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Abstract. This article explores the existence of common fixed points for two pairs of self-maps satisfying a

contractive condition involving rational expression using F -class function in complete b-metric spaces. In order

to support our findings, we draw some corollaries and give examples. Finally, we present applications to nonlinear

integral, functional equations and fractional differential equations.
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1. INTRODUCTION

Fixed point theory plays a vital role in solving nonlinear equations. Czerwik [7] established

the concept of b-metric space or metric type space as a generalization of metric space. Aamari

and Moutawakil [1] introduced the concept of property (E.A) in 2002.
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Definition 1.1. [7] Let S be a non-empty set and s ≥ 1 is a given real number. A function

d : S×S→ [0,∞) is said to be a b-metric if the following conditions are satisfied: for any

ξ ,ζ ,η ∈S

(i) 0≤ d(ξ ,ζ ) and d(ξ ,ζ ) = 0 if and only if ξ = ζ ,

(ii) d(ξ ,ζ ) = d(ζ ,ξ ),

(iii) d(ξ ,η)≤ s[d(ξ ,ζ )+d(ζ ,η)].

The pair (S,d) is called a b-metric space with coefficient s.

Definition 1.2. [8] Let f,g : S→ S be two self-maps. If fξ = gξ implies that fgξ = gfξ for

ξ ∈S, then we say that the pair (f,g) is weakly compatible.

Definition 1.3. [11] Two self-maps f and g of a metric space (S,d) are called reciprocally

continuous if lim
n→∞

fgξn = fη and lim
n→∞

gfξn = gη whenever {ξn} is a sequence in S 3 lim
n→∞

fξn =

lim
n→∞

gξn = η for some η ∈S.

Definition 1.4. [10] Let f,g : S→S be self-map on a b-metric space (S,d) is said to satisfy

b-(E.A)-property if there exists a sequence {ξn} in S 3 lim
n→∞

fξn = lim
n→∞

gξn =η for some η ∈S.

Definition 1.5. [3] A continuous map H : R+×R+ → R is said to be C-class function if it

satisfies the following conditions:

(i) H (ι ,κ)≤ ι ;

(ii) H (ι ,κ) = s =⇒ either ι = 0 or κ = 0; ∀ ι ,κ ∈ [0,∞).

The collection of all C-class functions is indicated by C .

Definition 1.6. [3] The following functions H : R+×R+→ R are elements of C , for all

ι ,κ ∈ [0,∞):

(ιa) H (ι ,κ) = ι−κ, H (ι ,κ) = ι ⇒ κ = 0;

(ιb) H (ι ,κ) = mι , 0 < m < 1,H (ι ,κ) = ι ⇒ ι = 0;

(ιc) H (ι ,κ) = ιβ (ι), β : [0,∞)→ [0,1), and is continuous, H (ι ,κ) = ι ⇒ ι = 0;

(ιd) H (ι ,κ) = ι − ϕ(ι), H (ι ,κ) = ι ⇒ ι = 0, where ϕ : [0,∞) →

[0,∞) is a continuous function such that ϕ(κ) = 0⇔ κ = 0;
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(ιe) H (ι ,κ) = φ(ι), H (ι ,κ) = ι ⇒ ι = 0, where φ : [0,∞)→ [0,∞) is continuous such that

φ(0) = 0, and φ(κ)> 0 for κ > 0;

The following is how Babu and Sudheer [5] presented F-class functions:

Definition 1.7. [5] A continuous map F : R+×R+ → R is said to be F -class function if

F(s, t)< s for all s, t > 0.

F-class functions are indicated by F .

It has been demonstrated by Babu and Sudheer [5] that F(0,0) may not be zero and C = F .

We indicate

Ψb = {ψb/ψb : R+ → R+ is continuous,ψb is nondecreasing, and ψb(κ) = 0⇔ κ = 0} and

Φb = {ϕb/ϕb : R+→ R+ is continuous,ϕb is nondecreasing,ϕb(κ)> 0 for κ > 0 and ϕb(0)≥

0}.

We can utilize the following lemma to support our major findings.

Lemma 1.8. [2] Let (S,d) be a b-metric space with coefficient s ≥ 1. Suppose that {ξn} and

{ζn} are b-convergent to ξ and ζ respectively, then we have
1
s2d(ξ ,ζ )≤ liminf

n→∞
d(ξn,ζn)≤ limsup

n→∞

d(ξn,ζn)≤ s2d(ξ ,ζ ).

In particular, if ξ = ζ , then we have lim
n→∞

d(ξn,ζn) = 0. Moreover for each η ∈S we have
1
sd(ξ ,η)≤ liminf

n→∞
d(ξn,η)≤ limsup

n→∞

d(ξn,η)≤ sd(ξ ,η).

The following theorem is due to Babu and Babu [4] in the setting of partial metric spaces.

Theorem 1.9. [4] Let (S, p) be a partial metric space and let f and g be self-maps on S.

Assume that there exist ϕb ∈Ψb, φb ∈Φb and F ∈F such that

ϕb(p(fξ , fζ ))≤max{F(ϕb(p(gξ ,gζ )),φb(p(gξ ,gζ ))),

F(ϕb(p(gζ , fζ ) 1+p(gξ ,fξ )
1+p(gξ ,gζ )

),φb(p(gζ , fζ ) 1+p(gξ ,fξ )
1+p(gξ ,gζ )

))}

for all ξ ,ζ ∈S. If f(S) ⊆ g(S), the pair (f,g) is weakly compatible and g(S) is a complete

subspace of S then f and g have a unique common fixed point in S.

2. MAIN RESULTS

Let Λ,Ξ,Σ and ϒ be self-maps of S and satisfying

(2.1) Λ(S)⊆ ϒ(S) and Ξ(S)⊆ Σ(S).
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From (2.1), for any ξ0 ∈S ∃ ξ1 ∈S 3 ζ0 = Λξ0 = ϒξ1. For this ξ1, we can choose a point

ξ2 ∈S 3 ζ1 = Ξξ1 = Σξ2. In generally, {ζn} ⊆S 3

(2.2)
ζ2n = Λξ2n = ϒξ2n+1

ζ2n+1 = Ξξ2n+1 = Σξ2n+2 ∀ n.

Lemma 2.1. Suppose (S,d) is a b-metric space with parameter s ≥ 1 and Λ,Ξ,Σ and ϒ are

self-maps of S which satisfy the following condition: there exist ϕb ∈Ψb, φb ∈Φb and F ∈F 3

(2.3)

ϕb(sd(Λξ ,Ξζ ))≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}

∀ ξ ,ζ ∈S. Then there are the following:

(i) If Λ(S) ⊆ ϒ(S), (Ξ,ϒ) is weakly compatible and Λ and Σ have a common fixed point,

then Λ,Ξ,Σ and ϒ have a unique common fixed point.

(ii) If Ξ(S) ⊆ Σ(S), (Λ,Σ) is weakly compatible, and Ξ and ϒ have a common fixed point,

then Λ,Ξ,Σ and ϒ have a unique common fixed point.

Proof. Suppose (i) holds. Let η be a common fixed point of Λ and Σ.

Then Λη = Ση = η . Since Λ(S)⊆ ϒ(S) ∃ u ∈S 3 ϒu = η .

Therefore Λη = Ση = ϒu = η . Suppose that Λη 6= Ξu.

We consider,

ϕb(sd(Λη ,Ξu))≤max{F(ϕb(d(Ση ,ϒu)),φb(d(Ση ,ϒu))),

F(ϕb(d(Ξu,ϒu)1+d(Λη ,Ση)
1+d(Λη ,Ξu) ),φb(d(Ξu,ϒu)1+d(Λη ,Ση)

1+d(Λη ,Ξu) ))}

= max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))}

If max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))}=F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))

then we have

ϕb(sd(Λη ,Ξu))≤ F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))≤ ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)).

By the property of ϕb, we have sd(Λη ,Ξu)≤ d(Ξu,Λη)
1+d(Λη ,Ξu) ,

a contradiction.

Therefore, max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))}= F(ϕb(0),φb(0))
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which implies that ϕb(sd(Λη ,Ξu))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(Λη ,Ξu)≤ 0. i.e., Λη = Ξu.

Hence Λη = Ξu = Ση = ϒu = η .

As (Ξ,ϒ) is weakly compatible and ϒu = Ξu, we have

Ξϒu = ϒΞu. i.e., Ξη = ϒη .

If Ξη 6= η , then

ϕb(sd(Ξη ,η)) = sd(Λη ,Ξη)

≤max{F(ϕb(d(Ση ,ϒη)),φb(d(Ση ,ϒη))),

F(ϕb(d(Ξη ,ϒη) 1+d(Λη ,Ση)
1+d(Λη ,Ξη)),φb(d(Ξη ,ϒη) 1+d(Λη ,Ση)

1+d(Λη ,Ξη)))}

= max{F(ϕb(d(Λη ,Ξη)),φb(d(Λη ,Ξη))),F(ϕb(0),φb(0))}

If max{F(ϕb(d(Λη ,Ξη)),φb(d(Λη ,Ξη))),F(ϕb(0),φb(0))} = F(ϕb(d(Λη ,Ξη)),φb(d(Λη ,Ξη)))

then we have ϕb(sd(Ξη ,η))≤ F(ϕb(d(Λη ,Ξη)),φb(d(Λη ,Ξη)))≤ ϕb(d(Λη ,Ξη)).

By the property of ϕb, we have sd(Ξη ,η)≤ d(Λη ,Ξη),

a contradiction. Therefore ϕb(sd(Ξη ,η))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have sd(Ξη ,η)≤ 0 implies that Ξη = η .

Hence Λη = Ξη = Ση = ϒη = η .

Therefore, η is a common fixed point of Λ,Ξ,Σ and ϒ.

Suppose η ′ 6= η is a common fixed point of Λ,Ξ,Σ and ϒ.

ϕbsd(η ,η ′) = ϕbsd(Λη ,Ξη ′)

≤max{F(ϕb(d(Ση ,ϒη ′)),φb(d(Ση ,ϒη ′))),

F(ϕb(d(Ξη ′,ϒη ′) 1+d(Λη ,Ση)
1+d(Λη ,Ξη ′)),φb(d(Ξη ′,ϒη ′) 1+d(Λη ,Ση)

1+d(Λη ,Ξη ′)))}

= max{F(ϕb(d(η ,η ′)),φb(d(η ,η ′))),F(ϕb(0),φb(0))}

If max{F(ϕb(d(η ,η ′)),φb(d(η ,η ′))),F(ϕb(0),φb(0))}= F(ϕb(d(η ,η ′)),φb(d(η ,η ′))) then

ϕb(sd(η ,η ′))≤ F(ϕb(d(η ,η ′)),φb(d(η ,η ′)))≤ ϕb(d(η ,η ′)).

By the property of ϕb, we have sd(η ,η ′)≤ d(η ,η ′),

a contradiction.

Therefore ϕb(sd(η ,η ′))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have sd(η ,η ′)≤ 0 implies that η = η ′.
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Hence, η is the unique common fixed point of Λ,Ξ,Σ and ϒ.

The proof of (ii) follows from (i). �

Lemma 2.2. Let Λ,Ξ,Σ and ϒ be self-maps of a b-metric space (S,d), satisfy (2.1) and (2.3).

Then for any ξ0 ∈S, the sequence {ζn} defined by (2.2) is b-Cauchy in S.

Proof. Let ξ0 ∈S and let {ζn} be a sequence defined by (2.2).

Suppose ζn = ζn+1 for some n.

Case (i): n even.

We write n = 2m,m ∈ N. Now,

ϕb(sd(ζn+1,ζn+2)) = ϕb(sd(ζ2m+1,ζ2m+2))

= ϕb(sd(ζ2m+2,ζ2m+1))

= ϕb(sd(Λξ2m+2,Ξξ2m+1))

≤max{F(ϕb(d(Σξ2m+2,ϒξ2m+1)),φb(d(Σξ2m+2,ϒξ2m+1))),

F(ϕb(d(ϒξ2m+1,Ξξ2m+1)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+1)
),

φb(d(ϒξ2m+1,Ξξ2m+1)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+1)
))}

= max{F(ϕb(d(ζ2m+1,ζ2m)),φb(d(ζ2m+1,ζ2m))),

F(ϕb(d(ζ2m,ζ2m+1)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+1)
),

φb(d(ζ2m,ζ2m+1)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+1)
))}

= F(ϕb(d(ζ2m+1,ζ2m)),φb(d(ζ2m+1,ζ2m))) = F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(ζ2m+1,ζ2m+2) = 0 =⇒ ζ2m+2 = ζ2m+1 = ζ2m.

Continuing, we get ζ2m+k = ζ2m ∀ k.

Case (ii): n odd. We write n = 2m+1 for some m ∈ N. Now,

ϕb(sd(ζn+1,ζn+2)) = ϕb(sd(ζ2m+2,ζ2m+3))

= ϕb(sd(Λξ2m+2,Ξξ2m+3))

≤max{F(ϕb(d(Σξ2m+2,ϒξ2m+3)),φb(d(Σξ2m+2,ϒξ2m+3))),
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F(ϕb(d(ϒξ2m+3,Ξξ2m+3)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+3)
),

φb(d(ϒξ2m+3,Ξξ2m+3)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+3)
))}

= max{F(ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2))),

F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
),

φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
))}

= max{F(ϕb(0),φb(0)),

F(ϕb(
d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
),φb(

d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
))}.

If max{F(ϕb(0),φb(0)),F(ϕb(
d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
),φb(

d(ζ2m+2,ζ2m+3)
1+d(ζ2m+2,ζ2m+3)

))}

= F(ϕb(
d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
),φb(

d(ζ2m+2,ζ2m+3)
1+d(ζ2m+2,ζ2m+3)

)) then

ϕb(sd(ζ2m+2,ζ2m+3))≤ F(ϕb(
d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
),φb(

d(ζ2m+2,ζ2m+3)
1+d(ζ2m+2,ζ2m+3)

))≤ ϕb(
d(ζ2m+2,ζ2m+3)

1+d(ζ2m+2,ζ2m+3)
).

By property of ϕb, we have sd(ζ2m+2,ζ2m+3)≤ d(ζ2m+2,ζ2m+3)
1+d(ζ2m+2,ζ2m+3)

,

which is a contradiction.

Therefore ϕb(sd(ζ2m+2,ζ2m+3))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have sd(ζ2m+2,ζ2m+3)≤ 0.

Therefore, d(ζ2m+2,ζ2m+3) = 0 =⇒ ζ2m+3 = ζ2m+2 = ζ2m+1.

Continuing in this way, ζ2m+k = ζ2m+1 ∀ k.

Case (i) and Case (ii), concludes that ζn+k = ζn ∀ k and that {ζn} is b-Cauchy.

Suppose ζn 6= ζn+1, ∀ n ∈ N.

If n is odd, then n = 2m+1 for some m ∈ N.

Now,

ϕb(sd(ζn+1,ζn+2)) = ϕb(sd(ζ2m+2,ζ2m+3))

= ϕb(sd(Λξ2m+2,Ξξ2m+3))

≤max{F(ϕb(d(Σξ2m+2,ϒξ2m+3)),φb(d(Σξ2m+2,ϒξ2m+3))),

F(ϕb(d(ϒξ2m+3,Ξξ2m+3)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+3)
),
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φb(d(ϒξ2m+3,Ξξ2m+3)
1+d(Σξ2m+2,Λξ2m+2)

1+d(Λξ2m+2,Ξξ2m+3)
))}

= max{F(ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2))),

F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
),

φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
))}.

If max{F(ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2))),

F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

),φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

))}

= F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

),φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

))

then we have

ϕb(sd(ζ2m+2,ζ2m+3))≤ F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
),

φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
))

≤ ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)

1+d(ζ2m+2,ζ2m+3)
).

Since ϕb ∈Ψb, we have sd(ζ2m+2,ζ2m+3)≤ d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

.

Suppose d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

≤ d(ζ2m+2,ζ2m+3).

Then sd(ζ2m+2,ζ2m+3)≤ d(ζ2m+2,ζ2m+3),

which is a contradiction.

Therefore, sd(ζ2m+2,ζ2m+3)≤ d(ζ2m+1,ζ2m+2) which implies that

d(ζ2m+2,ζ2m+3)≤ 1
sd(ζ2m+1,ζ2m+2).

If max{F(ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2))),

F(ϕb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

),φb(d(ζ2m+2,ζ2m+3)
1+d(ζ2m+1,ζ2m+2)
1+d(ζ2m+2,ζ2m+3)

))}

= F(ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2))) then using F ∈F , we have

ϕb(sd(ζ2m+2,ζ2m+3))≤F (ϕb(d(ζ2m+1,ζ2m+2)),φb(d(ζ2m+1,ζ2m+2)))≤ ϕb(d(ζ2m+1,ζ2m+2)).

Since ϕb ∈Ψb, we have sd(ζ2m+2,ζ2m+3)≤ d(ζ2m+1,ζ2m+2) implies that

(2.4) d(ζ2m+2,ζ2m+3)≤
1
s
d(ζ2m+1,ζ2m+2).

Similarly, n is even, it follows that

(2.5) d(ζ2m+1,ζ2m+2)≤
1
s
d(ζ2m,ζ2m+1).



FIXED POINT THEOREMS IN B-METRIC SPACES VIA F -CLASS FUNCTION 9

From the inequalities (2.4) and (2.5), we get

d(ζn+1,ζn+2)≤ 1
sd(ζn,ζn+1)≤ 1

s2d(ζn−1,ζn)≤ ·· · ≤ 1
snd(ζ0,ζ1).

Therefore {ζn} is b-Cauchy in S. �

The primary finding of this paper is as follows:

Theorem 2.3. Let Λ,Ξ,Σ and ϒ be self-maps on a complete b-metric space (S,d), satisfy

(2.1) and (2.3). If the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible and one of the range sets

Σ(S),ϒ(S),Λ(S) and Ξ(S) is b-closed, then Λ,Ξ,Σ and ϒ have a unique common fixed point.

Proof. By Lemma 2.2, the sequence {ζn} defined in (2.2) is b-Cauchy in S.

Since S is complete, ∃ η ∈S 3 lim
n→∞

ζn = η . We have

(2.6)


lim
n→∞

ζ2n = lim
n→∞

Λξ2n = lim
n→∞

ϒξ2n+1 = η

lim
n→∞

ζ2n+1 = lim
n→∞

Ξξ2n+1 = lim
n→∞

Σξ2n+2 = η .

Taking the next four situations into consideration.

Case (i). Σ(S) is b-closed.

As η ∈ Σ(S) ∃ u ∈S 3 η = Σu.

Suppose that Λu 6= η . Now,

(2.7)


ϕb(sd(Λu,Ξξ2n+1))≤max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
))}

On letting upper limit n→ ∞ in (2.7), using (2.6) and Lemma 1.8, we have

ϕb(s1
sd(Λu,η))≤ ϕb(s limsup

n→∞

d(Λu,Ξξ2n+1))

≤ limsup
n→∞

(max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),φb(d(Ξξ2n+1,ϒξ2n+1)

1+d(Λu,Σu)
1+d(Λu,Ξξ2n+1)

))})

= F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb has the property, we have d(Λu,η)≤ 0 which implies that Λu = η .

Therefore, Λu = η = Σu.

As (Λ,Σ) is weakly compatible and Λu = Σu, we have
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ΛΣu = ΣΛu. i.e., Λη = Ση .

If Λη 6= η , then

(2.8)


ϕb(sd(Λη ,Ξξ2n+1))≤max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))}

On letting upper limit as n→ ∞ in (2.8), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(Λη ,η))≤ ϕb(s limsup

n→∞

d(Λη ,Ξξ2n+1))

≤ limsup lim
n→∞

(max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))})

≤max{F(ϕb(limsup
n→∞

(d(Ση ,ϒξ2n+1))),φb(limsup
n→∞

(d(Ση ,ϒξ2n+1)))),

F(ϕb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)),

φb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)))}

≤max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}.

If max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η)))

then we have ϕb(d(Λη ,η))≤ ϕb(sd(Λη ,η)).

Since ϕb ∈Ψb, we have

d(Λη ,η)≤ sd(Λη ,η) =⇒ (1− s)d(Λη ,η)≤ 0 =⇒ Λη = η .

Suppose max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0)).

Then ϕb(d(Λη ,η))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb has the property, we have d(Λη ,η)≤ 0

which implies that Λη = η .

Hence, η is a common fixed point of Λ and Σ.

According to Lemma 2.1, η is an unique common fixed point of Λ,Ξ,Σ and ϒ.

Case (ii). ϒ(S) is b-closed.
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Since η ∈ ϒ(S) and ∃ u ∈S 3 η = Tu.

Suppose Bu 6= η . Now,

(2.9)


ϕb(sd(Λξ2n+2,Ξu))≤max{F(ϕb(d(Σξ2n+2,ϒu)),φb(d(Σξ2n+2,ϒu)),

F(ϕb(d(Ξu,ϒu)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξu) ),

φb(d(Ξu,ϒu)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξu) )}

On letting upper limit as n→ ∞ in (2.9), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(η ,Ξu))≤ limsup

n→∞

ϕb(sd(Λξ2n+2,Ξu))

≤ limsup
n→∞

(max{F(ϕb(d(Σξ2n+2,ϒu)),φb(d(Σξ2n+2,ϒu)),

F(ϕb(d(Ξu,ϒu)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξu)
)),

φb(d(Ξu,ϒu)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξu)
))})

= max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+ sd(η ,Ξu)
)),φb(

d(η ,Ξu)
1+ sd(η ,Ξu)

)}.

If max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu)),φb(
d(η ,Ξu)

1+sd(η ,Ξu)))}= F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu)),φb(
d(η ,Ξu)

1+sd(η ,Ξu)))

then by the properties of F and ϕb we have

ϕb(d(η ,Ξu))≤ F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu)),φb(
d(η ,Ξu)

1+sd(η ,Ξu)))≤ ϕb(
d(η ,Ξu)

1+sd(η ,Ξu))

which implies that d(η ,Ξu)≤ d(η ,Ξu)
1+sd(η ,Ξbu) < d(η ,Ξu),

a contradiction.

Therefore, max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu)),φb(
d(η ,Ξu)

1+sd(η ,Ξu)))}= F(ϕb(0),φb(0)).

Since F ∈F and ϕb ∈Ψb, we have

ϕb(d(η ,Ξu))≤ F(ϕb(0),φb(0))≤ ϕb(0) which implies that Ξu = η = ϒu.

The pair (Ξ,ϒ) is weakly compatible and Ξu = ϒu, we have

Ξϒu = ϒΞu. i.e., Ξη = ϒη .

If Ξη 6= η , then

(2.10)


ϕb(sd(Λξ2n+2,Ξη))≤max{F(ϕb(d(Σξ2n+2,ϒη)),φb(d(Σξ2n+2,ϒη)),

F(ϕb(d(Ξη ,ϒη)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξη)

),

φb(d(Ξη ,ϒη)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξη)

)}
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On letting upper limit as n→ ∞ in (2.10), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(η ,Ξη))≤ limsup

n→∞

ϕb(sd(Λξ2n+2,Ξη))

≤ limsup
n→∞

(max{F(ϕb(d(Σξ2n+2,ϒη)),φb(d(Σξ2n+2,ϒη)),

F(ϕb(d(Ξη ,ϒη)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξη)
)),

φb(d(Ξη ,ϒη)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξη)
))})

= max{F(ϕb(sd(η ,Ξη)),φb(sd(η ,Ξη))),F(ϕb(0),φb(0))}.

If max{F(ϕb(sd(η ,Ξη)),φb(sd(η ,Ξη))),F(ϕb(0),φb(0))}= F(ϕb(sd(η ,Ξη)),φb(sd(η ,Ξη)))

then we have ϕb(d(η ,Ξη))≤ ϕb(sd(η ,Ξη)).

Since ϕb ∈Ψb, we have

d(η ,Ξη)≤ sd(Λη ,η) =⇒ (1− s)d(η ,Ξη)≤ 0 =⇒ η = Ξη .

Suppose max{F(ϕb(sd(η ,Ξη)),φb(sd(η ,Ξη))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0)).

Then ϕb(d(η ,Ξη))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(η ,Ξη)≤ 0 =⇒ Ξη = η .

Therefore, Ξη = ϒη = η .

According to Lemma 2.1, η is a unique common fixed point of Λ,Ξ,Σ and ϒ.

Case (iii). Λ(S) is b-closed.

Since η ∈ Λ(S)⊆ ϒ(S) ∃ u ∈S 3 η = ϒu.

Suppose Ξu 6= η . Now,

(2.11)


ϕb(sd(Λξ2n+2,Ξu))≤max{F(ϕb(d(Σξ2n+2,ϒu)),φb(d(Σξ2n+2,ϒu)),

F(ϕb(d(Ξu,ϒu)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξu) ),

φb(d(Ξu,ϒu)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξu) )}

On letting upper limit as n→ ∞ in (2.11), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(η ,Ξu))≤ limsup

n→∞

ϕb(sd(Λξ2n+2,Ξu))

≤ limsup
n→∞

(max{F(ϕb(d(Σξ2n+2,ϒu)),φb(d(Σξ2n+2,ϒu)),

F(ϕb(d(Ξu,ϒu)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξu)
)),
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φb(d(Ξu,ϒu)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξu)
))})

= max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+ sd(η ,Ξu)
)),φb(

d(η ,Ξu)
1+ sd(η ,Ξu)

)}.

If max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu))),φb(
d(η ,Ξu)

1+sd(η ,Ξu))}= F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu))),φb(
d(η ,Ξu)

1+sd(η ,Ξu)).

As F ∈F and ϕb ∈Ψb, we have

ϕb(d(η ,Ξu))≤ F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu)),φb(
d(η ,Ξu)

1+sd(η ,Ξu)))≤ ϕb(
d(η ,Ξu)

1+sd(η ,Ξu))

which implies that d(η ,Ξu)≤ d(η ,Ξu)
1+sd(η ,Ξu) < d(η ,Ξu),

a contradiction.

Therefore, max{F(ϕb(0),φb(0)),F(ϕb(
d(η ,Ξu)

1+sd(η ,Ξu))),φb(
d(η ,Ξu)

1+sd(η ,Ξu))}= F(ϕb(0),φb(0)).

Since F ∈F and ϕb ∈Ψb, we have

ϕb(d(η ,Ξu))≤ F(ϕb(0),φb(0))≤ ϕb(0) =⇒ Bu = η .

Therefore Bu = η = ϒu. Now, by Case (ii), the conclusion follows.

Case (iv). Ξ(S) is b-closed.

Since η ∈ Ξ(S)⊆ Σ(S) ∃ u ∈S 3 η = Σu.

Suppose Ξu 6= η . Now,

(2.12)


ϕb(sd(Λu,Ξξ2n+1))≤max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
))}

On letting upper limit as n→ ∞ in (2.12), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(Λu,η))≤ ϕb(s limsup

n→∞

d(Λu,Ξξ2n+1))

≤ limsup
n→∞

(max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
))})

= F(ϕb(0),φb(0))≤ ϕb(0).

As ϕb ∈Ψb, we have d(Λu,η)≤ 0 which implies that Λu = η .

Therefore, Λu = η = Σu. As in Case (i), the conclusion follows. �
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Theorem 2.4. Let Λ,Ξ,Σ and ϒ be self-maps on a b-metric space (S,d), satisfy (2.1)

and (2.3). If the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible and either one of the set

(Σ(S),d),(ϒ(S),d),(Λ(S),d) (or) (Ξ(S),d) is b-complete, then Λ,Ξ,Σ and ϒ have unique

common fixed point.

Proof. By Lemma 2.2, for each ξ0 ∈S, the sequence {ζn} defined by (2.2) is b-Cauchy.

Since Σ(S) is complete, ∃ η ∈ Σ(S) 3 lim
n→∞

ζn = η .

As η ∈ Σ(S), ∃u ∈S 3 η = Σu. Suppose Λu 6= η . Now,

(2.13)


ϕb(sd(Λu,Ξξ2n+1))≤max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
))}

On letting limit superior as n→ ∞ in (2.13), using (2.6) and Lemma 1.8, we have

ϕb(s1
sd(Λu,η))≤ ϕb(s limsup

n→∞

d(Λu,Ξξ2n+1))

≤ limsup
n→∞

(max{F(ϕb(d(Σu,ϒξ2n+1)),φb(d(Σu,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λu,Σu)

1+d(Λu,Ξξ2n+1)
))})

= F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(Λu,η)≤ 0 which implies that Λu = η .

Therefore, Λu = η = Σu.

As (Λ,Σ) is weakly compatible and Λu = Σu, so that

ΛΣu = ΣΛu. i.e., Λη = Ση .

Assume Λη 6= η . Now,

(2.14)


ϕb(sd(Λη ,Ξξ2n+1))≤max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))}

On letting upper limit as n→ ∞ in (2.14), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(Λη ,η))≤ ϕb(s limsup

n→∞

d(Λη ,Ξξ2n+1))

≤ limsup lim
n→∞

(max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),
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F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))})

≤max{F(ϕb(limsup
n→∞

(d(Ση ,ϒξ2n+1))),φb(limsup
n→∞

(d(Ση ,ϒξ2n+1)))),

F(ϕb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)),

φb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)))}

≤max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}.

If max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η)))

then we have ϕb(d(Λη ,η))≤ ϕb(sd(Λη ,η)).

Since ϕb ∈Ψb, we have

d(Λη ,η)≤ sd(Λη ,η) =⇒ (1− s)d(Λη ,η)≤ 0 =⇒ Λη = η .

Suppose max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0)).

Then ϕb(d(Λη ,η))≤ F(ϕb(0),φb(0))≤ ϕb(0).

As ϕb ∈Ψb, we get d(Λη ,η)≤ 0 =⇒ Λη = η . Hence, η is a common fixed point of Λ and Σ.

According to Lemma 2.1, conclusion follows.

Similarly, we can prove that η is the unique common fixed point of Λ,Ξ,Σ and ϒ when either

ϒ(S) or Λ(S) or Ξ(S) is complete. �

Theorem 2.5. Let Λ,Ξ,Σ and ϒ be self-maps on a complete b-metric space (S,d), satisfy (2.1)

and (2.3). Further suppose that either

(i) (Λ,Σ) is reciprocally continuous and compatible pair of maps, and (Ξ,ϒ) is a pair of

weakly compatible maps (or)

(ii) (Ξ,ϒ) is reciprocally continuous and compatible pair of maps, and (Λ,Σ) is a pair of

weakly compatible maps.

Then Λ,Ξ,Σ and ϒ have a unique common fixed point.

Proof. By Lemma 2.2, for each ξ0 ∈S, the sequence {ζn} defined by (2.2) is b-Cauchy in S.

As S complete, then ∃ η ∈S 3 lim
n→∞

ζn = η .

Assume (i) holds.
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As (Λ,Σ) is reciprocally continuous, we have

lim
n→∞

ΛΣξ2n+2 = Λη and lim
n→∞

ΣΛξ2n+2 = Ση .

By compatibility of (Λ,Σ), we get

lim
n→∞

d(ΛΣξ2n+2,ΣΛξ2n+2) = 0.

i.e., liminf
n→∞

d(ΛΣξ2n+2,ΣΛξ2n+2) = limsup
n→∞

d(ΛΣξ2n+2,ΣΛξ2n+2) = 0.

According to Lemma 1.8, we have
1
s2d(Λη ,Ση)≤ limsup

n→∞

d(ΛΣξ2n+2,ΣΛξ2n+2) = 0 =⇒ Λη = Ση .

Since Λ(S)⊆ ϒ(S) ∃ u ∈S 3 Λη = ϒu.

Therefore, Λη = Ση = ϒu.

If Λη 6= Ξu, then

ϕb(sd(Λη ,Ξu))≤max{F(ϕb(d(Ση ,ϒu)),φb(d(Ση ,ϒu))),

F(ϕb(d(Ξu,ϒu)
1+d(Λη ,Ση)

1+d(Λη ,Ξu)
),φb(d(Ξu,ϒu)

1+d(Λη ,Ση)

1+d(Λη ,Ξu)
))}

= max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)
),φb(

d(Ξu,Λη)

1+d(Λη ,Ξu)
))}

If max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))}= F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))

then we have ϕb(sd(Λη ,Ξu))≤ F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))≤ ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)).

As ϕb ∈Ψb, we have sd(Λη ,Ξu)≤ d(Ξu,Λη)
1+d(Λη ,Ξu) ,

a contradiction.

Therefore, max{F(ϕb(0),φb(0)),F(ϕb(
d(Ξu,Λη)

1+d(Λη ,Ξu)),φb(
d(Ξu,Λη)

1+d(Λη ,Ξu)))}= F(ϕb(0),φb(0))

which implies that ϕb(sd(Λη ,Ξu))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(Λη ,Ξu)≤ 0. i.e., Λη = Ξu =⇒ Λη = Ξu = Ση = ϒu.

Since (Λ,Σ) is weakly compatible and Λη = Ση , we have ΛΣη = ΣΛη . i.e ,ΛΛη = ΣΛη .

If ΛΛη 6= Λη , then

ϕb(sd(ΛΛη ,Λη)) = ϕb(sd(ΛΛη ,Ξu))

≤max{F(ϕb(d(ΣΛη ,ϒu)),φb(d(ΣΛη ,ϒu))),

F(ϕb(d(Ξu,ϒu)
1+d(ΛΛη ,ΣΛη)

1+d(ΛΛη ,Ξu)
),φb(d(Ξu,ϒu)

1+d(ΛΛη ,ΣΛη)

1+d(ΛΛη ,Ξu)
))}

= max{F(ϕb(d(ΛΛη ,Λη)),φb(d(ΛΛη ,Λη))),F(ϕb(0),φb(0))}
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If max{F(ϕb(d(ΛΛη ,Λη)),φb(d(ΛΛη ,Λη))),F(ϕb(0),φb(0))}

= F(ϕb(d(ΛΛη ,Λη)),φb(d(ΛΛη ,Λη))) then we have

ϕb(sd(ΛΛη ,Λη))≤ F(ϕb(d(ΛΛη ,Λη)),φb(d(ΛΛη ,Λη)))≤ ϕb(d(ΛΛη ,Λη)).

By the property of ϕb, we have sd(ΛΛη ,Λη)≤ d(ΛΛη ,Λη),

a contradiction.

Therefore, max{F(ϕb(d(ΛΛη ,Λη)),φb(d(ΛΛη ,Λη))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0))

which implies that ϕb(sd(ΛΛη ,Λη))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(ΛΛη ,Λη)≤ 0. i.e., ΛΛη = Λη .

Hence, ΛΛη = ΣΛη = Λη , and that Λη is a common fixed point of Λ and Σ.

Since (Ξ,ϒ) is weakly compatible and Ξu = ϒu, we have Ξϒu = ϒΞu.

Therefore ΞΛη = ϒΛη . If ΞΛη 6= Λη , then

ϕb(sd(ΞΛη ,Λη)) = ϕb(sd(Λη ,ΞΛη))

≤max{F(ϕb(d(Ση ,ϒΛη)),φb(d(Ση ,ϒΛη))),

F(ϕb(d(ΞΛη ,ϒΛη)
1+d(Λη ,Ση)

1+d(Λη ,ΞΛη)
),φb(d(ΞΛη ,ϒΛη)

1+d(Λη ,Ση)

1+d(Λη ,ΞΛη)
))}

= max{F(ϕb(d(Λη ,ΞΛη)),φb(d(Λη ,ΞΛη))),F(ϕb(0),φb(0))}

If max{F(ϕb(d(Λη ,ΞΛη)),φb(d(Λη ,ΞΛη))),F(ϕb(0),φb(0))}

= F(ϕb(d(Λη ,ΞΛη)),φb(d(Λη ,ΞΛη))) then we have

ϕb(sd(Λη ,ΞΛη))≤ F(ϕb(d(Λη ,ΞΛη)),φb(d(Λη ,ΞΛη)))≤ ϕb(d(Λη ,ΞΛη)).

By the property of ϕb, we have sd(Λη ,ΞΛη)≤ d(Λη ,ΞΛη),

a contradiction.

Therefore, max{F(ϕb(d(Λη ,ΞΛη)),φb(d(Λη ,ΞΛη))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0))

which implies that ϕb(sd(Λη ,ΞΛη))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have d(Λη ,ΞΛη)≤ 0. i.e., ΞΛη = Λη . Hence, ΞΛη = Λη .

Therefore ΞΛη = ϒΛη = Λη . Hence, ΛΛη = ΞΛη = ΣΛη = ϒΛη = Λη .

Therefore Λη is a common fixed point of Λ,Ξ,Σ and ϒ. If Λη 6= η , then

(2.15)


ϕb(sd(Λη ,Ξξ2n+1))≤max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))}
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On taking upper limit as n→ ∞ in (2.15), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(Λη ,η))≤ ϕb(s limsup

n→∞

d(Λη ,Ξξ2n+1))

≤ limsup lim
n→∞

(max{F(ϕb(d(Ση ,ϒξ2n+1)),φb(d(Ση ,ϒξ2n+1))),

F(ϕb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
),

φb(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
))})

≤max{F(ϕb(limsup
n→∞

(d(Ση ,ϒξ2n+1))),φb(limsup
n→∞

(d(Ση ,ϒξ2n+1)))),

F(ϕb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)),

φb(limsup
n→∞

(d(Ξξ2n+1,ϒξ2n+1)
1+d(Λη ,Ση)

1+d(Λη ,Ξξ2n+1)
)))}

≤max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}.

If max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η)))

then we have ϕb(d(Λη ,η))≤ ϕb(sd(Λη ,η)).

Since ϕb ∈Ψb, we have

d(Λη ,η)≤ sd(Λη ,η) =⇒ (1− s)d(Λη ,η)≤ 0 =⇒ Λη = η .

Suppose max{F(ϕb(sd(Λη ,η)),φb(sd(Λη ,η))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0)).

Then ϕb(d(Λη ,η))≤ F(ϕb(0),φb(0))≤ ϕb(0).

As ϕb ∈Ψb, we get d(Λη ,η)≤ 0 =⇒ Λη = η .

Therefore Λη = Ξη = Ση = ϒη = η .

Similarly, the proof follows under the assumption of (ii). �

Theorem 2.6. Let Λ,Ξ,Σ,ϒ : S→S be self-maps of S, satisfy (2.1) and (2.3). Suppose that

one of the pairs (Λ,Σ) and (Ξ,ϒ) satisfies the b-(E.A)-property and that one of the subspace

Λ(S),Ξ(S),Σ(S) and ϒ(S) is b-closed in S. Further, if the pairs (Λ,Σ) and (Ξ,ϒ) are weakly

compatible, then Λ,Ξ,Σ and ϒ have a unique common fixed point.

Proof. Suppose (Λ,Σ) satisfies the b-(E.A)-property. So ∃ a sequence {ξn} ⊆S 3

(2.16) lim
n→∞

Λξn = lim
n→∞

Σξn = q for some q ∈S
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As Λ(S)⊆ ϒ(S) ∃ a sequence {ζn} ⊆S 3 Λξn = ϒζn, and hence

(2.17) lim
n→∞

ϒζn = q.

Now, our claim is lim
n→∞

Ξζn = q.

From (2.3), we get

(2.18)
ϕb(s(d(Λξn,Ξζn)))≤max{F(ϕb(d(Σξn,ϒζn)),φb(d(Σξn,ϒζn))),

F(ϕb(d(Ξζn,ϒζn)
1+d(Λξn,Σξn)
1+d(Λξn,Ξζn)

),φb(d(Ξζn,ϒζn)
1+d(Λξn,Σξn)
1+d(Λξn,Ξζn)

))}

Taking upper limit as n→ ∞ in (2.18), and using (2.16) and (2.17), we get

limsup
n→∞

ϕb(s(d(Λξn,Ξζn)))≤ limsup
n→∞

(max{F(ϕb(d(Σξn,ϒζn)),φb(d(Σξn,ϒζn))),

F(ϕb(d(Ξζn,ϒζn)
1+d(Λξn,Σξn)
1+d(Λξn,Ξζn)

),φb(d(Ξζn,ϒζn)
1+d(Λξn,Σξn)
1+d(Λξn,Ξζn)

))})

≤max{F(ϕb(0),φb(0)),F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

))}.

If max{F(ϕb(0),φb(0)),F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

))}

= F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

)) then

limsup
n→∞

ϕb(s(d(Λξn,Ξζn)))≤ F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

)).

By the properties of F and ϕb, we have

ϕb(limsup
n→∞

s(d(Λξn,Ξζn)))≤ F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξbyn)
1+d(Λξn,Ξζn)

))

≤ ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

)

=⇒ limsup
n→∞

s(d(Λξn,Ξζn))≤ limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

≤ limsup
n→∞

(d(Λξn,Ξζn)).

Since (s−1)≥ 0, we have limsup
n→∞

(d(Λξn,Ξζn))≤ 0 =⇒ lim
n→∞

(d(Λξn,Ξζn))≤ 0.

If max{F(ϕb(0),φb(0)),F(ϕb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

),φb(limsup
n→∞

d(Λξn,Ξζn)
1+d(Λξn,Ξζn)

))}

= F(ϕb(0),φb(0)) then

limsup
n→∞

ϕb(s(d(Λξn,Ξζn)))≤ F(ϕb(0),φb(0)).

Since F ∈F and ϕb ∈Ψb, we have

ϕb(limsup
n→∞

s(d(Λξn,Ξζn)))≤ F(ϕb(0),φb(0))≤ ϕb(0)

=⇒ limsup
n→∞

s(d(Λξn,Ξζn))≤ 0 =⇒ lim
n→∞

(d(Λξn,Ξζn))≤ 0.

Therefore

(2.19) lim
n→∞

d(Λξn,Ξζn) = 0.
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We have

(2.20) d(q,Ξζn)≤ s[d(q,Λξn)+d(Λξn,Ξζn)].

Letting limits as n→ ∞ in (2.20), and using (2.16) and (2.19), we get

lim
n→∞

d(q,Ξζn)≤ s[ lim
n→∞

d(q,Λξn)+ lim
n→∞

d(Λξn,Ξζn)] = 0 =⇒ lim
n→∞

d(q,Ξζn) = 0.

Case (i). ϒ(S) is b-closed.

Since q ∈ ϒ(S) ∃ r ∈S 3 ϒr = q. Assume d(Ξr,q)> 0. From (2.3), we have

(2.21)


ϕb(sd(Λξ2n+2,Ξr))≤max{F(ϕb(d(Σξ2n+2,ϒr)),φb(d(Σξ2n+2,ϒr)),

F(ϕb(d(Ξr,ϒr)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξr) ),

φb(d(Ξr,ϒr)1+d(Λξ2n+2,Σξ2n+2)
1+d(Λξ2n+2,Ξr) )}

On letting upper limit as n→ ∞ in (2.21), using (2.6) and Lemma 1.8, we have

ϕb(s
1
s
d(q,Ξr))≤ limsup

n→∞

ϕb(sd(Λξ2n+2,Ξr))

≤ limsup
n→∞

(max{F(ϕb(d(Σξ2n+2,ϒr)),φb(d(Σξ2n+2,ϒr)),

F(ϕb(d(Ξr,ϒr)
1+d(Λξ2n+2,Σξ2n+2)

1+d(Λξ2n+2,Ξr)
)),

φb(d(Ξr,ϒr)
1+d(Λξ2n+2,Σbξ2n+2)

1+d(Λξ2n+2,Ξr)
))})

= max{F(ϕb(0),φb(0)),F(ϕb(
d(q,Ξr)

1+ sd(q,Ξr)
)),φb(

d(q,Ξr)
1+ sd(q,Ξr)

)}.

If max{F(ϕb(0),φb(0)),F(ϕb(
d(q,Ξr)

1+sd(q,Ξr))),φb(
d(q,Ξr)

1+sd(q,Ξr))}= F(ϕb(
d(q,Ξr)

1+sd(q,Ξr)),φb(
d(q,Ξr)

1+sd(q,Ξr)))

then by the properties of F and ϕb we have

ϕb(d(q,Ξr))≤ F(ϕb(
d(q,Ξr)

1+sd(q,Ξr))),φb(
d(q,Ξr)

1+sd(q,Ξr))≤ ϕb(
d(q,Ξr)

1+sd(q,Ξr))

which implies that d(q,Ξr)≤ d(q,Ξr)
1+sd(q,Ξr) < d(q,Ξr),

a contradiction.

Therefore, max{F(ϕb(0),φb(0)),F(ϕb(
d(q,Ξr)

1+sd(q,Ξr))),φb(
d(q,Ξr)

1+sd(q,Ξr))}= F(ϕb(0),φb(0)).

Since F ∈F and ϕb ∈Ψb, we have

ϕb(d(q,Ξr))≤ F(ϕb(0),φb(0))≤ ϕb(0) =⇒ d(q,Ξr)≤ 0.

Thus Ξr = q. Since Ξ(S)⊆ Σ(S), we have q ∈ Σ(S) ∃ η ∈S 3 Ση = q = Ξr.
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Assume Λη 6= q. From (2.3), we have

ϕb(sd(Λη ,q)) = ϕb(sd(Λη ,Ξr))

≤max{F(ϕb(d(Ση ,ϒr)),φb(d(Ση ,ϒr))),

F(ϕb(d(Ξr,ϒr)
1+d(Λη ,Ση)

1+d(Λη ,Ξr)
),φb(d(Ξr,ϒr)

1+d(Λη ,Ση)

1+d(Λη ,Ξr)
))}

= F(ϕb(0),φb(0)).

Therefore ϕb(sd(Λη ,q))≤ F(ϕb(0),φb(0))≤ ϕb(0).

Since ϕb ∈Ψb, we have sd(Λη ,η)≤ 0 implies that Aη = q.

Thus Λη = Ση = q. Since the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible, we have Λq = Σq

and Ξq = ϒq. Assume Λq 6= q. From (2.3), we have

ϕb(sd(Λq,q)) = ϕb(sd(Λq,Ξr))

≤max{F(ϕb(d(Σq,ϒr)),φb(d(Σq,ϒr))),

F(ϕb(d(Ξr,ϒr)
1+d(Λq,Σq)
1+d(Λq,Ξr)

),φb(d(Ξr,ϒr)
1+d(Λq,Σq)
1+d(Λq,Ξr)

))}

= max{F(ϕb(d(Λq,q)),φb(d(Λq,q))),F(ϕb(0),φb(0))}.

If max{F(ϕb(d(Λq,q)),φb(d(Λq,q))),F(ϕb(0),φb(0))}= F(ϕb(d(Λq,q)),φb(d(Λq,q))) then

ϕb(sd(Λq,q))≤ F(ϕb(d(Λq,q)),φb(d(Λq,q)))≤ ϕb(d(Λq,q)) =⇒ sd(Λq,q)≤ d(Λq,q).

As (s−1)≥ 0, we have d(Λq,q)≤ 0.

If max{F(ϕb(d(Λq,q)),φb(d(Λq,q))),F(ϕb(0),φb(0))}= F(ϕb(0),φb(0))

then by properties of F and ϕb, we get

ϕb(sd(Λq,q))≤ F(ϕb(0),φb(0))≤ ϕb(0) which implies that d(Λq,q)≤ 0.

Thus, Λq = q. Hence Λq = Σq = q. By Lemma 2.1, the proof follows.

Case (ii). Assume Λ(S) is b-closed.

Since q ∈ Λ(S) and Λ(S)⊆ ϒ(S) ∃ r ∈S 3 q = ϒr. From Case (i) the proof follows.

Case (iii). Suppose Σ(S) is b-closed.

As similar in Case (i), the conclusion follows.

Case (iv). Suppose Ξ(S) is b-closed.

We follow as in Case (ii).
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For the case of (Ξ,ϒ) satisfies the b-(E.A)-property, we follow the argument similar to the

case (Λ,Σ) satisfies the b-(E.A)-property. �

3. COROLLARIES AND EXAMPLES

We deduce a few corollaries from the primary findings and offer examples to back up our

findings in this section.

Corollary 3.1. Let {Λn}∞
n=1,Σ and ϒ be self-maps on a complete b-metric space (S,d) satisfy-

ing Λ1 ⊆ Σ(S) and Λ1 ⊆ ϒ(S). Assume that there exist F ∈F ,ϕb ∈Ψb,φb ∈Φb 3

(3.1)

ϕb(sd(Λ1ξ ,Λ jζ ))≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Λ jζ ,ϒζ ) 1+d(Λ1ξ ,Σξ )
1+d(Λ1ξ ,Λ jξ )

),φb(d(Λ jζ ,ϒζ ) 1+d(Λ1ξ ,Σξ )
1+d(Λ1ξ ,Λ jξ )

))}

∀ ξ ,ζ ∈ S and j ∈ N. If the pairs (Λ1,Σ) and (Λ1,ϒ) are weakly compatible and one of the

range sets Λ1(S),Σ(S) and ϒ(S) is b-closed, then {Λn}∞
n=1,Σ and ϒ have a unique common

fixed point in S.

Proof. From the hypothesis of Λ1,Σ and ϒ, the existence of common fixed point follows by

taking Λ = Ξ = Λ1 in Theorem 2.3.

Therefore Λ1η = Ση = ϒη = η (say).

Let j ∈ N with j 6= 1.

Now,

ϕb(sd(η ,Λ jη)) = ϕb(sd(Λ1η ,Λ jη))

≤max{F(ϕb(d(Ση ,ϒη)),φb(d(Ση ,ϒη))),

F(ϕb(d(Λ jη ,ϒη)
1+d(Λ1η ,Ση)

1+d(Λ1η ,Λ jη)
),φb(d(Λ jη ,ϒη)

1+d(Λ1η ,Ση)

1+d(Λ1η ,Λ jη)
))}

= max{F(ϕb(0),φb(0)),F(ϕb(
d(Λ jη ,η)

1+d(η ,Λ jη)
),φb(

d(Λ jη ,η)

1+d(η ,Λ jη)
))}.

Since F ∈ F and ϕb ∈ Ψb, we have d(η ,Λ jη) ≤ 0 =⇒ Λ jη = η for j = 1,2,3, . . . and

uniqueness of common fixed point follows from (3.1). �
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Corollary 3.2. Let Λ,Ξ,Σ and ϒ be self-maps on a complete b-metric space (S,d) and satisfy

(2.1) and the inequality

ϕb(sd(Λξ ,Ξζ ))≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

for all ξ ,ζ ∈ S. If the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible and one of the range

sets Σ(S),ϒ(S),Λ(S) and Ξ(S) is closed, then for any ξ0 ∈S, the sequence {ζn} defined by

(2.2) is b-Cauchy in S and lim
n→∞

ζn = η(say), η ∈S and η is the unique common fixed point of

Λ,Ξ,Σ and ϒ.

Corollary 3.3. Let Λ,Ξ,Σ and ϒ be self-maps on a complete b-metric space (S,d) and satisfy

(2.1) and the inequality

ϕb(sd(Λξ ,Ξζ ))≤ F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))

for all ξ ,ζ ∈ S. If the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible and one of the range

sets Σ(S),ϒ(S),Λ(S) and Ξ(S) is closed, then for any ξ0 ∈S, the sequence {ζn} defined by

(2.2) is Cauchy in S and lim
n→∞

ζn = η(say), η ∈S and η is the unique common fixed point of

Λ,Ξ,Σ and ϒ

From Theorem 2.6, the following corollaries follows.

Corollary 3.4. Let (S,d) be a b-metric space with coefficient s≥ 1. Let Λ,Ξ,Σ,ϒ : S→S be

self-maps of S and satisfy (2.1) and the inequality

ϕb(sd(Λξ ,Ξζ ))≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

for all ξ ,ζ ∈S. Suppose that one of the pairs (Λ,Σ) and (Ξ,ϒ) satisfies the b-(E.A)-property

and that one of the subspace Λ(S),Ξ(S),Σ(S) and ϒ(S) is b-closed in S. Then the pairs

(Λ,Σ) and (Ξ,ϒ) have a point of coincidence in S. Moreover, if the pairs (Λ,Σ) and (Ξ,ϒ) are

weakly compatible, then Λ,Ξ,Σ and ϒ have a unique common fixed point in S.

Corollary 3.5. Let (S,d) be a b-metric space with coefficient s≥ 1. Let Λ,Ξ,Σ,ϒ : S→S be

self-maps of S and satisfy (2.1) and the inequality

ϕb(sd(Λξ ,Ξζ ))≤ F
(

ϕb

(
d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )

1+d(Λξ ,Ξζ )

)
,φb

(
d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )

1+d(Λξ ,Ξby)

))
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for all ξ ,ζ ∈S. Suppose that one of the pairs (Λ,Σ) and (Ξ,ϒ) satisfies the b-(E.A)-property

and that one of the subspace Λ(S),Ξ(S),Σ(S) and ϒ(S) is b-closed in S. Then the pairs

(Λ,Σ) and (Ξ,ϒ) have a point of coincidence in S. Moreover, if the pairs (Λ,Σ) and (Ξ,ϒ) are

weakly compatible, then Λ,Ξ,Σ and ϒ have a unique common fixed point in S.

By choosing Λ = Ξ = fb and Σ = ϒ = gb in Theorem 2.3, we have the following.

Corollary 3.6. Let (S,d) be a b-metric space and let fb and gb be self-maps of S. Assume that

there exist ϕb ∈Ψb, φb ∈Φb, and F ∈F such that

ϕb(sd( fbξ , fbζ ))≤max{F(ϕb(d(gbξ ,gbζ )),φb(d(gbξ ,gbζ ))),

F
(

ϕb

(
d(gbζ , fbζ ) 1+d(gbξ , fbξ )

1+d(gbξ ,gbζ )

)
,φb

(
d(gbζ , fbζ ) 1+d(gbξ , fbξ )

1+d(gbξ ,gbζ )

))
} for all ξ ,ζ ∈S.

If fb(S) ⊆ gb(S), the pair ( fb,gb) is weakly compatible and gb(S) is a complete subspace of

S then fb and gb have a unique fixed point in S.

Corollary 3.7. Let (S,d) be a b-metric space and let fb and gb be self-maps of S. Assume that

there exist ϕb ∈Ψb, φb ∈Φb, and F ∈F such that

ϕb(sd( fbξ , fbζ ))≤ F (ϕb(d(gbξ ,gbζ )),φb(d(gbξ ,gbζ ))) for all ξ ,ζ ∈S.

If fb(S) ⊆ gb(S), the pair ( fb,gb) is weakly compatible and gb(S) is a complete subspace of

S then fb and gb have a unique fixed point in S.

Corollary 3.8. Let (S,d) be a b- metric space and let fb and gb be self-maps of S. Assume

that there exist ϕb ∈Ψb, φb ∈Φb, and F ∈F such that

ϕb(sd( fbξ , fbζ ))≤ F
(

ϕb

(
d(gbζ , fbζ ) 1+d(gbξ , fbξ )

1+d(gbξ ,gbζ )

)
,φb

(
d(gbζ , fbζ ) 1+d(gbξ , fbξ )

1+d(gbξ ,gbζ )

))
for all ξ ,ζ ∈S.

If fb(S) ⊆ gb(S), the pair ( fb,gb) is weakly compatible and gb(S) is a complete subspace of

S then fb and gb have a unique fixed point in S.

Corollary 3.9. Let (S,d) be a complete b- metric space and let fb and gb be self-maps of S.

Assume that there exist ϕb ∈Ψb, and λ ∈ (0,1) such that

ϕb(sd( fbξ ,gbζ ))≤ λϕb

(
d(ζ ,gbζ )1+d(ξ , fbξ )

1+d(ξ ,ζ )

)
for all ξ ,ζ ∈S.

If either fb or gb is b-continuous then fb and gb have a unique fixed point in S.

Corollary 3.10. Let (S,d) be a b- metric space and let fb and gb be self-maps of S. Assume

that there exist ϕb ∈Ψb, and λ ∈ (0,1) such that
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ϕb(sd( fbξ , fbζ ))≤ λϕb

(
d(gbζ , fbζ ) 1+d(gbξ , fbξ )

1+d(gbξ ,gbζ )

)
for all ξ ,ζ ∈S.

If fb(S) ⊆ gb(S), the pair ( fb,gb) is weakly compatible and gb(S) is a complete subspace of

S then fb and gb have a unique fixed point in S.

Corollary 3.11. Let (S,d) be a complete b- metric space with a parameter s≥ 1 and let fb be

self-map of S. Assume that there exist ϕb ∈Ψb, and λ ∈ (0,1) such that

ϕb(sd( fbξ , fbζ ))≤ λϕb

(
d(ζ , fbζ )1+d(ξ , fbξ )

1+d(ξ ,ζ )

)
for all ξ ,ζ ∈S.

Then fb has a unique fixed point in S.

The following is an example in support of Theorem 2.3.

Example 3.12. Let S= [0,1] . We define d : S×S→ R+ by

d(ξ ,ζ ) =

 0 if ξ = ζ

(ξ +ζ )2 if ξ 6= ζ ,
for all ξ ,ζ ∈S.

Then (S,d) is a complete b-metric space with coefficient s = 2.

We define Λ,Ξ,Σ,ϒ on S by

Λ(ξ ) =

 1
2 if ξ ∈ [0, 2

3)

0 if ξ ∈ [2
3 ,1),

Ξ(ξ ) =

 1
2 if ξ ∈ [0, 2

3)

1
5 if ξ ∈ [2

3 ,1),

Σ(ξ ) =


1
5 if ξ = 0

1
3 +

ξ

3 if ξ ∈ (0, 2
3)

1 if ξ ∈ [2
3 ,1)

and ϒ(ξ ) =

 1
3 +

ξ

3 if ξ ∈ [0, 2
3)

ξ − 2
3 if ξ ∈ [2

3 ,1).

We define F : R+×R+→ R by F(s, t) = 99
100s, ϕb, φb : R+→ R+ by

ϕb(t) = 3
4t, φb(t) = t

3 for all t ≥ 0. Clearly Λ(S)⊆ ϒ(S) and Ξ(S)⊆ Σ(S).

The pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible. Without loss of generality we assume ξ ≥ ζ

Case (i). ξ ,ζ ∈ [0, 2
3).

Here d(Λξ ,Ξζ ) = 0,d(Σξ ,ϒζ ) = ( 7
12 +

ξ

3 +
ζ

2 )
2.

Clearly the inequality (2.3) holds in this case.

Case (ii). ξ ,ζ ∈ [2
3 ,1).

Here d(Λξ ,Ξζ ) = (1
5)

2,d(Σξ ,ϒζ ) = (1
3 +ζ )2.

ϕb(sd(Λξ ,Ξζ )) = 3
50 ≤

297
400(

1
3 +ζ )2 = F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.
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Case (iii). ξ ∈ [2
3 ,1),ζ ∈ [0, 2

3).

Here d(Λξ ,Ξζ ) = (1
2)

2,d(Σξ ,ϒζ ) = (5
4 +

ζ

2 )
2.

ϕb(sd(Λξ ,Ξζ )) = 3
8 ≤

297
400(

5
4 +

ζ

2 )
2 = F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Therefore Λ,Ξ,Σ and ϒ satisfy all the hypotheses of Theorem 2.3 and 1
2 is the unique common

fixed point in S.

The following is an illustration of Theorem 2.5.

Example 3.13. Let S= [0,10] . We define d : S×S→ R+ by

d(ξ ,ζ ) =

 0 if ξ = ζ

(ξ +ζ )2 if ξ 6= ζ ,
for all ξ ,ζ ∈S.

Then (S,d) is a complete b-metric space with coefficient s = 2.

We define self-maps Λ,Ξ,Σ,ϒ on S by

Λ(ξ ) =


ξ 2

8 if ξ ∈ [0,1]

ξ − 2
3 if ξ ∈ (1,10],

Ξ(ξ ) =


ξ 2

4 if ξ ∈ [0,1]
ξ−1

2 if ξ ∈ (1,10],

Σ(ξ ) =


ξ

2 if ξ ∈ [0,1)

ξ − 1
2 if ξ ∈ [1,10]

and ϒ(ξ ) = ξ .

We define F : R+×R+→ R by F(s, t) = 99
100s, ϕb, φb : R+→ R+ by

ϕb(t) = 3
4t, φb(t) = t

3 for all t ≥ 0.

Clearly Λ(S) = [0, 1
8 ]∪ (

1
3 ,

28
3 )⊆ [0,10] = ϒ(S) and Ξ(ξ ) = [0, 4

5)⊆ [0, 19
2 ] = Σ(S).

Let {ξn}= { 1
2n} ⊆ [0,10] for n≥ 2.

Then lim
n→∞

Λξn = lim
n→∞

Σξn = 0 and lim
n→∞

Ξξn = lim
n→∞

ϒξn = 0.

Now lim
n→∞

ΛΣξn = 0 = Λ(0), lim
n→∞

ΣΛξn = 0 = Σ(0) and

lim
n→∞

Ξϒξn = 0 = Ξ(0), lim
n→∞

ϒΞξn = 0 = ϒ(0).

Therefore the pairs (Λ,Σ) and (Ξ,ϒ) are reciprocally continuous.

Clearly the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible.

Without loss of generality we assume ξ ≥ ζ

Case (i). ξ ,ζ ∈ [0,1). Here d(Λξ ,Ξζ ) = (ξ 2

8 + ζ 2

4 )2,d(Σξ ,ϒζ ) = (ξ

2 +ζ )2.
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ϕb(sd(Λξ ,Ξζ )) = 3
32(

ξ 2

2 +ζ 2)2 ≤ 297
400(

ξ

2 +ζ )2

= F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ )1+d(Λξ ,ΣΣξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (ii). ξ ,ζ ∈ (1,10]. Here d(Λξ ,Ξζ ) = (ξ + ζ

2 −
7
6)

2,d(Σξ ,ϒζ ) = (ξ +ζ − 1
2)

2.

ϕb(sd(Λξ ,Ξζ )) = 3
2(ξ + ζ

2 −
7
6)

2 ≤ 297
400(ξ +ζ − 1

2)
2

= F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (iii). ξ = 1,ζ ∈ [0,1). Here d(Λξ ,Ξζ ) = (1
8 +

ζ 2

4 )2,d(Σξ ,ϒζ ) = (1
2 +ζ )2.

ϕb(sd(Λξ ,Ξζ )) = 3
32(

1
2 +ζ 2)2 ≤ 297

400(
1
2 +ζ )2

= F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (iv). ξ ∈ (1,10],ζ ∈ [0,1). Here d(Λξ ,Ξζ ) = (ξ + ζ 2

4 −
2
3)

2,d(Σξ ,ϒζ ) = (ξ +ζ − 1
2)

2.

ϕb(sd(Λξ ,Ξζ )) = 3
2(ξ + ζ 2

4 −
2
3)

2 ≤ 297
400(ξ +ζ − 1

2)
2

= F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Therefore Λ,Ξ,Σ and ϒ satisfy all the hypotheses of Theorem 2.5 and 0 is the unique common

fixed point in S.

The following is an illustration to support Theorem 2.6.

Example 3.14. Let S= [0,1] and let d : S×S→ R+ defined by

d(ξ ,ζ ) =



0 if ξ = ζ ,

11
15 +

ξ

23 if ξ ,ζ ∈ (0, 2
3),

4
5 +

ξ+ζ

10 if ξ ,ζ ∈ [2
3 ,1],

12
25 otherwise.

Then clearly d is b-metric with coefficient s = 52
49 .

We specify Λ,Ξ,Σ,ϒ : S→S by
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Λ(ξ ) = 2
3 if ξ ∈ [0,1], Ξ(ξ ) =

 1
2 if ξ ∈ [0, 2

3)

1− ξ

2 if ξ ∈ [2
3 ,1],

Σ(ξ ) =

 2
3 +

ξ

9 if ξ ∈ [0, 2
3)

2+5ξ

8 if ξ ∈ [2
3 ,1],

and ϒ(ξ ) =

 3
4 +

√
ξ

5 if ξ ∈ [0, 2
3)

ξ if ξ ∈ [2
3 ,1].

Clearly Λ(S)⊆ ϒ(S) and Ξ(S)⊆ Σ(S). Λ(S) = {2
3} is b-closed.

We take {ξn} with {ξn}= 2
3 +

1
n ,n≥ 4 with

lim
n→∞

Λξn = lim
n→∞

Σξn =
2
3 , hence (Λ,Σ) satisfies the b-(E.A)-property.

Clearly the pairs (Λ,Σ) and (Ξ,ϒ) are weakly compatible.

We define F : R+×R+→ R by F(s, t) = 99
100s, ϕb, φb : R+→ R+ by

ϕb(t) = 3
4t, φb(t) = t

3 for all t ≥ 0.

Case (i). ξ ,ζ ∈ [0, 2
3).

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (ii). ξ ,ζ ∈ (2
3 ,1].

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (iii). ξ ∈ (2
3 ,1],ζ ∈ [0, 2

3).

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))
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≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (iv). ξ = 2
3 ,ζ ∈ [0, 2

3).

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φb(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (v). ζ ∈ (2
3 ,1],ξ ∈ [0, 2

3).

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φ(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φ(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φ(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

Case (vi). ζ = 2
3 ,ξ ∈ [0, 2

3).

d(Λξ ,Ξζ ) = 12
25 ,d(Σξ ,ϒζ ) = 4

5 +
ξ+ζ

10 .

We now consider

ϕb(sd(Λξ ,Ξζ )) = 468
1225 ≤

297
400(

4
5 +

ξ+ζ

10 )

≤ F(ϕb(d(Σξ ,ϒζ )),φ(d(Σξ ,ϒζ )))

≤max{F(ϕb(d(Σξ ,ϒζ )),φ(d(Σξ ,ϒζ ))),

F(ϕb(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

),φ(d(Ξζ ,ϒζ ) 1+d(Λξ ,Σξ )
1+d(Λξ ,Ξζ )

))}.

As a result, Λ,Ξ,Σ and ϒ fulfill all of Theorem 2.6’s hypotheses, and 2
3 is the only common

fixed point.

4. APPLICATION TO NONLINEAR INTEGRAL EQUATIONS

Let Ω =C[a,b] be a set of real valued continuous functions on [a,b],where [a,b] is closed

and bounded integral in R. we define d : Ω×Ω→R+ by d(ξ ,η) = max
t∈[a,b]

|ξ (t)−η(t)|p, where

p > 1 a real number, for all ξ ,η ∈ Ω. Therefore (Ω,d) is a complete b-metric space with
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s = 2p−1. Many author’s studied unique solution of a system of nonlinear Integral equations

[12, 13, 14] .In this section, we establish the existence of unique common solution of a system

of two nonlinear integral equations of Fredholm type defined by

(4.1)


ξ (t) = f (t)+µ

b∫
a

D1(t,r,ξ (r))dr,

ζ (t) = f (t)+µ

b∫
a

D2(t,r,ζ (r))dr

where ξ ∈C[a,b] is the unknown function, µ ∈ R, t,r ∈ [a,b],D1,D2 : [a,b]× [a,b]×R→ R

and f : [a,b]→ R are continuous functions.

Let F1,F2 : Ω→Ω be two mappings defined by

(4.2)


F1(ξ (t)) = f (t)+µ

b∫
a

D1(t,r,ξ (r))dr,

F2(ξ (t)) = f (t)+µ

b∫
a

D2(t,r,ξ (r))dr

Assume the following:

(i) there exists a continuous function γ : [a,b]× [a,b]→ R+, such that max
r∈[a,b]

b∫
a

γ(t,r)dr ≤ 1;

(ii) there exists a constant K ∈ (0,1) such that for all t,r ∈ [a,b] and ξ ,ζ ∈ R, the following

condition is satisfied:

|D1(t,r,ξ (r))−D2(t,r,η(r)|p ≤ K
(b−a)p−123p−3 γ(t,r)|η(r)−F2η(r)|p

[
1+|ξ (r)−F1ξ (r)|p

1+|ξ (r)−η(r)|p
]

(iii) |µ| ≤ 1.

Theorem 4.1. Let F1,F2 : Ω→Ω be defined by (4.2) for which the conditions (i), (ii) and (iii)

hold. Then, the system of nonlinear integral equations (4.1) has a unique solution in Ω.

Proof. Let ξ ,η ∈ Ω and let q ∈ R such that 1
p +

1
q = 1 using Holder’s inequality and from the

conditions (i),(ii) and (iii), for all t, we have

d(F1ξ ,F2η) = max
t∈[a,b]

|F1ξ (t)−F2η(t)|p

= |µ|p max
t∈[a,b]

∣∣∣∣ b∫
a

D1(t,r,ξ (r)−
b∫
a

D2(t,r,η(r)dr
∣∣∣∣p

= |µ|p max
t∈[a,b]

∣∣∣∣ b∫
a
(D1(t,r,ξ (r)−D2(t,r,η(r))dr

∣∣∣∣p
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≤

|µ|p max
t∈[a,b]

(
b∫
a

1pdr
) 1

q
(

b∫
a
|(D1(t,r,ξ (r)−D2(t,r,η(r))|p dr

) 1
p

p

≤ (b−a)
p
q max

t∈[a,b]

(
b∫
a
|(D1(t,r,ξ (r)−D2(t,r,η(r))|p dr

)
= (b−a)p−1 max

t∈[a,b]

(
b∫
a
|(D1(t,r,ξ (r)−D2(t,r,η(r))|p dr

)
≤ (b−a)p−1 max

t∈[a,b]

b∫
a

K
(b−a)p−123p−3 γ(t,r)|η(r)−F2η(r)|p

[
1+|ξ (r)−F1ξ (r)|p

1+|ξ (r)−η(r)|p

]
which implies that

sd(F1ξ ,F2η)≤ K
s2 d(η ,F2η)

[
1+d(ξ ,F1ξ )

1+d(ξ ,η)

]
.

≤ λd(η ,F2η)
[

1+d(ξ ,F1ξ )
1+d(ξ ,η)

]
.

where λ = K
s2 ∈ (0,1).

Therefore, by taking ϕb(t) = t, all the conditions of Corollary 3.9 are satisfied, and hence

F1,F2 have a unique common solution of the system of nonlinear integral equations (4.1). �

5. APPLICATIONS TO DYNAMIC PROGRAMMING

In this section, we assume that X1 and X2 be two Banach spaces; D ⊆X1 is the decision

space; S ⊆X2 is the state space; Ω(S ) is the Banach space of all bounded real valued func-

tions on S with b-metric defined by;

d(ξ ,ζ ) = sup
t∈S
| ξ (t)− ζ (t) |p, for all ξ ,ζ ∈ Ω(S ) with coefficient s = 2p−1 and the norm is

defined as ‖F‖= sup{|F (t) |: t ∈S }, where F ∈Ω(S ).

It is clear that Ω(S ,d) is a complete b-metric space. The basic form of the functional equa-

tion in dynamic programming is given by Bellman and Lee [6] as follows;

f (ξ ) = optζ∈DH(ξ ,ζ , f (T (ξ ,ζ ))),ξ ∈S , where ξ and ζ denotes the state and decision vec-

tors, respectively. T denotes the transformation of the process, f (ξ ) denotes the optimal return

function with the initial state ξ and opt represents Sup of Inf. We consider the system of func-

tional equations

(5.1)
f1(νs) = optνd∈Dη1(νs,νd))+ξ1(νs,νd, f1(ρ1(νs,νd)))∀νs ∈S ,

f2(νs) = optνd∈Dη2(νs,νd))+ξ2(νs,νd, f2(ρ2(νs,νd)))∀νs ∈S

where νs is a state vector, νd is a decision vector,ρ1,ρ2 represents the transformations of the

process, and f1(νs), f2(νs) denotes the optimal return functions with initial state νs.
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Let F1,F2 : Ω(S )→Ω(S ) be two mappings defined by;

(5.2)
F1 f (νs) = optνd∈Dη1(νs,νd))+ξ1(νs,νd, f (ρ1(νs,νd))),∀νs ∈S

F2 f (νs) = optνd∈Dη2(νs,νd))+ξ2(νs,νd, f (ρ2(νs,νd))),∀νs ∈S

Assume the following:

(Da) F1(Ω(S ))⊆F2(Ω(S )) and ξ2(Ω(s)) is closed subspace of Ω(S ),

(Db) for all (νs,νd, f ,g) ∈S ×D×Ω(S )×Ω(S ) and there exists 0 < L < 1, we have;

| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |+ | η1(νs,νd)−η2(νs,νd) |

≤
[

L
23p−3 |F2g−F1g |p

(
1+F2g−F1g|p
1+F2g−F1g|p

)] 1
p

(Dc) ρi,ξi are bounded i = 1,2.

Theorem 5.1. Let F1,F2 : Ω(S )→Ω(S ) be defined by (5.2) for which the conditions Da−

Dc hold. Then, the system of functional equations given by (5.1) has a unique bounded common

solution in Ω(S).

Proof. Let νs ∈S , f ,g ∈Ω(S ) and ε > 0.

Since ρi,ξi are bounded for i = 1,2 there exists M ≥ 0 such that

(5.3)

sup{‖ ρ1(νs,νd) ‖,‖ ρ2(νs,νd) ‖,‖ ξ1(νs,νd , t) ‖,‖ ξ2(νs,νd , t) ‖ : (νs,νd , t) ∈S ×D×R} ≤M.

From the inequalities (5.2) and (5.3), we conclude that F1,F2 are self mappings are Ω(S )

First assume that

optνd∈D = inf
νd∈D

.

From the inequality (5.2), we can find νd ∈D and (νs, f ,g) ∈S ×Ω(S )×Ω(S ) such that

(5.4) F1 f (νs)> ξ1(νs,νd, f (ρ1(νs,νd))+η1(νs,νd)− ε

(5.5) F1g(νs)> ξ2(νs,νd,g(ρ2(νs,νd))+η2(νs,νd)− ε

(5.6) F1 f (νs)> ξ1(νs,νd, f (ρ1(νs,νd))+η1(νs,νd)

(5.7) F1g(νs)> ξ2(νs,νd,g(ρ2(νs,νd))+η2(νs,νd)
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By using the inequalities (5.4) and (5.7), we get that

(5.8)

F1 f (νs)−F1g(νs)> ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)− ε

≥−{| ξ1(νs,νd, f (ρ1(νs,νd)))ξ2(νs,νd, f (ρ2(νs,νd))) |

+ | η1(νs,νd)−η2(νs,νd) |+ε}

Also, from (5.5) and (5.6), we have

(5.9)

F1 f (νs)−F1g(νs)≤ ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)+ ε

≤| ξ1(νs,νd, f (ρ1(νs,νd)))ξ2(νs,νd, f (ρ2(νs,νd))) |

+ | η1(νs,νd)−η2(νs,νd) |+ε

By using (5.8) and (5.9), we get that

|F1 f (νs)−F1g(νs) |< ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)+ ε

≤ ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)+ ε

Now, we support that

optνd∈D = inf
νd∈D

.

Again, using the inequality (5.2), we can find νd ∈D and (νs, f ,g) ∈S ×Ω(S )×Ω(S ) such

that

(5.10) F1 f (νs)< ξ1(νs,νd, f (ρ1(νs,νd)))+η1(νs,νd)+ ε

(5.11) F1g(νs)< ξ2(νs,νd,g(ρ2(νs,νd)))+η2(νs,νd)+ ε

(5.12) F1 f (νs)< ξ1(νs,νd, f (ρ1(νs,νd)))+η1(νs,νd)

(5.13) F1g(νs)< ξ2(νs,νd,g(ρ2(νs,νd)))+η2(νs,νd)

Using the inequalities (5.10) and (5.13), we have
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(5.14)

F1 f (νs)−F1g(νs)< ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)+ ε

≤| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |+ | η1(νs,νd)−η2(νs,νd) |+ε

Also, from the inequalities (5.11) and (5.12), we get that

(5.15)

F1 f (νs)−F1g(νs)≥ ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)− ε

≥−{| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |+ | η1(νs,νd)−η2(νs,νd)+ ε}

From (5.14) and (5.15), we have

(5.16)

|F1 f (νs)−F1g(νs) |< ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd)))

+η1(νs,νd)−η2(νs,νd)− ε

≤| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |+ | η1(νs,νd)−η2(νs,νd)+ ε

On taking ε → 0 in (5.16), we obtain that

|F1 f (νs)−F1g(νs) |≤| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |

+ | η1(νs,νd)−η2(νs,νd) |

From the condition (Db), we have

|F1 f (νs)−F1g(νs) |≤| ξ1(νs,νd, f (ρ1(νs,νd)))−ξ2(νs,νd,g(ρ2(νs,νd))) |

+ | η1(νs,νd)−η2(νs,νd) |

≤
[

L
23p−3 |F1g(νs)−F1g(νs) |p

(
1+|F2g(νs)−F1 f (νs)|p
1+|F2 f (νs)−F1g(νs)|p

)] 1
p

≤

[
L

23p−3 sup
νs∈S

|F1g(νs)−F1g(νs) |p
(

1+|F2g(νs)−F1 f (νs)|p
1+|F2 f (νs)−F1g(νs)|p

)] 1
p

which implies that

|F1 f −F1g |p≤ L
23p−3 |F2g−F1g |p

(
1+ |F2g−F1 f |p

1+ |F2 f −F2g |p

)
.

Now, for all f ,g ∈Ω(S ), we have

sd(F1 f ,F1g)≤ λd(F1g,F2g)
(

1+d(F1 f ,F2g)
1+d(F2 f ,F2g)

)
,
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where λ = L
22p−2 < 1.

By taking ϕb(t) = t, it is easy to see that, Theorem 5.1 satisfies all the hypotheses of Corollary

3.10. Therefore, from Corollary 3.10, we conclude that there exists a unique common fixed

point of F1 and F2 in Ω(S ) which gives us, the system (5.1) of functional equations has a

unique bounded common solution. �

6. APPLICATION TO NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

In this part, we use Corollary 3.11 to prove the existence of a solution to the nonlinear frac-

tional differential equation [9]. Let us first review the definition of Caputo fractional derivative.

The Caputo fractional derivative with order σ > 0 (denoted by Dσ
c ) is defined as follows:

Dσ
c g(t) =

1
Γ(m−σ)

t∫
0

(t− τ)m−σ−1gm(τ)dτ,

where σ ∈ [m− 1,m) with m = [σ ] + 1 ∈ N, [σ ], the integral part of σ and g : [0,∞)→ R is

continuous. Ω = C([0,1],R), signifies the set of all functions with continuity from [0,1] into R.

We now discuss a nonlinear fractional equation that has unique solutions:

(6.1) Dσ
c ξ (t) = F(t,ξ (t))

with ξ (0) = 0,ξ (1) =
ρ∫
0

ξ (τ)dτ

where ξ ,ζ ∈Ω, t,ρ ∈ (0,1),σ(1,2] and F : [0,1]×R×R→ R is a continuous function.

Here we note that, ξ ∈Ω is a solution of (6.1) iff ξ ∈Ω is a solution of the integral equations:

ξ (t) = 1
Γ(σ)

t∫
0
(t− τ)σ−1g(τ,ξ (τ))dτ− 2t

(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1g(τ,ξ (τ))dτ

+ 2t
(2−ρ2)Γ(σ)

ρ∫
0

(
τ∫
0
(τ− r)σ−1g(r,ξ (r))dr

)
dτ.

We define the operator F : K×K→ K by

F(ξ )(t) = 1
Γ(σ)

t∫
0
(t− τ)σ−1g(τ,ξ (τ))dτ− 2t

(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1g(τ,ξ (τ))dτ

+ 2t
(2−ρ2)Γ(σ)

ρ∫
0

(
τ∫
0
(τ− r)σ−1g(r,ξ (r))dr

)
dτ,

where K= {ξ ∈Ω : ξ (t)≥ 0, ∀ t ∈ [0,1]} is a b-metric space with b-metric defined as

d(ξ ,ζ ) = sup
t∈[0,1]

|ξ (t)−ζ (t)|℘, ∀ ξ ,ζ ∈ K with coefficient s= 2℘−1.
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Theorem 6.1. Let F : [0,1]×R×R→R be a mapping. We suppose that the following circum-

stances exist:

(K1) F is a continuous mapping,

(K2) there exists 0 < L < 1 3

|g(t,η(t))−g(t,ξ (t))| ≤ Γ(σ +1)
(

L
23℘−1 |η−Fη |℘

(
1+ |ξ −Fξ |℘

1+ |ξ −η |℘

)) 1
℘

∀ ξ ,η ∈ R,ξ ,η ≥ 0 and ∀ t ∈ [0,1]. Then the system of fractional differential equations (6.1)

has a unique solution.

Proof. From condition (K2), for all ξ ,η ∈ K and t ∈ [0,1], we have

|F(η)(t)−F(ξ )(t)|= | 1
Γ(σ)

t∫
0
(t− τ)σ−1g(τ,η(τ))dτ

− 2t
(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1g(τ,η(τ))dτ

+ 2t
(2−ρ2)Γ(σ)

ρ∫
0

(
τ∫
0
(τ− r)σ−1g(r,η(r))dr

)
dτ

− 1
Γ(σ)

t∫
0
(t− τ)σ−1g(τ,ξ (τ))dτ

+ 2t
(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1g(τ,ξ (τ))dτ

− 2t
(2−ρ2)Γ(σ)

ρ∫
0

(
τ∫
0
(τ− r)σ−1g(r,ξ (r))dr

)
dτ|

≤ 1
Γ(σ)

t∫
0
(t− τ)σ−1 |g(τ,η(τ))−g(τ,ξ (τ))|dτ

+ 2t
(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1 |g(τ,η(τ))−g(τ,ξ (τ))|dτ

+ 2t
(2−ρ2)Γ(σ)

ρ∫
0

(
τ∫
0
(τ− r)σ−1 |g(r,η(r))−g(r,ξ (r))|dr

)
dτ

≤ 1
Γ(σ)

t∫
0
(t− τ)σ−1Γ(σ +1)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘

dτ

+ 2t
(2−ρ2)Γ(σ)

1∫
0
(1− τ)σ−1Γ(σ +1)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘

dτ

+ 2t
(2−ρ2)Γ(σ)

ρ∫
0

 τ∫
0
(τ− r)σ−1Γ(σ +1)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘

dr

dτ

≤ Γ(σ+1)
Γ(σ)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘
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t∫

0
(t− τ)σ−1dτ + 2t

(2−ρ2)

1∫
0
(1− τ)σ−1dτ + 2t

(2−ρ2)

ρ∫
0

(
τ∫
0
(τ− r)σ−1dr

)
dτ

]
=

Γ(σ +1)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘

 1
Γ(σ)

[
tσ

σ
+ 2t

(2−ρ2)σ
+ 2t

(2−ρ2)σ
ρσ+1

σ+1

]

≤

Γ(σ +1)

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
23℘−1

) 1
℘

 1
Γ(σ+1)

[
sup

t∈(0,1)
{tσ + 2t

(2−ρ2)
+ 2t

(2−ρ2)
ρσ+1

σ+1 }

]

≤

(
L
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

)
2℘−1

) 1
℘

=⇒
(2℘−1) sup

t∈[0,1]
|F(η)(t)−F(ξ )(t)|℘≤ L sup

t∈[0,1]

(
|η−Fη |℘

(
1+|ξ−Fξ |℘
1+|ξ−η |℘

))
Now, let us define ϕb(t) = t, we have

sd(F(ξ ),F(η))≤ Lϕb

(
d(η ,Fη)1+d(ξ ,Fξ )

1+d(ξ ,η)

)
.

Therefore, from Corollary 3.11, (6.1) has a unique solution. �
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