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Abstract. This article explores the existence of common fixed points for two pairs of self-maps satisfying a
contractive condition involving rational expression using .% -class function in complete b-metric spaces. In order
to support our findings, we draw some corollaries and give examples. Finally, we present applications to nonlinear
integral, functional equations and fractional differential equations.
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1. INTRODUCTION

Fixed point theory plays a vital role in solving nonlinear equations. Czerwik [7] established
the concept of h-metric space or metric type space as a generalization of metric space. Aamari
and Moutawakil [1] introduced the concept of property (E.A) in 2002.
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Definition 1.1. [7] Let G be a non-empty set and s > 1 is a given real number. A function

0:6 x G — [0,00) is said to be a b-metric if the following conditions are satisfied: for any
¢.¢ned

() 0<0(&,8) and 0(€,¢) =0 if and only if £ = ¢,

(i) 2(&,¢) =0(¢,%),

(iii) (&, m) < s[p(§, &) +(¢,m)].

The pair (&,0) is called a b-metric space with coefficient s.

Definition 1.2. [8] Let f,g: & — & be two self-maps. If f& = g€ implies that fg& = gf& for

& € G, then we say that the pair (f, g) is weakly compatible.

Definition 1.3. [11] Two self-maps f and g of a metric space (&,0) are called reciprocally
continuous if lim fg&, = fn and lim gf&, = gn whenever {&,} is a sequence in & > lim §§, =
n—oo n—oo n—roo

lim g&, = n for some 1 € S.
N—o0

Definition 1.4. [10] Let f,g : © — & be self-map on a b-metric space (&,?) is said to satisfy
b-(E.A)-property if there exists a sequence {£,}in S > hm n § &= hm gén =1 forsomen € S.

Definition 1.5. [3] A continuous map 7 : R™ x R™ — R is said to be C-class function if it
satisfies the following conditions:

() H(1,x)<1;

(i) #(1,x) =5 = eithert=00rk=0; V1,k € [0,0).

The collection of all C-class functions is indicated by % .

Definition 1.6. [3] The following functions 57 : R™ x Rt — R are elements of €, for all
1,k € [0,00):

(g) Z(1,x)=1—xk, H(1,K) =1=Kk=0;

() (1, x)=m,0<m<1,7(1,k) =1=1=0;

(1) H(1,x) =1B(1), B :[0,00) — [0,1), and is continuous, J#(1,K) =1 =1 = 0;

() Z1,x) = 1 — o), H1,x) =1 = 1 = 0, where ¢ : [0,0) —

[0,0) is a continuous function such that ¢(x) =0 < k = 0;
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() H(1,x) =0(1), HZ(1,K) =1=1=0, where ¢ : [0,00) — [0,0) is continuous such that
¢(0) =0, and ¢(x) > 0 for ¥ > 0;

The following is how Babu and Sudheer [5] presented F-class functions:

Definition 1.7. [5] A continuous map F : RT™ x RT — R is said to be .F -class function if

F(s,t) < s forall s,t > 0.

F-class functions are indicated by .%#

It has been demonstrated by Babu and Sudheer [5] that F(0,0) may not be zero and € =

We indicate
¥, = {y,/y, : R" — RT is continuous, Y, is nondecreasing, and y,(k) =0 < k = 0} and
®, = {@,/P, : R" — R is continuous, @, is nondecreasing, ¢;,(k) > 0 for k > 0 and ¢,(0) >
0}.

We can utilize the following lemma to support our major findings.

Lemma 1.8. [2] Let (G,0) be a b-metric space with coefficient s > 1. Suppose that {£,} and

{&,} are b-convergent to & and € respectively, then we have

SLZD(€7 C) S hr?’_lgnfb(ém Cn) S hmsupa(ém Cn) S SZD(&?C)'
b n—oo
In particular, if & = §, then we have li_r>n 0(&,, &1) = 0. Moreover for each n € S we have
n—o0

§(8.m) < liminfo (&, 1) < limsupd(&,,n) < s2(€,m).
n—o n—yoo
The following theorem is due to Babu and Babu [4] in the setting of partial metric spaces.

Theorem 1.9. [4] Let (&, p) be a partial metric space and let § and g be self-maps on S.

Assume that there exist @, € ¥y, ¢ € Oy, and F € ¥ such that

@y (p(fS.§C)) < max{F(¢,(p(9S,9%)), 0»(p(a8,92))),
F(n(p(04,T) TEEELD), 0, (p(ag,76) L1 ) )}
forall .8 € &. If (&) C g(&), the pair (f,9) is weakly compatible and g(&) is a complete

subspace of G then § and g have a unique common fixed point in S.
2. MAIN RESULTS
Let A,Z,X and Y be self-maps of & and satisfying

@.1) A(S) CY(6) and (&) C £(8).
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From (2.1), forany § € § 3 &, € S 3 §y = Aéy = YE;. For this &1, we can choose a point
& e > § =EE =X&. In generally, {£,} C S >

CZn - AéZn - YéZnJrl

C2n+1 = EéZnJrl = Z"§2n+2 v n.

(2.2)

Lemma 2.1. Suppose (S,0) is a b-metric space with parameter s > 1 and A, and Y are

self-maps of S which satisfy the following condition: there exist @, € ¥p,, ¢p € Dy and F € F >

(2.3)
Py(s0(AG,EC)) < max{F (¢, (d(X5,YC)), 9 (0(£5,Y())),
F(pp(0(EL, YOO o, (2(z¢, 1) UMy
V &,8 € &. Then there are the following:
() If A(6) CY(6), (E,Y) is weakly compatible and A and ¥ have a common fixed point,
then A,E,X and Y have a unique common fixed point.
(i) If 2(6) C X(6), (A,X) is weakly compatible, and E and Y have a common fixed point,

then A,Z X and Y have a unique common fixed point.

Proof. Suppose (i) holds. Let 11 be a common fixed point of A and .
Then An =Xn =1. Since A(&) CY(S)JuecS 5 Yu=n.
Therefore An = Xn = Yu = 1. Suppose that An # Eu.

We consider,

‘Pb(sa(/\nju)) < max{F((pb(a(En,Yu)),¢b(0(2n,Yu))),

F(@5(0(Zu, Tue) {OALZ) 6, (0(Zu, Yu) T2 )}

= max{F (9,(0), 9(0)), F (@ (12T 5n L), (1oL}

1 max{F (95(0), 95(0)), F (@ (1 Lorren b ), 0o 1oorkn B ) Y=F (05 (125 vy ) 9 (Trarnon i)
then we have

05 (s2(A, 1)) < F(@p (2%, (220 )) < g (22N

2(Eu,An)
1+0(AN,Eu)’

By the property of ¢, we have s0(AnN,ZEu) <

a contradiction.

Therefore, max{F (¢,(0), 95(0)), F (9 (12erxa L), 0 (e L))} = F(95(0), 95(0))
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which implies that @,(s0(AN,Zu)) < F(@p(0),95(0)) < ¢4(0).
Since @, € ¥, we have 0(An,Zu) < 0. i.e., An = Eu.
Hence An =2u=YXn=Yu=n.
As (E,Y) is weakly compatible and Yu = ZEu, we have
EYu=YZu. ie, En =Y.
If £ # n, then

@5 (s0(En,1M)) = s0(An,En)
< max{F(¢y(0(Zn,1n)), ¢ (2(Xn,Yn))),
F(@s(0(En,Yn) {TomZl), 6, (2(2n, 1) {rarkzl)) }
= max{F(¢,(2(An,En)), ¢ (2(An,EN))), F (¢5(0), $5(0)) }
If - max{F (¢,(2(An,EN)), ¢ (2(AN,EN))), F(95(0), $(0))} = F(@s(2(AN,EN)),95(2(AN,EN)))
then we have @y (sd(21,1)) < F(@p(2(AN,EN)), 95(2(AN,EN))) < ¢5(2(AN,EN)).
By the property of ¢, we have s0(En,n) <2(An,En),
a contradiction. Therefore @, (s0(En,7M)) < F(¢,(0),95(0)) < ¢(0).
Since ¢, € ¥, we have s0(En,n) < 0 implies that En = 7.
Hence An =En=¥n=1Yn=n.
Therefore, 1 is a common fixed point of A, Z,% and Y.

Suppose )’ # 7 is a common fixed point of A,Z,X and Y.

epsd(n,1') = @psd(AN,EN')
< max{F(@,(2(Zn,Yn")), ¢»(2(Xn,YN’))),
F(@p((EN', Y0 o2, 06 0(En', X' oG s i)}
= max{F(¢,(2(n,1")),$(@(1n,1"))), F (¢(0), $5(0))}

If max{F(¢,(2(1,n)), 95(2(n,1"))), F (05(0),95(0))} = F (9, (2(1n,n")) 95(3(n,71"))) then

op(s0(n,m")) < F(@,(2(n, 1)), ¢ (2(n,1n"))) < @p(2(n,1")).

(
n,n’)
By the property of ¢, we have s0(n,n’) <o(n,n’),

a contradiction.

Therefore @,(s0(17,1")) < F(95(0),95(0)) < 9,(0).
Since @, € ¥, we have s0(1,n’) <0 implies that n = 7n’.
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Hence, 7 is the unique common fixed point of A,Z,¥ and Y.

The proof of (ii) follows from (7). ]

Lemma 2.2. Let A,E X and X be self-maps of a b-metric space (S,0), satisfy (2.1) and (2.3).
Then for any &y € &, the sequence {{,} defined by (2.2) is b-Cauchy in S.

Proof. Let & € G and let {{,} be a sequence defined by (2.2).
Suppose §, = {1 for some n.
Case (i): n even.

We write n = 2m,m € N. Now,
@5 (9(Cnt15Cnt2)) = Pb(50(Com+1, Com+2))
= @p(s0(Sam+2, Som+1))
= @p(s0(Abom+2,EEm+1))

< max{F (Qp(0(Z&rmt2, Yom+1)), 06 ((Zéomi2, Yom+1))),

—~ 14+0(ZEmt2, Aéomi2)
F<(Pb(O(Y§2m+l’$§2m+l)1+O(A€2 :2 T@m;) ,
m 9 - m

1+0(Zémt2, Aéomi2)
1+0 (A§2m+27 E"§2m—§-1 )

= max{F (@p(0(Cam+1,Com))s Op(0(Cam+1,Eom))),

ey =il

1+9(Comt1, Gom+2)
14+0(Com+2, Comr1)

= F(0p(0(Cam+1,8om)), 9((Camr1,Com))) = F(96(0), 95(0)) < 0(0).

Since ¢ € ¥y, we have 0(8omr1, Somi2) =0 = Somi2 = CGomt1 = Com-

Op(0(XE2mr1,EEm11)

¢b (O(CZma C2m+1>

Continuing, we get §y 1k = G V k.

Case (ii): n odd. We write n = 2m + 1 for some m € N. Now,

Op(50(8nt1,8n2)) = O (s0(C2m2, Com+3))
= 0p(50(Al2m12,EE2m+3))

< maX{F((Pb (0 (Z§2m+2 ) Y£2m—0—3 ) ) , Op (D (Z§2m+2 ) Y€2m—|-3 ) ) ) )
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— 1 +0 252 27A€2 )
F(0p(0(YE2m+3,EEm+3) 1+ OEAézmiz Tézm;g
m g m

1+0(X&m+2, Abom+2)
1+0(Abom+2,EEm+3)

= max{F (@p((Cam+1,Com+2)), 96 ((Com+1, Com+2)))s

14+0(Com+1, Come2)
14+0(Com+2, Soms3)

14+0(Com+t1, Coms2)
1+93(8om+2, Som+3)

= max{F (¢;(0), ¢,(0)),

(Com+25 Come3)
1+0(Camt2, Com3)

Y

Op(0(YE2m13,EE2m+3)

F(op(0(Coms2, Somt3)

Y

0p(0(Camr2, Com+3)

(Com+25 Come3)
1+0(Comt2, Com3)

F(@p( )5 0 (

If max{F (95(0), $5(0)), F (¢p (1 pgr2esis) g (et )y

14+9(Comt2,Com+3 14+9(Comt2,Com+3

_ o(pe2.li2) (2. 1)
= F(on( o). o)) then

P50 Eomis i) < F(tE Bt s ) < B )
By property of @y, we have s9(Com 2, Gami3) < i,

which is a contradiction.
Therefore @;(59(Sam2,Gamt3)) < F(95(0),05(0)) < @,(0).
Since ¢, € ¥, we have s0(8n12, Eomy3) <O.

Therefore, 0(Som+2, Som+3) =0 = Coms3 = Comr2 = Comt1-
Continuing in this way, &1 = Comr1 V k.

Case (i) and Case (ii), concludes that {, 1 = §, V k and that {{, } is b-Cauchy.

Suppose &y # Guy1, Vn €N
If n is odd, then n = 2m + 1 for some m € N.

Now,

Op(50(8nt1,8nr2)) = O (s0(Comr2, Com3))
= @p(9(Abomt2,EEom13))

< max{F (@,(0(Z&m+2, YEm+3)), O (0(ZSom+2, YEom13))),

1+0(Z8mi2,A8om+2)
I+ a(/\52m+27 E§2m+3) ’

F(op(0(Yom43,280m43)
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1+0(Z8m 2, A8om+2)
oY ' =
95Q(Y&om-+3, ECom+3) +0(ASom+2,E&om+3)

= max{F (@p(0(Com+1, Com+2)), O (0(Com+1, C2m+2))),
1+0(Comr1, Comi2)

1+9(&oms2, Gom+3)”

ol o L L
If max{F (@, (0(Com+1, Som+2)): 9o (3(Lam+1, Comi2))),

F(op(0(Comr2, Gom+3) —}ig(%ﬁignfﬁi) Op(0(Com+2, Com+3) —}ig 2;;;2:11
)
)

)
( ’ )
= F(@p(0(Cam+2, sz+3)%)7%(0(§%+2, sz+3)%

)}

F(@,(0(&amt2, Com+3)

)}

= ==

then we have

14+0(Cm+1, Comt2)
14+0(Coam+2: Comt3)

O o 2

1+9(8om+1, Soms2)
1+9(8om+2, Com+3)

M 1 m bl n
Since @, € ¥p, we have s3(Lom12, Com+3) < 0(Cam+2, sz+3)%-

1 n ) Uil
Suppose (Lo 42, Gom3) Trg 282 < 0(Gomi2, Goms3)-
Then s0(Com+2, Com+3) < 0(Comi2, Coms3)s

which is a contradiction.

@5 (50(Com+2, Com+3)) < F(@(0(Cam+25 Com+3)

Y

< 0p(0(Comt2: Com+3)

Therefore, s0(8om+2, Com+3) < 0(&om+1, Eom2) wWhich implies that
0(Gomr2, Gome3) < 10(Gom 1, Som2).
If max{F (@, (0(C2m+1, Som+2)): 9o (3(Lam+1, Comt2))),
F(@5(0(Gams2: Comt3) TraE2E22), 0, 0(Game2, Goms3) Togr i) )
= F(@p((Com+1, Com+2)), 9p(0(Com+1, Com+2))) then using F € 7, we have
O (59(Cam+2, Comt3)) < F (@6 (0(Camr1s Camr2)), 6 (¥(Comr1, Comi2))) < @6(0(C2mt1, Come2)).-

Since ¢, € ¥, we have s0(8om12, Eom+3) < 0(Comt1, Com2) implies that

1
(2.4) (&omt2, Gome3) < ;0(C2m+1, Coms2).

Similarly, n is even, it follows that

1
(2.5) (Com+t1, Gome2) < ED(CZ’"’ Comt1)-
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From the inequalities (2.4) and (2.5), we get

D(CnJrla Cn+2) < %O(Cna CnJrl) < sl_zo(gnfh Cn) < < SLnD(C(L Cl)
Therefore {{,} is b-Cauchy in . O

The primary finding of this paper is as follows:

Theorem 2.3. Let A,E,X and Y be self-maps on a complete b-metric space (&,0), satisfy
(2.1) and (2.3). If the pairs (A, X) and (E,Y) are weakly compatible and one of the range sets
2(6),Y(6),A(S) and E(S) is b-closed, then A,E,X and Y have a unique common fixed point.

Proof. By Lemma 2.2, the sequence {{,} defined in (2.2) is b-Cauchy in &.
Since G is complete, 3N €S > r}l_r>I°10 &, =1n. We have
2.6) lim G, = lim Ay, = lim Yoy =1
lim Cony1 = lim Eéoni1 = ,111330252%2 =1.
Taking the next four situations into consideration.
Case (i). £(S) is b-closed.
AsneX(6)Iued 5 n==Xu
Suppose that Au # 1. Now,

95(50(Aut, EEp41)) < max{F(@p(0(Eu, YEr41)), 9 (0(Eu1, YEr41))),
@.7) F(@50(2&m11, Y1) Taposi ),

- 140(Au,E
0p(O(E&ni1, Y1) Traneses))}
On letting upper limit n — oo in (2.7), using (2.6) and Lemma 1.8, we have

@ (s50(Au, 1)) < @p(slimsupd(Au, By 1))

n—oo

< limsup(max{F (@, (0(Zu, Y,+1)), 0p(0(Zu, Y1),

H—s00
F(@p(2(E&ns1, Yn11) pammi5), 06(0(Eans 1, Vo i1) 1o anis))})
=F(95(0),95(0)) < 9,(0).
Since @, has the property, we have 0(Au,n) < 0 which implies that Au = 1.
Therefore, Au = n = Xu.
As (A,X) is weakly compatible and Au = Xu, we have
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AXu=2XAu.ie.,An =L1.
If An # n, then

Op(s(AN,EE2n+1)) < max{F (@, (0(XN, Y2 11)), 96 (0(ZN, YE2041))),
2.:8) F(@5(0(ZE0m11, Yot T BE2),

¢b(0<3§2n+1 ) Ygszrl)%))}

On letting upper limit as n — oo in (2.8), using (2.6) and Lemma 1.8, we have

1 . —_
Po(sD(AN,M)) < @p(slimsupd(AN, Eou1))

n—yoo

< limsup lim (max{F (@,((XN, Y& +1)), 9(2(EN, YS2011))),

~ 14+0(An,X
F((pb(a(d§2n+17T€2n+1) 1 +a(/\(11 1:”5&2”421) 7

1+9(An,Xn)
1+93(AN,E8041)

< max{F (@ (limsup(d(X1, Y &2n+1))), P (limsup(d(XN, Y S2n+1))));

Op(0(E&2n+1, Y201 1)

oo n—soo
. ~ 1+2(An,Zn)
F limsup(0(E n aY n =
(on( Ho}’( (E&an+1, 162 +1)1+0(An,:€zn+1)
1+9(An,Zn)

li (= T
(pb(lzrlfoljp( ( Eontls 52"“)1—}—0(/\7],552”“)

< max{F(@y(s0(An,M)), op(s0(AN,M))), F (95(0),95(0))}.

If max{F (@,(s0(AN, 1)), $o(s9(AN, 1)), F (95(0), 95(0))} = F(s(s9(A0. 1)), 9 (s2(A1, 1))
then we have @,(0(An,1)) < @y(s0(AN, 1))

Since ¢, € Wp,, we have

(AN, n) < so(An,n) = (1—s)0(An,Nn) <0 = An =n.

Suppose max{F (@, (s0(An,N)), Ps(s0(An,1N))), F(9(0),$5(0))} = F(95(0), $(0)).

Then @,(2(An, 1)) < F(95(0),95(0)) < 9,(0).
Since @, has the property, we have 0(An,n) <0

which implies that An = 7.
Hence, 1 is a common fixed point of A and X.
According to Lemma 2.1, 1) is an unique common fixed point of A, =, ¥ and Y.

Case (ii). Y(S) is b-closed.
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Sincen € Y(&)andJuec & > n="Tu.
Suppose Bu # 1. Now,

P (s9(A&2n+2, Zu)) < max{F (@y(2(E&2n+2,Tur)), $p(0(EGan12, Yu)),

29) F(gp(0(Zu, Tu) 2l

(0=, Yu) HEGRE T )

On letting upper limit as n — oo in (2.9), using (2.6) and Lemma 1.8, we have

1 . _
@p(5 201, Zu)) < limsup 9y (59(A&or 12, %))

n—oo

< limsup(max{F (¢ (d(XS2n12,Yu)), P (0(ZG2n+2, Yur)),

n—yoo
1 +0 (A€2n+2, Z'§2n-i-2)
14+0(A&i2,Eu)

1+0(A8212,X80012)
1+9(Aé212,Eu) )

= {9y (0). 05(0)).F(gh( o L) ol o).

F(@p(0(Zu,Yu)

);

Op(0(Eu, Yu)

If max{F (5(0), $5(0)), F (@ (1ot ), Go(oamicss))} = F (@ (i), oo (o2 s))
then by the properties of F' and ¢, we have
05 (0(n,Zu)) < F (@ (12024005), 05 (12 0200)) < oo 22s)

which implies that 9(n, Eu) < % <d(n,Zu),

a contradiction.

Therefore, max{F (95(0), 6,(0)), F (9 2ty 2a7)- 9o 2aats 2ay))} = F(90(0), 6,(0)).
Since F € .# and ¢, € ¥, we have

0p(0(n,Zu)) < F(9p(0),95(0)) < ¢p(0) which implies that Eu = 1 = Yu.

The pair (E,Y) is weakly compatible and Eu = Yu, we have
EYu=YEu.ie,En=1n.

If En # n, then

Op(59(A&2n+2,EM)) < max{F (¢,(0(X82n12,YM)), 0p(0(E&2012,1M)),

@10 Flos(a(En, v e,

0p(2(En, Tn) 22 )y
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On letting upper limit as n — oo in (2.10), using (2.6) and Lemma 1.8, we have

1. . _
%(s;b(n,:n)) < limsup @3 (s9(A&2,12,EM))

n—o0

< limsup(max{F (@p(?(X&2+2,YN)), O (0(XE2012,YM)),

n—roo
1+3(Aén12,X6042)
1+0(Aérn42,EN)

1+ D(A52n+27 Z§2n+2) ))})
1+0(Aé2u12,EMN)

= max{F(@y(s0(n,EN)), (s0(n,ZEN))), F (95(0),95(0))}-

If max{F (@y(s0(1,En)), 9s(s2(1,EN))), F (¢5(0),$5(0))} = F(9s(s2(1,EN)), P (s2(n,EMN)))
then we have ¢,(0(1,E1)) < @,(s2(n,EN)).

F(pp(0(En,Yn)

)

o (0(En,Yn)

Since ¢, € ¥, we have

o(1n,En) < s0(An,n) = (1-5)0(n,En) <0 = n=_En.

Suppose max{F (¢y(s2(1,E1)), 95(s0(1,EN))), F(¢5(0), $5(0))} = F (¢5(0), 95(0)).
Then @,(0(n,En)) < F(95(0),95(0)) < ¢5(0).

Since ¢, € ¥p, we have 0(1,En) <0 — En =n.

Therefore, En =1n = 1.

According to Lemma 2.1, 1 is a unique common fixed point of A, &, ¥ and Y.

Case (iii). A(G) is b-closed.

Sincen €e A(G)CY(6)IueG 5 n="u

Suppose Eu # 1. Now,

Oy (s0(AE2n12,Eu)) < max{F (@p(0(X&ons2, Y1), 0p(0(XE2n42, Y1),

@1y F(y(0(3u, Yu) MR 00

n(0(Z0 Y R}

On letting upper limit as n — oo in (2.11), using (2.6) and Lemma 1.8, we have

1 . -
‘Pb(Sga(Tl ,Eu)) < limsup @ (s3(ASzn12,Zu))

n—oo

< limsup(max{F (@p(0(X&n+2,Yu)), op(0(EE2p42, Yu)),

n—oo
14+0(A&2n12,X60042)
14+0(A&y42,Eu)

F(@p(0(Zu, Yu) ),
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- 1+0(A&n12,X8m+2)
O (0(Zu, Yu) ; =)}
1490 (A€2n+2, :,I/t)

= max{F(¢5(0), 95(0)). F (¢s(5 fig(;u%u) ) 8(5 fig(;”%m )}

If max{F (¢,(0), 6(0)), F (¢ (12 32%7)): (i)} = F (00 (g )s O (1)
As F € .7 and @, € W), we have
05 (2(n,Zu)) < F (95 (170245), 00 (Teiees)) < Op( o)

o - 2(n.E —
which implies that (1, Eu) < % <0(n,Eu),

a contradiction.

Therefore, max{F (¢5(0),5(0)),F (9 7ats 7)) 90 (sac 2a7)} = F(9(0), 65(0)).
Since F € % and ¢, € ¥, we have

@ (0(n,Eu)) < F(95(0),95(0)) < ¢,(0) = Bu=n.

Therefore Bu = 1 = Yu. Now, by Case (ii), the conclusion follows.

Case (iv). E(S) is b-closed.

Sincen € E(6) CX(6)JueS 5 n==2u

Suppose Eu # 1. Now,

Op(s0(Au, E&rp1)) < max{F (@, (d(Zu, Y&n11)), 6 (0(Zu, Y 11))),
(2.12) F(@p(2(E&ms1,Yni1) s LA,féi:H ),
¢b(0<352n+17Y§2"+1)%»}

On letting upper limit as n — oo in (2.12), using (2.6) and Lemma 1.8, we have

1 . -
%(s;b(/\u,n» < @p(slimsupd(Au,ESp 1))

n—yoo

< limsup(max{F (@, (0(Zu,YEr+1)), p(0(Zu, YEr11))),

n—oo
. 1+ 0(Au,Zu)
F(@p(d(E&2n+1,YE2n+1) 1+0(Au,EEy41) "
y—=G2n
1+0(Au,Xu)

(Pb (D(E§2n+1 5 Tan-H)

1 + D(Au, E§2n+1)

= F(,(0),9,(0)) < ¢,(0).

As @, € W), we have 0(Au,n) < 0 which implies that Au = 7.

Therefore, Au =1 = Xu. As in Case (i), the conclusion follows.

13
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Theorem 2.4. Let A,E,X and Y be self-maps on a b-metric space (&,0), satisfy (2.1)
and (2.3). If the pairs (A, X) and (E,Y) are weakly compatible and either one of the set
(£(6),2),(Y(6),2),(A(6),d) (or) (E(S),0) is b-complete, then A,E,X and Y have unique

common fixed point.

Proof. By Lemma 2.2, for each &) € &, the sequence {{,} defined by (2.2) is b-Cauchy.
Since £(&) is complete, 31 € £(S) > lgn Ci=n

n—oo
Asn €X(6),u e S > n=ZXu. Suppose Au # 1. Now,

Op(s0(Au, E&p41)) < max{F (@p(0(Zut, Y2 41)), 0o (0(Zut, Y2 41))),
(2.13) F (%(D(Efiznﬂ=Y52n+1>—1+la+ A féfH ),
O (0(ES2n+1, Y 2n11) 1+]a+(10\(uA§§Ezui1) )}

On letting limit superior as n — oo in (2.13), using (2.6) and Lemma 1.8, we have

@ (550(Au, 1)) < @p(slimsupd(Au, EEyp41))

n—soo

< limsup(max{F (@, (0(Zu,YE+1)), o (0(Xu, YEr11))),

N300
F(@p(0(E&n+1, Ym0 Tarpasi ),
O5((Z&an1, Y1) rorpgis))})
=F(95(0),95(0)) < 9,(0).

Since @, € ¥, we have d(Au,n) < 0 which implies that Au = 7.

Therefore, Au = n = Xu.

As (A,X) is weakly compatible and Au = Xu, so that

ASu=YAu. ie, An =ZIn.

Assume An # 1. Now,

Op(s0(AN, EE2p+1)) < max{F (@, (0(Xn,YEn+1)), Pp(0(EN, Y20 11))),
)

- 1+0(An.2
(2.14) F(@5(0(E8n41, Y0041 1+;_A77771§2Z+1

O (0(Z&2n+1, Y2011 )%))}

On letting upper limit as n — oo in (2.14), using (2.6) and Lemma 1.8, we have

Y

1 . _
q)b(s;b(/\n,n)) < @p(slimsupd(AN,EE2,11))

n—soo

< limsup nli_r>r°1°(max{F((pb (XN, YE2+1)), 9 (0(ZN, YE2n11))),
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1+0(An,Xn)
14+9(AN,EEm+1)
1+0(An,Xn)
14+0(AN,E&p41)

< max{F (@, (limsup(d(X1,YEu+1))), ¢ (limsup(2(EnN, Y2n41)))),

n—oo n—oo

F(@p(3(E&on+1,YE011)

Y

(Pb (0<E§2n+l s Y§2n-i-l)

- ~ 14+0(An,2n)
F limsup(0(ES2,+1, YSon =
(@ ( n_mp( (E&n11, Y& +1)1+0<An,a§2n+1)

: - 1+0(An,Xn)
limsup(0(Z&2n+1, YéSon —
¢b( n—>oop( ( 62 i 62 +1) 1 +D<An7‘:§2n+l)

< max{F(@y(s0(An,n)), dp(s0(An,M))), F(¢,(0), 95(0)) }.
If max{F (@ (s0(An,1)), P (s0(AN,M))), F(¢5(0),5(0)) } = F (¢(s0(AN,M)), dp(s0(AN,7M)))
then we have @,(0(An,1)) < @,(s2(AN,M)).

Since ¢, € Wp,, we have

Y

o(An,n) < so(An, M) = (1—s)0(An,Nn) <0 = An=n.
Suppose maX{F((Pb(SD(Anan))a¢b(50(Anvn)))aF((Pb(O)vd)b(O))} :F((pb(o)v(])b(o))‘

Then ¢, (0(An, 1)) < F(9,(0),95(0)) < @(0).
As @p € ¥y, we get 9(An,n) <0 = An =n. Hence, 1 is a common fixed point of A and X.

According to Lemma 2.1, conclusion follows.
Similarly, we can prove that 7 is the unique common fixed point of A, E, X and Y when either

Y(S) or A(G) or E(S) is complete. O

Theorem 2.5. Let A,E,X and Y be self-maps on a complete b-metric space (&,0), satisfy (2.1)
and (2.3). Further suppose that either
(i) (A,X) is reciprocally continuous and compatible pair of maps, and (E,Y) is a pair of
weakly compatible maps (or)
(ii) (E,Y) is reciprocally continuous and compatible pair of maps, and (A,X) is a pair of
weakly compatible maps.
Then A,Z,X and Y have a unique common fixed point.
Proof. By Lemma 2.2, for each & € G, the sequence {,} defined by (2.2) is b-Cauchy in &.

As & complete, thendn €& > lim §, =n.
n—oo
Assume (i) holds.
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As (A,X) is reciprocally continuous, we have

lim AXCo, 12 = A and lim TAG, 12 = X1.

By compatibility of (A,X), we get

lim 9(AZCan12,2A8242) = 0.

i.e., iminfo(AXEr, 42, ZAGo+2) = limsupd(AZEry 12, XA 42) = 0.
According to Lemma 1.8, we have "

50(An,En) < 1iilll_>soljpo(/\252n+2,2/\§2n+z) =0 = An=XIn.
Since A(G) CY(S)3Jue& 5 An =Tu.

Therefore, An =Xn = Yu.

If An # Eu, then

O, (s0(AN, Eu)) < max{F (¢,(0(Xn,Yu)), ¢p(0(Xn,Yu))),

F<¢b<o<zu,ru>%>,¢b<a<zu,ru>%m
— max(F(95(0). 05(0), F(@yl oM 4, OE0AN) ),

1+0(AN,Zu)” " 1 +0(AN, Zu)

If max{F (95(0), 95(0)), F (9 ( Trarncn 25 )» B0 1ok oy )} = F (0 (13sia 27): 9 (Fration 2e5)
then we have @,(sd(AN, Zu)) < F(@y (1o rn 1i7) 05 (Frmin 1)) < @y prarmen ).

2(Eu,An)
1+0(An,Zu)’

As @, € W), we have s0(AN,Eu) <
a contradiction.

Therefore, max{F (@5 (0), 95(0)), F (@5 (1 Forscn 2i7): 90 Trorncn 27))} = F(95(0), 65(0))
which implies that @, (s0(An,Zu)) < F(¢,(0), ¢5(0)) < ¢3(0).

Since @, € ¥, we have 0(AN,Zu) <0.ie., AN =Zu = AN =ZEu=Xn=Yu

Since (A, X) is weakly compatible and A1) = X1, we have AXn = XAn. i.e ,AAN = LAn.
If AAN # An, then

@b ((AAN,AN)) = @p(s(AAN, Eu))

< max{F (@, (0(ZAN, Yu)), $p(2(ZAN, Yu))),

1 +0(AAN,XAN)
1+0(AAN, Eu)

= max{F (g,(0(AAN,AN)), 05 (0(AAN, AN))), F(95(0), 95(0))}

1 +0(AAN,XAD)

1+ 0(AAN, Eu) )}

)7¢b(U(EM,YM)

F(op(0(Eu, Yu)
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IfmaX{F((pb(a<AAn7An))7(Pb(D(AAn?An)))?F((pb(O)v ¢b<0))}
= F(@p(0(AAN,AN)), ¢(0(AAN, AN))) then we have

@ (s0(AAN, AN)) < F(@p(2(AAN,AN)), $(0(AAN, AN))) < @p(D(AAN, AT)).

By the property of ¢, we have s0(AAN,An) <0(AAn,An),

a contradiction.

Therefore, max{F (@,(2(AA, A1), 65 (3(AAT, AN))), F(95(0), 8(0))} = F(95(0), 9(0))
which implies that g, (s9(AAN, AN)) < F((0),5(0)) < @5 (0).

Since ¢, € ¥, we have 0(AAN,AN) < 0. i.e., AAN = An.

Hence, AAN = XAn = An, and that An is a common fixed point of A and X.

Since (E,Y) is weakly compatible and Eu = Yu, we have EYu = YEu.

Therefore ZAn = YAn. If EAn # An, then
P (s9(EAN,AN)) = @y(s2(AN, EAN))

< max{F(¢,(0(XZn,YAN)), 95 (0(Xn,TAN))),

14+0(An,Xn) 1+02(An,Xn)
1+9(An,EAN) 1+9(An,EAN)

= max{F(@,(0(An,EAN)), ¢ (2(An, EAN))), F (¢5(0), 95(0))}
IfmaX{F(¢b(o<AnvEAn))7(Pb(D(An?EAn)))?F((pb(O)v¢b(0))}
= F(pp(0(AN,EAN)), Pp(0(AN,EAN))) then we have

Py (s0(AN, EAN)) < F(@p(2(AN, EAN)), 9(2(AN, EAN))) < ¢ (2(AN, EAN)).
By the property of ¢, we have s0(An,EAN) < d(An,EAN),

F(pp(d(EAN, YAD) ), 0p(0(ZAN, YAN)

)}

a contradiction.

Therefore, max{F (¢, (d(A1,EAN)), 35 2(A1, EAN))), F(95(0), 5(0))} = F(95(0), 95(0))
which implies that @, (s0(AN,EAN)) < F(9p(0),95(0)) < ¢p(0).

Since @, € ¥, we have d(An,EAN) <0. i.e., EAN = An. Hence, EAN = An.

Therefore EAn = YAn = An. Hence, AAN = EAn =XAn = YAn = An.

Therefore A1 is a common fixed point of A, E,X and Y. If An # 1, then

95 (s2(AN, E&z41)) < max{F (¢5(0(Z0, Y&2+1)). p(2(EN, Y E2141)),
2.15) F(@p(0(E&n11,Ym1) Toatin B ),

P (0(ES2n+1 7Y§2n+1)%))}
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On taking upper limit as n — oo in (2.15), using (2.6) and Lemma 1.8, we have

1 . -
Po(s0(AN, 1)) < @p(slimsupd(An, E&z+1))

n—oo

< lim supr}ggo(max{F(wb (0(ZN,Y8n11)), ¢ (0(XN, Y20 11))),

B 1+0(An,X
F((pb(a(:‘€2ﬂ+l7Y§2n+l) 1 _|_D(/\(T’ 1?5‘452”4)-1) 7

1+0(An,Zn)
1+0(AN, E82+1)

< max{F((pb (hm sup (D (ZT] s Tan—l—l ) ) ) s (])b (hm sup(D (ZT] s Y&zn_._l ) )) ) s

n—oo n—yoo

' ~ 1+9(An,En)
F limsup(d(ES2n+1, LSan =
(on( n_mP( (E&ont1, Y& +1)1+0(An7¢§2n+1)

) - 1+0(An,Xn)
limsup(0(Z&on+1, YSon —
Op( n_mp( (E&ont1, Y& +1)1+0(An,d§2n+1)

< max{F(gy(s0(An,n)),0s(s3(AN,M))), F(5(0), 95(0))}-

If max{F (@,(s0(An,M)), ¢ (s3(AN,M))), F (95(0),$5(0)) } = F(@(s0(AN, 7)), o (s2(AN,7M)))
then we have @, (0(AN,M)) < @p(s0(AN,M)).

0p(0(EE2n+1, Y201 1)

)

Since ¢, € ¥, we have

o(An, M) <s0(AN,M) = (1-5)0(An,N) <0 = An =n.

Suppose max{F (¢,(s2(An, 1)), 95(s2(An,1))), F(¢5(0), 95(0)) } = F(95(0), 95(0)).
Then @,(0(A1,1)) < F(95(0),95(0)) < ¢,(0).

As @p € W), we get 0(AN,M) <0 = An=n.

Therefore An =En=Xn=1n=n.

Similarly, the proof follows under the assumption of (ii).

O

Theorem 2.6. Let A,E, XY : & — G be self-maps of G, satisfy (2.1) and (2.3). Suppose that

one of the pairs (A,X) and (E,Y) satisfies the b-(E.A)-property and that one of the subspace
A(6),E(6),L(6) and Y(6) is b-closed in &. Further, if the pairs (A, X) and (E,Y) are weakly

compatible, then A,Z,X and Y have a unique common fixed point.

Proof. Suppose (A, X) satisfies the b-(E.A)-property. So 3 a sequence {§,} CS >

n—yoo

(2.16) lim A, = li_r>n Y&, =q for somege S
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As A(6) CY(6) Jasequence {,} €& > A&, =Y, and hence
(2.17) lim ¢, = g.
n—soo

Now, our claim is lim E§, =
n—oo

From (2.3), we get

Pp(s(0(AG, ECn))) < max{F (@p(0(XGn, YCn)), 0(0(2Gn, YEn))),

(2.18)
F(gy (05, YG) ASZE) 4, (0(2,, YE,) FUAEE) )

Taking upper limit as n — oo in (2.18), and using (2.16) and (2.17), we get

limsup 9y(5(2(A&. 28,))) < limsup(max {F (¢5(2(E61.Y4)). 05(2(Z:. TE)),
F(g(0(38, T8) D) 4, (2(2¢,, 11, NS )
< max{F(9,(0),,(0)), F (y(limsup 2 72=20), gy (limsup ERe=25) )

If max{F (¢5(0), 9,(0)), <<pb<hmsup1+g?i'%> %(hmsup%»}

= F(q)b(hm sup H(a[\/é\#) (pb(hm sup H?i#)) then
(A&, EC, (A&, EG)

limsup @, (s(0 (A.f,‘n,ugn))) <F((pb(11msupur(a?§\%) q)b(hmsup%)).

n—oo
By the properties of F and ¢, we have

op(limsups(0(AGy, BG,)) < F(gy(limsup (ETRE=2), gy (limsup FERE2E))

n—oo
< gy(limsup %)

— limsups(d(A&,,EE,)) < hmsup% < limsup(d(A&,, 2E,)).
n—oo n—oo

Since (s — 1) > 0, we have limsup(d(A§,,E,)) <0 = lim (B(A&n,ECn)) <0

n—oo

1 max (¥ (93(0): 0(0)).F gy limsup 215550 ). %(hmsup%m
— F((pb(()), ¢b(0)) then
limsup @, (s(0(A&,,EE,))) < F(9p(0),05(0)).

n—yoo
Since F € .# and ¢, € ¥, we have

@p(limsups(0(AE,,EE,))) < F(0p(0),05(0)) < ¢3(0)

n—soo

— limsups(0(AE,,EE,)) <0 = lim (0(AE,,EE,)) <O0.
n—»oo n—reo

Therefore

(2.19) lim ?(A&,,E,) = 0.

n—yoo
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‘We have

(2.20) 0(q,28,) < s[o(q,A&,) +0(AE,EE)].

Letting limits as n — oo in (2.20), and using (2.16) and (2.19), we get

1im 0(¢,26,) < s{fim 0(.AZ) + Jim O(AE ZE)] =0 — fim 0(g. ZE,) = 0.
Case (i). Y(S) is b-closed.

Since g € Y(6) Ire & > Yr=gq. Assume d(Er,q) > 0. From (2.3), we have

P (50(AG2n12,Er)) < max{F (@p(2(X&an+2,Yr)), 9p(2(E&2n12,Yr)),

221 F(gy(0(2n ) HMaZinal)

oo T R )

On letting upper limit as n — oo in (2.21), using (2.6) and Lemma 1.8, we have

1 — ) _
Oo(s0(¢,0)) < limsup 9y (50(Abos2, 1))

n—oo

< limsup(max{F (@,(d(X&2n+2,X7)), Pp(0(XE2042,YT)),

n—oo
1+ D(A§2n+2> Z§2n+2)
F 0(ERY

1+0(A&2n42,2080012)
1—}—0(/\&2”_,_2,37‘) ))})

= max{F (s (0). 05(0)).F(n (o)) 0ol a k)

o, (0(Er, Yr)

If max{F (¢5(0), $5(0)), F (P( b)), O (it )} = F(@n(12 ), 0o dsd)
then by the properties of F and ¢, we have

05(0(4,2r)) < F0y(18205)), 00 245%5) < @y (12221

D( ,_4}’) =
1+s g( =) <D(Q7‘-‘r)a

which implies that 9(g, Er) <
a contradiction.

Therefore, max{F (¢,(0), ¢»(0)), ((Pb(m%)) %(HSZ’“’ )} =F(9p(0),05(0)).
Since F € .% and ¢, € ¥, we have

@p(0(q,Er)) < F(95(0),05(0)) < 9,(0) = 2(¢,Er) <0.

Thus Er = g. Since E(6) CE(G), wehave g € X(6)Ine S 5 En=qg=_CEr.
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Assume AN # g. From (2.3), we have

@y(s9(AN,q)) = Pp(s0(AN,Er))

< max{F(¢p(0(Zn,Y7)),P(d(XN,Y7))),

1+0(An,Xn)
1+09(An,Er)

1+0(An,Xn)

F (@, (0(Er,Yr) 14+9(An,Er)

) @ (0(Er, Xr) )}

= F(9,(0),9,(0)).

Therefore @;(s9(A1,4)) < F(95(0),$5(0)) < ¢5(0).
Since @, € ¥, we have s0(An,n) <0 implies that An = q.

Thus AN = Xn = q. Since the pairs (A,X) and (E,Y) are weakly compatible, we have Ag = Xg
and Eq = Yg. Assume Aq # g. From (2.3), we have

O,(s9(Aq,q)) = @p(s9(Aq, Er))

< max{F (¢y(0(Xq,Yr)), 9p(0(Zq,Yr))),

1+0(Ag,Zq)
1+90(Aq,Er)

1+0(Aq,Xq)

F(@,(0(Er,Yr) T 0(Aq.5r)

>7¢b(D(EF7Yr) )>}

= max{F (¢,(0(Aq,9)), 9 (0(Aq,q))),F (¢5(0),95(0))}.

It max{F (¢y(0(Aq,9)), 9(2(Aq,q))), F (05(0),95(0))} = F (95 (2(Aq,4)), 9(0(Aq, q))) then
P (s0(Aq,q)) < F(9p(0(Aq,9)), 95(0(Aq,9))) < 9p(0(Aq,q)) = s9(Aq,q) <d(Aq,q).
As (s—1) >0, we have 0(Aq,q) <0.

If max{F (¢,(2(Aq,9)),$5(0(Aq,9))), F (95(0),$,(0)) } = F(95(0), $5(0))

then by properties of F' and ¢, we get

05(59(Ag,)) < F(95(0),6,(0)) < 9,(0) which implies that 2(Aq,g) < 0.

Thus, Ag = g. Hence Aq = Xq = g. By Lemma 2.1, the proof follows.

Case (ii). Assume A(S) is b-closed.

Since g € A(6) and A(6) CY(S) Ire S > g = Yr. From Case (i) the proof follows.
Case (iii). Suppose X(S) is b-closed.

As similar in Case (i), the conclusion follows.

Case (iv). Suppose E(S) is b-closed.

We follow as in Case (ii).
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For the case of (E,Y) satisfies the b-(E.A)-property, we follow the argument similar to the
case (A, L) satisfies the b-(E.A)-property. O

3. COROLLARIES AND EXAMPLES

We deduce a few corollaries from the primary findings and offer examples to back up our

findings in this section.

Corollary 3.1. Let {A,}

n=1>

Y and X be self-maps on a complete b-metric space (S,0) satisfy-
ing A| CX(S) and Ay C Y(S). Assume that there exist F € F @, € V), 0 € D), D
3.1)

Py(s0(A18,A;C)) < max{F (¢, (d(£5,Y()), 95 (0(2£5,Y())),

F(gp(0(A€, TE)H2MEED) o, (2(A;¢ 1) LAMELE) )y
VE,8 € S and j e N. If the pairs (A1,X) and (A1,Y) are weakly compatible and one of the

range sets A1(6),X(S) and Y(&) is b-closed, then {A,}

w12 and Y have a unique common

fixed point in G.

Proof. From the hypothesis of Aj,X and Y, the existence of common fixed point follows by
taking A = & = A in Theorem 2.3.

Therefore Ajn =Xn = In = n (say).

Let j € Nwith j# 1.

Now,

Op(s0(N,AjM)) = Op(s0(A1M,A;M))

< max{F(@,(0(Xn,Yn)),0p(2(Xn,Y7N))),

1+0(A1m,Zn)
1+°(A177=Aj77)

1+0(A1m,2n)
1+°(A177=Aj77)

= max{F(95(0).05(0). F(oy( 13 A0, o D),

Since F € % and ¢ € W), we have d(n,Ajn) <0 = An =n for j=1,2,3,... and

)¢5 (2(Ajn, 1) )}

F(@p(d(Ajm,Yn)

uniqueness of common fixed point follows from (3.1). UJ
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Corollary 3.2. Let A,E,X and Y be self-maps on a complete b-metric space (S,0) and satisfy
(2.1) and the inequality

P (s(AE,EE)) < F(9p(0(26, 1)), #(2(2E,YE)))

forall £,§ € &. If the pairs (A,X) and (E,Y) are weakly compatible and one of the range
sets X(6),Y(6),A(S) and E(S) is closed, then for any &y € &, the sequence {,} defined by

(2.2) is b-Cauchy in G and lgn & =1N(say), n € & and 1 is the unique common fixed point of
n—oo
ANEYand Y.

Corollary 3.3. Let A,E,X and Y be self-maps on a complete b-metric space (S,0) and satisfy
(2.1) and the inequality

0,(sA(AE,20)) < F(9,(0(2C, YE) FHoReEH), 0 (0(EE, YO TRE )

forall §,§ € &. If the pairs (A,X) and (E,Y) are weakly compatible and one of the range
sets £(6),Y(6),A(S) and E(S) is closed, then for any &y € S, the sequence {{,} defined by

(2.2) is Cauchy in G and 1i_r>n C, =n(say), N € S and n is the unique common fixed point of
ANEXand Y

From Theorem 2.6, the following corollaries follows.

Corollary 3.4. Let (S,0) be a b-metric space with coefficient s > 1. Let ;2,2 Y : S — & be
self-maps of G and satisfy (2.1) and the inequality

(pb(sO(Aé,EC)) < F((pb(a(Zé,TC)),¢b(D(Z§,TC)))

forall £, € &. Suppose that one of the pairs (A,X) and (E,Y) satisfies the b-(E.A)-property
and that one of the subspace A(S),Z(6),X(S) and Y(&) is b-closed in &. Then the pairs
(A,X) and (E,Y) have a point of coincidence in &. Moreover, if the pairs (A,X) and (E,Y) are

weakly compatible, then A,Z,% and Y have a unique common fixed point in S.

Corollary 3.5. Let (S5,0) be a b-metric space with coefficient s > 1. Let A,JE XY : S — & be
self-maps of G and satisfy (2.1) and the inequality

0008, 20) < F (9 (26, YOTIAEE ) 0, (0020, 10) 202 )

1+0(A&,Eby)
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forall £,C € &. Suppose that one of the pairs (A,X) and (E,Y) satisfies the b-(E.A)-property
and that one of the subspace A(S),E(6),X(6) and Y(6) is b-closed in S. Then the pairs
(A X) and (E,Y) have a point of coincidence in S. Moreover, if the pairs (A,X) and (E,Y) are

weakly compatible, then A,E,X and Y have a unique common fixed point in S.
By choosing A = E = fj, and £ = Y = g;, in Theorem 2.3, we have the following.

Corollary 3.6. Let (&,0) be a b-metric space and let f, and g, be self-maps of S. Assume that

there exist @, € ¥y, ¢ € Oy, and F € F such that

@y (s3(fp8, /»C)) < max{F (@5(2(8s5,855)), P6(0(865855))),
F (s (20808, /50 FHRSELE) 0, (2(eC . fo0) a&LS) ) )} forall €,C € 6,
If 5(6) C gp(6), the pair (fp,gp) is weakly compatible and g,(S) is a complete subspace of
G then f;, and gy, have a unique fixed point in G.

Corollary 3.7. Let (&,0) be a b-metric space and let f, and g, be self-maps of S. Assume that
there exist @, € ¥p,, ¢p € ®p, and F € F such that

@b (s0(f68, £56)) < F (95(2(866,865)), 96(2(858,85C))) for all §,§ € &.
If 1,(S) C gp(S), the pair (fp,8p) is weakly compatible and g,(S) is a complete subspace of
G then f;, and gy, have a unique fixed point in G.

Corollary 3.8. Let (S,0) be a b- metric space and let f;, and gp, be self-maps of &. Assume
that there exist @, € ¥y, ¢, € Dy, and F € F such that

(/o 118)) < F (5 (2808, /o) TEa28L% ) 0 (2858, S0 1LY ) ) for all .8 € G.
If 5(S) C gp(S), the pair (fp,gp) is weakly compatible and g,(S) is a complete subspace of
S then f;, and gy, have a unique fixed point in S.

Corollary 3.9. Let (6,0) be a complete b- metric space and let f;, and g, be self-maps of S.

Assume that there exist @, € ¥y, and A € (0, 1) such that
Dr(2(fu&,250)) < A9 (28, 800) TR forall €, ¢ € &,

If either f}, or gy, is b-continuous then f;, and g, have a unique fixed point in S.

Corollary 3.10. Let (S,0) be a b- metric space and let f, and g, be self-maps of &. Assume

that there exist @, € Py, and A € (0, 1) such that
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Po(2(/5E.110)) < 0y (2808, fo8) 3L ) forall &, € 6.
If 5(6) C g,(6), the pair (fp,gp) is weakly compatible and g,(S) is a complete subspace of
G then f;, and gy, have a unique fixed point in G.

Corollary 3.11. Let (&,0) be a complete b- metric space with a parameter s > 1 and let f;, be
self-map of S. Assume that there exist @, € ¥y, and A € (0,1) such that

(2o 150)) < A0y (3(C, /) EELE ) forall €,¢ € 6.
Then f;, has a unique fixed point in G.

The following is an example in support of Theorem 2.3.

Example 3.12. Let S =[0,1] . We define d: & x & — R™ by

0  ifE=¢
0(&,8) = ‘ forall £, € 6.
(E+8)* if E#C,

Then (&,0) is a complete b-metric space with coefficient s = 2.

We define A, E,X,Y on G by

A(E) — 7 if£€0,3) £(E) = Lif £€l0,2)
0 if £€[3,1), Loifge2),
% if £=0 o
&)=< 14+£ ifEe(0,2) and (&)= Z*z izi[%;
1 ifge[g,l) -3 1 [

We define F : RT x RT — R by F(s,1) = ms, ©p, ¢p : RT — R by
Pp(t) =31, Op(t) =
The pairs (A,X) and
Case (i). £,£ €0,3
Here 0(AE,E¢) = 0,0(2E,Y8) = (& + 5+ 5)%
Clearly the inequality (2.3) holds in this case.
Case (ii). £, € [3,1)
Here (A&, E¢) = (1)2,0(2€,1¢) = (1 +)°.
Pr(AE,EL)) = 3 < 2L+ 1) = F(@,(d(EE, YL)). 6, (0(ZE, Y0)))
< max{F(@(2(&,YC)), 05(2(ZE, L)),
F(@p(0(2¢,Y0) ok 2e)), op(0(EL, YO THareEE)) )

forall 7 > 0. Clearly A(6) C Y(S) and E(S) C X(6).

3
(E,Y) are weakly compatible. Without loss of generality we assume & > {
)-
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Case (iii). £ € [£,1),{ € [0,3).
Here 9(AE,E0) = (1)2.0(2E,Y8) = (5 + )%
Pp(sD(AE,EE)) = 3 < BT(3+5)2 = F(@p(2(2E. X)), 4 (0(2E, YY)
< max{F (gy(3(2€,YC)), 05(2(ZE, Y0))),
F(@(0(EL,YE) M) o (o(2g, 1) AN )y

Therefore A, Z, X and Y satisfy all the hypotheses of Theorem 2.3 and 1 5 1s the unique common

fixed point in &.
The following is an illustration of Theorem 2.5.

Example 3.13. Let S =[0,10] . We define d: & x & — R™ by

0(E,8) = 0 ife=¢ forall §,{ € &.

(E+0)* if E#C,

Then (&,0) is a complete b-metric space with coefficient s = 2.

We define self-maps A, Z, X, Y on G by

AE) - gzﬁgepu . %lﬁéemﬂ
&—5 if §e(1,10], T if &e(1,10],
S

rg= * T e -

E—1 if £€(1,10]

We define F : RT x RT — R by F(s,1) = %s, oy, ¢p : RT — R by
@p(t) = 3t, @p(t) = & forallz > 0.
Clearly A() = [0.4]U (4, %) € [0.10] = (&) and £(£) = 0. ) € [0, ] = X(6).
Let {&,} = {5} € [0,10] forn > 2.
Then r}l_t)lgoAén = r}l_{roloZ@ =0and ’}grgoaﬁn = r}l_r;loYén =0.
Now lim AXE, = 0= A(0), lim XA, = 0=X(0) and

n—oo n—-oo
nh_rgoloaTén =0= :(0),31_1&1’:5,, =0=Y(0).
Therefore the pairs (A,X) and (E,Y) are reciprocally continuous.
Clearly the pairs (A,X) and (E,Y) are weakly compatible.

Without loss of generality we assume & > §

Case (i). &, €[0,1). Here 9(AE,E¢) = (5 + £)2,0(2E,Y0) = (§ + 0)2.
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05(s0(AE,EL)) = H(5 + 2 < B (5 +0)?
= F(@5(2(Z,Y0)), 9 (0(ZE,Y0)))
< max{F (¢, (0(2€, L)), 0p(d(ZE,YL))),
F(@p(0(28, Y0 TR0 250, 95 ((28, Y) HaRE )}
Case (ii). £, € (1,10]. Here (A&, E8) = (54———%)2,0(25,1‘@)—(§+C—§)2.
Qp(sD(AE,E)) =3 (E+5 - D2 < BI(E+L-1)?
= F(95(2(ZE,Y0)), 9 (0(ZE,Y0)))
< max{F (¢5(2(Z&,Y0)), $(2(ZE, Y0))),
F(pp(0(2L, XE) 120820 <<crc>ii§2§z?>>}
= (5 +5)2EEYN) =B+ 02

Case (iii). £ =1, € [0,1). Here d(AE,EC)
=53+ < (3 +¢)

b (D(AE,EL)) = 3
= F(@5(2(ZE,Y0)), 9 (0(2E, L))
< max{F (¢5(2(2&,Y0)), 4(2(ZE, Y0))),

F(@(0(28,Y0) {onze)), op(0(EL, YO THaresE)))-
Case (iv). & € (1,10],¢ € [0,1). Here 0(AE,EL) = (§ +5 — 2)%0(2E,Y0) = (E+ ¢ — )
Qp(D(AE,EE)) =3(E+5 - 2P < BI(E+C—1)?
= F(@5(2(ZE,Y0)), 9 (0(ZE,Y0)))
< max{F (¢5(3(Z&,Y2)), 4 (2(ZE,Y0))),
1+DA§E§ ))}

F(@p(0(E8,Y0) 12AEEE), 0,(0(2E, YE) ok 2]

Therefore A, Z, X and Y satisfy all the hypotheses of Theorem 2.5 and 0 is the unique common

fixed point in &.

The following is an illustration to support Theorem 2.6

[0,1] and let D : & x & — R defined by

Example 3.14. Let G =
0 if £=2¢,
Lig if£2e(0,3),
2(&,0) = W Err ,
s+ if §,8€[5,1],
\ % otherwise.
52

Then clearly 0 is b-metric with coefficient s = 5.

We specify A,Z,2X, T : G — G by
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245 ifEelo,2)
245 .
== if e [51),

and Y(&) = {
§ if&el3
Clearly A(&) C Y(&) and £(&) C 2(6). A(&) = {3} is b-closed.

We take {&,} with {&,} = 2+ 1 n >4 with
,}1_{130 A&, = hm Zén = %, hence (A, X) satisfies the b-(E.A)-property.
Clearly the pairs (A,X) and (£,Y) are weakly compatible.
We define F : R x Rt — Rby F(s,t) = 1555, @5, ¢ : RT — RT by
@p(t) = 3t, ¢p(t) = & forall > 0.
Case (i). £,¢ €0, 3).
O(AE,EE) = L2 0(ZE,YE) = 4+ 58
We now consider
0u(sD(AE,E0)) = {5 < Bi(¢+ )
< F(9,(2(ZE, YC)), 05(d(ZE, 1))
< max{F (@,(d(Z&,TL)), 05(d(ZE, TL))),
F(@p(0(EL,YE) UML) o (a(3, 1) HANEL) )y,
Case (ii). £, € (3, 1].
d(AE,EL) = 33,0(28,1¢) =
We now consider
P5(s0(AE,E0)) = 1535 < TR (3 + )
< F(pp(0(26,10)), 95(0(26,YE)))
< max{F(@,(0(2&,YC)), 9 (d(XE,YL))),
F(@p(0(EL.YE) HUME) o (a(2g, 1) AN )y
Case (iii). £ € (3,1],{ € [0,3).
O(AG.ED) = 35.0(26.Y0) = § 4+ 5.
We now consider
Po(s2(AS,E)) = 5 < TG(5 + 5150)
F(op(0(28,YC)), 95 (0(£8,YC)))

4 e
o

u]m

<F
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< max{F(¢p(0(2€,Y0)), ¢, (0(XE,YC))),
F(pp (2L, YO)IRAEE) g, (2(3g, 1) HANZEY)).
Case (iv). £ = %,C € —)
(AE,EE) = 12,02, 1¢) = $ + 51E.
‘We now consider
@b (s0(AE,EC)) = 3
F(op(0(2E,Y0)), 0,(0(28,Y7)))
max{F (@,(d(X§,Y{)), ¢p(2(X&,Y7))),
Flopo( §Y0) EUME o (a(mg, 1) AR )y
Case (v). { € (2 1,€ € [O,%).
O(AE,EL) = 2,058, 10) =+ 5iE.
‘We now consider

P (s0(AE,EC)) =

lf\"

U™

< BIE+55)
F(95(2(ZE,Y2)), 6 (2(ZE,10)))
ax{F (95(d(Z&, L)), 0 (2(ZE, Y0))),
F(pp (2L, YIRS o (d(2g, 17) LANEE) )y
Case(vi).éj:%§ [0 %)
d(AE,E0) = 20(ZE,10) = £+ 5.
‘We now consider
Po(V(AE,EQ)) = 15 < Br(4+555)
< F(@,(0(Z€,YC)), 0 (2(2E,YL)))
< max{F (¢5(3(Z&,Y¢)),$ (2(ZE,Y0))).

L
225
<
<m

F(@p(0(2L, Y0 TRREEH), 0 (0(EE, YE) rane 2]

TT0(AE,E0)

29

As aresult, A, Z,X and Y fulfill all of Theorem 2.6’s hypotheses, and 2 5 is the only common

fixed point.

4. APPLICATION TO NONLINEAR INTEGRAL EQUATIONS

Let Q = Cla, b] be a set of real valued continuous functions on [a, b],where [a,b] is closed

and bounded integral in R. we defined : Q x Q - R by d(&,1) = rr%ax} |E(r) —
t€la,b

n(t)|?, where

p > 1 a real number, for all £,n € Q. Therefore (Q,d) is a complete b-metric space with
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s = 2P~ Many author’s studied unique solution of a system of nonlinear Integral equations
[12, 13, 14] .In this section, we establish the existence of unique common solution of a system

of two nonlinear integral equations of Fredholm type defined by

¢

E() = £) + 1. D (t,n Er))dr
A
@1 C(0) = £y + [ a6, £ (r)dr

\
where & € Cla,b] is the unknown function, p € R,¢,r € [a,b], 21,2 : [a,b] x [a,b] xR — R
and f : [a,b] — R are continuous functions.

Let #1,.%, : Q — Q be two mappings defined by

(

FUEW) = F) + 1 [ P11, ()
ab
(42) ZE0) = 10 +1 [ D215 E)r

Assume the following:

(i) there exists a continuous function ¥ : [a,b] X [a,b] — R, such that m[ax f y(t,r)dr <1,
relab a

(if) there exists a constant K € (0, 1) such that for all #,r € [a,b] and £, { € R, the following

condition is satisfied:

1(t,5E()) = Dot ()P < Kyl )N () = Fam () [ SRS

(iii) |u] < 1.

Theorem 4.1. Let F1,.%, : Q — Q be defined by (4.2) for which the conditions (i), (ii) and (iii)

hold. Then, the system of nonlinear integral equations (4.1) has a unique solution in Q.

Proof. Let £, € Q and let g € R such that % + %1 = 1 using Holder’s inequality and from the
conditions (i), (if) and (iif), for all z, we have

d(F1&,.72m) = max L%é(f) — FHn(1)|P

p
|u|ptr§3x [ £~ [ Zalern(ar

p
~ ul? max [ (1) - Zattnn()ar
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17 P

< | I1l” max (fbll’dr); (f|(@1(t,r,§(r) —@z(t,r,n(r))|pdr> ’

a

S}

t€la,b)

< (b-a)f max ([ 0.rE0) - 2a0rn)Par)
= (b—a)""! max (fl(%(tré() @z(t,r,n(r))]pdr>

t€la,b] b

< (b—a)’~ ‘trél[%]fwi’(f r)|n(r)—Fn(r)|” [Plrf\(é();—r;{(gr()\)q
which implies that
sd(F1E, 7o) < Kd(n, Fom) [FAE2E) ]
< Ad(n, 7o) | IS A8
where A = SKQ € (0,1).
Therefore, by taking ¢,(¢) = ¢, all the conditions of Corollary 3.9 are satisfied, and hence

F1,-%> have a unique common solution of the system of nonlinear integral equations (4.1). [J

5. APPLICATIONS TO DYNAMIC PROGRAMMING

In this section, we assume that .2 and .25 be two Banach spaces; & C 2] is the decision
space; .7 C 25 is the state space; Q(-) is the Banach space of all bounded real valued func-
tions on . with b-metric defined by;

d,f) = sup | E(t) = &(2) |P, for all &,¢ € Q(.7) with coefficient s = 2P~ ! and the norm is
defined as H H =sup{| .Z(t) |:t € &}, where .7 € Q(.¥).
It is clear that Q (., d) is a complete b-metric space. The basic form of the functional equa-
tion in dynamic programming is given by Bellman and Lee [6] as follows;
f(&) =opteenH(E,C, f(T(E,0))),E €7, where & and £ denotes the state and decision vec-
tors, respectively. T denotes the transformation of the process, /(&) denotes the optimal return
function with the initial state & and opt represents Sup of Inf. We consider the system of func-

tional equations

f1(vs) = opty,e M1 (Vs, Va)) + &1 (Vs, Va, f1(P1(Vs, Va)))VVs € .7,
f2(Vs) = opty,caM2(Vs, Va)) + &2(Vs, Va, fo(p2(Vs, Va)) )V Vs € S

S.D

where V; is a state vector, V,; is a decision vector,p1, P> represents the transformations of the

process, and f1(Vy), f2(Vs) denotes the optimal return functions with initial state v;.



32 BABU, PRASAD, BABU, CHANDER, SURESH

Let #1,.%, : Q() — Q(.¥) be two mappings defined by;

F1f(Vs) = opty,c oM (Vs, Va)) + &1 (Vs, Va, f(P1(Vs, Va))), VVs € S
Frf(Vs) = opty,caMa(Vs, Va)) + &2 (Vs, Va, f(P2(Vs, Va))), VVs € S

5.2)

Assume the following:
(Za) F1(Q(F)) C F(Q(Y)) and &(Q(s)) is closed subspace of Q(.),
(Dp) for all (v5, vy, f,8) €S XD xQ(F) x Q() and there exists 0 < L < 1, we have;
[ 810V, Vi, f(P1(Vs, Va))) = &2(Vs, Va8 (P2(Vey Va))) |+ | 11 (Vs Vi) = 2V, Va) |
< [ZTL_a | Fog— F18 |” <M>F

14+ Frg—F1g|P
(Z,) pi,& are bounded i = 1,2.

Theorem 5.1. Let #1,.%, : Q(.) — Q(.) be defined by (5.2) for which the conditions 9, —
D, hold. Then, the system of functional equations given by (5.1) has a unique bounded common

solution in Q(S).

Proof. Letvs € ., f,g € Q(¥) and € > 0.
Since p;, &; are bounded for i = 1,2 there exists M > 0 such that
(5.3)

sup{ll o1 (Vs, Va) Il | 2(Vs; va) (111 61 (Vs Vast) (1 1 82(Vsy Vs 2) || = (Vs Var 1) € 7 X P X R} < M.

From the inequalities (5.2) and (5.3), we conclude that .%|,.%; are self mappings are Q(.¥)

First assume that

oplyep = vitéf@.
d

From the inequality (5.2), we can find v; € & and (vs, f,g) € .7 X Q(%) x Q(¥) such that

5.4 F1f(Vs) > E1(Vs, Va, F(P1(Vs, Va)) + M1 (Vs, Va) — €
(55) L$.1<g(vs) > €2<VS7Vd7g(p2(vS7vd>) +772(Vs7Vd) — &
(56) ylf(vs) > él(VSan:f(pl (VS7vd)) +771(VS7Vd)

(5.7) F18(Vs) > &2(Vs, Va, 8(p2(Vs, Va)) + M2(Vs, Va)
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By using the inequalities (5.4) and (5.7), we get that

F1f(Vs) = Z18(Vs) > S1(Vs, Va, F(P1(Vs, Va))) — E2(Vs, Vi 8(P2 (Vs Va)))
+M1(Vs, Va) — M2(Vs, Va) — €
> —{] &1 (Vs, Va, F(P1(Vs;Va))) 82 (Vs, Va, £ (P2(Vs, Va))) |
+ | M1 (Vs, Va) — M2(Vs, Va) | +€}

(5.8)

Also, from (5.5) and (5.6), we have

F1f(Vs) — F18(Vs) < &1(Vs, Va, F(P1(Vs, Va))) — S2 Vs, Vi 8(P2(Vs, Va)))
+M(Vs, Va) — M2(Vs, Va) + €
<[ &1 (Vs; Va, £(P1(Vs; Va))) E2(Vs; Va, £ (P2(Vs; Va))) |
+ 1 M (Vs, Va) = M2(Vs, Va) | +€

5.9

By using (5.8) and (5.9), we get that

| Z1f(vs) — F18(Vs) |< 81 (Vs, Va, F(P1(Vs, Va))) — E2(Vs, Va, 8(P2 (Vs Va)))
+101(Vs, Va) — M2 (Vs, Vg) + €
< C1(Vs; Va, f(P1(Vs; Va))) — E2(Vs, Va, 8(P2(Vs, Va)))
+101(Vs, Va) — M2 (Vs, Vy) + €

Now, we support that

oOplyep = viréfg'
d

Again, using the inequality (5.2), we can find v; € Z and (vy, f,g) € .7 X Q(Y) x Q(¥) such

that

(5.10) F1f(Vs) < &1 (Vs, Va, f(P1(Vs, Va))) + M (Vs, va) + €
(5.11) F18(Vs) < &2(Vs; Va: 8(P2(Vs, Va))) + M2 (Vs Va) + €
(5.12) F1f(Vs) < &1 (Vs Va, f(P1 (Vs Va))) + M (Vs, Va)
(5.13) F18(Vs) < &a(Vs, Va: 8(p2(Vs; Va))) + M2 (Vs, Va)

Using the inequalities (5.10) and (5.13), we have
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(5.14)
F1f(Vs) — F18(Vs) < 1 (Vss Vs F(P1(Vs, Va))) — Ea (Vs Va, 8(P2(Vs, Va)))
+M1(Vs, Va) — M2 (Vs, Vg) + €
<| &1 (Vss Vas f(P1(Vss Va))) — E2(Vs, Va, 8(P2(Vs Va))) |+ | M1 (Vss Va) — M2(Vs, Va) | +€
Also, from the inequalities (5.11) and (5.12), we get that
(5.15)
F1f(Vs) = F18(Vs) = &1 (Vs, Va, £(P1(Vs, Va))) — E2(Vs, Va, 8(P2(Vs, Va)))
1M1 (Vs, Va) = M2(Vs, Va) — €
= —{| S1(Vs, Va, £(P1(Vs, Va))) — &2 (Vss Va, 8(02(Vs, Va))) | 4 | i (Vs, Va) — M2 (Vs, Va) + €}
From (5.14) and (5.15), we have
(5.16)
| F1f(vs) — F18(Vs) [< Gi(Vs, Va, f(P1(Vs, Va))) — E2(Vs, Vi, 8(P2(Vs, Va)))
+M (Vs, Va) — M2 (Vs, Va) — €
<[ &1 (s, Va, f(P1(Vs; Va))) — E2(Vs, Va, 8(P2(Vss Va))) | + | M Vs, Va) — M2 (Vs, Va) + €

On taking € — 0 in (5.16), we obtain that

| F1f(Vs) — F18(Vs) |<| &1 (Vs, Va, £(P1(Vs, Va))) — E2(Vs, Va, 8(p2(Vs, Va))) |
+ | M1 (Vs, Va) = M2( Vs, Va) |

From the condition (%), we have

| F1f(vs) — F18(vs) |<] &1 (s, Va, £(P1(Vs, Va))) — E2(Vs, Va, 8(P2(Vs, Va))) |

+ M (Vs,Va) — m2(vs, Va) |

1
1+|Z28(v) =71 F ()P \ |
< [ | Zrg(v) — Zrg(vi) I (L2l Zustvary |

<

i
1+ Fag(Vs)— Fif (Vs) [P
23,53 Sugﬁl%g(vs)—%g(vs) P <1+9§§((¥))—%%§”>]
Vg€

which implies that

| Fif—F1g |P<

| Frg— F1g | (H | yﬁ_gz]f’p) .

23p-3 1+ | Fof — Fog |P

Now, for all f,g € Q(.), we have

\+d(Z\f, T
sd(ﬁlf,ylg)g;td(glgﬁzg)( + (Jlf,,/zg)),

1+d(Fof, 728)
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where A = 52~ < 1.

22ﬂ

By taking ¢, (¢) =1, it is easy to see that, Theorem 5.1 satisfies all the hypotheses of Corollary
3.10. Therefore, from Corollary 3.10, we conclude that there exists a unique common fixed
point of .#| and .%, in Q(.%) which gives us, the system (5.1) of functional equations has a

unique bounded common solution. 0

6. APPLICATION TO NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

In this part, we use Corollary 3.11 to prove the existence of a solution to the nonlinear frac-
tional differential equation [9]. Let us first review the definition of Caputo fractional derivative.

The Caputo fractional derivative with order o > 0 (denoted by ©2) is defined as follows:

t
@G ( / m o—1 m(T)d‘L',
0

where ¢ € [m— 1,m) with m = [0] + | € N, [o], the integral part of ¢ and g : [0,0) — R is
continuous. Q = €([0, 1], R), signifies the set of all functions with continuity from [0, 1] into R.

We now discuss a nonlinear fractional equation that has unique solutions:
6.1) D2E(1) =F(1,6(1)

0
with (0) = 0,&(1) = [ &(t)de

0
where £, € Q,t,p € (0,1),0(1,2] and §: [0,1] x R x R — R is a continuous function.

Here we note that, & € Q is a solution of (6.1) iff & € Q is a solution of the integral equations:
(1) = ﬁ (r—1)°"'g(1,&(7))dT - (prgw (1-1)°""g(1,&(1))dt
P/
+#t)rw)({ <({(’L‘—r)‘7_1g(r,§(r))dr) dr.

We define the operator § : & X & — K by

o o
o,

where R={§ € Q:£(t) >0, Vi €[0,1]} is a b-metric space with b-metric defined as

(E,8) = sup |E(t) —C(1)|?, V&, € & with coefficient 5 = 2071
1€[0,1]
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Theorem 6.1. Let §: [0,1] x R x R — R be a mapping. We suppose that the following circum-

stances exist:

(R1) & is a continuous mapping,

(Rp) thereexists 0 <L <15

18(t,n(t) —8(t,E(1))| <T(o+1) (%!n _3n|® (%)) v

VENeR,EN>0and Vit €0,1]. Then the system of fractional differential equations (6.1)

has a unique solution.

Proof. From condition (&), forall §,n € Kand ¢ € [0, 1], we have

(t — 1) g, (0))d
Oflu—r)c lg(z,n(0))dx
i (f(r— r)“lgmn(r))dr) at

0
e [0 - 0 e (e)ar
TR (ju 7)o lg(c,E(n))d
2t et c—1
e ] (e g mar o
< iy [1= 0% a(E.1(0) ~s(z.E(@)]
+(2p3%({1<1—r>6 !g(r,n (1) —8(r. ()| d

o) ([0 et - 60 ar ) s

z n—gn|e( HE=SEPY\ B
< o7 /(t—1)° (0 +1) (Ll “ ‘f‘g"””) dt
0

[5()(1) =T (&) ()| = \%

o%ﬂ

23g0—1

| n—gn|@( L8\ ¥
+are J(1- ) Mo +1) (L ngwllénﬁ) .
0
1
" _ n—gn|e(LESEY ©
+(2—;§W0f (f(fr)“ T(o+1) (L 23(@1+15 nW) dr | dr

1
_ 1+E-FE2) \ @
< Dlotl) (Lln sni°( 1+§n‘0>>

I'(o) 2301
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t p /T
[(t—1)° ldt+ Ol—r) 1dr+( )f<f(r—r) 1dr>d1}

0 (2 p 0 \0
p 1
in-gn|@(LHe-58 ’ o+l
_ & n\W 2t 2% P
- F(G+1) L 2310 1 (2—p?)o +(2—p2)6 G—H]
1
‘0 1
In—3n|¥ 11416 i v o+l
1= nW o4 2t 2% p
<|I(c+1)(L 23;0 T 6+1 sup {r%+ 2-p9) + 2-p?) o1 }
t€(0,1)
1+ E-FE|P
< \n—%nl”(%)
= 2601
—

(291 sup [§()(1) ~FE)WI? <L sup (In—Fnl® (55

t€[0,1] t€[0,1]
Now, let us define ¢, (z) = ¢, we have

(F(E).50)) < Loy (o0, 5m) 525

Therefore, from Corollary 3.11, (6.1) has a unique solution. ]
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