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Abstract. In this paper, we introduce a generalization of the b,-metric space by weakening the rectangular in-
equality. Fixed point theorems for mappings satisfying Geraghty-type contractive conditions are proved in the
frame of the generalized b>-metric type space.
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1. INTRODUCTION

Czerwik, gave an axiom which was weaker than the triangular inequality and formally de-
fined a b-metric space with a view of generalizing the Banach contraction mapping theorem,
[2]. In 1998, Czerwik, provided many fixed-point results in the generalized space, [3].

The notion of a 2-metric space was introduced by Gébhler, in [4]. Several fixed-point results
were obtained in [1, 6], as a generalization of the concept of a metric space. A 2-metric is not a

continuous function of its variables, whereas an ordinary metric is. The basic philosophy is that
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since a 2-metric measures area, a contraction should send the space towards a configuration of
zero area, which is to say a line.

Z. Mustafa introduced a new type of generalized metric space called b-metric space, as a
generalization of the 2-metric space, [8].

Recently, Kamran et al., have dealt with an extended b-metric space and obtained unique

fixed-point results, [7].

Definition 1.1. [4, 9] Let X be a non-empty set and d : X X X x X — R be a map satisfying
the following properties

(i) d(x,y,z) = 0 if at least two of the three points are the same .

(ii) For x,y € X such that x # y there exists a point z € X such that d(x,y,z) # 0.

(iii) symmetry property: for x,y,z € X,
d(x,y,z) =d(x,z,y) =d(y,x,z2) =d(y,2,x) =d(z,x,y) = d(z,y,x).
(iv) rectangle inequality:
d(x,y,2) <d(x,y,t)+d(y,z,t) +d(z,x,1)
forx,y,z,t € X.

Then d is a 2-metric and (X,d) is a 2-metric space.

Definition 1.2. [8] Let X be a non-empty set and d : X X X X X — R, be a map satisfying the
following properties
(i) d(x,y,z) = 0 if at least two of the three points are the same.
(ii) For x,y € X such that x # y there exists a point z € X such that d(x,y,z) # 0.
(iii) symmetry property: for x,y,z € X,
d(x,y,z) =d(x,z,y) =d(y,x,2) = d(y,2,x) = d(z,x,y) = d(z,y,x).
(iv) s-rectangle inequality:there exists s > 1 such that

d(x,y,z) < s[d(x,y,t) +d(y,z,t) +d(z,x,1)]

forx,y,z,t € X.

Then d is a by-metric and (X ,d) is a by-metric space.
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If s = 1, the by-metric reduces to the 2-metric.

Example 1.3. Let X = [0,0) and define d(x,y,z) = [xy + yz+ zx|P where p > 1. it suffices to
only verify property (iv) of definition 1.2. For x,y,z,t € X we get by using the Jensen inequality,

d(x,y,2) = [xy+yz+2x]"
1 1 1 P
3| _ - -
(3xy+3yz+32,x>
<37 (4pol? + 42 + 3erP)
<3P (3fxy+yt +x]P + vz + 2t +yt]P + Lz +xt +2t]P)
=377 Md(x,y,1) +d(y,2,1) +d(z,x,1)]

It follows that d is a by-metric with s = 371,

2. MAIN RESULT

Definition 2.1. [10] Let X be a non-empty set and d : X x X x X — R be a map satisfying the
following properties:

(i) d(x,y,z) = 0 if at least two of the three points are the same.

(ii) For x,y € X such that x # y there exists a point z € X such that d(x,y,z) # 0.

(iii) symmetry property: for x,y,z € X,
d(x,y,2) = d(x,2,y) = d(y,x,2) = d(y,2,x) = d(z,x,y) = d(2,y,x)-
(iv) modified rectangle inequality:there exists o, 3,7 > 1 such that
d(x,y,2) < ad(x,y,t)+ Bd(y,z,t) + yd(z,x,1)]

forx,y,z,t € X.

Then d is a generalized by-metric and (X,d) is a generalized by- metric space.

If &« = B =y = s then a generalized by-metric is a by-metric. If @ = f = y =1 then the b,-
metric is a 2-metric. The example that follows provides a motivation for the generalization of

the concept of a by-metric.
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Example 2.2. Let X = (0,4) and define

0, if at least two of the three points are the same
d(x7y7 Z) = 1 &1 &1 3 .
m(x,y,z)er T F3b=a +glealt, otherwise
where £ > 1andm: X x X x X — [0,0) is a continuous function such that d(x,y,z) is symmetric
with respect to x,y,z. It suffices to only verify property (iv) of definition 2.1:

For x,y,z € X and using Jensen’s inequality, we get

d(x,y,2)

= m(x,y, Z)e%Ix—y\§+%\y—1|5+%lz—ﬂ5

1 | ¢ 1 5
< Syt o 2=zt 4 2 e
<m(x,y,z) [26 + 3¢ + ce
< m(x,y,2) |LetbeolF bt L odefedl—ef L obestie®
- T2 3 6

< m(x,y,2)

[622’5-1 L bbbt | 250 L damstBrdiy—ffle—ef 4 2260 L sttt e
2

= ad(x,y,t) +Bd(z,y,t) +yd(z,x,t)

228

261 261 ~1
whereoc:%ez5 21,[3:%625 Zlandy:ée > 1 and some t € X. An exam-

ple of a function m such that d is symmetric in x,y,z maybe defined as follows: m(x,y,z) =

et yS 3 h—elS 4 3l
It follows that d is a generalized b,-metric and not a b>-metric.

Definition 2.3. Let {x,},.y be a sequence in a generalized by-metric space (X ,d).
a) the sequence {x,}, is convergent to x € X iff for all & € X, limy,_seod (x,x,&) = 0.

b) the sequence {x,}, . is a Cauchy sequence in X iff for all & € X, limy, 00 d (Xn, Xm, &) =0

Definition 2.4. Let § denote all functions f : [0,00) — [0,%), where B > 1, satisfying the fol-
lowing condition:

f(tn)—>%asn—)ooimpliestn—>0asn—>oo.
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In 1973, in an attempt to generalize the Banach contraction principle, Geraghty, proved a

similar result in the theorem that follows for a complete metric space, [5].

Theorem 2.5. Let (X,d) be a complete generalized by-metric space and T : X — X be a self

mapping. Suppose that there exists f € § such that

Bd(Tx,Ty,¢)
< f(d(x,y.8))max {d(x.y,§), LERUODE) AETREMODS) |
() +pmin {d(x, T, £),d(x. T3.€).d(1.Ty. &)}

forall x,y,E € X. If T is continuous then T has a fixed point in X.

Proof. Let xo € X and define a sequence {x,},. in X by x,, = Tx,_1, for all n € N. We shall
show that the sequence {d(x,,Xn+1,)},c is a decreasing sequence of real numbers. Using
(1), we get

Bd(xn, Xn+1,8)

= Bd<Txn717Txna é)

< F(don 1%, &) max {d (x, 1,3, €), Ao Sldln L),

d(xnflvTxnfl aé)d(mexmé) }
14+d (xp—1,%0,8)

2) +pemin {d(x, 1, Tx, ), d (X0, Txn, &), d (X1, Ton 1,6 ), d (%0, Tx1,6) ).

It follows that

d(xp—1,Txp—1,)d (%0, Txn, &) d(x—1,Tx—1,8)d (%, Tx,E)
max {d(xnflaxmg) llﬂLd(TxizflaTxmé) ) 11+d(x;,1,xn,§) }

(3) SmaX{d(xn—laxm5)7d(xn7xn+17€)}

and

min{d(x,—1,Tx,&),d (xp, Txp, &), d (xp—1, Txp—1,&),d (xn, Txp—1,&) }
= min{d(xn—laxn-i-l?é)ad(xnaxn+175)7d(xn—1axn>é)ad(xmxnaé)}

“4) =0.
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Using (3) and (4), inequality (2) reduces to

(5) ﬁd<xnaxn+lag) < f(d(xnflvxmg))max {d(xnflaxna 5)7d(xn7xn+17é)}'

If we assume that

max {d(x,—1,%n,&),d(xXn,Xn11,&) } = d(xn, Xn+1,&),

then (5) reduces to

Bd(xmxn-i-l,&) < f(d(xn—l7xn7§>)d(xn7xﬂ+17§)

IA

%d(xnvxn-l-l?é)

(6) < d(xi’laanrl?é)u

which leads to a contradiction. Thus assume otherwise, max {d(x,—1,xn,&),d(xp,xp+1,5)} =

d(xy—1,%n,&). Hence, we have

(7 d(xn,xn+1,‘g') < %f(d(xn1,xn,§))d(xn1,xn,€) < %d(xnlvxmé) < d(xnflvxna(é%

and it follows that {d(x,,Xn+1,&)},c is decreasing. We next shall show that
limy,—yeo d (X, Xn41,E) = 0. Suppose that lim, e d (X, X,+1,&) = r, where r > 0 then taking

limit as n — oo, in inequality (7), we get
(8) g7 < Br< lim f(d(xy-1,%0,8))r
which implies that

9) F < lim f(d(-1,2,€)

n—co

but since lim,—e0 f(d (xy—1,%1,&) < 113 and f € §, we obtain lim, e f(d(x,;—1,%,,&) = % and

hence, deduce that

lim d(x,_1,%,,E) =0

n—oo
which is a contradiction, hence r = 0 ie., limy, e d (X, X 11,&) = 0.
We next shall prove that {x,},. is a Cauchy sequence in X. From the rectangular inequality

we obtain,
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d (xn,%m, §)
< ad(xp, Xm, Xni1) + Bd(Xm, &, Xp 1) + ¥ (8, X0, Xn 1)
< 0 (%, Xn 15 %m) + B (X X 11,§) + B (X1, Xm11,§)
+ Byd (X, Xim+1,%n41) + ¥d (Xn, Xn 41, )
< ad(%Xn, Xp41,%m) + B otd (Xim, Xim11,§)
(10) +B2d (i1, %m11,6) + BYA (X, Xt 1, X4 1) + ¥ (X, X011, §).-

Using inequality (1) in (10) we get

d<xn>xm7§)

< ad(xnaxn—i-laxm) +ﬁad(xmaxm+laé)

+[3f(d(xn,xm,§))max {d(xn,xm,é), d(xp, Txp,E)d (i, Tx, &) d(x,Tx,&)d (X, T, €)

1+d(Txp, Txm, &) 7 14+d (xp,xm,E)

+ pmin{d(xn, Txn, &), d (xn, T, &)y d (X, T, &)y d (X, TXim, §) }

(11) +Byd(xmaxm+1;xn+l)+’yd(xn7xn+1:§)'

Taking m,n — o we get,

: d(xn7Txn7é)d(xm7Txm7§) d(mexmé)d(xnuTxmyé)
m}}%gloomax {d(xn’xn“ é )’ 1+d(TxnaTxrm‘§) ’ 1+d(xnaxma§) }

— lim max {d(xn,xm,‘g'), d (X X0 11,8)d (Xm Xt 1,8)  d(Xn X 1,6)d X Xm11,8) }

m,n—oo 1+d(xn+17xm+1:§) ! 1+d(xn7xmé)
(12) — im d (5, E)

m,n—soo
and

1113 min {d(xna T)Cn, 5)7d(xn7 Txm,é),d(xm, Txl’l?é)ad(xrm Txmaé)}
,Jn—ro0

m/
= lim min{d(xnvxn—i-l;§>7d(xn7xm+175)7d(xm7xn+l75)7d(xm7xm+17§)}

m,n—yoo

(13) =0

Taking m,n — oo in (11), using (12) and (13), we get

)
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(14) liglwd(xn,xm,.ﬁ) <pB lim f(d(xn,xm,C))mllilrgwd(xn,xm,ﬁ).

m.n m,n—oo

We claim that 1imy, ;,—se0 d (X4, %, &) = 0. On the contrary, if limy,; ;e d (X, Xm, &) # 0, then we

get

(15) 5 < lim f(d(oxm§)).

T myn—oo

Since limy o0 £ (d (X, %m, &)) < & and f € F, we deduce that lim,y, ;e d (X, X, € ) = 0, which

=

is a contradiction. Thus {x,} is a Cauchy sequence in X. Since (X,d) is complete there

neN

exists x' € X such that lim, e d (x,,x', ) = 0.

Finally, we show that x’ € X is a fixed point of 7. From the rectangle inequality, we get

(16) d(Tx' ¥, &) < ad(Tx',x', Tx,) + Bd(x',&,Tx,) +yd(§,Tx' , Txy).

Letting n — oo and using the continuity of 7', we get

(17) d(Tx ¥, &) <0,

hence, we get Tx' = x'. Thus X’ is a fixed point of 7. O

Definition 2.6. [11] Let (X,d) be a complete generalized by-metric space. Assume that T : X —
X and v :X x X xX :— [0,) are functions. The function T is an v-admissible mapping if for

allE € X, x,y € X and if v(x,y,&) > 1 implies that v(Tx,Ty, &) > 1.

In the theorem that follows, we prove existence of fixed points for mapping that are v-admissible

for the contraction used in theorem 2.5.

Theorem 2.7. Let (X,d) be a complete generalized by-metric space, T : X — X and v be

functions such that T is an vV-admissible mapping. Suppose that

Bv(x,Tx,5)v(y, Ty, )d(Tx,Ty,)

< Fld(ry. &) max {d(x.. ), TEMODE) ATEEMOTE) |

(18) +pmin{d(x,Tx,§),d(x, Ty,G),d(y, Ty,6)}
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for f € § and for all x,y,& € X.

If there exists xo € X such that v(xo, Txo,&) > 1, and if T is continuous then T has a fixed point.

Proof :

Let xo € X such that v(xo,Txo,&) > 1. Define a sequence {x, },c in X by x, = T'x,_1, for all
n € N. Since T is v-admissible mapping and v (xo, Txp,&) > 1, it follows that v(x;,Tx;,&) =
v(Txo,T?x0,&) > 1. By continuing with the process, we get V(x,,Tx,,&) > 1 for all n =

0,1,2,--- . Then it follows that the product
v(xl’h Txny é)V(Xn,I I T)Cn,I ) é) 2 1

for all n =1,2,--- . We shall now show that the sequence {d(xn,Xn+1,5)},c 18 a decreasing
sequence of real numbers. Using (18) and that the product Vv (x,, Tx,, &)V (x,—1,Txp—1,&) > 1,

for the sequence {x,},cy, We obtain

Bd(xn, Xn41,)
= Bd(Txp—1,Txp, &)

<BV(xn—1,Txn—1,E)V(xn, Tx, E)d(Txp—1,Txp, &)

< f(d(xnfl s Xns é )) max {d(xnfl s Xn, §>7 d(xnilizj(crfl";iiél);(x):l:g)xng) ’

d(xp—1,Txp—1,8)d (x,,Tx,,E) }
14+d (x—1,%0,&)

(19) +umin{d(x,_1,Txn, &), d (xn, Txn, &) d (xp—1, Tx—1,&),d (X0, Txn—1,€) } -

It follows that

d n— 7T n—1 d VlaT ns d n— 7T n—1, d an ns
max {d<xn—lvxn>§) & ]l—i—d)(CTxln,él)f())ché)x é)7 x l]—q—)ii(xl,,,él),x,(jé) > 5)}

(20) Smax{d(xnflaxna€)7d(xn7xn+17§)}

and

min {d(-xn—l ) T-xn7€)7d(xn7 Txnag)ad(xn—l,Txn—l7&)7d(xn7 Txn—hg)}

= min{d(xn—lvxn-i—l?é)ad(xnaxn+175)7d(xn—1axn>é)ad(xmxnaé)}

1) =0.
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Using (20) and (21), inequality (19) reduces to

(22) ﬁd(xnaxn—i-l;g) < f(d(xn—hxnué))max {d(xn—laxmé)?d(xnyxn+17§)}'

Inequality (22) further reduces, if we assume that

max {d(x,,_l,xn, §>,d(xn7xn+17€)} = d(xn—l 7xn7€)

for otherwise, we assume that

max {d(xn—1,%n,§),d (X, Xn11,5) } = d(¥n; Xn11,5).-

In the latter case, inequality (22), reduces to

Bd(xmanrl,g) < f(d(xnflaxnv5))d(xn7xn+laé)
< %d(xnyxrﬁl,&)
<d

(23) (Xns Xn41,6)

which leads to a contradiction. Thus, we conclude that max {d (x,—1,xn,&),d(xn,xn+1,E)} =

d(xn—1,%,&). Hence, we have

(24) Bd(xn,%n11,8) < f(d(xXp—1,%n,8))d (Xn—1,%n, )

and it follows that {d(x,,X,+1,§)},cy is a decreasing sequence of real numbers. Next, we shall
show that limy,_,co d (X, X,+1,&) = 0. Suppose that lim,, e d(xp, Xy41,&) = r where r > 0 then

taking limit as n — oo in inequality (24) we get

(25) r < Br< lim £(d(xn1,%,8))r

==

Since limy, o0 f(d(xp—1,%1,&) < % and f € §, we deduce that
r}glgod(xnflaxna g) = 07

which is a contradiction, hence r = 0, ie., limy, e d (X, X, 11,&) = 0.

Next, we shall prove that {x,},. is a Cauchy sequence in X. From the rectangular inequality
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we obtain,

d(Xn, Xm, §)

< ad(xn, Xm, Xni1) + Bd(Xm, &, Xp 1) + ¥d (&, xn, Xn11)
< 0 (%60, Xn 15 %m) + B (om, X 11,€) + B (X1, Xm11,§)
+ Byd (Xm, Xm+1,%n+1) + ¥d (Xn, X041, 8)
< ad(Xn, Xp41,%m) + Botd (X, Xm11,)
+ BV (% T, &)V (s T, § ) (1,11, §)
(26) + Byd (Xm, Xim+1,%n41) + ¥d (Xn, X041, 8)

Using inequality (19) in (26) we get

d(xn,xm,é)

< ad(xnaanrlaxm) +ﬁad(xm7xm+17§)

—l—ﬁf(d(xn,xm,ﬁ))max {d(xnaxmyé)’ d(xp, Txn,E)d i, Tx, &) d (%, Tx,&)d (X, T X1, E)

1+d(Txp, Toxm, &) 1+d (xp Xm,&)

+ W min {d(xn; Txnaé)ad(xnaTxm7é)ad<xm7Txm&)ad(xmaTxmag)}
(27) +ﬁyd(xmaxm+laxn+l) + Yd<xn7xn+1a€>-

Taking m,n — oo, we obtain,

1 d( an ﬂ"é)d( WHT m:é) d( an nvé)d( fmT m?é)
m}rlltgoomax {d(xnaxm7€)7 xl—i—Z(Txn,])fxm,g) 5 - lj—d(x,,,;;,é)x }

1 d(xnvxn+17§)d(xmaxm+lv€) d(xmxnﬂ,ﬁ)d(xm,xmﬂ,é)
—m}},ﬂwmax{d(xmxmv@’ im0 T hdlimmE)

(28) = lim d(xy,xm,&)

m,n—soo

and

lirg min{d (x,, Txn, &), d(xn, Txm, &), d (X Txn, &)y d (Xmy T, &) }

mlyllrgwmln {d(-xnaxn-l—l ) é)vd(-xnvxm-l-] 75)7d(xm7xn+1 76)7d(xmaxm+1 75)}
(29) =0

)

11
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Taking m,n — o in (27), using (28) and (29), we get

(30) im d(xp,%m, &) < B lim f(d(xy,xm,E)) lim d(xp,%m,8).
m.n—o0 m,n—»o0 m,n—oo

We claim that limy, ;,—se0 d (Xn, %, &) = 0. On the contrary, if limy,; e d (X, Xm, &) # 0, then we

get

31) 5 < hm f(d (0, §)).

T mn—oo

Since limyy, oo f(d (X, %, & )) < % and f € §, we deduce that 1imy, ;s d (X, X, & ) = 0 which

is a contradiction. Thus {x,},. is a Cauchy sequence in X. Since (X,d) is complete there
exists x' € X such that limy, y—se0 d (X, X', §) = 0.

Finally, we show that x’ € X is a fixed point of 7. From the rectangle inequality, we get
d(Tx X', &) < ad(Tx' , X', Tx,) + Bd (X', &, Tx,) +yd(E,Tx , Txy)

Letting n — oo and using the continuity of 7', we get

(32) d(Tx' ,x¥',&) <0

hence, we get Tx' = x’. Thus x’ is a fixed point of T.

3. CONCLUSION

In this paper, we demonstrated that a Geraghty type contraction has a fixed point in the new
generalized b, metric space. The results can be extend for Geraghty contractions of type II and
Type I1IL. It should be noted that the continuity of the mapping can be dropped if one considers

a partial ordering of the space.
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