Ti-p)
o _g)B-1 -B
gl(tz,(X0+I°’y(t2)))/tl (tzr(;)) 2 (s, F(i ﬁ)Xo—Ha By(s))ds

o i (tl _S)ﬁ71 S P
g1 (tr, (xo+1 Y(tl)))/o T(8) 2 (s, (=)

Ll —t|+ 2L 21(t, (x0 +1%y(t2))) — &1 (t1, (xo +1%y(t1))) ] £

Jefta.1 (2, (xo + (1) [ o+ Py(s)))ds

gt (o +1%(1)) | o +1% Py (s)))ds |

xo+1% Py (s))ds

xo+1%Py(s))ds|}

xo+1%Py(s))ds

2l =]+ a1t (0 +1%y(w)) [

xo+1%Py(s))ds|}

U (=gt (—s)f! 5P o
b Ry e m gy ek
(5] _g)p-1 -B
Ll (o + 50 e [ B s o+ ()l

Ll —t|+2Lbi{lta —t1| +1%y(t2) —y(t1)ll £ }

U (tp—s)B1 () —s)B! s P o
/0 [ zr(ﬁ) - lr(ﬁ> ng(S’F(l ﬁ)X0+I ﬁy(S))‘dS

p-1 -
Z{anln) |+l o+ 17y(0)) e} [ o ;)) (s gy o 1P )las
B- Y -
Ll —t|+ Lty — t1|/ t2 ;)) | (tlr(;)) 1]|g2(57r(iﬁ)X0+IaBY(S))|dS

(th—s)B1  (t; —s)B-! s P
T e e

2o%y(e) -yl [ ]

B-1 B
2 ()] - br[solle + [y (6 Hg}/ (t — ;)) 225, F(i_mxoﬂa Py(s))lds
t2 s)B-1 (tl—S)I%1 5P
Lty —t1|+ LDyt — t1|/ (B T'(B) ]{|az(s)\+bzm
« (b—s)P1 (4 —s)P! P
il ||y(t2)—}’(t1)||€/[ e ) RO gy

S
r(1-p)

Z{an() |+ balsolle + 1Ny )} | o S)>

t2 S)ﬁl (t]—S)Bl
I'(B) I'(B)

{laz(s)[ +b2

$|t2 t]‘+$b1|t2 t1|/ ]|a2(s)|ds

S B 1 — S ﬁ71 Sfﬁ
$b1b2|t2 tl|/ t2 )) ( IF(IB)) ]r(l—B)”XOH(gdS
SLE _g)B-1

Lorl -l [ — - S O eas

Ixolls +1% P ly(s)]| Yds
Ixolle +1%Ply(s) | }ds

Ixolls +1% P [ly(s)]l Yds
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th — S)B I (t1 — S)ﬁ71
r(B) L(B)
P (m—s)Pt s7h

b Loy -yl [ 1 Jlas(s)ds

a ho(ta—s
t _g)B-1 _g)B-1
+ $b11a||y(t2)—y(t1)||g./0 [(tzr(?) —(“F(;)) 1P ly(s) | ds
t (ty —g)B—1
+ 2]+ vrllolle -y} [ s
' (t, —g)B-1 -B
+ Lo+l + 1oy o)} | B s ol

0 (t, —g)B—1
2]+ villolle +17y e} [T Sy s
4 —g)B-1 —g)B-
< Zlo-ul+ 2oile—ul [ (T - U s
tz—s)ﬁ Loty —s)Bt 5P
+ $b1b2|t2 tl|/ ﬁ) - F(ﬁ) ]F(l _ﬁ) ”X()Hébds
2—5’3 Uy —s)B 1 t(s—0)* B!
s U (1 — g1 _ Bl
+ ([ (tr(;)y(sz)—y(s])Hgds)/o [(tzr(ﬁ)) —(t‘r(ﬁ)) Jlax(s)]ds
t(t—s)*! b (tp—s)P1 (ty—s)B1 P
Lol | e ly(s) —y(snleds) [T~ STy oleds

t(t—s)* ! U (p—s)F1 (4 —s)fl t(s—0)e P!
([ e v —ynllads) [T g~ Sl gy Iv@)lsde)ds

t SOc—l tp 7Sﬁ—1
+ 2@l ool + [ HY(Sz)IIrde)}/ u|az<s>\ds

-1 B
+ Zoaffai(w)] +billxolls + / o (oo T F(l_ﬁ)nx()ngds
7Sﬁ1 t(g— o—p—1
b 2ol [ slleany [T B ([ SO0 aeas

which proves that &7 : 2, — 2;; the class of functions is {7y} is equicontinuous in Z,.
Now Z; is nonempty, closed, convex and uniformly bounded.

As a consequence of proposition 2.2, then o7 2, is relatively weakly compact.

Finally, we want to prove that .o/ is weakly sequentially continuous.

Let {yn} be a sequence in 2, converges weakly toy Vt € ., i.e. y, =y, Vt€ 7.

Since g;i(t,y(t)), i = 1,2 are weakly sequentially continuous in y, then gi(t,y,(t)), i = 1,2

converges weakly to gi(t,y(t)), i =1,2.
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Thus ¢ (gi(t,yn(t))), i = 1,2 converges strongly to ¢(g(t,y(t))), i = 1,2. Also,

|2i(t, yn (1))

¢ < |ai(t)[ +bjllyn

(fvi:172

By applying Lebesgue dominated convergence theorem for Pettis integral, then we get
t—B
r(1-p)

t—B
r(1-p)

O(yn(t) = ¢(g(tgi(t (xo+1%n(t)Pet, xo +1% Py, (1))

= Jle(t 21t (xo +T%ya ()P eat, xo 1% Pyu(0))ls

= et it (xo+1%y(0)Pea(t, xo+17Py (1))l

-
I'(1-p)
te S, Vb, te s

ie. §(Ay,(t)) = ¢(y(t)), and then

1 yn (Ol = [l7y(0)lls

Hence, <7 is weakly sequentially continuous (i.e. &y, (t) — 2/y(t), Vt € .# weakly).

Since all conditions of O’Regan theorem are satisfied, then the operator .27 has at least one fixed
point y € Z;, then there exists at least one weak solution 'y € €' (.7, &) of the functional integral
equation (3.3).

Consequently, there exists at least one weak solution x € ¢’ (.#,&’) of the problem (1.2) and
(3.1). Hence, there exists at least one weak solution x € €(.#,&) of the problem (1.1) and
(1.2).

4. UNIQUENESS OF THE SOLUTION

Here we study the sufficient condition for the uniqueness of the solution x € € (.#, &) of the
problem (1.2) and (3.1).
consider the following assumption:
(h1) The function g, : . x & — X satisfies Lipshitz condition with a Lipschitz constant b,

such that

lg2(t,x) —ga(t,y)] <baf[x —yle.
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Theorem 4.1. Let the assumptions (HI)-(H6) and (hl) be satisfied, Then the solution x €
C(S,8) of the problem (1.2) and (3.1) is unique.

Proof. Let x, x; € €(.#,&) be two solutions of the problem (1.2) and (3.1).

Since 5
y(0) = (0,810 (0 1Y) Pealt, 5 — oo + 17 Py(0), e

Then

ly(t) —y1(t)lle

= et (6 o+ 1%y O)Pea(t, o

B

= et o+ )P et g+ 1PN O)le
B

< Ll o+ YO Pealt gy + 1% Py(0)

— 8 G0 NPl g0t Py0)s)
B

< Z{lla Ko+ 1yO) Pl xo+1%Py (1))

I(1-p)
B
r(1-p)
B
r(1-p)
B
WXOJFI(X_BYI(Q)\B’}

t=B
et o+ 1O Pt 5

xo+1%7Py(1))

— g1t (xo+1%1 (1)) P et

+ gt (xo+ %1 (1)) Pea(t, xo+1%7Py(1))

— g1t (xo+1%1 (1)) P et

xo+1%7Py (1))

IN

gyt Ol

— g1t (xo+1%1 (1)) P et

B
+ i”{llgl(t,(XO+I°‘Y1(t)))Iﬁgz(t,mKowLI“‘ﬁY(t))llof

-
I(1-B)

B
Ll (4, (x0+1%y(0)) — 21 (& (%0 + 1 O)IP e, r(I 5 +1%7Py ()] e}

x0+1%7Py1 (1)}

— g1t (xo+1%1 (1)) P et

IN

-B —B
F(; g0t 0) Pt —F(I =
B
${||g1<t,<><o+1“y<t>>>—g1<t7<><o+1°‘y1<t>>>||g1ﬁ|gz<t7F({ 0B

-B B
F(I _ﬁ)XO+Ia7ﬁY(t)) _g2(t7 F(I _ﬁ)

+ Z{llgi(t, (xo+1%1(1)) [P ea(t, xo+1%7Py1 (1))}

IN

xo+1% Py (1)}

+ 2{llg1(t, (xo+1%1 (1)) |1 g t,
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t _
< «iﬂbIIaH}’(t)—Y1(t)||€lﬁ{|32(t)|+b2m\|"0\\5+b21a Pllylle}
+ 2 {1 ()] +bi %ol +biI%ly1 (O] HB1 Iy (1) — y1 (0]}
t(t—s)*! t(t—s)P-!
< ~ 7 — A
< (2 [ S VO —yi@)leas) [ a—la(olas
t(t—s)*! tt—s)P1 5P
(s [ S VS =) [ gy olleds
C(1—s5)o! (t—s)!
(ot [ )~y 9 eds) [ SR Iv()sds
+ Lot [ L y(s) - ol + Zhibalalle [ ) i)
2|ag ) F(a) y 1 & 102 0500 F(a) y Y1 &
t(t—s)! 1t — )% !
Lol [ S I @ eds) (| e I~ ()
< Loy —yille oK+ Loribally — vl [Ixolls + Lrbally — yi e (= V]
< 1y yll”ﬂl"(a—i—l) 102y Y1%F(a+1)og’ 102y YI%F(OH—I) M3
+ Zosllaillelly -3 lle o+ Loalollelly — il = + Loriballyielly il (o )?
20la1]|€ ||y — V1 (gF(OC—i-l) 102]|Xo||&]|Y — V1 ("/F(oc—f—l) 1920 Y1llelly —Y1l|& F(a+1)
T T T
< — [ — — p — — o ———m———— 17
< Zbily Y1||zfr(a+1)K+$b1b2||y YI‘Iér(a_'_l)HXOH€+$b1b2Hy Y1||6(r(a+1)) Iyl
T T T
+ gbZHalH%H)’_)’IH%’m+$b1b2HXOH€H)’_)’1”%m+gb1b2”)’1||%||y_yl||%(m)
< Zbilly —yilleKiK+22biba|ly — yil«Ki[xolls +2Lbiba|ly — yill« Kir+ Lo lai ||l 2|y — y1[l«Ki-
Then
2
ly—=ville < Zbilly—yilleKiK+22biba|ly — yill¢Ki|Xoll& +2-Zbiba|ly — y1 ||« Kir
+.Zbs|art]|¢lly — yill«Ki-
Hence

Since (£b1K K+ 2.2b1b:K [|x0]| & +2-Lb1baKir + Lbs|a)

Since

||y -V ||<g(1 — Zb1KiK+2.%b1byK; ||X()||g +2$b|b2K%r+$b2Ha1 H%”Kl) <0.

ggKl) < 1, then

ly —yill¢ <0.

x(t) = xo 4+ [%y(t).

Then for the two corresponding solutions x, x;, we have

[1x(6) —x1(t)

e = 1% () 1% (t)]|e
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< I¥y-y

4

< 0
Hence
[x —x1[l# <0.

Which proves the solution of the problem (1.2) and (3.1) is unique.

5. CONTINUOUS DEPENDENCE ON X

Here we study the continuous dependence of the solution on X for the problem (1.2) and

3.1).

Definition 5.1. The solution x € € (.¥,&) of the problem (1.2) and (3.1) depends continu-
ously on the data xo, if for every € > 0, there exists § > 0 such that ||xo —x{|l¢ < 0 implies

|x —x*|| < €, where x and x* are the two solutions of the problems (1.2) and (3.1) and
DY (x"(1) =x*(0)) = g(t,x(0P g1 (1, DPx* (1)), te &
with the initial condition

x*(0) = x5, x5 € &.

Theorem 5.2. Let the assumptions (HI)-(H6) and (hl) be satisfied, Then the solution x €

€ (I,&) of the problem (1.2) and (3.1) depends continuously on the function X.

Proof. Let x¢, x; € & be two points in the Banach space & such that
X0 —xqllg <6, 8 >0, te 7.

Since
t=B
y(t) = g(t g1 (t, (xo+1%y ()P a(t, mxo+1a_ﬁY(t))), te s,

Then

I y® -y Ols
B

I(1-B)

= Je(tai(t (xo+1% (1) Peat xo +1%Py (1))
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IN

IN

IN

IN

IN
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-
r'(1-B)
B
r(1-p)

x5 1Py ()]l

g(t. 21 (6, (x5 +1%y (1)) Pea(t,

Z{llg1(t, (xo + 1%y ()P ea(t, xo+1%Py(1))

B
&1 (4, (x5 + 1%y ()P ea(t, I _ﬁ)XS+I“‘ﬁY*(t))IIg}

B
Z{l21(t, (xo+1% () P ea(t, (=

B
r(1-p)
B
r(1-p)

B) xo+ 1% Py(t))

g1t (5 + 1%y () Peat, xo +1%Py(1))

g1t (x5 + 1% ()P eat, xo+1% Py (1))

t=B
g1t (x5 + 1% ()P eat, e _ﬁ)XSH“‘ﬁy*(t))llg}

B
L{lg1(t, (xo + 1%y ()P ea(t, T p)

xo+147Py(1))

g1(t, (x5 +1%y" () P eat,

g1t (x5 + 1% ()P eat,

-
g1t (x5 + 1%y ()P ga(t, = ——oxi + 1% Py (1)) o}

Zgi(t, (xo + 1%y () Pealt, T1-5)

gi(t (x5 + 1% ()P eat,

I(1-B)

2 g1t (x5 + 1%y () Peat,

WXO + Ia_ﬁ}’(t))

21(t, (x5 +1%y" () Peat, xp+ 17 Py (1))l

B
r(1-p)

21 [(x0 —x5) +1*(y(t) —y* ()PP et

-B
gy YOl
B B

2t (x5 + 1% () [P eat, 6 _ﬁ)on“*ﬁy(t)) P,

t
r(1-p)

xo +1% Py (1) - ea(t,

Zo1]lIx0 = x5l + 1]y (0) = y* ()| £]1P |21, xo+1%7Py(1))]

\ ) P
Ll (t (x5 + 1% () [ 1P 22 (t,

B
I'(1-B)

I(1-B)

x5 +1%7Py*(1))]

I(1-B)

15
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* * t —
ZLbu[l[x0 = x5l + 1%y (1) = ¥* (O )17 {Ja2() thar Ixolls +b21% P [y (1) |}

(1-B)

l[x0 — X0

£+l Plly(t) —y* (1) £}

gnal(tn+bluxz;ug+b11"‘HY*<t>”£”B{b2r<f—/s>

t(f—g)1
s [l e -y o)l

(o)

t(t—sg)B! tt—s)P~t 7P Le—s)* !
gy mtolas b [ i ol b [y

e el t(+_ \o—1 -B
$[|a1(t)|+bl”xg||g+b1/0 (tr(sg‘) gdS]{bzﬁ/o (tF(S[l s ds

T )
t(t—g a—1
b [ “F(fx)uws)—y*(s)\gds}

gdS}

ly*(s)

o 102

t
ZLbi[0 +ly — Y|l mr=— HK+ba[xoll¢ +b2H}’H%F

(ax+1) (Oc+1)}

a o

t
¢ +bi]|x5| ¢ +b Hy*||<gm]{b25 +bolly—y* “TasD

}

AR }

o o

—H{K+5b b
F(a+1)]{ +b2fxolls +b2ylly

$b1[6+Hy—y* m

3

o o

T «
% +bi][xglle +bi Hy*”fm]{bﬁ +bally—y H‘ﬁl—(

Zlla Ma+1)

}

[£016 + L1 [ly — v [l Ki[{K + b2 |xo]| o +b2rK }

[Z |y

v+ Zb1[xpll o + Lb1rK [ {b26 +ba|ly —y* [l Ki}
$b15K+$b1b25HXQH(g +2+D§/ﬂb1b251‘K1

21|y — ¥* [l {KK +b2Ki [|x0]| ¢ + bar(Ki1)*} + Zb28 ||y [l +-Lb1b2 8% | o

{ZL a1 ||lxb2K; +-Lbiby||x5 || e Ky + Lbibor(Kp)*Hy — y*

7

y*%p < Zb]SK-}-.,gbleSHX()Hg+2$b1b261‘K1

+ Zb Hy—y* cg{KKl +byK; HX()Hg +b2r(K1)2} -I-gbzéHal ||<g +$b1b25||xa||éa

+ {gHalu%ﬂszl-l-gb]bg”Xé (gaKl+$b1b21‘(K1)2}Hy—y*H%.

ly=y"ll«
$b16K+$b1b26HXOH£ +2.%b1by 61K +$b25”a1||(,g’—|-$b1b25HX8Hg

1 — (Zb1{KK; +boK| [|x0]| ¢ +bar(Ky)?} + {2 a1 ]| b2K| + Lbiby|[x{[| s K1 +ZLb1bar(Ky)?})
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Since
x(t) = xo + 1%y (¢).

Then for the two corresponding solutions x,x*, we have

(0 =x* ()]s

= (O -1l

< Ty—=y'lly
< o $b15K+$b1b25||X()”6o++2$b1b261’K1+$b25|‘a1||<g+$b1b25”)(8”£
- 1 —(Zbi{KK; +bK; ||X()||g +b2r(K1)2} +{Z|la1 ||xb2K1 +$b1b2||x(*)||gK1 +$b1b2r(K1)2})
< K .Zbl5K+$b|b25\|ono@+2+$b1b25rK1+.$b25||a1H(g+$b1b25||xg||(g
1— (.,fb]{KK] +byK; ||X()||O@ +b2r(K1)2} + {$||a1 H<gb2K1 Jrfb]bz”XB”gK] +$b1b21‘(K1)2})
= E&.
Hence

Ix—x"ll <e.

which proves the continuous dependence of the solution on x( of the problem (1.2) and (3.1).

Corollary 5.3. For every g € Sg the solution of the problem (1.1) and (1.2) depends continu-

ously on Xg .

6. CONTINUOUS DEPENDENCE ON THE SET OF SELECTIONS Sg

Here we study the continuous dependence of the solution on the set of selections Sg for the

problem (1.1) and (1.2).

Definition 6.1. The solution x € €' (.#, &) of the problem (1.1) and (1.2) depends continuously
on the set S, if for every € > 0, and any two functions g, h € Sg, there exists 6 > 0 such that

lg —hl|s < & implies ||xg — xp||¢ < €, corresponding to the set valued functions G and H.

Theorem 6.2. Let the assumptions (HI1)-(H6) and (hl) be satisfied, Then the solution x €
€ (S ,8) of the problem (1.1) and (1.2) depends continuously on Sg.
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Proof. Let g, h € S such that

[ g(ugl(n(Xo-%I“YgG)DIBng,r‘; )XO—%I“’BYgG))

t

ﬁ)xo—{—la_ﬁyg(t))]\g <8,8>0,te.s.

Since
B

I _ﬁ)xo—kla_ﬁy(t)), te 7.

y(t) = g(t, g1 (t, (xo + 1%y ()P ea(t,

Then

I ye(©) —ya(V)lle
B
r(1-B)
B
r(1-p)
B
r(1-B)
B
r(1-p)
B
INO)
B
INOR)
B

= Je(ta(t (xo+ 1%, (1) Pe(t, xo+1% Py, (1))

— h(t,gi(t, (xo+1%yn(1)) P ea(t, o+ 1% Py(1)) 6

= Jla(t 21 (t, (xo+ 1% ()P ea(t, xo+1% Py, (1))

— h(t gt (xo+1%,(0)Pea(t, xo +1% 7Py, (1))

+ h(tgi(t, (xo+ 1%y ()P ealt, xo+1% Py, (1))

— h(t gt (xo+1*ya(1)Pea(t, xo +1% Py (1))l

IN

gt 21(t, (xo+ 1% ()P ea(t, xo+1% 7Py, (1))

r(1-p)
B
r(1-p)
tB
I(1-p)
B
Ir(1-p)

5
t_ﬁ xo + 1% Pyg (1)

xo+1% Py, (1))lls

— h(tgi(t, (xo +1%,(1)Pea(t,
+ |Ih(t g1 (t, (x0 +1%y,(1) P ea(t, xo+1% Py, (1))

— h(t gt (xo+ 1%y (1)Pea(t, xo +1% Pyn(0)))lls

IN

§+.2Z gt (xo+1%(0))Pea(t,

— g1t (xo+1%n(1)) P ea(t, T

IN

-+ (%0 +1y ()Pt i
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t—B
‘T(1-p)

§+.2b1]|((xo + 1%, ()P ga(t,

— ((x0+I%n(t)Pga(t x0 + 1% Pyy (1))

t=h
r(1-B)
X0+ 1% Pyn ()|

t—B
"T(1-B)

-
F gyt POl

IN

xo+1% Py, (1))
t=B
r(1-p)

+ Zbi|((xo+ 1%y ()Pt

— ((x0+1%yg(1)Pey(t,

xo+1% Py

n(1)))

— ((xo+1%yn ()P gy (t

-B)
t—B
(XO+I(XYh(t))||é"{IB|g2(tv T(1-B)

— ()l ¢}

IN

t
5+201 (o + e ()l (P leo(t, oy

+  Zby||(xo+1%yg(t)) —

IN

&+ Zbi{lIxolls +1%lyg (0)lls H{bal*[[yg (1)

" fbﬂaHYg(t) _ yh(t)HgIﬁ{‘az(t)‘ +b2r(I_B)

a—1 a—1

5)

IN

5+ 2ol + [ T
t—s)e!

+ 2o [ o - leost |
(=9t o

L e ey

6+ Zbi{[[xolls + llyelle

(a)

[z (s)|ds

— )P~

T(B)
onH(gds—sz/ (t()

)
a—1
)
t% b t®
m}{ ZHYg _Yh”%m

o o

t
K+b +b P
{ 2|[Xol| & 2HYhng(a 0

o a

T
m}{bzu}’g —Yullz (

IN

}
}

t
Zb —Vlle=—=

IN

0 +Zbi{[[xolls + el

}

T
INa+1)
T4 Té

K+b b _—
{K+ba|xolls + ZHYhH%F(aH)

—¥nlleKi}+ZLbillyg

}

Zb — -

< 0+ ZLbi{[xolle + 1Ky H{ballye
Then
—Yullz < 8 +ZLbi{[[xolls +1Ki }{b2]yg

lyg = ¥nll Ki}+ZLbilyg

Hence

)

xo+1%7Pyg(1) —ealt,

e ledshio [ 0 yg(s) 3

t=B

r(1—

xp + 1%~ B
B)

ya(O)1}

xo+1% Pyy (1)}

%ol + D21 P lyn (1)l }

(s)[lsds}

[yn(s)llsds}

— ¥h|leKi{K+bz||x0]|& + b2rK; }

— Yull o Ki{K+ba|[x0]| ¢ + barK; }

— <
Iye =ynlly < 7= (b1 {[[xo]l s + K1 102Ky +Lb K1 {K + ba|[xo][ - + barK1)
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Since
X

0_to=1 1 1%(¢).

x(t) (0]

Then for the two corresponding solutions Xg, X, we have

e (6) =xn (O]l 2

= 1% =I*yn(0)ll ¢

IN

lye —ynllg
0
1 — (Zbi{||x0|| » +rK; }b2K; +Lb1 K {K+ba|[x0]| » + barK})
t* 0
F(OC + 1) 1— (gbl{HXOHg’ —|—1‘K1}b2K1 —|—Lb1K1{K—|—b2HXng) —i—berl)
T 0
[(o+ 1) T— (Zbi{|[xoll s + 1K1 162K + LbiK; (K + ba|[xo] 7 + barKy)

I(X

IN

IA

IN

Hence
[xg —xnlle <&

Which proves the continuous dependence of the solution on the set of selections Sg.

7. EXAMPLE

Now we give an example as numerical application to illustrate main result contained in The-
orem 3.4.
Let 2=[—1,1]and # = [0,1]. Consider the set-valued function
G: 7 x 2 — x(&) defined by

G(t,u(t)) = Z(t+u(t))2
is Lipschitzian this is since
H(G(t1,u;(t1)),G(t2,u2(t2))) = (4 —|—u1(t1))@, (t —l-llz(tz))@)

= [[(t+u(t)) — (2 +u())]

< it —t[+ur(ty) —u2(t2) ]| }-
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Now let g(t,u) = Z(t+u(t)) € G(t,u).
Hence, we can apply our results to the problem

1 ‘[2 1

(7.1) RD2(x(1) — 0.1) = 2[4 7 x(0) IE (1 RDIx(1))), te &

with the initial condition

(1.2) x(0) =x0 =0.1.

Let

Then 1
RDIx(t) = 0.1 + (1)
@
Hence
z -4
Y0 =t G OTH YOO s+ (0)

Here g1 (t,x(t)) = & = 5 (0.1+12y(1)),
—B _ 1 1
£2(t7DPx(1)) = ga(t, im0 +197Py (1) = 10155 +1%9(1) = (015575 + 1y (1)
anda=f = %
Now
2 _1

IO = llt+ 01+ By 0.1 = + 1y (v)]|

1
2 2 L2

0 By Ol g 0.1 sy Ol

IN

GO+ [y T
g TRy
2 Ct—s)"2s> 0.1 [t(t—s)"2 1
(015 + /——ds o[ Cds /
015 [ g9 ) s vl |

0.11 4|ylle
— =/ Tt
N AN

IN

0.1.11 |
—I2t2 12t
Sttt + Iyt

(t ;(S%)) 2 Sds]

IA
NI—

2 16[lyll¢
t—l—[O.lZ—f— NG
0.1 16
FRRTV
< l—|—ir+6—4r2
- 30/ 457

&l t]

IA

VAN

14| R

4
+ mr]
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The assumptions (H1)-(H7) of Theorem 3.4 are satisfies with a;(t) = ay(t) =t, by =by = 0.1
and . =0.01.

Therefore, by applying to Theorem 3.4, then the problems (7.1) and (7.2) has a solutionx € _¢#.
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