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Abstract. It is the purpose of this paper to discuss the generalizations of nonexpansive mappings. We prove addi-

tional properties of these generalizations, particularly focusing on a sequence of commuting mappings satisfying

condition Bγ,µ . We propose iterative algorithms to approximate a common fixed point of a sequence of commuting

mappings satisfying condition Bγ,µ . With some mild assumptions on parameters, the convergence of these algo-

rithms to a common fixed point of a sequence of commuting mappings satisfying condition Bγ,µ is also proved.

Our results extend and improve many recent results in the literature.
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1. INTRODUCTION

Fixed point theory for nonexpansive mappings is flourished as main area of study after the

appearance of four existence theorems in 1965 by Browder[5, 6], Göhde [13] and Kirk [16].

Many important results have been discovered which are related to existence of fixed points for

nonexpansive mappings as well as to the structure of the fixed points set and to techniques for

∗Corresponding author

E-mail address: mgoa2009@gmail.com

Received March 16, 2024
1



2 G. A. TADESSE, M. G. SANGAGO, R. TSHELAMETSE

approximating fixed points. Many mathematicians are attracted to the field to focus their re-

search on the extension of it because it is a generalization of the celebrated Banach contraction

principle[3] with its wide range of applications that pioneered the field of metric fixed point the-

ory. Thousands of citations of late Professor William Arthur Kirk’s 1965 article [16] indicates

without doubt the wide range of applications and importance of the generalized mapping.

In 1972, Goebel and Kirk[12] introduced another generalization of nonexpansive mappings

called asymptotically nonexpansive mappings and proved existence and approximation of fixed

points of such self-mappings in Banach spaces. Several authors (see Agarwal et al.[1], Betiuk-

Pilarska and Benavides [4], Chidume [7], Dhompongsa et al. [9], Garcia-Falset et al.[10],

Goebel and Kirk [11], Khamsi and Khan [14], Lael and Heidarpoor [17], Mishra[18], Mishra et

al. [20], Mishra et al. [19], Pant and Shukla [23], Patir et al [21, 22], Sangago[24], Sangago[25],

Suzuki [28, 29, 30], Ullah et al. [32] and the references therein) have contributed immensely in

this field.

Because of its important linkages with the theory of monotone and accretive operators, fixed

point theory for nonexpansive mappings has long been considered as a fundamental part of

nonlinear functional analysis. Different new classes of generalized nonexpansive mappings

with interesting properties have been developed in this context. Researching of the practical

significance of the metric fixed point approach in solving problems of applied sciences such us

signal processing, inverse problems, equilibrium problems, game theory in market economy,

optimization and so on come to the center stage in recent decades.

In this paper we analyze and generalize some of recent results in the generalization of nonex-

pansive mappings with particular attention to the mappings introduced by Suzuki [28, 30], and

further investigated by Patir et al.[22] and Thakur et al.[31].

Throughout this article, N and R stand for the set of natural numbers and the set of all real

numbers, respectively. For a sequence {xn} of a normed space E and a point x in E, the strong

convergence of {xn} to x is denoted by xn −→ x and the weak convergence of {xn} to x is

denoted by xn ⇀ x.

First we present some basic concepts. Let X be a nonempty set and G : X→ X be a mapping.

We say that a point x ∈ X is said to be a fixed point of G when Gx = x. Fix(G) denotes the set



A SEQUENCE OF COMMUTING GENERALIZED NONEXPANSIVE MAPPINGS 3

of all fixed points of G; that is,

Fix(G) = {x ∈ X : Gx = x}.

Definition 1.1 ([8, 15]). Let E be a real Banach space. Let K be a nonempty subset of E and

G : K→ K. We say G Lipschitz continuous if there exists a real constant λ ≥ 0 such that

(1.1) ‖Gx−Gy‖ ≤ λ ‖x− y‖ for all x,y ∈ K.

When λ ∈ [0,1) in (1.1), G is called a contraction mapping. If λ ≤ 1 in (1.1), G said to be a

nonexpansive mapping; that is, G satisfies the inequality

(1.2) ‖Gx−Gy‖ ≤ ‖x− y‖ , for all x,y ∈ K.

In 1972 Goebel and Kirk [12] introduced a generalization of nonexpansive mappings as stated

in the following definition.

Definition 1.2 ([12]). Let E be a real Banach space. Let K be a nonempty subset of E and

G : K→ K. G is said to be an asymptotically nonexpansive mapping if there exists a sequence

{rn} in [1,∞) such that lim
n→∞

rn = 1 and

(1.3) ‖Gnx−Gny‖ ≤ rn ‖x− y‖ , for all x,y ∈ K.

Also in 1972 Dotson [8] introduced a generalization of nonexpansive mappings as stated

below.

Definition 1.3 ([8]). Let E be a real Banach space. Let K be a nonempty subset of E and

G : K→ K. G is said to be a quasi-nonexpansive mapping if Fix(G) 6= /0, and

(1.4) ‖Gx− z‖ ≤ ‖x− z‖ for all z ∈ Fix(G), x ∈ K.

It follows that a nonexpansive mapping with a nonempty fixed point set is quasi-

nonexpansive. Taking rn = 1 for each n, we see that a nonexpansive mapping is also asymptot-

ically nonexpansive. Existence and approximation of fixed points of these mappings were also

proved (see [8], [2], [12], [16], and the references therein).
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Recently new classes of generalized nonexpansive mappings were introduced by Suzuki [30]

in 2008, Garcia-Falset et al. [10] in 2011 and Patir et al. [22] in 2018 as stated in the following

definitions and proved fixed point theorems for their generalizations.

Definition 1.4 ([30]). Let K be a nonempty subset of the Banach space E and G : K −→ K.

Then G is said to satisfy condition (C) if for all x,y ∈ K

(1.5)
1
2
‖x−Gx‖ ≤ ‖x− y‖ → ‖Gx−Gy‖ ≤ ‖x− y‖ .

Suzuki (Propostion 1 and Proposition 2 of [30]) proved that the condition (C) is weaker than

nonexpansiveness and stronger than quasi-nonexpansiveness.

Definition 1.5 ([10]). Let K be a nonempty subset of the Banach space E and G : K −→ K.

Then G is said to satisfy condition (Cλ ), where λ ∈ (0,1), if for all x,y ∈ K

(1.6) λ ‖x−Gx‖ ≤ ‖x− y‖ → ‖Gx−Gy‖ ≤ ‖x− y‖ .

It was shown by Garcia-Falset et al. [10] that Condition (C) is a particular case of Condition

(Cλ ) with λ =
1
2
. Hence a nonexpansive self-mapping satisfies the condition (Cλ ) for each

λ ∈ (0,1).

Definition 1.6 ([22]). Let K be a nonempty subset of the Banach space E and G : K −→ K.

Then G is said to satisfy condition Bγ,µ if there exists γ ∈ [0,1], µ ∈ [0,
1
2
] with 2µ ≤ γ such

that for all x,y ∈ K

(1.7)

γ ‖x−Gx‖≤‖x− y‖+µ ‖y−Gy‖ → ‖Gx−Gy‖≤ (1−γ) ‖x− y‖+µ(‖x−Gy‖+‖y−Gx‖).

Patir et al. [22] constructed examples to justify that their generalization was more gen-

eral than that of Condition (C) and Condition (Cλ ). Both authors justified that the inclusions

were strict. In case Fix(T ) 6= /0, each of the conditions (C), (Cλ ) and Bγ,µ implies quazi-

nonexpansiveness of self-mapping G.

Suzuki [28] stated and proved the following characterization for two commuting nonexpan-

sive mappings.
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Proposition 1.7 ([28]). Let K be a closed convex subset of the Banach space E. Let G1,G2 :

K−→K be commuting nonexpansive mappings (i.e., G1◦G2 =G2◦G1). Let {xn} be a sequence

in K that converges strongly to some z ∈ K. If {αn} is a sequence in (0,
1
2
) converging to 0 such

that

(1.8) lim
n→∞

‖(1−αn)G1xn +αnG2xn− xn‖
αn

= 0,

then z is a common fixed point of G1 and G2.

In the same article Suzuki [28] extended Proposition 1.7 systematically from two to three and

then for a finite family of commuting nonexpansive mappings; and then proved the following

fixed point theorem.

Theorem 1.8 ([28]). Let K be a compact convex subset of a Banach space E. Let {Tn : n ∈ N}

be an infinite family of commuting nonexpansive mappings on K. Fix λ ∈ (0,1). Let {αn} be a

sequence in [0,
1
2
] satisfying

liminf
n→∞

αn = 0, limsup
n→∞

αn > 0, lim
n→∞

[αn+1−αn] = 0.

Define a sequence {xn} in K and
x1 ∈ K,

xn+1 = λ

(
1−

n−1

∑
k=1

α
k
n

)
T1xn +λ

n

∑
k=2

α
k−1
n Tkxn +(1−λ )xn, n = 1,2, ...

Then {xn} converges strongly to a common fixed point of {Tn : n ∈ N}.

Theorem 1.9 ([22]). Let K be a nonempty subset of the Banach space E. Let G be a self-

mapping and satisfies the condition Bγ,µ on K. For x0 ∈ K, let a sequence {xn} in K be defined

by;

(1.9) xn+1 = λGxn +(1−λ )xn,

where λ ∈ [γ,1)−{0}and n ∈ N∪{0}. Then ||Gxn− xn|| → 0 as n→ ∞.

Motivated by the above results we continue to develop more characterizations of general-

izations of nonexpansive mappings. By the help of the new characterizations we prove fixed
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point theorems for generalized nonexpansive mappings. The main source of inspiration for this

article are the works of Suzuki [28, 30], Patir et al.[22] and Thakur et al.[31].

2. PRELIMINARIES

We collect here basic concepts and technical lemmas from literature that can be used in the

proof of our main results.

Let K be a nonempty closed convex subset of a Banach space E and let G : K → K. A

sequence {xn} in K said to be almost fixed point sequence for G if

lim
n→∞
‖Gxn− xn‖= 0.

Definition 2.1 ([15]). A Banach space E is said to be uniformly convex, if for every ε,0 < ε ≤ 2

there exists a δ = δ (ε)> 0 such that

x,y ∈ B, ‖x‖ ≤ 1, ‖y‖ ≤ 1, & ‖x− y‖ ≥ ε implies
∥∥∥∥x+ y

2

∥∥∥∥≤ 1−δ .

One of the main characterization of uniformly convex spaces is the following.

Lemma 2.2 ([27]). Let E be a uniformly convex Banach space. Assume that 0 < b≤ tn ≤ c < 1,

n = 1,2,3, · · · . Let the sequences {xn} and {yn} in E be such that

limsup
n→∞

‖xn‖ ≤ ν , limsup
n→∞

‖yn‖ ≤ ν , and lim
n→∞
‖tnxn +(1− tn)yn‖= ν ,where ν ≥ 0.

Then

lim
n→∞
‖xn− yn‖= 0.

Lemma 2.3 ([1]). Let E be a uniformly convex Banach space and K be a nonempty closed

convex subset of E. Let G : K → E a mapping satisfying the condition Bγ,µ on K with

2µ ≤ γ, γ ∈ [0,1] and µ ∈ [0,
1
2
]. Then, for any ε > 0, there exists positive number M(ε) > 0

such that ‖x−Gx‖ < ε for all x ∈ co({x0,x1}), where x0,x1 ∈ K with ‖x0−Gx0‖ ≤M(ε) and

‖x1−Gx1‖ ≤M(ε).

Lemma 2.4. [1] Let E be a uniformly convex Banach space and K be a nonempty closed convex

bounded subset of E. Let G : K→ E a mapping satisfying the condition Bγ,µ on K with 2µ ≤

γ, γ ∈ [0,1] and µ ∈ [0,
1
2
]. Then, I−G is demiclosed on K.
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The following properties of a mapping that satisfies condition Bγ,µ were proved in 2018.

Lemma 2.5 ([22]). Let K be a nonempty subset of the Banach space E. Let G : K→ K satisfy

the condition Bγ,µ on K. Then, for all x,y ∈ K and for θ ∈ [0,1],

(i)
∥∥Gx−G2x

∥∥≤ ‖x−Gx‖ ,

(ii) at least one of the following ((a) and (b)) holds:

(a)
θ

2
‖x−Gx‖ ≤ ‖x− y‖,

(b)
θ

2

∥∥Gx−G2x
∥∥≤ ‖Gx− y‖.

The condition (a) implies

‖Gx−Gy‖ ≤ (1− θ

2
)‖x− y‖+µ(‖x−Gy‖+‖y−Gx‖)

and the condition (b) implies∥∥G2x−Gy
∥∥≤ (1− θ

2
)‖Gx− y‖+µ(‖Gx−Gy‖+

∥∥y−G2x
∥∥).

(iii) ‖x−Gy‖ ≤(3−θ)‖x−Gx‖+(1− θ

2
)‖x− y‖

+µ(2‖x−Gx‖+‖x−Gy‖+‖y−Gx‖+2||Gx−G2x||).

Lemma 2.6 ([22]). For a nonempty subset K of a Banach space E, let G : K→ E be a mapping

satisfying Bγ,µ condition. If p is a fixed point of G on K, then for all x ∈ K,

‖Gx− p‖ ≤ ‖x− p‖ .

3. MOTIVATION OF THE PROBLEM

Recently in 2023 the authors [Sangago et al. [26]] stated and proved the weakest form of

Proposition 1.7 for two commuting self-mappings satisfying the condition Bγ,µ . The proof of

the result is also included for sake of completeness because the article has been under review.

Lemma 3.1 ([26]). Let K be a closed convex subset of the Banach space E. Let G1,G2 : K−→K

be mappings satisfying the condition Bγ,µ , where 2µ < γ, with G1 ◦G2 = G2 ◦G1 on K. Let

{xn} be a sequence in K that converges strongly to some z ∈ K. If {αn} is a sequence in (0,
1
2
)

converging to 0 such that

(3.1) lim
n→∞
‖(1−αn)G1xn +αnG2xn− xn‖= 0,
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then z is a common fixed point of G1 and G2.

Proof. For n ∈ N it follows from (i) and (iii) of Lemma 2.5 that

‖z−G1xn‖ ≤ (3− γ)‖z−G1z‖+ 2− γ

2
‖z− xn‖

+µ
(
2‖z−G1z‖+‖z−G1xn‖+‖xn−G1z‖+2

∥∥G1z−G2
1z
∥∥)

≤ (3− γ +4µ)‖z−G1z‖+(1− γ)‖z− xn‖+µ ‖z−G1xn‖+µ ‖xn−G1z‖ .(3.2)

It follows from (3.2) that

(3.3) ‖z−G1xn‖ ≤
3− γ +4µ

1−µ
‖z−G1z‖+ 1− γ

1−µ
‖z− xn‖+

µ

1−µ
‖xn−G1z‖

Because {xn} is a bounded sequence, it follows from (3.3) that {G1xn} is a bounded sequence.

By similar argument we conclude that {G2xn} is also a bounded sequence.

For each n ∈ N it follows from triangle inequality that

(3.4) ‖(1−αn)G1xn +αnG2xn− xn‖ ≥ (1−αn)‖G1xn− xn‖−αn ‖xn−G2xn‖ .

Thus for each n ∈ N, we obtain from (3.4) that

(3.5) ‖G1xn− xn‖ ≤
1

1−αn
‖(1−αn)G1xn +αnG2xn− xn‖+

αn

1−αn
‖xn−G2xn‖ .

Using (3.1), the assumption an→ 0 as n→∞, and boundedness of the sequence {‖xn−G2xn‖},

it follows from (3.5) that

(3.6) lim
n→∞
‖G1xn− xn‖= 0.

To show that z is a fixed point of G1 we utilize (ii) of Lemma 2.5.

Case 1. There exists a strictly increasing sequence {nk}∞
k=1 of natural numbers such that

(3.7)
γ

2
‖xnk−G1xnk‖ ≤ ‖xnk− z‖ ∀k ∈ N.

It follows from Lemma 2.5 (ii)(a) and (3.7) that

‖G1z−G1xnk‖ ≤ (1− γ

2
)‖z− xnk‖+µ (‖z−G1xnk‖+‖xnk−G1z‖)

≤ (1− γ

2
+µ)‖z− xnk‖+2µ ‖xnk−G1xnk‖+µ ‖G1xnk−G1z‖ .(3.8)
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We get from (3.8) that

(3.9) ‖G1z−G1xnk‖ ≤
(1− γ

2 +µ)

1−µ
‖z− xnk‖+

2µ

1−µ
‖xnk−G1xnk‖ .

It follows from (3.6), (3.9) and convergence of {xn} to z that

(3.10) lim
k→∞

‖G1xnk−G1z‖= 0.

For each k ∈ N we have

(3.11) ‖z−G1z‖ ≤ ‖z− xnk‖+‖xnk−G1xnk‖+‖G1xnk−G1z‖ .

Using (3.6) and convergence of {xn} to z, and letting k→ ∞ in (3.11), we get

(3.12) G1z = z.

Therefore, z is a fixed point of G1.

Case 2. There exists a strictly increasing sequence {nk}∞
k=1 of natural numbers such that

(3.13)
γ

2

∥∥G1xnk−G2
1xnk

∥∥≤ ‖G1xnk− z‖ ∀k ∈ N.

It follows from Lemma 2.5[(i) & (ii)(b)] and (3.13) that

∥∥G1z−G2
1xnk

∥∥≤ (1− γ

2
)‖z−G1xnk‖+µ

(
‖G1z−G1xnk‖+

∥∥z−G2
1xnk

∥∥)(3.14)

≤ (1− γ

2
+3µ)‖xnk−G1xnk‖+(1− γ

2
+µ)‖xnk− z‖+µ

∥∥G2
1xnk−G1z

∥∥ .
We get from (3.14) that

(3.15)
∥∥G1z−G2

1xnk

∥∥≤ (1− γ

2 +µ)

1−µ
‖xnk−G1xnk‖+

(1− γ

2 +µ)

1−µ
‖xnk− z‖ .

It follows from (3.6), (3.15) and convergence of {xn} to z that

(3.16) lim
k→∞

∥∥G2
1xnk−G1z

∥∥= 0.

For each k ∈ N, it follows from repeated application of triangle inequality and Lemma 2.5(i)

that

‖z−G1z‖ ≤ ‖z− xnk‖+‖xnk−G1xnk‖+
∥∥G1xnk−G2

1xnk

∥∥+∥∥G2
1xnk−G1z

∥∥(3.17)

≤ ‖z− xnk‖+2‖xnk−G1xnk‖+
∥∥G2

1xnk−G1z
∥∥ .
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Using (3.6), (3.16), and letting k→ ∞ in (3.17), we get

G1z = z.

Therefore, z is a fixed point of G1.

We note that

(3.18) (G1 ◦G2)z = (G2 ◦G1)z = G2z.

For each n ∈ N we have

‖G2z− xn‖ ≤ ‖G2z− (1−αn)G1xn−αnG2)xn‖+‖(1−αn)G1xn +αnG2)xn− xn‖

≤ (1−αn)‖G2z−G1xn‖+αn ‖G2z−G2xn‖+‖(1−αn)G1xn +αnG2)xn− xn‖ .(3.19)

Because γ ‖G2z−G1(G2z)‖= 0≤ ‖G2z− xn‖+µ ‖xn−G1xn‖ , it follows from Bγ,µ condition

that

‖G2z−G1xn‖= ‖G1(G2z)−G1xn‖

≤ (1− γ)‖G2z− xn‖+µ [‖G2z−G1xn‖+‖xn−G2z‖]

≤ (1− γ +µ)‖G2z− xn‖+µ ‖G2z−G1xn‖ .(3.20)

It follows from (3.20) that

(3.21) ‖G2z−G1xn‖ ≤
(

1− γ +µ

1−µ

)
‖G2z− xn‖ .

We get from (3.19) and (3.21) that

(3.22)[
1− (1−αn)

(
1− γ +µ

1−µ

)]
‖G2z− xn‖≤αn ‖G2z−G2xn‖+‖(1−αn)G1xn +αnG2)xn− xn‖ .

Since ‖G2z−G2xn‖ is a bounded sequence, letting n→ ∞ in (3.22) we get

(3.23)
(

γ−2µ

1−µ

)
‖G2z− z‖ ≤ 0.

Because
γ−2µ

1−µ
> 0, we have G2z = z. Hence z is a common fixed point of G1 and G2. �
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Let K be a nonempty closed convex subset of a given Banach space E. Let µ ∈ [0,
1
2
] and

γ ∈ [0,1] such that 2µ ≤ γ. Let G1,G2 : K→ K be commutating mappings (that is; G1 ◦G2 =

G2 ◦G1,) satisfying the condition Bγ,µ . Let {αn}∞
n=0 be a sequence in

(
0,

1
2

)
and λ ∈ (γ,1).

Let us define a sequence {xn} in K by the iteration

(3.24)


x0 ∈ K

yn = (1−αn)G1xn +αnG2xn

xn+1 = λyn +(1−λ )xn, n = 0,1,2, · · ·

Lemma 3.2. If F =Fix(G1)∩Fix(G2) 6= /0, then the sequence {xn} defined in (3.24) is bounded.

Proof. Let p ∈ F. Then it follows from Lemma 2.6 that for each x ∈ K

‖G1x− p‖ ≤ ‖x− p‖ & ‖G2x− p‖ ≤ ‖x− p‖ .

Thus for each n = 0,1,2, · · · , we have

‖xn+1− p‖ ≤ λ ‖yn− p‖+(1−λ )‖xn− p‖

≤ λ [(1−αn)‖G1xn− p‖+αn ‖G2xn− p‖]+ (1−λ )‖xn− p‖

≤ λ [(1−αn)‖xn− p‖+αn ‖xn− p‖]+ (1−λ )‖xn− p‖

≤ λ ‖xn− p‖+(1−λ )‖xn− p‖

≤ ‖xn− p‖ .

Therefore, {‖xn− p‖} is a decreasing sequence, and so that {xn} is a bounded sequence. This

completes the proof. �

Motivated and inspired by the above results we further investigate and generalize Lemma

3.1 to countably many family of mappings satisfying the condition Bγ,µ . We also prove the

convergence of some iterative algorithms to common fixed points of such mappings with mild

assumptions on the parameters.

Methodology: Well developed analytic as well as fixed point theoretical methods to



12 G. A. TADESSE, M. G. SANGAGO, R. TSHELAMETSE

prove our results are implemented. Mainly the key existing methods in the literature to prove

our results are taken from [22, 26, 27, 28] and references therein.

4. MAIN RESULTS

It is mainly the purpose of this section to state and prove the generalizations we make on the

main results of Suzuki [28] for countably many commuting mappings satisfying Bγ,µ . More-

over, we prove the convergence of an iterative algorithm to a common fixed point of these

mappings.

4.1. Proofs of Technical Lemmas.

Let us start with three mappings satisfying the condition Bγ,µ .

Lemma 4.1. Let K be a nonempty closed convex subset of a Banach space E. Let G1,G2 and

G3 be commuting mappings satisfying the condition Bγ,µ , where 2µ < γ, on K. Let {αn} be a

sequence in (0,
1
2
) converging to 0, and let {xn} be a sequence in K that converges strongly to

some z ∈ K and satisfies

(4.1) lim
n→∞

∥∥(1−αn−α
2
n )G1xn +αnG2xn +α

2
n G3xn− xn

∥∥= 0.

Then z is a common fixed point of G1,G2 and G3.

Proof. For each n ∈ N, it follows from (i) and (iii) of Lemma 2.5 that

‖z−G1xn‖ ≤ (3− γ)‖z−G1z‖+ 2− γ

2
‖z− xn‖

+µ
(
2‖z−G1z‖+‖z−G1xn‖+‖xn−G1z‖+2

∥∥G1z−G2
1z
∥∥)

≤ (3− γ +4µ)‖z−G1z‖+(1− γ)‖z− xn‖+µ ‖z−G1xn‖+µ ‖xn−G1z‖ .(4.2)

It follows from (4.2) that

(4.3) ‖z−G1xn‖ ≤
3− γ +4µ

1−µ
‖z−G1z‖+ 1− γ

1−µ
‖z− xn‖+

µ

1−µ
‖xn−G1z‖

Because {xn} is a bounded sequence, it follows from (4.3) that {G1xn} is a bounded sequence.

By similar argument we conclude that both sequences {G2xn} and {G3xn} are also bounded.

For each n ∈ N, we get by applying the triangle inequality that

‖(1−αn)G1xn +αnG2xn− xn‖ ≤
∥∥(1−αn−α

2
n )G1xn +αnG2xn +α

2
n G3xn− xn

∥∥(4.4)
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+α
2
n ‖G1xn−G3xn‖ .

It follows from (4.4), αn→ 0, and boundedness of the sequences {G1xn}, {G2xn} and {G3xn}

that

(4.5) lim
n→∞
‖(1−αn)G1xn +αnG2xn− xn‖= 0.

Thus it follows from Lemma 3.1 that z is a common fixed point of G1 and G2.

For each n ∈ N, it follows from simple triangle inequality that

‖(1−αn)G1xn +αnG3xn− xn‖ ≤
∥∥(1−αn−α

2
n )G1xn +αnG2xn +α

2
n G3xn− xn

∥∥(4.6)

+αn ‖αnG1xn−G2xn +(1−αn)G3xn‖ .

It follows from (4.6), αn→ 0, and boundedness of the sequences {G1xn}, {G2xn} and {G3xn}

that

(4.7) lim
n→∞
‖(1−αn)G1xn +αnG3xn− xn‖= 0.

Thus it follows from (4.7) and Lemma 3.1 that z is a common fixed point of G1 and G3. Hence

z ∈ Fix(G1)∩Fix(G2)∩Fix(G3).

This completes the proof. �

Now we prove for finitely many commuting self mappings satisfying the condition Bγ,µ in

the following proposition.

Lemma 4.2. Let K be a nonempty convex closed subset of a uniformly convex Banach space E.

Let G1,G2, · · · ,Gm, m ∈N be commuting self mappings satisfying the condition Bγ,µ on K with

µ ∈ [0,
1
2
],γ ∈ [0,1] such that 2µ < γ . Let {xn} be a sequence in K converging strongly to some

z ∈ K. If {αn} is a sequence in (0,
1
2
) converging to 0 such that

(4.8) lim
n→∞

∣∣∣∣∣∣(1−
m−1

∑
i=1

α
i
n

)
G1xn +

m

∑
i=2

α
i−1
n Gixn− xn

∣∣∣∣∣∣= 0,

then z is a common fixed point of G1,G2, · · · ,Gm.
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Proof. It follows from the proof of Lemma 4.1 that the sequences {G1xn}, {G2xn}, · · · ,{Gmxn}

are bounded. Let j ∈ {2,3, ...,m}. Then For each n ∈ N, it follows from triangle inequality that

∥∥(1−αn)G1xn +αnG jxn− xn
∥∥≤∥∥∥∥∥

(
1−

m−1

∑
i=1

α
i
n

)
G1xn +

m

∑
i=2

α
i−1
n Gixn− xn

∥∥∥∥∥(4.9)

+αn

∥∥∥∥∥m−1

∑
i=2

α
i−1
n G1xn−

m

∑
i=2

α
i−1
n Gixn +G jxn

∥∥∥∥∥ .
It follows from (4.9), αn→ 0, and boundedness of the sequences {G1xn}, {G2xn}, · · · ,{Gmxn}

that

(4.10) lim
n→∞

∥∥(1−αn)G1xn +αnG jxn− xn
∥∥= 0.

Thus it follows from (4.10) and Lemma 3.1 that z is a common fixed point of G1 and G j.

Therefore,

z ∈
m⋂

i=1

Fix(Gi).

This completes the proof. �

Now we prove for infinitely many commuting self mappings satisfying the condition Bγ,µ in

the following Lemma.

Lemma 4.3. Let K be a nonempty bounded convex closed subset of a uniformly convex Banach

space E. Let {Gm}∞
m=1 be a sequence of commuting self mappings satisfying the condition Bγ,µ

on K with µ ∈ [0,
1
2
],γ ∈ [0,1] such that 2µ < γ . Let {xn} be a sequence in K converging

strongly to some z ∈ K. If {αn} is a sequence in (0,
1
2
) converging to 0 such that

(4.11) lim
n→∞

∥∥∥∥∥
(

1−
∞

∑
m=1

α
m
n

)
G1xn +

∞

∑
m=2

α
m
n Gmxn − xn

∥∥∥∥∥= 0,

then z is a common fixed point of the sequence {Gm}∞
m=1.

Proof. Put δ = sup
x,y∈K

‖x− y‖ . For each k = 2,3,4, · · · , it follows from simple triangle inequality

that

‖(1−αn)G1xn +αnGkxn− xn‖ ≤

∥∥∥∥∥
(

1−
∞

∑
m=1

α
m
n

)
G1xn +

∞

∑
m=2

α
m
n Gmxn− xn

∥∥∥∥∥
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+

∥∥∥∥∥ ∞

∑
m=2

α
m
n G1xn−

∞

∑
m=2

α
m
n Gmxn +αnGkxn

∥∥∥∥∥
≤

∥∥∥∥∥
(

1−
∞

∑
m=1

α
m
n

)
G1xn +

∞

∑
m=2

α
m
n Gmxn− xn

∥∥∥∥∥
+

∞

∑
m=2

α
m
n ‖G1xn−Gmxn‖+αn ‖Gkxn‖

≤

∥∥∥∥∥
(

1−
∞

∑
m=1

α
m
n

)
G1xn +

∞

∑
m=2

α
m
n Gmxn− xn

∥∥∥∥∥
+αnδ

(
1+

∞

∑
m=1

α
m
n

)

=

∥∥∥∥∥
(

1−
∞

∑
m=1

α
m
n

)
G1xn +

∞

∑
m=2

α
m
n Gmxn− xn

∥∥∥∥∥+ αn

1−αn
δ(4.12)

By letting n→ ∞ we get from (4.11) and (4.12) that

(4.13) lim
n→∞
‖(1−αn)G1xn +αnGkxn − xn‖= 0.

Thus it follows from (4.13) and Lemma 3.1 that z is a common fixed point of G1 and Gk.

Therefore,

z ∈
∞⋂

k=1

Fix(Gk).

This completes the proof. �

Remark 4.4. The boundedness condition imposed on K in Lemma 4.3 is equivalent to stating

∞⋂
k=1

Fix(Gk) 6= /0.

4.2. Fixed Point Theorems.

By using the technical lemmas proved above we propose iterative algorithms and prove their

convergence to a common fixed point of a given family of self mappings.

Let K be a nonempty closed convex subset of a given Banach space E. Let µ ∈ [0,
1
2
] and

γ ∈ [0,1] such that 2µ ≤ γ . Let G1,G2 and G3 be commuting self mappings satisfying the

condition Bγ,µ on K. Let {αn} be a sequence in (0,
1
2
) and λ ∈ (γ,1). Let us define a sequence
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{xn} in K by the iteration

(4.14)


x0 ∈ K

yn = (1−αn−α
2
n )G1xn +αnG2xn +α

2
n G3xn

xn+1 = λyn +(1−λ )xn,n = 0,1,2, · · · .

Lemma 4.5. If F = Fix(G1)∩Fix(G2)∩Fix(G3) 6= /0, then the sequence {xn} defined by (4.14)

is bounded.

Proof. Let p ∈ F . Then it follows from Lemma 2.6 that for each x ∈ K,

(4.15) ‖Gix− p‖ ≤ ‖x− p‖ , i = 1,2,3

For each n = 0,1,2, · · · applying (4.15) yields

‖xn+1− p‖ ≤ λ ‖yn− p‖+(1−λ )‖xn− p‖

≤ λ
[
(1−αn−α

2
n )‖G1xn− p‖+αn ‖G2xn− p‖+α

2
n ‖G3xn− p‖

]
+(1−λ )‖xn− p‖

= ‖xn− p‖ .

Therefore, {‖xn− p‖} is a decreasing sequence, and hence {xn} is a bounded sequence. �

Lemma 4.6. Let E be a uniformly convex Banach space and K be a non-empty closed convex

subset of E. Let G1,G2 and G3 be commuting self mappings satisfying the condition Bγ,µ , where

γ ∈ [0,1],µ ∈ [0,
1
2
] such that 2µ < γ on K. Suppose that F =

3⋂
i=1

Fix(Gi) 6= /0. Let {αn} be a

sequence in (0,
1
2
) converging to 0 and λ ∈ (γ,1). Then, for each x0 ∈ K, the sequence {xn}

defined by (4.14) satisfies

lim
n→∞

∥∥(1−αn−α
2
n )G1xn +αnG2xn +α

2
n G3xn− xn

∥∥= 0.

Proof. Let p ∈ F . Put wn = yn− p and zn = xn− p. It follows from Lemma 4.5 that for some

ν ≥ 0,

lim
n→∞
‖zn‖= lim

n→∞
‖xn− p‖= ν .(4.16)

limsup
n→∞

‖wn‖= limsup
n→∞

‖yn− p‖ ≤ ν .(4.17)
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lim
n→∞
‖(1−λ )wn +λ zn‖= lim

n→∞
‖xn+1− p‖= ν(4.18)

It follows from (4.16), (4.17), (4.18) and Lemma 2.2 that

lim
n→∞
‖wn− zn‖= 0,

and so that

lim
n→∞

∥∥(1−αn−α
2
n )G1xn +αnG2xn +α

2
n G3xn− xn

∥∥= lim
n→∞
‖wn− zn‖= 0.

This completes the proof. �

For a nonempty compact convex subset K of a uniformly convex Banach space E, we have

the following fixed point result.

Theorem 4.7. Let K be a nonempty compact convex subset of a uniformly convex Banach space

E. Let G1,G2 and G3 be commuting self mappings satisfying the condition Bγ,µ , where γ ∈

[0,1],µ ∈ [0,
1
2
] such that 2µ < γ on K and F =

3⋂
i=1

Fix(Gi) 6= /0. Let {αn} be a sequence

in (0,
1
2
) converging to 0 and λ ∈ (γ,1). For x0 ∈ K the sequence {xn}∞

n=0 defined by (4.14)

converges strongly to a common fixed point of G1,G2 and G3.

Proof. It follows from Lemma 4.5 that the sequence {xn} is bounded. Since K is compact, there

is a subsequence {xn j} of {xn} such that for some p ∈ K

(4.19) lim
j→∞

xn j = p.

It follows from Lemma 4.6 that

(4.20) lim
j→∞

∥∥∥(1−αn j −α
2
n j
)G1xn j +αn jG2xn j +α

2
n j

G3xn j − xn j

∥∥∥= 0.

It follows from Lemma 4.1 that p is a common fixed point of G1,G2 and G3; that is, p ∈ F . The

proof of Lemma 4.5, (4.19) and (4.20) give us that

lim
n→∞
‖xn− p‖= lim

j→∞

∥∥xn j − p
∥∥= 0.

Therefore, {xn} converges strongly to a common fixed point of G1,G2 and G3. �
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Let K be a non-empty closed convex subset of a given Banach space E. Let γ ∈ [0,1],µ ∈

[0,
1
2
] such that 2µ < γ. Let G1,G2, · · · ,Gm, m∈N be a finitely many commuting self mappings

satisfying the condition Bγ,µ on K. Let {αn} be a sequence in (0,
1
2
) and λ ∈ (γ,1). Define a

sequence {xn} in K by

(4.21)



x0 ∈ K

yn =
(

1−
m−1

∑
k=1

α
k
n

)
G1xn +

m

∑
k=2

α
k−1
n Gkxn

xn+1 = λyn +(1−λ )xn, n = 0,1,2, · · · .

Lemma 4.8. If F =
m⋂

i=1

Fix(Gi) 6= /0, then the sequence {xn} defined by (4.21) is bounded.

Proof. Let p ∈ F . Then it follows from Lemma 2.2 that for each x ∈ K,

(4.22) ‖Gixn− p‖ ≤ ‖xn− p‖ for i = 1,2, · · · ,m

By using (4.22) and repeated application of triangle inequality, for each n = 0,1,2, · · · , we have

‖xn+1− p‖ ≤ λ ‖yn− p‖+(1−λ )‖xn− p‖(4.23)

≤ λ

[(
1−

m−1

∑
k=1

α
k
n

)
‖G1xn− p‖+

m

∑
k=2

α
k−1
n ‖Gkxn− p‖

]
+(1−λ )‖xn− p‖

≤ ‖xn− p‖ .

Therefore, {‖xn− p‖} is a decreasing sequence and so that {xn} is a bounded sequence. �

Lemma 4.9. Let E be a uniformly convex Banach space and K a non-empty closed convex

subset of E. Let G1,G2, · · · ,Gm : K −→ K be commuting mappings satisfying the condition

Bγ,µ on K, µ ∈ [0,
1
2
], γ ∈ [0,1] and 2µ < γ . Suppose that F =

m⋂
i=1

Fix(Gi) 6= /0. Let {αn} be

a sequence in (0,
1
2
) converging to 0 and λ ∈ (γ,1). Then, for each x0 ∈ K, the sequence {xn}

defined by (4.21) satisfies

(4.24) lim
n→∞

∥∥∥∥∥
(

1−
m−1

∑
k=1

α
k
n

)
G1xn +

m

∑
k=2

α
k−1
n Gkxn− xn

∥∥∥∥∥= 0.
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Proof. Let p ∈ F . Put wn = yn− p and zn = xn− p. Then by Lemma 4.8

(4.25) lim
n→∞
‖zn‖= lim

n→∞
‖xn− p‖= ν

for some nonnegative real number ν . We note that by Lemma 2.6

(4.26) limsup
n→∞

‖wn‖= limsup
n→∞

‖yn− p‖ ≤ lim
n→∞
‖xn− p‖= ν .

Moreover,

(4.27) lim
n→∞
‖(1−λ )wn +λ zn‖= lim

n→∞
‖(1−λ )(yn− p)+λ (xn− p)‖= lim

n→∞
‖xn+1− p‖= ν .

It follows from (4.25), (4.26), (4.27) and Lemma 2.2 that

lim
n→∞
‖wn− zn‖= 0,

and so that (4.24) holds. �

Now we are in a position to state and prove a fixed point theorem.

Theorem 4.10. Let K be a nonempty compact convex subset of a uniformly convex Banach

space E and m ∈N. Let G1,G2, · · · ,Gm be commuting self mappings on K satisfying the condi-

tion Bγ,µ , where γ ∈ [0,1], µ ∈ [0,
1
2
] such that 2µ < γ. Assume that F =

m⋂
i=1

Fix(Gi) 6= /0. Let

{αn} be a sequence in (0,
1
2
) converging to 0 and λ ∈ (γ,1). Then for each x0 ∈ K the sequence

{xn}∞
n=0 in K defined by (4.21) converges strongly to a point p ∈ F.

Proof. It follows from Lemma 4.8 that the sequence {xn} is bounded. By the compactness of

K, there is a subsequence {xn j} of {xn} such that for some p ∈ K

(4.28) lim
j→∞

xn j = p.

By Lemma 4.9 we have

(4.29) lim
j→∞

∥∥∥∥∥(1−m−1

∑
k=1

α
k
n j
)G1xn j +

m

∑
k=2

α
k−1
n j

Gkxn j − xn j

∥∥∥∥∥= 0.
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The hypotheses of Lemma 4.2 are all fulfilled as indicated in (4.28) and (4.29). Therefore, p

is a common fixed point of G1,G2, · · · ,Gm; that is, p ∈ F. The proof of Lemma 4.8 and (4.28)

imply that

(4.30) lim
n→∞
‖xn− p‖= lim

j→∞

∥∥xn j − p
∥∥= 0.

By (4.30) the sequence {xn}∞
n=0 converges strongly to p ∈ F. This completes the proof. �

Let us discuss the infinite cases. Let K be a nonempty bounded convex closed subset of

the Banach space E. Let γ ∈ [0,1],µ ∈ [0,
1
2
] such that 2µ < γ. Let {Gk}∞

k=1 be a sequence of

commuting self mappings satisfying the condition Bγ,µ on K. Let {αn} be a sequence in (0,
1
2
)

and λ ∈ (γ,1). Define a sequence {xn} in K by

(4.31)



x0 ∈ K

yn =

(
1−

∞

∑
k=1

α
k
n

)
G1xn +

∞

∑
k=2

α
k
nGkxn

xn+1 = λyn +(1−λ )xn, n = 0,1,2, · · · .

Lemma 4.11. Let E be a uniformly convex Banach space and K a nonempty bounded convex

closed subset of E. Let {Gk}∞
k=1 be a sequence of commuting mappings satisfying the condition

Bγ,µ on K, µ ∈ [0,
1
2
], γ ∈ [0,1] and 2µ < γ. Assume that F =

∞⋂
k=1

Fix(Gk) 6= /0. Let {αn} be

a sequence in (0,
1
2
) converging to 0 and λ ∈ (γ,1). Then, for each x0 ∈ K, the sequence {xn}

defined by (4.31) satisfies

(4.32) lim
n→∞

∥∥∥∥∥
(

1−
∞

∑
k=1

α
k
n

)
G1xn +

∞

∑
k=2

α
k−1
n Gkxn− xn

∥∥∥∥∥= 0.

Proof. Let p ∈ F . It follows from Lemma 2.2 that for each n = 0,1,2, · · ·

‖xn+1− p‖ ≤ λ ‖yn− p‖+(1−λ )‖xn− p‖

≤ λ

(
1−

∞

∑
k=1

α
k
n

)
‖G1xn− p‖+λ

∞

∑
k=2

α
k−1
n ‖Gkxn− p‖+(1−λ )‖xn− p‖

≤ ‖xn− p‖ .
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Thus {‖xn− p‖}∞
n=1 is a decreasing sequence and so for some ν ≥ 0

(4.33) lim
n→∞
‖xn− p‖= ν .

Put wn = yn− p and zn = xn− p. By referring to Lemma 2.6 and (4.33) we get

limsup
n→∞

‖yn− p‖ ≤ limsup
n→∞

[(
1−

∞

∑
k=1

α
k
n

)
‖G1xn− p‖+

∞

∑
k=2

α
k−1
n ‖Gkxn− p‖

]
(4.34)

≤ limsup
n→∞

‖xn− p‖

= ν .

Moreover,

(4.35) limsup
n→∞

‖(1−λ )wn +λ zn‖ ≤ limsup
n→∞

[(1−λ )‖yn− p‖+λ ‖xn− p‖]≤ ν .

It follows from (4.33), (4.34), (4.35) and Lemma 2.2 that

lim
n→∞
‖wn− zn‖= 0,

and so that (4.32) holds. �

Let us state and prove a fixed point theorem.

Theorem 4.12. Let K be a nonempty compact convex subset of a uniformly convex Banach

space E and m∈N. Let {Gk}∞
k=1 be a sequence of commuting self mappings on K satisfying the

condition Bγ,µ , where γ ∈ [0,1], µ ∈ [0, 1
2
] such that 2µ < γ. Assume that F =

∞⋂
k=1

Fix(Gk) 6= /0.

Let {αn} be a sequence in (0,
1
2
) converging to 0 and λ ∈ (γ,1). Then for each x0 ∈ K the

sequence {xn}∞
n=0 in K defined by (4.31) converges strongly to a point p ∈ F.

Proof. By the compactness of K, there is a subsequence {xn j} of {xn} such that for some p ∈ K

(4.36) lim
j→∞

xn j = p.

By Lemma 4.11 we have

(4.37) lim
j→∞

∥∥∥∥∥
(

1−
∞

∑
k=1

α
k
n j

)
G1xn j +

∞

∑
k=2

α
k−1
n j

Gkxn j − xn j

∥∥∥∥∥= 0.
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The hypotheses of Lemma 4.3 are satisfied by (4.36) and (4.37). Therefore, p is a common

fixed point of G1,G2, · · · ; that is, p ∈ F. The proof of Lemma 4.11 and (4.36) imply that

(4.38) lim
n→∞
‖xn− p‖= lim

j→∞

∥∥xn j − p
∥∥= 0.

By (4.38) the sequence {xn}∞
n=0 converges strongly to p ∈ F. This completes the proof. �

5. CONCLUSION

In this paper, we have extended the Suzuki’s[28] approach of fixed point searching for non-

expansive mappings to mappings satisfying the condition Bγ,µ introduced by Patir et al. [22]. In

other words, we brought together both the Suziki’s strong nonexpansive mappings and the Patir

et al. [22] condition Bγ,µ under the same iteration process. Under the resulted iteration process,

we proved the approximation of a common fixed point of a sequence of mappings satisfying the

weaker condition Bγ,µ .
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