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Abstract: The concept of JS-quasi-contraction is introduced in this work as a step in the construction of a bipolar
metric space, along with frequently certain fixed point theorems for these mappings in complete bipolar metric
spaces under the presumption that the involved function is nondecreasing and continuous. In addition, we of-
fer applications to homotopy and integral equations and offer an explanation that shows the significance of the
discovered results.
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1. INTRODUCTION

The study of non-linear phenomena benefits greatly from the use of fixed point theory. It is an
interdisciplinary area of mathematics that has applications in many different areas of mathemat-
ics as well as in other disciplines, such as biology, chemistry, physics, engineering, game theory,
mathematical economics, optimisation issues, approximation theory, initial and boundary value
issues in ordinary and partial differential equations, and variational inequalities. The most im-
portant finding in fixed point theory, attributed to the Polish mathematician Stefan Banach in
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1922 and cited as [1], had a significant impact on a number of studies. In fact, he established
a theory that ensures that any contraction mapping in all of metric space has a singular fixed
point. The Banach fixed point theorem or Banach contraction principle are two names for this
conclusion. Additionally, an intriguing constructive proof of the Banach fixed point theorem is
one that results in an iterative approach for determining a fixed point. Scholars in mathematics
are constantly interested in learning about new discoveries in space and their characteristics,
therefore many scholars have made generalisations in different directions (see [2]-[16]). For
example, the concepts of Ciri¢ contraction [2], quasi-contraction [3], JS-contraction [4], JS-
Ciri¢ contraction [5], and JS-quasi contraction [6] have been introduced, and many interesting
generalizations of the Banach contraction principle are obtained.

By modifying the domain of the function so that they took into account the distance between
points of two separate sets instead of only one, Mutlu et al. [7] recently generalised the metric
space structure. The theory is known as a bipolar metric space, and it extends a number of
fixed point theorems, such as the Banach contraction principle, to the situations in which it is
used (see [7]-[20] and references therein). Furthermore, Mutlu et al. ([7], [8]) demonstrated the
coupled fixed point results and principle of locally and weakly contractive mappings in bipolar
metric spaces, while Kishore et al. [9] proved certain common fixed point theorems in a bipolar
metric space with significant applications. Hence, fixed point theory of bipolar metric space is
an active research area and it is capturing a lot of attention for further work.

This article’s goal is to put forth a general fixed point theorem for covariant JS-quasi contrac-
tion mappings in regard to bipolar metric spaces. Additionally, applications to homotopy and
integral equations are given with suitable and pertinent examples.

What follows is in our subsequent conversations, we compile a few suitable definitions.

2. PRELIMINARIES

Definition 2.1:([7]) The mapping d : . X .7 — [0, o) is said to be a Bipolar-metric on pair
of non empty sets (., 7 ).If

(B1) d(u,v) =0 implies that u = v;

(B2) u = v implies thatd(u,v) =0;
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(B3) if u,ve S NI, thend(u,v)=d(v,u);
(Bs) d(1,v2) <d(ui,vi)+d(u2,vi)+d(u2, v2),

for all u,pu;,tp € . and v,vy, v, € 7, and the triple (.,.7,d) is called a Bipolar-metric
space.

Definition 2.2:([7]) Let Q: .U .9 — % U2 be a function defined on two pairs of sets
(71, 71) and (¥, .7) is said to be

(i) covariantif Q(.#1) C . and Q(.7) C Z. Thisis denoted as Q : (.71, %) = (S, %5);
(ii) contravariant if Q(.) C % and Q(.77) C .%3. It is denoted as
Q: (N, 7) = (52, 7).

Particularly, if d; is bipolar metrics on (.7, .7]) and d; is bipolar metrics on (%2, 73 ), we often
write Q : (S, 71,d1) = (S, T,dp) and Q : (S, 7N,d1) = (2, T, d,) respectively.
Definition 2.3:([7]) In a bipolar metric space (-,.7,d) for any & € . U .7 is left point if
& € .7, is right point if £ € .7 and is central point if & € . N.7. Also, {®;} in . and {S;}
in .7 are left and right sequence respectively. In a bipolar metric space, we call a sequence,
a left or a right one. A sequence {&;} is said to be convergent to & iff either {&;} is a left
sequence, & is a right point and llgg d(&,&) =0, or {&} is a right sequence, & is a left point
and llggd(é,é,) = 0. The bi-sequence ({o;},{Bi}) on (.,.7,d) is a sequence on .¥ X .7. In
the case where {o;} and {3;} are both convergent, then ({o;},{f;}) is convergent.
The bi-sequence ({a;},{B;}) is a Cauchy bi-sequence if ilji)nwd (i, B;) =0.

Note that every convergent Cauchy bi-sequence is bi—C(;ilvergent. The bipolar metric space is

complete, if each Cauchy bi-sequence is convergent (and so it is biconvergent).

Definition 2.4:([9]) Let (.1, 71,d,) and (.3, 9,d>) be bipolar metric spaces.

(@) AmapI': (A, T1,d)) = (S, Ss,d) is called left-continuous at a point &) € .7}, if for
every € > 0, there exists a § > 0 such that d; (&, £) < & implies d>(T'(&y),T(2)) < €
forall o€ 7.

(b) AmapI': (A, 7,d) = (S, T5,dy) is called right-continuous at a point gy € 77, if
for every € >0, 3 6 > 0 such that d, (&, ) < & implies d>(T'(§),I'(gn)) < € for all
e S.
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(¢) A map T is called continuous, if it is left-continuous at each point & € .#} and right-
continuous at each point @ € 7.
(¢) A contravariant map I": (.1, 71,d)) = (Y2, %,d>) is continuous if and only if it is

continuous as a covariant map I' : (., 7,d,) = (2, %, d>)

It can be seen from the Definition 2.4 that a covariant or a contravariant map I from (.7, .9],d))
to (.3, 75,d,) is continuous if and only if (u,) — v on (/1,71,d;) implies (I'(#,)) — T'(v) on
(2, T2, dr).
Definition 2.5:([9]) Let (., .7,d) be a bipolar metric space and ;A : (.*,.7) = (., 7 ) be
two covariant mappings. A pair (I'; A) is called a compatible if and only if
lll)rrclo d(TAai, AL'B;) = llgg d(AT'o;, TAB;) = 0 whenever, ({e;},{B;}) is a sequence in (.**,.7)
such that limT'e; = lim I'f; = lim Aoy = lim AB; = @ for some € . N T .

i—oo i—voo i—o0 i—oo
Now we prove our main result.

3. MAIN RESULTS

In this section, two covariant mappings that meet new type contractive criteria in bipolar metric
spaces are given some common fixed point theorems.
Definition 3.1: Let (.,.7,d) be a bipolar metric space. Suppose I''A: (<, 7) =2 (., T)
are called a JS-quasi contraction covariant mappings if there exist a mapping

Y, : (0,400) = (1,400) and £ € (0,1) such thatVu € ¥, p€ 7 withTu #I'p

(1) W, (d(Cu,Tp) < y, (d(Au,Ap))"

For convenience, we set: Q = {y, /vy, : (0,4c) — (1,4e0)} be a family of functions that

satisfy the following properties;

(i) . is a continuously nondecreasing map;

(ii) (1) is subadditive, yi(p +¢q) < Wi(p) + Vi(q).
Theorem 3.2: Let (.¥,.7,d) be a complete bipolar metric space. Suppose that I',A :
(7, 7) = (<,7) be two covariant mappings satisfies JS-quasi contraction with y, € Q

(i) T(#U.7) CAFUT)

(iy) pair (I',A) is compatible,
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(i) Ais continuous.
Then there is a unique common fixed point of I and A in .U 7.

Proof Let up € . and py € 7 be arbitrary, and from (ip), we construct the bisequences

({ax},{C}) in (,.7) as

FMK':AMK-+1 = OCK-, FpK':ApK'+1 == CK WheI‘e K=0,1,2,....

Then from (1), we can get

Vi (d(0te, Cev1)) = Wi (d(Tux, Tpier)
< Yo (d(Aug, Apern)
< v (d(ak-1, CK))Z

< We(d(o-1,8x))-

By the property of y,, we get that

2 (0, Get1) < d(0—1,Cx)-
On the other hand, we have
Vi (d(0t+1,C8k)) = Wi (d(Tuger1,pyc)
< ‘l/*(d(/\u:ﬁl,/\l?x)g
< yi(d(o, Ger))'
< Y (d(ot, Ge-1)) -

By the property of y,, we get that

(3) d(0uet1,8c) < d(0a,Ce—1)-
Moreover,
Vi (d(ax,Ck)) = Wi(d(Tug,Ipi)
< W (d(Aug, Apy)

< W (d(0_1,8e1))"
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< Y (d(ox—1,8k-1))-

By the property of y,, we get that

“4) d(o, Gx) < d(og—1,8k-1).

Thus, from (2), (3) and (4) one shows that the bisequence {d(a, ()} are nonincreasing bise-

quences of non-negative real numbers. So there exist : > 0 such that lim d(ay, k) =1 and
K—ro0

(5) d(%c,glc) > L

Suppose that : > 0. By (2), (3) and (4) and (5), since Y, is nondecreasing, we get

1< II/*(I) < ll/*(d(ak'y CK‘)) < l[/*(d(OC;cfl, CK71)>€ <-..-< l//*(d(OCo, CO))EK’V K

Letting kK — o in this inequality, we get W, (1) = 1 which contradicts the assumption that

Y, (s) > 1 for each s > 0. Consequently, we have : = 0, that is,

llm d(a;(7 CK) - 0

K—o0

(6) Similarly, we have ggn d(0x+1,8c) =0 and ;}1_r>n d(o,Cr1) =0.

Now we show that lim d(oy,&;) =0and lim d(a;, ) =0.

K,A—ro0 K,A—o0

Otherwise, there exist € > 0 and two bi-subsequences ({ o, } , {CA,, }) and ({O%} { &, }) of

({oc}, {Cx}) such that A, is the smallest index with A, > k,, > p for which
) d(ow,.0,) 26 d(a,.0y) >

which indicates that

(®) d (g l1) <& d(e, 0o 1) <€

By (7), (8), and the triangle inequality we get

e < d <O¢1<,,, Cx,,) <d (Otxp, C;qu) +d (O%,,, C)qu) +d (06/1,,, C)Lp>

< €+d (alpaC/lpfl> +d (dﬂp,éﬁp) ,V ;Lp > Kp > p.
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Letting p — oo in this inequality, by (6) we obtain

lim d (aKp,C;Lp> =g

p—y

9) Similarly, we have  lim d <a,1p, ng) _¢.
Also by the triangle inequality we get
e < d (axpa C;L,,) —d (0, Gyr1) —d (0,158 11) —d (0%, C;L,,H) —d (0%,,, Czp>

d <aK‘p+17 C)Lp+1>

d (aKp+lv CK,,) +d (a)tpa Cx,,) +d <05/1,,7§/1,,+1> .

IN

IN

Letting p — oo in this inequality, by (6) and (9) we obtain

;i_r)rgod (aK‘p-i—lu C/I,,H) =&
(10) Similarly, we have  lim d (oc/lp &, +1) —¢.
In analogy to (10), by (6) and (9) we can prove that

fimd (3:8s) = fimd (3 G =

Note that (10) and (9) implies that there exists a positive integer pg such that
d <ak‘p+1; Clp+l> > 07d (alp+l7CKp+l> >0andd (aK‘p; Clp> > Ovd (alpv gK‘p) >0

also d (o%ﬂ, g,(p> >0,d (oc,lp, gKPH) >0V p> po.
Thus, by (1) we get
V8 (d (OCK,,+174:7L,,+1>> = Y (d <FMK,,+1,FP7L,,+1)>
< v (d (A1 Apz, ) )|
< Y (d (aicngp))g, vV Ap > Kp > p > po.

Letting p — oo in this inequality, by (9), (10), and the continuity of y, we obtain

wile) = tim i (¢ (01,63, ) ) < lim wi (4 (0. 8,)) = vale)’ < wile)

p—reo
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a contradiction. Consequently, d(0, &) — 0 as k,A — oo holds. Similarly, we can prove
d(oy, ) — 0as k,A — oo, that is,the bisequences ({ax},{{«c}) is a Cauchy sequence in
(7, 7). Since (¥, 7,d) is complete, ({ax},{lc}) converges and thus it biconverges to a
point o € .’ N .7 such that

1) lim a, = @ = lim (.

K—o0 K—o0

That is

%E%orux = ,}iggo/\uxﬂ = I}iggol"px = ,}iggo/\pxﬂ = .

Since A is continuous function, we have

lim ATug =Ap  lim ANy =A@

(12) lim Alpe=Ag  lim Apis1 = Afo.

Since the pair {I', A} is compatible, we have
,}i_rgod(l“./\ukﬂ ,Apy) = ’li_r&d(AFuK,FApKH) =0.
Therefore,
(13) %i_rgoAFpK = %i_r&FAuKH =A@ ’}i_r)r:oAFuK = %i_rgoFApKH = Agp.
Taking u = Auy41 and p = py in (1), we get
l
Y (d(TAuy1,Tpx)) < Wi (d(Alugcy1,Apy))

Letting Kk — oo in this inequality, by (11), (12),(13) and the continuity of y, we obtain

Vi (d(Ap, 9)) < Wi (d(Ap,9))" < v (d(A2, 0))

a contradiction. Consequently, d(Ag@, £) = 0. That is Agp = .

By using the condition (1) and (B4), we obtain

Vi (T, 0) < Y (d(T,Cxcr1)) + Vo (d(Qict1, Cicr1)) + Wi (d (011, £2))

IN

Vi (d(T@2,Tpies1)) + Wi (d(@icr 1, Cier1)) + Wi (d(Qier 1, 2))

Vi (d(Ap, APK—H))g + Wi (d(Qcr 1, Cier1)) + Vs (d(Qicr 1, 2))

IN

Ve (d(A2, )" + Wi (d (i1, Cert)) + Wi (d Qi 1, £2))

IN
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— 0 as K — oo.

Thus I'go = g. Hence I'fo = Ao = . Now we prove the uniqueness; we begin by taking X to
be another fixed point of covariant maps I" and A. Then 'R = AX = X implies X € ¥ NS

and we have

Y, (d(, X)) = Y (d(TETX)) <y (d(AR,AR))" < i (d(2, X))

a contradiction. Consequently, we have 2 = X. This shows that & is the unique fixed point of

I" and A. The proof is completed.

Corollary 3.3: Let (.,.7,d) be a complete bipolar metric space. Suppose that
I':(Y,7)=(,7) be a covariant mapping satisfy JS-quasi contraction with y, € Q. Then
I" has a unique fixed point in .’ U 7.

Corollary 3.4: Let (,.7,d) be a complete bipolar metric space. Suppose that
I':(«,7,d) = (%,7,d) be a contravariant mapping satisfy

V. (d(Tp.Tu)) < v (d(u,p))’

forallu € ., p € 7 and y, € Q with £ € (0,1) Then there is a unique fixed point of I in
SUT.
Example 3.5: Let.” =R?and .7 =R x {0}. Define d : . x .7 — [0, ) as

d((p,q),(r,0)) = \/(p—r)2+4g? for all p,q,r € R. Then obviously (./,.7.,d) is a com-
plete bipolar-metric space. And define I'|A : (', .7,d) = (,7,d) as I'(x,y) = ()%5,%)
and A(x,y) = (331,3) and also define y, : (0,+o) — (1,+) as Y, (t) = ¢'. Then ob-
viously, ['(.¥ U .7) C A(¥ U .7) and observe that the pairs (I',A) is a compatible. Let
(0, Bx), (7, 0x)) be a bisequence in (-, .7) such that, for some (£,0) € . N7,
;}grolod<A(aK7ﬁK>7 ((p70)) = O’ ggﬂod((‘@70)’/\(%{’0’<)) = 0’

giiriod(r(oc,(,ﬁ,(), (#,0)) =0, ]}gl}od“@ 0),I'(%,0x)) = 0.

Since I and A are continuous, we have

lim d(AT(0, Bi), TA(Y,06)) = d(lim AT (e, i), lim TA (¥, 0x))

K—o0 K—o0

= d(A(,0),T($,0))
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_ (L g #2F5
(2 0.2 0)

2 6
o—1

_
But 21 =0 < @ = 1. Similarly, we prove lim d(T'A(0t, Bi), AT (7, 0x)) = 0.

In fact, we have for any elements (p,q) € .7, (r,0) € 7

v, (d(T(p,q),T(r,0))) = Tra).I(r0)

Hence all the conditions of the Theorem (3.2) are satisfied and ¢ € (0,1). So, I and A must

have unique common fixed point. In fact (1, 0) is the unique common fixed point of I" and A.

3.1. Application to Integral Equations.

We will apply Corollary 3.3 to resolve the integral equation

(14) N =10+ [ Q)AL xEGIUG
G1UG,

where G| U G is a Lebesgue measurable set.
Let . = L*(G1),7 = L”(G,) be two normed linear spaces, where G|, G, are Lebesgue mea-
surable sets with m(G; UG,) < oo. Define d : .¥ x 7 — R" as d({,0) = ||{ — 6| for all
te ¥, 6 € 7. Obviously, (.7,.7,d) is a complete bipolar metric space.
Define I' : L*(E|) UL™(E;) — L*(E;) UL*(E,) by
MW =f@+ [ QA0 x€GUG.
G UG,

Then I' is a covariant mapping.

Theorem 3.1.1: Assume that the following conditions are fulfilled
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(i) Q: GIUG3 — R", A: (G1UG,) x [0,00) — R* and f : G; UG, — R* are continuous
functions. Let y, : (0,4-00) — (1,4-0) as y, (1) =¢'.

(ii) There exists a continuous function ) : G{ UG, — R™ such that for all € &, { € .7,

and y € G1 UGy, we get that

AG,M () = AG,EON] < [2(D)IN () = ) where £ € (0,1)
@i) || [ Qoy)x(8)dyll < 1.

G1UG,
Then the integral equation (14) has a solution in L*(G) UL*(G3).

Proof The existence of a solution of Eq.(14) is equivalent to the existence of a unique solution

of I'. Using the inequalities, (i), (ii) and (iii), we have

M) -TE@| = | [ Q@) B0:0) A6 S0y

G UGy

< / Q) A1) — AK, £ () ldy

G1UGy

| @elEo)InG) - S0y

G1UGy

| @GlEolin - ¢litdy

G1UG,

IN

IN

< =gl [ Qo)

1UG,

Then

It =T¢lle < In—Cllll / Qx,y)[2(E())ldylle

G1UG,

< |ln=¢lls
Choose W, (1) = ¢'. Then Consequently, for all € ., € .7, we deduce that
Y (d(Tn,T¢) <y (d(n, )’

Hence, all the conditions of Corollary (3.3) hold, we conclude that I" has a unique solution in

U to the integral equation (14)..
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3.2. Applications to Homotopy.

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 3.2.1: Let (.,.7,d) be complete bipolar metric space, (Z,.2) and (Z,2) be an
open and closed subset of (.,.7) such that (£, 2) C (£, 2). Suppose

I (@U@) x [0,1] = . U7 be an operator with following conditions are satisfying,

i) o # H(go,s) foreach p € d P UILZ and s € [0, 1] (here d ¥ U I 2 is boundary of U 2
inU9);

i) forall pe Z,1€ 2,s€[0,1] and y, € Qand ¢ € (0,1) such that

i (d (A (2,5),7(1,5))) < W (d(0.1))"

iii) AM > 03 d(H#(p,s), 7 (1,t)) < M|s —t| forevery p € P, 1€ 2 and s,t € [0,1].
Then J7(.,0) has a fixed point <= .#(.,1) has a fixed point.

Proof Let the sets
®={ s €[0,1]: A (g,s) = go for some o€ & }

Y:{ 1 €[0,1] : A (5¢,t) = » for some » € 2 }

Suppose that 77(.,0) has a fixed point in &2 U 2, we have that 0 € @ N Y. So that ®NY # ¢.
Now we show that ® N Y is both closed and open in [0, 1] and hence by the connectedness
® =Y =10,1]. As a result, 5(.,0) has a fixed point in ® N Y. First we show that @ N Y
closed in [0, 1]. To see this, Let ({“p}::1 : {xp};ozl) C (©,Y) with (ap,x,) — (a,a) €[0,1] as
p — . We must show that @ € ®N7Y. Since (a,,x,) € (0,Y) for p=0,1,2,3,---, there exists
sequences ({2}, {5 }) with @11 = A (2p,ap), 511 = H(3¢p,xp)

Consider

Vo (d (A (p-1,ap-1), 7 (52p,bp)))
Vo (d (H(@p-1,ap1), H (51p,ap-1)))
+y (d (S (2p,bp-1), 7 (52p,ap-1)))
+yu (d (A (2p,bp—1), 7 (52p,b))) )

Ve (d (2p1,5)) +M|bp 1 —ap 1|+ Mlby 1~ by|

Y (d(Wpa%erl)) =

IN

IN
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(15) < ¥ (d(@p-1.%))
By using property of y,, we have
(16) d(op, 7p41) < d(pp_l,%p)

Similar lines we can prove that

(17) d(pp+17%p> < d((@]b%pfl)
and
(18) d(@p,3p) < d(@p—1,%p-1)

The inequalities (16), (17) and (18) yield that the bisequence
{dn := d(,,,)} is non-increasing, so it converges to § > 0. Assume that § > 0. Taking

p — oo in equations (15), we get a contradiction. Therefore,

(19) lim d(g2,, ) = 0

p—reo
We will prove ({,},{7),}) is a Cauchy bisequence. Assume there are € > 0 and {qx},{px}

so that for p; > g > k,

(20) d(ﬁpw”ﬂ) > E, d(ppk—lv%fik) <E€
and
21) d(@g7p,) > €, APy 3p-1) < €

By view of (20) and triangle inequality, we get

e < d((@pw%qk)

IA

d(Dps #p—1) +d(Dp—1, #p—1) +d(Dp—1, 72,
< d(@py, 5p 1) +d (H(9p-2,0p2), 7 (5p2,%p2)) + €
< d(@p,, #p—1) +Mla,_2 —xp 2|+ €.

Letting kK — oo, and using (19), we obtain

(22) lim d (2, ,,,) =€

p—reo
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Using (21), one can prove

(23) lim d(g,,,5,,) =€

p—e

For all k € N, by (i1) we have

Vi (d((@pk—i—la%qk-i-l)) < Vi (d(pplﬂ %Qk))

and

Vs (d(qu#-l’%pk-ﬁ-l)) < Vi (d(quaj’fpk)) :

Applying (22) and (23), we get at the limit, W, (€) < y,(€). That is € = 0 which is a contradic-
tion. Hence ({2, },{,}) is a Cauchy bi-sequences in (&7, 2). By completeness, there exist
T€ X N2 with

(24) gg{}oﬁpﬂ =T= hm 1 p+]

we have
W (d (H(T,0),50p41)) = Yu(d(H(1,0), 7 (5p,%p)))

< (1)

< V(d(5,5).
By taking the limsup on both sides and Wy, is continuous and non-decreasing, we have
d((t,a),7) = 0 implies that 57 (t,a) = 1. Therefore, &« € ®@NY. Clearly, ® N Y closed
n [0,1]. Let (ag,xp) € ® x Y, there exists bisequences (gn,) with @y = (g, a0),
ny = A (319,x0). Since P U 2 is open, then there exist 6 > 0 such that B;(s0,0) C U2

and By (6,) C U 2.

Choose a € (a0—8 ap+€), x € (xo — €,x0 + €) such that |a — xo| < ﬁ <35

Ml’<2

and |ap —xo| < 735 < &.
Then for, » € B@UQ(JQLS) = {%7 np € Q/d((@(),%) < d(c@Oa%O) —|—6},
£ €Bpu2(8,50) = {00 € P [d(9,50) < d(g,50) + 6}
d(%((@,a),%o) = d(%(ﬁ,a),%(%o,)q)))
d (A (g,a), 7 (3,x0)) +d (H (sn,a), 7 (%, X))

IN
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+d (H(,a), 7 (520,x0))

< 2Mla—xo| +d (H(gn,a), 5 (3,x)))

< Mpr—1 —i—d(%((ﬂ),a),%(%,)@))-

Letting p — oo and using Y, property, then we have
v (d (A (p,a),20)) < W (d(H(0,a),7 (% x)))
< W (d (g, %))
< Y (d (g, %))
Using the property of y,, we get
d(H(p,a),0) < d(,%)
< d(g,0)+06

Similarly we can prove
d(p,jf(%,x)) < d((@a %0)
< d(@,0)+6

On the other hand,

1
= —0as p —oo.

d(n,20) =d (H(n,0a0), 7 (30,x0)) < M|ag— xo| <
So g = s and hence a = x. Thus for each fixed a € (ag — €,a09 + €),
H(.,a) : Bouy(#0,8) — Bour(#0,8). Thus, we conclude that #(.,a) has a fixed point in
PN 2. But this must be in 2 U 2. Therefore, a € ®NY for
a € (ap— €,a9 + €).Hence, (ap — €,a0+€) CONY. Clearly, ®NY is open in [0, 1]. For the
reverse implication, we use the same strategy.
Theorem 3.2.2: Let (.#,.7,d) be complete bipolar metric space, (Z,2) and (Z,2) be an
open and closed subset of (.,.7) such that (£, 2) C (£, 2). Suppose
- (?,g, d) x[0,1] = (., .7,d) be an contravariant operator with following conditions are
satisfying,
i) o # H(go,s) foreach p € d P UIL2 and s € [0, 1] (here d ¥ U I 2 is boundary of U 2
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in.U.9);
i) forall pe Z,1€ 2,s€[0,1] and y, € Qand ¢ € (0,1) such that

W (d(H(1,5), (£,5))) < Wi (d(2,1))

i) AM > 03 d(H(1,s), 5 (@,t)) < M|s—t| forevery p € P, 1€ 2 and s,t € [0,1].
Then 77(.,0) has a fixed point <= .77(.,1) has a fixed point.

4. CONCLUSIONS

By utilising JS-quasi contractive conditions that are defined on complete bipolar metric
spaces and appropriate examples that corroborate the main findings, this study presents some

fixed point conclusions. Applications to integral equations and Homotopy theory are also given.
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