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Abstract. In this research, we define (A, 6)-enriched multivalued contraction and A-enriched multivalued nonex-
pansive mapping on a double controlled metric type space and propose some fixed point results for these introduced
contractions. An example is given to support our proposed results. Also, we solve a problem of differential inclu-
sion, which may be used to model controlled systems with discontinuities, as an application.
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1. INTRODUCTION

In 1922, Banach [3] proved an important result for fixed point theory, which is known as the
Banach contraction principle. The result states that a contraction self-mapping on a complete
metric space (MS) has a unique fixed point. Because to its wide applicability, the result was

extended and generalized in various ways (see, for instance [10, 14, 16, 17], and references
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therein). In 1969, Nadler [13] gave a popular and significant generalization by defining a mul-
tivalued mapping using Pompeiu-Hausdorff metric on a compact and bounded subset, which is
useful in economics, differential equations, convex optimization, control theory, and so on. It
is interesting to mention that translating a real-world problem into a fixed point problem is a
suitable technique to find a subsequent solution.

In past few years, the study of enriched multivalued contractions has gained substantial at-
tention due to its wide-ranging implications in various fields of mathematics and its diverse
applications in real-world problems. The concept of enriched contractions, as introduced by
Berinde ([4, 5]), has provided a significant framework for investigating the dynamics of nonlin-
ear mappings and has been instrumental in the analysis of fixed point theory and related mathe-
matical structures. This idea was subsequently exptended by Abbas et al. [1] to (A, 6)-enriched
and A-enriched multivalued nonexpansive mappings. In the context of convex MSs, Rawat et
al. [15] proposed interpolative enriched contractions of the Kannan type, Hardy-Rogers type,
and Matkowski type using the technique of enrichment of mappings on existing interpolative
contractions.

In 1993, the notion of a h-MS was introduced by Czerwik [9], as a generalization of MS.
To enlarge the notion of »-MS, Kamran et al. [11] proposed the concept of an extended b-MS
in 2017. Mlaiki et al. [12] proposed a novel type of controlled metric type space (CMS) as an
extension of extended b-MS in 2018. Another generalisation of MS known as double controlled
metric type space (DCMS) was initiated by Abdeljawad et al. [2] in the same year. This
extension has been shown to be particularly useful in the investigation of various properties of
MSs, offering a broader perspective for understanding the underlying geometric and topological
characteristics.

Motivated by the significant developments in the respective fields of enriched multivalued
contractions and DCMSs, this research article aims to bridge the gap between these two crit-
ical areas of study. By exploring the intricate relationship between enriched multivalued con-
tractions and the DCMSs, we seek to provide a comprehensive understanding of the interplay

between these two fundamental concepts. Furthermore, we intend to showcase the practical
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implications of this theoretical framework through an application to differential inclusion prob-
lem, which may be used to model controlled systems with discontinuities that highlights the
applicability of our research in addressing real-world challenges.

Inspired by these results, we extend the work of Abbas et al. [1] and establish novel mul-
tivalued fixed point conclusions for (A4, 0)-enriched multivalued contraction and a A-enriched
multivalued nonexpansive mapping in the environment of DCMSs. Some nontrivial illustra-
tions are provided to indicate the relevance of newly obtained conclusions. Also, an application

to find the solutions to problem of differential inclusions is provided to vindicate our claims.

2. PRELIMINARIES

Definition 1. [12] Let A # ¢ and v* : Ax A — [0,0), 0 : A x A — [1,00) be mappings. If for
abceqd,

(i) 0 <v*(a,b) and v*(a,b) = 0 if and only ifa = b;

(ii) v*(a,b) = v*(b,a);

(iii) ¥ (a,b) < o(a,0)v"(a,¢) + o(¢,b)0" (¢,b).
Then, (A,3*,0) is said to be a CMS.

Definition 2. [2] Let A # ¢ andv* : Ax A — [0,00) and o, : A X A — [1,00) be non-comparable
functions. If for a,b,c € G,

(i) 0 <v*(a,b) and v*(a,b) = 0 if and only if a = b;

(ii) v*(a,b) = v*(b,a);

(iii) v*(a,b) < a(a,0)v*(a,¢) + B(¢,b)d*(¢,b).
Then, (A,3*, o, B) is said to be a DCMS.

We see that if o¢(a,b) = B(a,b),V a,v € 4, then a DCMS is simply a CMS. Also, if o(a,b) =
B(a,b) =1,V a,b € 4, then a DCMS reduces to a MS.

Definition 3. [2] Ler (4,2, &, B) be a DCMS and {ay} be a sequence in A. Then
(1) {ap} C @ converges to a point a* if limy_,o. 0" (ay,a%) = 0.

(2) {ap} C Qis Cauchy if for each € > 0, there exists a natural number Ng € N satisfying

v (ap,a9) < €, where q,p > Ng.
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(3) (A", a0, B) is complete if every Cauchy sequence in 4 is convergent.

Definition 4. [13] Let CB(@) be the collection of all nonempty, bounded and closed subsets of
a MS (A,v*). Then H : CB(4) x CB(A) — [0,00), which is a symmetric functional, such that

HR,9) =max{D(R,9),D(5,R)},

where D(R,9) = suphin;tfk (a,b), for all R,S € CB(Q), is known as the Pompeiu-Hausdorff
acR ve
metric.

If we have Hausdorff metric H(®,%) = 0, then ® and $ have same closure.

Definition 5. [18] Ler @ = (A;,0]) and B = (A3,05) be two MSs. Let A be the set of bounded

and continuous functions f: A — B. Let v* : A x A — [0,0) be defined as

v*(f,8) = supdy(f(x),8(x)), f,8 € A.

XEA]|
Then, the metric v* is known as the supremum metric on 4.

Definition 6. [13] Let (@,0]) and (3,v5) be two MSs. A function f : @ — CB(38) is a multivalued

Lipschitz mapping if
H(f(a1), f(a2)) < kvj(ar,a2), forall ay,a; € 4,

where k > 0 is a fixed real number known as the Lipschitz constant. If k < 1, then f is a

multivalued contraction.

Definition 7. [13] An element a € @ is known as a fixed point for a given multivalued mapping

f:4—CB(Q), ifac f(a).

Theorem 2.1. [13] If f : @ — CB(Q) is a multivalued contraction on a complete MS (A,2"),

then f admits a fixed point.

Lemma 2.2. [13] Let A, B € CB(Q), where (4,v") is a MS. Then, for every € >0 and a € A there

exists an element b € B satisfying

v"(a,b) <H(A,B) +¢.
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Lemma 2.3. [7] Let A,B C 4, where (A,3%) is a MS and k > 1. Then there is an element b

belonging to the set B for every a € A satisfying
v*(a,b) <kH(A,B).

Lemma (2.2) and (2.3) hold for the space defined in Definition 2 also. Abbas et al. [1] defined

the following multivalued versions of enriched contraction in a standard MS.

Definition 8. [1] Ler (@,]|.]|) be a linear normed space and there exist A € [0,00) and 6 €
[0,A + 1). A multivalued mapping f : @ — CB(Q) is known as an

(a) enriched multivalued contraction if
H(Aa+ f(a),Ab+ f(b)) < 6||a—b|| for all a,b € Q.
(b) enriched multivalued nonexpansive mapping if
H(Aa+ f(a),Ab+ f(b)) < (A +1)||la—b]| foralla,be Q.

We also call f, as defined in (a) and (b), a (A, 0)-enriched multivalued contraction and M-

enriched multivalued nonexpansive mapping, respectively.

Remark 2.4. [1] Let 4 be a linear space and A is a convex subset of 4. Let f : A — CB(Q) be
a mapping. For o € (0,1), define fo : 4 — CB(Q) as

fo(x)=(1—0)x+ ofx.
Then, Fix(fy) = Fix(f).

Definition 9. [8] If f : @ — @ is a self-mapping on a MS (A,3%). The orbit of f at a is defined
as O(a, f) = { @) :p=0,1,2,....}
3. MAIN RESULTS

We define a multivalued contraction condition for DCMSs as follows.

Definition 10. A mapping f : @ — CB(Q), defined on a DCMS (4,2, o, B), is a multivalued

contraction if

1) H(f(a), f(b)) < 00" (a,b), forall a,b € @,
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where 0 € (0,1) is a fixed real number.

Theorem 3.1. Let f: @ — CB(Q) be a multivalued contraction on a complete DCMS
(@, a,B). Suppose

o(8i41,9i12).p (841,49 1
sup lim (@i11,8i+2)-Bai1,89) _ L
g>i e o (a;,8i41) 6

where limy_,., 0t(a,8y) and limy_... B(a,ay) exists, V a € A. Then, f admits a fixed point.

Proof. Let ap € 4 be arbitrary, then f(ap) # ¢. Choose a; € f(a9), then for 6 € (0,1), there

exists an ay € f(ay), satisfying
v (ag,a1) <H(f(a), f(a0)) + 6
< 6v*(ay,a0) + 6.
Similarly, there exists an a3 € f(ay) satisfying
v (a3,) < H(f(a2), f(a)) + 67
< 0%d(ay,a0) +26°.
Proceeding in this manner, we obtain 4y € f(ay) and 6* € (0, 1), satisfying
v (apy1,8p) < H(f(ap), f(ap-1)) + 6*
< 0% v*(ay,a0) +pOo°.

Claim: {ay} is a Cauchy sequence.

For g > p, we have
0" (ap,dq) < O(ap,dp 1 )" (dp, A1) + B (dp1,89)0" (ap+1,dg).
Again, applying the triangle inequality on v*(ay41,4q), We get
0" (ap, dg)
< (g, ap1)0" (ap, dpr1) + B (ap41,g) (O (a1, p42)0" (a1, 8p42) + B (ap12, )" (ap+2,4g))
= ot(ap, ap 10" (ap, ap1) + B (ap11,ag). 0t (ap 1, 8p12)0" (a1, 3p2)

+ B(apr1,89)-B(api2,89)0" (ap12,a9))
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Continuing in a similar manner, we obtain

" (ap,2q) < ot(ap,ap1)0" (ap,ap11)

-2 g—1
+ Y 1 Baj,aq)ocaaie )0 (i, ai1) + [T Blax,ag)d (ag,a4-1)
i=p 1 j=p+1 k=p+1

< o(ap,ap )0 (ap,apr1)+ Y, [ Blajaq)or(ai, i) (aiair1)
i=pt1 j=pt1

< aap,ap 1 0 @p,apr1) + Y, [ B(ajaq)o(a,aip )0 (a7,ai11)
i=p+1j=0

< ou(ap,ap+1)(6" +pOP) v* (ap,a1) + Z HB aj,a0)0(a;,a;11) (0" +i0") v*(ag,a1)
i=p+1 j=

Now, by ratio test the series Sq = Z (9’ +i6") (H}zoﬁ (aj,a))0(a;,8,41) converges if

o(a.1,802).B (81,4 1
sup lim (8i+1,8i12) Bair1,8) 1
=i e o(a;,a;11) 6

Letting g,p — oo, we obtain

lim " (ap3y) = .

This gives that {ay} is a Cauchy sequence in 4. The completeness of @ implies that there
exists an element a* in @ such that limp_,..ay = a*. f is continuous according to the contraction

condition and also a, € f(ag_1), therefore a* € f(a*), i.e., a* is a fixed point of f. O

Next, following Abbas et al. [1], we define (A, 0)-enriched multivalued contraction as well

as enriched multivalued nonexpansive mappings in DCMSs.

Definition 11. Fora,b € A, A € [0,00), and 6 € [0,A + 1), a multivalued mapping f : @ — CB(Q)
on DCMS (A", a,B) is an

(a) enriched multivalued contraction if
(2) H(Aa+ f(a), Ab+ f(b)) < 0 2"(a,b),
(b) enriched multivalued nonexpansive mapping if

3) H(Aa+ f(a), Ab+ £(B)) < (A +1) v*(a,b).
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We also call f, defined in (a) and (b), a (A,0)-enriched multivalued contraction and a A-
enriched multivalued nonexpansive mapping in a DCMS, respectively to emphasize the involved

constants.

Noticeably, for 6 € [0,1),(2) reduces to Nadler’s [13] contraction. In other words, we can
say that any multivalued contraction [13] is (0, 6)-enriched multi-valued contraction. Also, each

multivalued nonexpansive mapping is a (0, 0)-enriched multivalued nonexpansive mapping.

Theorem 3.2. Let f : @ — CB(Q) be a (A, 0)-enriched multivalued contraction defined on a
DCMS (4,v*,a,B). Then,

(i) Fix(f) # 0,

(ii) there exists an fy-orbital sequence {ay} around the initial point a9 € @ converging to the
fixed point a* of f, if

o (3i11,i+2)-B(3i11,4g) <l

4) sup lim )
q>€) i—eo o(a;,ai41) u
ab 1
where L = T for a>1, 0= LT limy_eo ct(a,ay) exists and limy_,.. B (a,ay) exists. Pro-

vided that for ag € 4, the fy-orbital subset O(fy,da0) is a complete subset of Q.

Proof. We have two subsequent cases:

1

Casel: Take?t>0anda)——1 So,0< w < 1and

_'_
<——1)a+f ——1 b+ £(8) | < 0w (a,b)

H(l—o)a+of(a),(1—o)b+wof(b) <6 »d*(ab).
Equivalently, for a,b € @,

H(fw(a), fo(b)) < cv'(a,b),

where ¢ = 6w. So, ¢ € (0,1) and hence f, is a multivalued contraction in DCMS, as defined

by equation (1).
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Letap € X and a; € fg(ap), if

H(fo(a0), fo(a1)) =0
= folt) = fol(a)

— d] € fm(ﬂl),

and hence, Fix(fy) # ¢.
Suppose that H(f(40), fw(a1)) # 0, then by Lemma (2.3), there exists an a, € fp(a;) and a > 1,

such that

v (ar,a) < aH(fw(a0), fw(ar)) < acv*(ag,a).

If H(fo(a1), fo(a2)) =0, then fy(a;) = fe(az), which further implies that a, € fi,(a2).
Suppose that H(fe(a1), fw(a2)) # 0. Using a similar argument as earlier, there exists an a3 €

fw(a2), such that
D*(az,ag,) < aC(D*(ﬂl,ﬂz)).

Repeating the above process, we reach at a sequence {ay }yen, in @ with ay | € f(ap) such

that
5) v (ap, ap11) < acd*(ap_y,4p), .
By applying the principle of induction, we have

v (ap, apy1) < (ac)Pv*(ag,a1),
and

¥ (ap g, apqr1) < (ac)¥ 0" (ay_1,ap), where g€ N,p > 1.

We can choose a > 1 such that 4 = ac < 1, and hence we get
(©) 0 (g dprget) < IO (@1, p).

If ¢ > p, we have

" (ap,aq) < a(ap,ap1)0" (ap, ap+1) + B (ap+1,9)0" (ap11,q)
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Again, using the triangle inequality on v*(ap4.1,4q), we have
" (ap,ag) < or(ap,ap1 )" (ap, ap1) + B (aps1,8g) (C(Aps 1, ap12)0" (Ap1,8p12)
+ B (ap+2,29)0" (8p+2,24))
= o(ap, ap1)0" (ap, ap1) + B (p+1,8g). 0t (ap1,8p42)0" (Ap1,dp42)

+ B(ap+1,89) B (ap+2,29)0" (ap+2,8g))

On application of the triangle inequality in a similar fashion, we achieve

" (ap,2g) < ot(ap,ap1)0" (ap,ap11)

-2 g—1
+ ) 1 B@a)o(a,a)v @,ai1) + [T Blawagh* (ag,ag-1)
gl ] k=pt1

g—1 i
< ot(ap, ap+1)0" (8, 8p41) + Z H B(aj,aq)(a;,a;1)0" (a;,8i41)
i=p+1j=p+1

-1 i
< ou(ap,apr )0 (ap,apr1) + Y, [ B(aj,80) 0(a,ai1)0* (a;,8i41)
i=p+1j=0

-1 i ,
< afay,ap 1)U 0 (a0,a) + Y, []B(aj.a)a(aiais) p' v (ao,a)
i=p+1 j=0

-1

Now, by ratio test the series Sq =}/, u( ;:o B(aj,aq))0c(a;,a;11) converges if

(8 41,8;42).p(8i+1,4 1
sup lim @i 1,8i+2)-B(air1,8) _ 1
g>i e o(a;,ai11) H

Letting q,p — oo, we get

lim v (ap20) = 0.

Thus, {ay} is a Cauchy sequence in the subset O(f,a9) of 4. Suppose an element a* exists
in O(fw,40) such that limy_,..ay = a*. So
D@, fo(a")) < ot(@",ap )0 (8", ap11) + B (ap11, fo (a7)) D(ap1, fw (a7))
< afa®,ap 1 0 (@%, ap11) + B(apr1, fo(2°)) H (fo (@), fo (7))

< a@,ap)v" (@, ap1) + B (apr1, fo(a))v"(a",ap).
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As p — oo, we obtain D(a*, f(a*)) = 0. Since f(a*) is closed, a* € fp(a*), i.e., a* is a fixed
point of f,. Hence, a* is a fixed point of f also as Fix(f) = Fix(fo).

Case II: When A = 0, the enriched multivalued contraction becomes
H(f(a),f(b)) < 627(a,b), Vabeq,

where 0 € (0,1), which is a multivalued contraction in a DCMS. Hence, by Theorem 3.1

Fix(f) # ¢. 0

Example 3.3. Ler @ = [0, 1] with usual metric ¥* and define two non-comparable functions

o,B:AxA—[1,)as
o(a,b) =1+1b], B(a,p) =1+ |a].

Then, (A,3*,a, B) is a complete DCMS.
Define f: A — CB(Q) as: f(x) ={—a,1 —a}, forallac Q.
In particular, taking A = 1, consider

H{a+ f(a),b+ f(b)} = H{a+{—a,1 —a},b+{-b,1—1b}}

:H{{O’ 1}7{07 1}}

I
o

< —v*(a,b) forall a,b € 4.

x| =

1
A+T

p—

Hence, f is (1,1)-enriched multivalued contraction as @ =

le., = —
2

Let ag € 4 be fixed, then we have

Let a :OEf%(ﬂ()) - f%(ﬂl) = {0,%}.
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Choose ay =0 where ay € f 1 (a1). Repeating this, we get a1 € f 1 (ap) where ay1 = 0. Thus, we

reach at a sequence {ay} in O(fo,20) = {0,%,1,...}, converging to 0, and O(fo,a0) is complete

subset of (4,0, &, B). Hence, 0 is the fixed point of f.

Corollary 3.4. Let f: @ — CB(Q) be a multivalued contraction on a complete DCMS
(A,2", o, B) which satisfies (4), then Fix(f) # ¢.

Proof. The proof follows by considering A = 0 in Theorem 3.2. UJ

Corollary 3.5. Let (A,3*, a,B) be a complete DCMS. Define f : A — @ as
v (Aa+ f(a), Ab+ f(b)) < 6 2%(a,b) for all a,b € G,

where A € [0,1) and 6 € [0,A + 1). Then, Fix(f) # ¢, and the fixed point of f is unique.
Noticeably, Corollary 3.5 is an extension of Berinde and Pacurar [4] to DCMS.

4. APPLICATION

Let 0 >0, R = [0, 0] and @ = C(R) denotes the collection of functions which are continuous
and equipped with a supremum metric 3*. Taking o/(a,b) = B(a,b) = 2, forall a,b € C(R),

(A,0*, a, B) is a complete DCMS. We find a solution for the differential inclusion problem:
(7 Solve for a € C(R), which satisfies a'(t) € .Z (t,a(t)), t € R,
here the mapping .% : & x R — 2F is multivalued and the collection of Lebesgue integrable

functions is defined as Sz (a) = {g € L' (R,R) : g(t) € F(t,a(t))}, fort € R.

Definition 12. [1]The problem (7) is said to have a solution a € C(R), if h € S z(x) and more-

over d (t) = h(t), where t € R.

Theorem 4.1. Suppose,
(1) Sz(a) # ¢,Vac C(R),
(2) For every a € C(R) and for sequence {hy} € Sz (a), we get a subsequence {hy } of {hy}

which converges to a function h € L' (R,R) as j — oo, fort € % and

t t
/ hy (s)ds —>/ h(s)ds, as j — oo}
0 0
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(3) F(t,a) is closed, (t,a) € R x C(R);
(4) Forallae C(R),.Z(.,a(.)) is bounded on R;
(5) ¢ € L'(R,R) with sup/t|¢(s)|ds <1, and
teR /0
0 <% (ha, hy) < |¢(1)] 0" (a,v),
wheret € R, a,b € C(R), hy € Sp(b),h, € Sp(v).

Then, a solution exists for the differential inclusion problem (7).

Proof. The multivalued mapping f on 9 is defined as:

®) fla)={gcq:g /h \ds, t € R, he Sy (a)).

As Sz (a) # @, for a € 4, therefore f is a well-defined mapping.
Ifa € f(a), thena(t) = [yh(s)ds, i.e.

a(t)=nh(t),t €R.
As a result problem (7) is comparable to the subsequent inclusion,

a(r) € f(a(r)), t € R.

13

Now, we demonstrate that the postulates of Theorem 3.2 are satisfied by the multivalued map-

ping f. Also, f(a) is non-empty.
Claim: f(a) € CB(Q).

We pick a fixed a € @ and {hy} be a sequence in f(a), so that sy converges to 1 € X as p — oo

Consequently, we obtain a subsequence {Ay} in Sz (a) such that

!
/) — / hy(s)ds, t € &.
0

Based on the given assumption, we obtain a subsequence {Ay, } of {/y}, so that {hy } — h €

L'(®,R) as i — oo, for t € & and
t t
/ hy, (s)ds — / hy(s)ds, as k — oo
0 0
As 7 (t,a(t)) is closed, t € R, and h(t) € F (t,x(t)). So h € Sz (a). Noticeably

f(t) = limgy(z —hm/hpds—/hpk ds—/h(s)ds,k—>oo.

pyes pyeo
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Hence, h € f(a), i.e., f(a) is closed. Also, for a € @, .#(.,a(.)) is bounded on K. There
exists g > 0 satisfying |h(¢)| < g, for t € R, and h € Sz (a). Furthermore, h(t) € .Z (t,a(t)).

Consequently, i € f(a), and

t
sup|(¢)] < sup / Ih(s)ds| < ga.
R teR /0

Therefore, f is bounded as well, from which we conclude that f : @ — CB(4).
Now, we will show that f is an enriched multivalued contraction. Suppose, A > 0 is fixed and

A= Aa+ f(a),B=Ab+ f(b) for fixed a,b € 4. So

(9) H(Aa+ f(a), Ab+ f(b)) = max{D(Aa+ f(a), Ab+ f(b)),D(Ab+ f(b), Aa+ f(a))},

where,

D(Aa+ f(a),Ab+ f(b)) = sup inf v*(ga, g5)
gacA 8pB

= sup inf supnz(ga() 8b(r)), (Using Definition 5)
gacA 8B eR

= sup inf supd;(Aa(r /ha )ds, Ab(t /h]J )ds).
gacA b8 (e

Now, as
030a(1)+ [ has)ds, 2000) + [ a(5)ds) < 05(Ra(0),200)) +33( [ ha(s)ds, [ hu(s)ds)
= AM3(a8)+ [ w300 )ds
< An3(a8)+ [ 16(5)1da(a(s) b(s))ds
<0003+ [ 9(s)ds).
Hence,
v (Aalr +/ha \ds, Ab(z +/hh \ds) /1+/ 16(5)|ds)da(a,b).

Utilizing the above inequalities, we obtain

D(Aa+ (@), 48+ 1) < sup inf sup(2-+ [ 6(s)]ds)d(a.0)
sacA 8B e 0

< (A+1)v"(a,b).
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That is,

D(Aa+ f(a), Ab+ f(b)) < 6 0%(a,b).
Similarly,

D(Ab+ f(b), Aa+ f(a)) < 60" (a,b).
So, (9) becomes

H((Aa+ f(a), Ab+ f(b)) < 60" (a,b).

Hence, all the postulates of Theorem 3.2, if 0 < %, are validated. Therefore, the given problem

has a solution. O
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