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Abstract. The purpose of this paper is to develop a common fixed point theorem for a pair of self-mappings in the

setting of (α,β )-Zb-Geraghty type contraction via b-simulation function in C∗-algebra valued Sb-metric spaces.

We also discuss various applications for integral equations and homotopy. Furthermore, we present instances to

support our key findings.
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1. INTRODUCTION

A metric space is suitable for those interested in analysis, mathematical physics, and applied

sciences. Several extensions of metric spaces have been explored, and several results about the
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existence of fixed points were obtained (see [1]-[5]).

In 2014, Ma et al. introduced C∗-algebra-valued metric spaces [6]. In 2015, they introduced the

idea of C∗-algebra-valued b-metric spaces and examined some findings [7]. Razavi and Masiha

also studied C∗-algebra-valued b-metric spaces [8] to identify common principles.

Sedghi et al. [9] created Sb-metric spaces by combining the concepts of S and b-metric spaces,

and demonstrated common fixed point findings in these spaces. To improve, numerous authors

developed many results on Sb-metric spaces (e.g., [10]-[14]).

Inspired by the work of Souayah and Mlaiki in [10], in 2023, Razavi et al. presented the idea

of C∗-algebra valued Sb-metric space [15], and established some common fixed point results in

this space [16].

In 2015, Khojasteh et al. [17] proposed the use of simulation functions to expand the class of

mappings that give a fixed point and present a novel approach for proving fixed point theorems.

Demma et al. [18] developed a b-simulation function and demonstrated fixed point outcomes in

b-metric space. Several academics have studied simulation functions in broader contexts (e.g.,

[19]-[21]).

Geraghty, on the other hand, generalised the Banach contraction principle, coining the term

“Geraghty contraction”. S. Chandok [22] proposed the notion of (α,β )-admissible Geraghty

type contractive mapping in metric space. Several authors later used this strategy, giving fasci-

nating results (e.g., [23]-[25] and their references).

Inspired and motivated by the results of Demma et al. [18] and S.Chandok [22], S.Negi et al.

[26] introduce the notion of (α,β )-Zb-Geraghty type contraction for a pair of mappings using

b-simulation function and construct a common fixed point theorem in the setting of b-metric-

like spaces.

The current study aims to offer common fixed point theorems by employing (α,β )-Zb-Geraghty

type contraction mappings via b-simulation function in the context of C∗-algebra valued Sb-

metric spaces. We can also present examples that are acceptable and relevant to both integral

equations and homotopy.

First we recall some basic results.
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2. PRELIMINARIES

This section provides a short introduction to some realities about the theory of C∗- algebras

[27]. First, suppose that A is a unital C∗ algebra with the unit 1A. Set Ah = {s∈A : s = s∗}. The

element s ∈A is said to be positive, and we write s� 0A if and only if s = s∗ and σ(s)⊆ [0,∞),

in which 0A in A is the zero element and the spectrum of s is σ(s). On Ah, we can find a natural

partial ordering given by `�℘ if and only if℘−`� 0A. We denote with A+ = {s∈A : s� 0A}

and A′ = {s ∈ A : st = ts ∀t ∈ A}.

Definition 2.1. ([15]) Let G be a non-empty set and κ ∈ A′ with ||κ|| ≥ 1. Suppose that a

mapping Sb : G 3→ A be a function satisfying the following properties :

(Sb1) Sb(`,β ,γ)� 0A for all `,β ,γ ∈ G ,

(Sb2) Sb(`,β ,γ) = 0A⇔ `= β = γ ,

(Sb3) Sb(`,β ,γ)� κ(Sb(`,`,θ)+Sb(β ,β ,θ)+Sb(γ,γ,θ)) for all `,β ,γ,θ ∈ G .

Then the function Sb is called a C∗-algebra valued Sb-metric on G and the pair (G ,A,Sb) is

called a C∗-algebra valued Sb-metric space (C∗-AV-SbMS) with a coefficient κ .

Example 2.2. ([15]) . Let G =R and A=M2(R) be all 2×2 matrices with the usual operations

of addition, scalar multiplication, and matrix multiplication. It is clear that ||P||=
√

2
∑

i, j=1
|pi j|2

defines a norm on A, where P = (pi j) ∈ A. ∗ : A→ A defines an involution on A and where

A∗ = A. Then, A is a C∗-algebra. For P = (pi j) and Q = (qi j) in A, a partial order on A can

be given as follows:

P� Q ⇐⇒ pi j−qi j ≤ 0 ∀ i, j = 1,2.

Let (G ,d) be a b-metric space where, ||κ|| ≥ 1 and Sb : G 3→M2(R), fulfilling

Sb(p,q,r) =

 d(p,q)+d(q,r)+d(r, p) 0

0 d(p,q)+d(q,r)+d(r, p)

.

Then, clearly (G ,A,Sb) is a C∗-AV-SbMS.

Definition 2.3. ([15]) A C∗-AV-SbMS Sb is symmetric if

Sb(`,`,β ) = Sb(β ,β , `) ∀ `,β ∈ G

Definition 2.4. ([15]) Let (G ,A,Sb) be a C∗-AV-SbMS and {χn} be a sequence in G :
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(1) If for all p ∈ N, ||Sb(χn+p,χn+p,χn)|| → 0, where n→ ∞, then {χn} is a Cauchy se-

quence in G .

(2) If ||Sb(χn,χn,χ)|| → 0, where n→ ∞, then {χn} converges to χ , and we present it with

lim
n→∞

χn = χ .

(3) If every Cauchy sequence is convergent in G , then (G ,A,Sb) is a complete C∗-AV-SbMS.

Definition 2.5. ([15]) Suppose that (G1,A1,Sb1) and (G2,A2,Sb2) are C∗-AV-SbMS, and let

Γ : (G1,A1,Sb1)→ (G2,A2,Sb2) be a function. Then, Γ is continuous at a point χ ∈ G1 if, for

every sequence, {χn} in G1 , Sb(χn,χn,χ)→ 0A, (n→∞) implies Sb(Γ(χn),Γ(χn),γ(χ))→ 0A′

where n→ ∞. A function Γ is continuous at G1 if and only if it is continuous at all χ ∈ G1 .

Definition 2.6. ([29]) Let G be a non-empty set, Γ,Λ : G → G be two mappings and α,β :

G ×G →A+ be two functions then (Γ,Λ) is called a pair of (α,β )-admissible mappings, if for

all `,æ ∈ G

α(`,æ)� 1A, β (`,æ)� 1A implies α(Γ`,Λæ)� 1A,α(Λ`,Γæ)� 1A

and β (Γ`,Λæ)� 1A,β (Λ`,Γæ)� 1A

Lemma 2.7. ([28]) Suppose that A is a unital C∗-algebra with a unit 1A:

(1) If {χn}∞
n=1 ⊆ A and lim

n→∞
χn = 0A, then for any χ ∈ A, lim

n→∞
χ∗χnχ = 0A

(2) If χ,ξ ∈ Ah and s ∈ A′+ then χ � ξ yields sχ � sξ in which A′+ = A+∩A′.

(3) If χ ∈ A+ with ||χ||< 1
2 then 1A−χ is invertible,and ||χ(1A−χ)−1||< 1.

(4) If χ,ξ ∈ A+ such that χξ = ξ χ , then χξ � 0A.

3. MAIN RESULTS

In this section, first we introduce (α,β )-Zb-Geraghty type contraction and then prove our

main result.

Definition 3.1. Let (G ,A,Sb) be a C∗-AV-SbMS, Γ,Λ : G → G be two mappings and α,β :

G ×G ×G → A+ be two functions then (Γ,Λ) is called a pair of (α,β )-admissible mappings,

if for all `,æ ∈ G

α(`,`,æ)� 1A, β (`,`,æ)� 1A implies α(Γ`,Γ`,Λæ)� 1A,α(Λ`,Λ`,Γæ)� 1A
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and β (Γ`,Γ`,Λæ)� 1A,β (Λ`,Λ`,Γæ)� 1A

Definition 3.2. Let (G ,A,Sb) be a C∗-AV-SbMS, Γ,Λ : G → G be two mappings and α,β :

G ×G ×G →A+ be two functions then G is said to be (α,β )-regular, if {χn} is a sequence in G

such that χn→ χ ∈G and α(χn,χn,χn+1)� 1A, β (χn,χn,χn+1)� 1A, ∀ n∈N, then there exists

a subsequence {χnk} of {χn} such that α(χnk ,χnk ,χnk+1)� 1A, β (χnk ,χnk ,χnk+1)� 1A ∀ k ∈ N.

Also α(χ,χ,Γχ)� 1A and β (χ,χ,Λχ)� 1A.

Definition 3.3. Let (G ,A,Sb) be a C∗-AV-SbMS. A b-simulation function is a function ηb :

A+×A+→ A satisfying the following conditions:

(ηb1) ηb (χ,ξ )≺ ξ −χ for all χ,ξ � 0A;

(ηb2) if {χn} and {ξn} are sequences in A+ such that

0 < lim
n→∞
||χn|| ≤ lim

n→∞
inf ||ξn|| ≤ lim

n→∞
sup ||ξn|| ≤ κ lim

n→∞
||χn||< ∞

then lim
n→∞

sup ||ηb (κχn,ξn) ||< 0.

Throughout the paper Zb will represent the family of all b-simulation functions.

Definition 3.4. Let (G ,A,Sb) be a C∗-AV-SbMS with coefficient ||κ||> 1,

Γ,Λ : G → G be two mappings and α,β : G ×G ×G → A+ be two functions such that for all

`,κ ∈ G with r = 1,2,3,4, then we say that the pair of mappings (Γ,Λ) is (α,β )-Zb-Geraghty

type generalized contraction if for ηb ∈ Zb, we have

ηb (κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ),ϕ(Mr(`,κ))a∗Mr(`,κ)a)� 0A(3.1)

where ϕ : A+→ [0,1) is a Geraghty function, a ∈ A in which ||a||< 1 and

M1 (`,κ) = Sb (`,`,κ)

M2 (`,κ) = max
{

Sb (`,`,κ) ,Sb (Λ`,Λ`,Γκ) ,
}

M3 (`,κ) = max

 Sb (`,`,κ) , Sb(`,`,Γ`)+Sb(κ,κ,Λκ)
2κ4 ,

Sb(`,`,Λκ)+Sb(κ,κ,Γ`)
2κ4


M4 (`,κ) = max

 Sb (`,`,κ) ,Sb (`,`,Γ`) ,

Sb (κ,κ,Λκ) , Sb(`,`,Λκ)+Sb(κ,κ,Γ`)
2κ4
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Theorem 3.5. Let (G ,A,Sb) be a complete C∗-AV-SbMS, `,β : G ×G → A+ be two functions

and Γ,Λ : G → G be two mappings with the following assumptions:

(i) (Γ,Λ) is a pair of (α,β )-admissible mappings;

(ii) (Γ,Λ) is a pair of (α,β )-Zb-Geraghty type generalized contraction mappings with r =

4;

(iii) there exist `0 ∈ G such that α(`0, `0,Γ`0)� 1A, β (`0, `0,Λ`0)� 1A;

(iv) either Γ and Λ are continuous or G is (α,β )-regular space.

Then Γ and Λ have a unique common fixed point in G .

Proof. From (iii) hypotheses, there exists κ0 ∈ G such that α(κ0,κ0,Γκ0) ≥ 1A,

β (κ0,κ0,Γκ0) ≥ 1A. We construct a sequence {κp} by setting κp+1 = Γκp and

κp+2 = Λκp+1 ∀ p ∈ N ∪ {0}. Since (Γ,Λ) is a pair of (α,β )-admissible map-

pings, then α(κ0,κ0,κ1) � 1A implies α(κ1,κ1,κ2) � 1A and β (κ0,κ0,κ1) � 1A implies

β (κ1,κ1,κ2) � 1A. By repeating similar process, we obtain α(κp,κp,κp+1) � 1A and

β (κp,κp,κp+1)� 1A for every p ∈ N. From Equation 3.1, we have

ηb
(
κα(κp,κp,Γκp)β (κp+1,κp+1,Λκp+1)Sb(Γκp,Γκp,Λκp+1),ϕ(M4(κp,κp+1))a∗M4(κp,κp+1)a

)
� 0A

From (ηb1), we have

κα(κp,κp,Γκp)β (κp+1,κp+1,Λκp+1)Sb(Γκp,Γκp,Λκp+1)≺ ϕ(M4(κp,κp+1))a∗M4(κp,κp+1)a

Now from above inequality, we see that

Sb(κp+1,κp+1,κp+2) = Sb(Γκp,Γκp,Λκp+1)

� κα(κp,κp,Γκp)β (κp+1,κp+1,Λκp+1)Sb(Γκp,Γκp,Λκp+1)

≺ ϕ(M4(κp,κp+1))a∗M4(κp,κp+1)a

� a∗M4(κp,κp+1)a(3.2)

Now, by simple computations, we have

M4 (κp,κp+1
)

= = max

 Sb
(
κp,κp,κp+1

)
,Sb (κp,κp,Γκp) ,

Sb
(
κp+1,κp+1,Λκp+1

)
,

Sb(κp,κp,Λκp+1)+Sb(κp+1,κp+1,Γκp)
2κ4


= max

 Sb
(
κp,κp,κp+1

)
,Sb
(
κp,κp,κp+1

)
,

Sb
(
κp+1,κp+1,κp+2

)
,

Sb(κp,κp,κp+2)+Sb(κp+1,κp+1,κp+1)
2κ4
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= max

 Sb
(
κp,κp,κp+1

)
,

Sb
(
κp+1,κp+1,κp+2

)
,

Sb(κp,κp,κp+2)+Sb(κp+1,κp+1,κp+1)
2κ4

 .

Notice that

Sb (κp,κp,κp+2)+Sb (κp+1,κp+1,κp+1)

2κ4 ≤
2κSb (κp,κp,κp+1)+κSb (κp+2,κp+2,κp+1)

2κ4

≤ max

 Sb (κp,κp,κp+1) ,

Sb (κp+1,κp+1,κp+2)


From (3.2), we obtain that

Sb(κp+1,κp+1,κp+2) � a∗M4(κp,κp+1)a

� a∗max

 Sb
(
κp,κp,κp+1

)
,

Sb
(
κp+1,κp+1,κp+2

)
a(3.3)

If we take max

 Sb
(
κp,κp,κp+1

)
,

Sb
(
κp+1,κp+1,κp+2

)
= Sb

(
κp+1,κp+1,κp+2

)
, since ||a||< 1 then (3.3)

gives a contradiction. Thus, we obtain

Sb(κp+1,κp+1,κp+2) � a∗Sb(κp,κp,κp+1)a

� (a∗)2Sb(κp−1,κp−1,κp)(a)2

...

� (a∗)p+1Sb(κ0,κ0,κ1)(a)p+1

By remembering the property where if a,b ∈ Ah then a � b yields u∗au � u∗bu, we see the

following for each p ∈ N,

Sb(κp,κp,κp+1)� (a∗)pSb(κ0,κ0,κ1)(a)p

Let Sb(κ0,κ0,κ1) = X0 for some X0 ∈ A+. For any l ∈ N, we achieve

Sb(κp+l,κp+l,κp) � κ
(
Sb(κp+l,κp+l,κp+l−1)+Sb(κp+l,κp+l,κp+l−1)+Sb(κp,κp,κp+l−1)

)
� 2κSb(κp+l,κp+l,κp+l−1)+κSb(κp,κp,κp+l−1)

= 2κSb(κp+l,κp+l,κp+l−1)+κSb(κp+l−1,κp+l−1,κp)

� 2κSb(κp+l,κp+l,κp+l−1)+2κ
2Sb(κp+l−1,κp+l−1,κp+l−2)
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+κ
2Sb(κp+l−2,κp+l−2,κp)

...

� 2κSb(κp+l,κp+l,κp+l−1)+2κ
2Sb(κp+l−1,κp+l−1,κp+l−2)

+2κ
3Sb(κp+l−2,κp+l−2,κp+l−3)+ . . .+2κ

lSb(κp+1,κp+1,κp)

� 2κ(a∗)p+l−1Sb(κ0,κ0,κ1)(a)p+l−1 +2κ
2(a∗)p+l−2Sb(κ0,κ0,κ1)(a)p+l−2

+2κ
3(a∗)p+l−3Sb(κ0,κ0,κ1)(a)p+l−3 + . . .++2κ

l(a∗)pSb(κ0,κ0,κ1)(a)p

� 2
l−1

∑
i=1

κ
i(a∗)p+l−iSb(κ0,κ0,κ1)(a)p+l−i

= 2
l−1

∑
i=1

κ
i(a∗)p+l−iX0(a)p+l−i

= 2
l−1

∑
i=1

(
(a∗)p+l−i

κ
i
2 X

1
2

0

)(
X

1
2

0 κ
i
2 (a)p+l−i

)

� 2
l−1

∑
i=1

(
X

1
2

0 κ
i
2 ap+l−i

)∗(
X

1
2

0 κ
i
2 (a)p+l−i

)

≤ 2
l−1

∑
i=1
||X

1
2

0 κ
i
2 ap+l−i||21A

≤ 2||X0||
l−1

∑
i=1
||a||2(p+l−i)||κ||i1A

≤ 2||X0||
||κ||l||a||2(p+1)

||κ||− ||a||2
1A→ 0 as p→ ∞.

in which 1A is the unit element in A. As {κp} is a Cauchy sequence in G , and G is complete,

there exists κ ∈ G such that lim
p→∞

κp = κ = lim
p→∞

κp+1 and

lim
p→∞

Sb(κp,κp,κ) = Sb(κ,κ,κ) = lim
p,l→∞

Sb(κp,κp,κl) = 0.(3.4)

Now, we shall show that Γκ = κ = Λκ

By hypotheses (iv), First we assume that Γ and Λ are continuous, then using (3.4), we have

lim
p→∞

Sb(κp+1,κp+1,κ) = lim
p→∞

Sb(Γκp,Γκp,κ) = Sb(Γκ,Γκ,κ) = 0.

Similarly,

lim
p→∞

Sb(κp+2,κp+2,κ) = lim
p→∞

Sb(Λκp+1,Λκp+1,κ) = Sb(Λκ,Λκ,κ) = 0.
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This implies that Γκ = Λκ = κ. Hence, the pair (Γ,Λ) has a common fixed point κ ∈ G .

Now, consider that G is (α,β )-regular space then there exists a subsequence {κpz} of {κp} such

that α
(
κpz,κpz,κpz+1

)
� 1A and β

(
κpz,κpz,κpz+1

)
� 1A for each z∈N and α (κ,κ,Γκ)� 1A,

β (κ,κ,Λκ)� 1A.

From (3.1), we have

ηb
(
κα(κpz,κpz,Γκpz)β (κ,κ,Λκ)Sb(Γκpz,Γκpz,Λκ),ϕ(M

4(κpz,κ))a
∗M4(κpz,κ)a

)
� 0A

From (ηb1) and (ηb2), we have

κα(κpz,κpz,Γκpz)β (κ,κ,Λκ)Sb(Γκpz,Γκpz,Λκ)≺ ϕ(M4(κpz,κ))a
∗M4(κpz,κ)a

This further implies that

Sb(κpz+1,κpz+1 ,Λκ) = Sb(Γκpz,Γκpz,Λκ)

� κα(κpz,κpz,Γκpz)β (κ,κ,Λκ)Sb(Γκpz,Γκpz,Λκ)

≺ ϕ(M4(κpz,κ))a
∗M4(κpz,κ)a

� a∗M4(κpz,κ)a(3.5)

where

M4 (κpz,κ
)

= max

 Sb
(
κpz,κpz,κ

)
,Sb
(
κpz,κpz,Γκpz

)
,

Sb (κ,κ,Λκ) ,
Sb(κpz ,κpz ,Λκ)+Sb(κ,κ,Γκpz)

2κ4


= max

 Sb
(
κpz,κpz,κ

)
,Sb
(
κpz,κpz,κpz+1

)
,

Sb (κ,κ,Λκ) ,
Sb(κpz ,κpz ,Λκ)+Sb(κ,κ,κpz+1)

2κ4


Taking limit as z→ ∞ in above expression, we get

lim
n→∞

M4 (κpz,κ
)

= max

 Sb (κ,κ,Λκ) ,
Sb(κ,κ,Λκ)

2κ4

= Sb (κ,κ,Λκ)(3.6)

Therefore, taking limit as z→ ∞ in (3.5) and using (3.6), we get

||Sb(κ,κ,Λκ)||= lim
n→∞
||Sb(κpz+1,κpz+1 ,Λκ)|| ≤ lim

n→∞
||ϕ(M4(κpz,κ))a

∗M4(κpz,κ)a||

≤ ||a||2||Sb (κ,κ,Λκ) ||
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since ||a|| < 1,this implies lim
n→∞
||ϕ(M4(κpz,κ))|| = 1 and therefore, lim

n→∞
||M4(κpz,κ)|| = 0.

Thus, we obtain ||Sb (κ,κ,Λκ) || = 0 implies that Λκ = κ. Similarly, we get Γκ = κ and

we conclude that κ is a common fixed point of Γ and Λ.

Now, for the uniqueness part, let κ and ` are two common fixed points of Γ and Λ and κ 6= `.

Also α (κ,κ,Γκ) � 1A, α (`,`,Γ`) � 1A and β (κ,κ,Λκ) � 1A, β (`,`,Λ`) � 1A. By (3.1),

we have

ηb
(
κα(κ,κ,Γκ)β (`,`,Λ`)Sb(Γκ,Γκ,Λ`),ϕ(M4(κ, `))a∗M4(κ, `)a

)
� 0A.

From (ηb1), we have

κα(κ,κ,Γκ)β (`,`,Λ`)Sb(Γκ,Γκ,Λ`)≺ ϕ(M4(κ, `))a∗M4(κ, `)a(3.7)

where

M4 (κ, `) = max

 Sb (κ,κ, `) ,Sb (κ,κ,Γκ) ,

Sb (`,`,Λ`) ,
Sb(κ,κ,Λ`)+Sb(`,`,Γκ)

2κ4


= Sb (κ,κ, `)

Thus, by using (3.7), we have

Sb (κ,κ, `) = Sb(Γκ,Γκ,Λ`)� κα(κ,κ,Γκ)β (`,`,Λ`)Sb(Γκ,Γκ,Λ`)

≺ ϕ(M4(κ, `))a∗M4(κ, `)a

� a∗M4(κ, `)a

� a∗Sb (κ,κ, `)a.(3.8)

Therefore,

||Sb (κ,κ, `) || ≤ ||a||2||Sb (κ,κ, `) ||

This is incongruous. Consequently, ϑ = `. Therefore, the UCFP of Γ is ϑ . �

Theorem 3.6. A complete C∗-AV-SbMS with the coefficient ||κ||> 1 is defined as (G ,A,Sb). Let

Γ,Λ : G → G be a (α,β )-Zb-Geraghty type generalized contraction mappings with r = 3,2,1,

assuming that all the requirements in Theorem (3.5) are true. Then, in G , there is a UCFP of Γ

and Λ.
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Proof. If we substitute M3 (`,κ), M2 (`,κ) or M1 (`,κ) for M4 (`,κ) in Theorem (3.5), then

follows in a manner similar to Theorem (3.5). �

Theorem 3.7. A complete C∗-AV-SbMS with the coefficient ||κ|| > 1 is defined as (G ,A,Sb).

Let Γ : G → G be a (α,β )-Zb-Geraghty type generalized contraction mappings with r = 3,2,1,

assuming that all the requirements in Theorem (3.5) are true. Then, in G , there is a UCFP of Γ.

Proof. If we substitute M3 (`,κ), M2 (`,κ) or M1 (`,κ) for M4 (`,κ) in Theorem (3.5), and take

Λ = IG then follows in a manner similar to Theorem (3.5). �

Corollary 3.8. Let (G ,A,Sb) be a complete C∗-AV-SbMS, `,β : G ×G → A+ be two functions

and Γ : G → G be a mapping with the following assumptions:

(i) Γ is a pair of (α,β )-admissible mappings;

(ii) there exist `,κ ∈ G and a ∈ A with ||a||< 1 such that

ηb (κα(`,`,Γ`)β (κ,κ,Γκ)Sb(Γ`,Γ`,Γκ),ϕ(Sb(`,`,κ))a∗Sb(`,`,κ)a)� 0A

where, ϕ is a Geraghty function and ηb ∈Zb;

(iii) there exist `0 ∈ G such that α(`0, `0,Γ`0)� 1A, β (`0, `0,Γ`0)� 1A;

(iv) either Γ is continuous or G is (α,β )-regular space.

Then Γ has a unique fixed point in G .

Proof. The proof follows from Theorem (3.5) by taking Γ = Λ. �

Example 3.9. Let G = [0,∞) and A = M2(R) be all 2× 2 matrices whose norm is defined in

Example (2.2) and define the mapping d : G 2→ [0,∞) as

d(`,κ) = (`−κ)2 for all `,κ ∈ G . Then clearly, (G ,d) is b-metric space with κ = 2. Let

Sb : G 3→M2(R) be as Sb(p,q,r) =

 d(p,q)+d(q,r)+d(r, p) 0

0 d(p,q)+d(q,r)+d(r, p)

.

Then, clearly (G ,A,Sb) is a complete C∗-AV-SbMS with ||κ||= 2≥ 1.

Let ηb : A+×A+ → A defined by ηb(ℵ,℘) = ℘

1+℘
−ℵ and a ∈ A with ||a|| = 1√

6
< 1. We

define mappings Γ,Λ : G → G , and Geraghty function ϕ : A+→ [0,1) as follows Γ(`) = b`
3+` ,

Λ(`) = b`
2+` for all ` ∈ G with b ∈ (0, 1

6 ]
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and ϕ(`) =

 1
1+||`|| ` > 0A

0 `= 0A
. Also, we define α,β : G ×G ×G → A+ as α(ℵ,ℵ,℘) =

β (ℵ,ℵ,℘) =

 1A if ℵ,℘∈ [0,1]

0A Otherwise
.

Now for α(ℵ,ℵ,℘) � 1A and β (ℵ,ℵ,℘) � 1A, then we have ℵ,℘ ∈ [0,1], implies

it follows that α(Γℵ,Γℵ,Λ℘) � 1A, α(Γ℘,Γ℘,Λℵ) � 1A,and β (Γℵ,Γℵ,Λ℘) � 1A,

β (Γ℘,Γ℘,Λℵ)� 1A. Therefore, (Γ,Λ) is a pair of (α,β )-admissible mapping.

Furthermore, if {℘p} is a sequence in G such that α(℘p,℘p,℘p+1)� 1A and

β (℘p,℘p,℘p+1) � 1A then {℘p} ⊆ [0,1]. Suppose ℘p→℘ then ℘∈ [0,1] and implies that

α(℘,℘,Γ℘) = 1A and β (℘,℘,Λ℘) = 1A.

Indeed, we obtain

ηb
(
κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ),ϕ(M4(`,κ))a∗M4(`,κ)a

)
=

ϕ(M4(`,κ))a∗M4(`,κ)a
1+ϕ(M4(`,κ))a∗M4(`,κ)a

−κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)

=

a∗M4(`,κ)a
1+M4(`,κ)

1+ a∗M4(`,κ)a
1+M4(`,κ)

−κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)

=
a∗M4(`,κ)a

1+M4(`,κ)+a∗M4(`,κ)a
−κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)

� a∗Sb(`,`,κ)a
1+Sb(`,`,κ)+a∗Sb(`,`,κ)a

−κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)

Therefore, we have

||ηb
(
κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ),ϕ(M4(`,κ))a∗M4(`,κ)a

)
||

≥ || a∗Sb(`,`,κ)a
1+Sb(`,`,κ)+a∗Sb(`,`,κ)a

−κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)||

≥ || a∗Sb(`,`,κ)a
1+Sb(`,`,κ)+a∗Sb(`,`,κ)a

||− ||κα(`,`,Γ`)β (κ,κ,Λκ)Sb(Γ`,Γ`,Λκ)||

≥ ||a||2||Sb(`,`,κ)||
1+ ||Sb(`,`,κ)||+ ||a||2||Sb(`,`,κ)||

−2||Sb(Γ`,Γ`,Λκ)||

≥
√

2(`−κ)2

1+3
√

2(`−κ)2
−36
√

2b2 (`−κ)2

[(3+ `)(2+κ)]2
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≥
√

2(`−κ)2

1+3
√

2(`−κ)2
−36
√

2b2 (`−κ)2

1+3
√

2(`−κ)2

≥ (1−36b2)
√

2(`−κ)2

1+3
√

2(`−κ)2
≥ 0 ∀ `,κ ∈ G

Thus all the conditions of Theorem 3.5 are satisfied. Hence Γ and Λ have a common fixed point

(at `= 0).

4. APPLICATION TO INTEGRAL EQUATIONS

Suppose that E = [0,1] be a Lebesgue measurable set with m(E )< ∞ such that

G = L∞(E ) and B(L2(E )) is a set of bounded linear operators on a Hilbert space L2(E ).

We equip G with Sb : G × G × G → B(L2(E )), which is ascertained by Sb(æ,ß,œ) =

M(|æ−œ|+|ß−œ|)p , where M(|æ−œ|+|ß−œ|)p is the multiplication operator on L2(E ) ascertained

by Mh(α) = h.α , α ∈ L2(E ). Therefore, (G ,B(L2(E )),Sb) is a complete C∗-AV-SbMS with

κ = 22(p−1) where p > 1. Let us consider the two-point boundary value problem of the second

order differential equation:

(4.1)
d2`(s)

dt2 = f(s, t, `(t)) ∀ s ∈ [0,1] and `(0) = 1 = `(1)

where f : E ×E ×R→ R is integrable.

The inequality (4.1) is equivalent to the following integral equation:

`(s) =
1∫

0

K (s, t)f(s, t, `(t))dt for all s ∈ [0,1].

where Green function associated to (4.1) is defined by K (s, t) =

 s(1− t) if 0≤ s≤ t

t(1− s) if t ≤ s≤ 1

Assume that the following conditions hold:

(i0) Φ,Ψ :R3→A+ and λ ∈ (0,1) such that |f(s, t,a)|+ |f(s, t,b)| ≤ λ ||a−b|| for all s, t ∈ E

and a,b ∈ R with Φ(a,a,b)� 0A and Ψ(a,a,b)� 0A

(i1) ∃ `0 ∈ G 3 Φ(`0(s), `0(s),Γ`0(s)) � 0A and Ψ(`0(s), `0(s),Γ`0(s)) � 0A for all s ∈ E

where Γ : G → G is defined as
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Γ`(s) =
1∫

0

K (s, t)f(s, t, `(t))dt for all s ∈ [0,1].

(i2) for each s ∈ E and `,κ ∈ G , Φ(`(s), `(s),κ(s)) � 0A ⇒ Φ(Γ`(s),Γ`(s),Γκ(s)) � 0A

and Ψ(`(s), `(s),κ(s))� 0A⇒Ψ(Γ`(s),Γ`(s),Γκ(s))� 0A

(i3) for each s ∈ E and {`p} ⊆ G be a sequence such that `p → ` in G and

Φ(`p(s), `p(s), `p+1(s)) � 0A, Ψ(`p(s), `p(s), `p+1(s)) � 0A for all p ∈ N then

Φ(`p(s), `p(s), `(s))� 0A, Ψ(`p(s), `p(s), `(s))� 0A for all p ∈ N

Theorem 4.1. Under the assumption (i0)-(i4), the equation (4.1) has a solution in in L∞(E ).

Proof. Define Γ : G → G by Γ`(s) =
1∫
0

K (s, t)f(s, t, `(t))dt for all s ∈ [0,1].

Now for all `,κ ∈ G , Φ(`(s), `(s),κ(s)) � 0A and Ψ(`(s), `(s),κ(s)) � 0A ∀ s ∈ [0,1]. we

have

Sb(Γ`,Γ`,Γκ) =M(2|Γ`−Γκ|)p

We obtain that

||Sb(Γ`,Γ`,Γκ)|| = sup
||h||=1

〈
M(2|Γ`−Γκ|)ph,h

〉
= sup

||h||=1

〈
2pM|Γ`−Γκ|ph,h

〉
= sup

||h||=1

1∫
0

(2p|Γ`(t)−Γκ(t)|p)h(t)h(t)dt

≤ 2p sup
||h||=1

1∫
0

| 1∫
0

K (s, t)f(s, t, `(t))|− |
1∫

0

K (s, t)f(s, t,κ(t))|

p

|h(t)|2dt

≤ 2p sup
||h||=1

1∫
0

 1∫
0

K (s, t)(|f(s, t, `(t))|+ |f(s, t,κ(t)|)

p

|h(t)|2dt

≤ 2p sup
||h||=1

1∫
0

 1∫
0

K (s, t)dt

p

|h(t)|2λ
p||`−κ||p∞

≤ λ sup
s∈[0,1]

 1∫
0

K (s, t)dt

p

sup
||h||=1

1∫
0

|h(t)|2||2(`−κ)||p∞
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≤ λ sup
s∈[0,1]

 1∫
0

K (s, t)dt

p

||M(|`−κ|+|`−κ|)p||

≤ ||a||2 sup
s∈[0,1]

 1∫
0

K (s, t)dt

p

||Sb(`,`,κ)||

By setting a = λ1B(L2(E )), then a ∈ B(L2(E )) and ||a||= λ < 1,

since
1∫
0

K (s, t)dt =− s2

2 + s
2 for all s ∈ [0,1], we have sups∈[0,1]

[
1∫
0

K (s, t)dt
]p

= (1
8)

p, then it

follows that

||Sb(Γ`,Γ`,Γκ)|| ≤ ||a||2(1
8)

p||Sb(`,`,κ)||(4.2)

Let ηb : A+×A+→ A as ηb(x,y) = 5
6y− x ∀ x,y ∈ A+ and Geraghty function ϕ : A+→ [0,1)

is defined by ||ϕ(x)||= 3
4 , for all x ∈A+. For t ∈ [0,1] the following is defined: α,β : G ×G ×

G → A+ as α(`,`,κ) =

 1A if Φ(`(t), `(t),κ(t))� 0A

0A Otherwise

and β (`,`,κ) =

 1A if Ψ(`(t), `(t),κ(t))� 0A

0A Otherwise
.

From (4.2), we have

||κSb(Γ`,Γ`,Γκ)|| = ||22(p−1)Sb(Γ`,Γ`,Γκ)|| ≤ 22(p−1)||a||2(1
8
)p||Sb(`,`,κ)||

≤ 5
8
||a||2||Sb(`,`,κ)||(4.3)

Now, using (4.3), we get

5
6
||ϕ (Sb(`,`,κ)) ||||a||2||Sb(`,`,κ)||− ||α(`,`,Γ`)||||β (κ,κ,Γκ)||||κSb(Γ`,Γ`,Γκ)||

=
5
8
||a||2|||Sb(`,`,κ)||− ||κSb(Γ`,Γ`,Γκ)|| ≥ 0

Hence

ηb (κα(`,`,Γ`)β (κ,κ,Γκ)Sb(Γ`,Γ`,Γκ),ϕ(Sb(`,`,κ))a∗Sb(`,`,κ)a)� 0A.

Therefore the mapping Γ is (α,β )-Zb-Geraghty type contraction. From (i1), there exists `0 ∈ G

such that α(`0(s), `0(s),Γ`0(s))� 0A and β (`0(s), `0(s),Γ`0(s))� 0A.
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Now using (i2), we get

α(`,`,κ)� 1A ⇒ Φ(`(t), `(t),κ(t))� 0A

⇒ Φ(Γ`(t),Γ`(t),Γκ(t))� 0A

⇒ α(Γ`,Γ`,Γκ)� 1A.

Similarly,

β (`,`,κ)� 1A ⇒ Ψ(`(t), `(t),κ(t))� 0A

⇒ Ψ(Γ`(t),Γ`(t),Γκ(t))� 0A

⇒ β (Γ`,Γ`,Γκ)� 1A.

So, the mapping Γ is (α,β )-admissible. Therefore, all the hypotheses of Corollary 3.8 are

satisfied. Hence, Γ must have a fixed point in L∞(E ) (say `), which is a solution of (4.1). �

5. APPLICATION TO HOMOTOPY

In this section, we investigate whether homotopy could have a unique solution.

Theorem 5.1. If (G ,A,Sb) is a complete C∗-AV-SbMS, then U and U are open and closed subsets

of G , respectively, such that U ⊆ U. Let Hb : U× [0,1]→ G be an homotopy operator meeting

the requirements listed below.

(τ0) ` 6= Hb(`,s), for each ` ∈ ∂U and s ∈ [0,1] (here ∂U is boundary of U in G )

(τ1) there exist `,κ ∈ U and a ∈ A with ||a||< 1 such that

ηb
(
2κ

2
α(`,`,Hb(`,s))β (κ,κ,Hb(κ,s))Sb(Hb(`,s),Hb(`,s),Hb(κ,s)),ϕ(Sb(`,`,κ))a∗Sb(`,`,κ)a

)
� 0A

where, ϕ is a Geraghty function and ηb ∈Zb and s ∈ [0,1];

(τ2) ∃Mb� 0A 3 Sb(Hb(`,s),Hb(`,s),Hb(`, t))≤ ||Mb|||s−t| for every `∈U and s, t ∈ [0,1];

(τ3) Hb is a pair of (α,β )-admissible mappings and G is (α,β ) regular space;

(τ4) ∃ `0 ∈ G such that α(`0, `0,Hb(`0,s))� 1A, β (`0, `0,Hb(`0,s))� 1A.

Then Hb(.,0) has a fixed point ⇐⇒ Hb(.,1) has a fixed point.

Proof. Take into account the set B= {s ∈ [0,1] : `= Hb(`,s) for some ` ∈ U}.
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Due to the fact that Hb(,0) has a FP in ∆, we have that 0 ∈B. The set B is not empty as a

result. We will prove that B = [0,1] by establishing that B is both open and closed in [0,1].

Hb(,1) has a FP in U as a result. The first thing we do is show that B is closed in [0,1]. To

observe this, assign sp→ s ∈ [0,1] as p→ ∞ and let {sp}∞
p=1 ⊆B. We must show that s is in

B. Given that sp in B for p = 0,1,2, ..., there is `p in U with `p+1 = Hb(`p,sp). The proof is

successful if p ∈ N exist such that Sb(`p, `p,Hb(`p,sp)) = 0.

Since Hb is a pair of (α,β )-admissible mappings, then α(`0, `0, `1) � 1A im-

plies α(Hb(`0,s0),Hb(`0,s0),Hb(`1,s1)) = α(`1, `1, `2) � 1A and β (`0, `0, `1) � 1A implies

β (Hb(`0,s0),Hb(`0,s0),Hb(`1,s1)) = β (`1, `1, `2) � 1A. By repeating similar process, we ob-

tain α(`p, `p, `p+1)� 1A and β (`p, `p, `p+1)� 1A for every p ∈ N. So, we assume that

ηb

 2κ2α(`p, `p, `p+1)β (`p+1, `p+1, `p+2)Sb(Hb(`p,sp),Hb(`p,sp),Hb(`p+1,sp)),

ϕ(Sb(`p, `p, `p+1))a∗Sb(`p, `p, `p+1)a

 � 0A.

From (ηb1), we have

2κ
2
α(`p, `p,Hb(`p,sp))β (`p+1, `p+1,Hb(`p+1,sp+1))Sb(Hb(`p,sp),Hb(`p,sp),Hb(`p+1,sp))

≺ ϕ(Sb(`p, `p, `p+1))a∗Sb(`p, `p, `p+1)a.

Now from above inequality, we see that

Sb(`p+1, `p+1, `p+2) = Sb(Hb(`p,sp),Hb(`p,sp),Hb(`p+1,sp+1))

� 2κSb(Hb(`p,sp),Hb(`p,sp),Hb(`p+1,sp))+κSb(Hb(`p+1,sp+1),Hb(`p+1,sp+1),Hb(`p+1,sp))

� 2κ
2
α(`p, `p,Hb(`p,sp))β (`p+1, `p+1,Hb(`p+1,sp+1))Sb(Hb(`p,sp),Hb(`p,sp),Hb(`p+1,sp))

+κMb||sp+1− sp||

≺ ϕ(Sb(`p, `p, `p+1))a∗Sb(`p, `p, `p+1)a+κ||Mb||||sp+1− sp||

� a∗Sb(`p, `p, `p+1)a+κ||Mb||||sp+1− sp||.

Letting p→ ∞, we obtain

lim
p→∞

Sb(`p+1, `p+1, `p+2) � lim
p→∞

a∗Sb(`p, `p, `p+1)a

� lim
p→∞

(a∗)2Sb(κp−1,κp−1,κp)(a)2

...
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� lim
p→∞

(a∗)p+1Sb(κ0,κ0,κ1)(a)p+1

which, together with the property, if a,b ∈ Ah and a � b implies u∗au � u∗bu, yields that for

each p ∈ N∪{0}, put δp = Sb(`p+1, `p+1, `p+2), we have

0A � lim
p→∞

δp = lim
p→∞

Sb(`p+1, `p+1, `p+2)� lim
p→∞

(a∗)p+1
δ0(a)p+1.

Since ||a|| < 1, it follows that lim
p→∞

Sb(`p+1, `p+1, `p+2) = 0A It is now time to demonstrate

the C∗-AV-Sb-CS {`p} in (G ,A,Sb). On the other hand, suppose {`p} is not a C∗-AV-Sb-CS.

Natural numbers {qk} and {pk} can be arranged in a monotone increasing sequence with ε > 0

such that pk > qk,

(5.1) Sb
(
`qk , `qk , `pk

)
� ε

and

(5.2) Sb
(
`qk , `qk , `pk−1

)
≺ ε.

From (5.1) and (5.2), we have

ε � Sb
(
`qk , `qk , `pk

)
� 2κSb

(
`qk , `qk , `qk+1

)
+κSb

(
`qk+1, `qk+1 , `pk

)
≤ 2κSb

(
`qk , `qk , `qk+1

)
+κSb

(
Hb(`qk ,sqk),Hb(`qk ,sqk),Hb(`pk−1,spk−1)

)
≤ 2κSb

(
`qk , `qk , `qk+1

)
+2κ

2Sb
(
Hb(`qk ,sqk),Hb(`qk ,sqk),Hb(`pk−1,sqk)

)
+κ

2Sb
(
Hb(`pk−1,sqk),Hb(`pk−1,sqk),Hb(`pk−1,spk−1)

)
.

≤ 2κSb
(
`qk , `qk , `qk+1

)
+κ

2||Mb|||sqk− spk−1|

+ 2κ2

 α
(
`qk , `qk ,Hb(`qk ,sqk)

)
β
(
`pk−1, `pk−1,Hb(`pk−1,spk−1)

)
Sb
(
Hb(`qk ,sqk),Hb(`qk ,sqk),Hb(`pk−1,sqk)

)


≺ ϕ(Sb(`qk , `qk , `pk−1))a
∗Sb(`qk , `qk , `pk−1)a+2κSb

(
`qk , `qk , `qk+1

)
+κ

2||Mb|||sqk− spk−1|

� a∗Sb(`qk , `qk , `pk−1)a+2κSb
(
`qk , `qk , `qk+1

)
+κ

2||Mb|||sqk− spk−1 |.

We obtain that by setting k→ ∞ on both sides.
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0 < ε ≤ lim
k→∞
||a∗Sb(`qk , `qk , `pk−1)a||

≤ ||a||ε < ε.

This leads to the conclusion that ||a|| < 1, it contradicts itself. In the C∗-AV-SbMS (G ,A,Sb),

the sequence {`p} is a C∗-AV-Sb-CS. The sequence
{
`p
}
→ ν ∈ (G ,A,Sb) comes from the

completeness of (G ,A,Sb).

lim
p→∞

`p+1 = κ = lim
p→∞

`p.

We can prove κ = Hb(κ,s).

Now, consider that G is (α,β )-regular space then there exists a subsequence {`pk}

of {`p} such that α
(
`pk , `pk , `pk+1

)
� 1A and β

(
`pk , `pk , `pk+1

)
� 1A for each k ∈ N and

α (κ,κ,Hb(κ,s))� 1A, β (κ,κ,Hb(κ,s))� 1A.

From (τ1), we have

ηb

 2κ2α(`pk , `pk ,Hb(`pk ,s))β (κ,κ,Hb(κ,s))Sb(Hb(`pk ,s),Hb(`pk ,s),Hb(κ,s)),

ϕ(Sb(`pk , `pk ,κ))a∗Sb(`pk , `pk ,κ)a

� 0A.

From (ηb1), and (ηb2), we have

2κ
2
α(`pk , `pk ,Hb(`pk ,s))β (κ,κ,Hb(κ,s))Sb(Hb(`pk ,s),Hb(`pk ,s),Hb(κ,s))

≺ ϕ(Sb(`pk , `pk ,κ))a
∗Sb(`pk , `pk ,κ)a

� a∗Sb(`pk , `pk ,κ)a.

Now from above inequality, we see that

0 < ||Sb(κ,κ,Hb(κ,s))||= lim
n→∞
||Sb(Hb(`pk ,s),Hb(`pk ,s),Hb(κ,s))||

≤ lim
n→∞
||2κ

2
α(`pk , `pk ,Hb(`pk ,s))β (κ,κ,Hb(κ,s))Sb(Hb(`pk ,s),Hb(`pk ,s),Hb(κ,s))||

≤ lim
n→∞

inf ||a∗Sb(`pk , `pk ,κ)a||

≤ lim
n→∞

sup ||a∗Sb(`pk , `pk ,κ)a|| ≤ ||a|| limn→∞
sup ||Sb(`pk , `pk ,κ)||= 0.

Accordingly, κ=Hb(κ,s) indicates that Sb(κ,κ,Hb(κ,s)) = 0. So, s in B. It is obvious that B

is closed in [0,1]. Let B be s0. Then, `0 exists in U such that `0 =Hb(`0,s0). Because U is open,
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δ > 0 must exist for BSb(`0,δ )⊆ U. Select the value of s ∈ (s0− ε,s0 + ε) such that |s− s0| ≤
1

||Mb||p < ε . Consequently, for Bb(`0,δ ) = {` ∈ G : ||Sb(`,`,`0)|| ≤ δ +κ2||Sb(`0, `0, `0)||}.

Now

ηb

 2κ2α(`,`,Hb(`,s0))β (`0, `0,Hb(`0,s0))Sb (Hb(`,s0),Hb(`,s0),Hb(`0,s0)) ,

ϕ(Sb(`,`,`0))a∗Sb(`,`,`0)a

� 0A.

From (ηb1), we have

2κ
2
α(`,`,Hb(`,s0))β (`0, `0,Hb(`0,s0))Sb (Hb(`,s0),Hb(`,s0),Hb(`0,s0))

≺ ϕ(Sb(`,`,`0))a∗Sb(`,`,`0)a

� a∗Sb(`,`,`0)a.

Now from above inequality, we see that

Sb (Hb(`,s),Hb(`,s), `0))(5.3)

= Sb (Hb(`,s),Hb(`,s),Hb(`0,s0))

� 2κSb (Hb(`,s),Hb(`,s),Hb(`,s0))+κSb (Hb(`,s0),Hb(`,s0),Hb(`0,s0))

� 2κMb|s− s0|

+ 2κ
2
α(`,`,Hb(`,s0))β (`0, `0,Hb(`0,s0))Sb (Hb(`,s0),Hb(`,s0),Hb(`0,s0))

� 2κMb|s− s0|+a∗Sb(`,`,`0)a

� 2κ

||Mb||p−1 +a∗Sb(`,`,`0)a.

Letting p→ ∞, we get that

||Sb (Hb(`,s),Hb(`,s), `0)) || ≤ ||a||2||Sb(`,`,`0)||.

Since ||a||< 1 implies that

||Sb (Hb(`,s),Hb(`,s), `0)) ||< ||Sb(`,`,`0)|| ≤ δ +κ
2||Sb(`0, `0, `0)||.

Thus for each fixed s∈ (s0−ε,s0+ε), Hb(.,0) : Bb(`0,δ )→ Bb(`0,δ ). Then, all the conditions

of Theorem (5.1) holds.Thus, we conclude that Hb(.,0) has a FP in U. But this must be in U.
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Therefore, s∈B for s∈ (s0−ε,s0+ε). Hence (s0−ε,s0+ε)⊆B. Clearly B is open in [0,1].

A similar procedure can be used to demonstrate the opposite. �

6. CONCLUSION

This paper uses contractive mappings of the (α,β )-Zb-Geraghty type via b-simulation func-

tions to demonstrate certain FPT in the context of complete C∗-algebra valued Sb-metric spaces,

along with appropriate examples that highlight the main findings. Applications for integral

equations and homotopy are also given.
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