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Abstract. Our main objective in this paper is to prove the existence of a unique solution (fixed point) of a con-
strained problem of a state-dependent functional equation constrained by its conjugate. The continuous dependence
of the solution will be proved. The Hyres-Ulam stability of our problem will be studied.
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1. INTRODUCTION

Functional equations arise in many fields of mathematics, such as mechanics, geometry, sta-
tistics, measure theory ,algebraic geometry, group theory. Functional equations have many
interesting applications in characterization problems of probability theory, which have been
studied in several papers and monographs (see for example [1, 2, 3, 7, 9]).

Usually differential and integral equations with deviating arguments that appear in many
literature have deviation of the argument involves only the time itself, However, another case,

in which the deviating arguments depend on both the state variable x and the time t, is of
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importance in theory and practice. Several papers have appeared recently that are devoted to
such kind of differential equations (see [1, 2,4, 7, 8,9, 10, 11, 12, 13, 15, 16, 19] ).
In [14], the authors studied the existence of a unique solution for some functional equations

with state-dependent deviated arguments
x(t) = f(t,x(¢(x(1)))), t € [0,b],

x(1) = f(t,x(g(t,x(1)))), t € [0,b],
x(1) = f(t,x(x(¢(2))), x(g(2,x(2)))), t € [0,b].
Several coupled systems of integral and differential equations have been studied in many pa-
pers,(see [6, 17, 18, 21, 22, 23]).
In this article, we are concerning with the constrained problem of a state-dependent functional

equation

(D) x(t) = fi(t, (91 ((2)))), t € [0, T]

constrained by

(2) () = fa(t,x(92(x(2)))), t € [0, T].

The continuous dependence of the unique solution x € C[0,T'] on the functions ¢; and f; will be
analyzed. Also the continuous dependence of x on y and of y on x will be studied. Moreover,
the Hyers-Ulam stability of our problem will be established.

Let C[0,T] be the class of all continuous functions define on [0, 7] and X = C[0,T] x C[0,T] be

the Banach space with the norm

1@, v)lx = llulle +Ivile,

where

lulle = sup [u()].
1€[0,T]

2. EXISTENCE THEOREM

Consider the problem (1)-(2) under the following assumptions:

(i) f;i:[0,T] x[0,T] — [0,T] are continuous and there exist positive constants K; such that
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|fi(t7x) _fi(say)| < Ki(|t_s| +|X—y|), = 172'
(ii) ¢; : [0,T] — [0,T] satisfies ¢;(0) = 0 and
19i(t) = 9i(s)| < |t —s], V1,5 €[0,T].

(iii) There exists a real positive root L € (0,1) of the algebraic equation KL> — L+ K =

0, where K = max{K;,K>}.
And define the subset Sy
SL=A{(x,y) € X+ |x(t) —x(s)| < L|t =, |y(r) —y(s)| < Lt —s| V1,5 € [0, T]}
and the operator F by
F(x,y) = (Fiy, F>x).
Where
Fiy(t) = fi(t,y(91(v(1)))),
Fyx(t) = fa(t,x(92(x(1))))-

Theorem 1. Let the assumptions (i)-(iii) be satisfied, if KL+ K < 1, then the problem (1)-(2)

has a unique solution x € C[0,T].
Let (x,y) € X, t1,1, € [0,T], we have

[Fiy(t2) — Fiy(t)| = [fi(t2,y(d1(3(%2)))) — f1(t1,5(¢1 (y(11))))]
Kilta —t1] + K1 |y(¢1(¥(2))) — y(¢1(¥(21)))]

K|ty —t1| +KiL|¢1 (y(t2)) — ¢1(v(t1))|

IN - IA

IN

Ki|ta —t1| + KiL|y(t2) — y(t1)]

IN

Kty — 11| —|—KL2‘Z‘2—Z1‘

IN

(K+KL?)|ts — 1]

IN

Lt —11].
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Then
F:5.— S

Similarly,

[Fax(ta) = Fax(n)] < |f2(t2,x(92(x(11)))) = fa(t1, x(92(x(12))))|

< Lt —1|.
This prove that F> : S — S and we deduce that
F(x,y) = (F1y,Fox) : Sp — SL.
Now, let u = (x,y) € X, v=(X,y) € X , then
F(x,y) = (Fiy, F2x), F(x,5) = (F13, F>%)
and

[Fy(@) —Fy@)] = [Ay(00(6(1))) = f1(2,5(91(5(1))))]

= [N(,y(@1 (1)) = f1(6,y(91(3(1)))) + f1 (1, 3(1 (7(2)))) — 1 (2,5(¢1 (3(2))))]

IN

IN

KiL|¢1(y(1)) — 1 (5(1)) |+ K|y (91 (3(1))) — 37(91(3(2)))]

KL|y(t) = y(t)|+ K|y -7

IA

IN

KL|ly—y||+K]|y—7|

and

1F1y = Fi3l| < (KL+K)|ly =]
Similarly, we can prove that

|Foax — Fox|| < (KL+K)|jx—x]|.
Hence

|1F(x,y) = F(&y)|x = [(Fy,Fx)— (Fy,FR2X)|x

= ||(Fiy— F1y,Fax — F2X) ||

1(5,5(01(3(1)))) = fi(6; (@1 (FO)))] + [f1(2,(91(3(1)))) = 1.2, 5(91(3(2))))]
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= ||Fiy — FiJ| + || Fox — B2
< (KL+K)(ly =3+ |lx—x[|)
< (KL+K)[[((x=x), =)l

< (KL+K)[[(xy) = (®9)]-

Then F is a contraction mapping and by Banach fixed point Theorem [20], F' has a unique fixed

point. Consequently the problem (1) — (2) has a unique solution x € C[0,T].

3. CONTINUOUS DEPENDENCE

Here we shall study the continuous dependence of solution of the problem (1) — (2) on some

functions.

Definition 1. The solution x € C[0,T] of (1)-(2) depends continuously on the functions f; and
¢; if Ve >038 >0 such that

max{[fi— f], ¢ — ¢/} <& = [x—x"[| <&,

where
3) xX(t) = 16,y (o7 (" (1))),
4) Y1) = fo (6,7 (95 (x7(1))))-

Theorem 2. Let the assumptions of Theorem 1 be satisfied, then x € C[|0,T] depends continu-

ously on f; and ¢; .

Proof. Let x and x* be two solutions of the problems (1)-(2) and (5)-(6) respectively, then

x(t) —x" (1)
= 1Ay(e1(3(1)) = £ @,y (07 (" (1))
= fi(t,y(@1(3(1))) = f1 (1,5 (&1 (7" (1)) + £1 (6,57 (91 (" (1)) = fi(6,y" (91 (v (1))))]
<A@ 3())) = file,y (@7 7 ()| + L6y (61 (1)) — 7 (0,5 (07 (7 ()]
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Kily(91(v())) =y (o1 " (1)) + &

Kily(91(v(1))) = y(&7 (" (1)) + (&1 (" (1)) = y" (o1 (" (1)) + &
Kily(91(y())) = (01 (" () + Kily(0r (v (£))) —y* (91 (" (1)) + &
KiL[g1(y(2)) — o7 (" ()| + Killy —y"[[ + 8

KiL[g1(y(1)) = ¢1(" (1)) + 01 (y* (1)) = o7 " (1) + Killy =" + &
KiL[g1(y(t)) — o1 (" (1)) |+ K1 LI$1 (v* (1)) — &7 0 ()| + Ki lly —y*[| + &

KL[y—y*|+KLS +K|y—y*||+ 0

/AN VAN VAN VAN VAN VAN

IN

< (KL+K)|ly—y*||+KLo+6.
Then
(5) [lx = x| < (KL+K)[ly =y"[| + (KL+1)8.
Similarly,
(6) Iy =y*Il < (KL+K)[|x —x"[| + (KL +1)8.

By addition (5) and (6), we get

[l =X+ [y =y < (KL+K) (e =27 + ly = y*[) + 2(KL+ 1)é.

Then
(1= (KL+K))(|x—x"[| + [y =y"|l) <2(KL+1)3.
Hence
N N 2(KL+1)
— — < -’ 0=
Now
[(6,9) = y)lx = =),y =y)Ix
= [[x=x)[lc+[[=y)lc <&
Then

16e,y) = (553" llx <e.
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Definition 2. The solution of the functional equation (1) depends continuously on y if V € >
0 3 0 > 0 such that
ly—y*|<d = |x—x"| <e,

where

x* (1) = filt,y (¢1(y"(2)))),
Y (1) = fat,x" (91 (x"(2))))-

Theorem 3. Let the assumptions of Theorem 1 be satisfied, then x € C[0,T| depends continu-

ouslyony.

Proof. Let x and x* be two solutions of (1), then

x(t) =x* @) = 1fi(e,3(@1 () = f1(6,y" (91 (7 (1))

< Kily(91(v(1))) =y (¢:1("(2)))]

< Kily(91(v(#))) = y(91(y* (1)) + (1 (" (1)) —y" (91 (" (1))

< Kily(91(v(2)) =y(91 (" () [+ Kily (91 (y* (1)) = y* (91 (y* (2)))]
< KiL[gi(y(1)) =01 (" () [+ Ki[ly =7

< KL|ly—=y"[[+Klly—y"l

< (KL+K)o=¢e.

Then

|lx— x| <e.

By the same way we can prove that the solution y of (2) depends continuously on x

4. HYRES-ULAM STABILITY

Definition 3. [5] Let the solution x € C[0,T| of the problem (1)-(2) be exists, then the problem
(1)-(2) is Hyers-Ulam stable if Ve > 0 3 6(€) > 0 such that for any §-approximate solution
xs € Cl0,T of (1)-(2) satisfies
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max{|x;(t) — f1(t,ys(91(ys())))], [vs(t) — fo(t,x5(92(x5(2)))) [} < 6.
Then

l|lx — x5 < €.

Theorem 4. Let the assumptions of Theorem 1 be satisfied, then the problem (1)-(2) is Hyers-

Ulam stable.
Proof. Let

max{|xs(t) _fl(tays((pl (ys(t))))|7 |ys(t) _fZ(taxs(¢2(xs(t))>)|} <9,

x(6) =xs()] = [A1E3(01(6(1))) —xs(0)]
= [A@y(@1(())) = x5(1) + 12, y5(91 (vs(2))) — 12,35 (91 (v5(2))))]

< AEYs(01(0s())) = x5 ()| + 11 (2, 3(01(0(1)))) = fi(£,y5(1 (vs(2))))]
< S+ Ki[y(01(v(1)) —ys(91(vs(2)))]
< S+ Kily(¢1(3(2)) = y(91(ys(1))) + (91 (vs(2))) —ys(1(ys(1)))]
< S+ KL (y(1)) — 01 (vs()) [+ Ki [y — sl
< S+KL|y(t) —ys(t)[+ K|y = ysll
< S+ KLy =yl + Klly—ysll,
and
(7 lx = x| < &+ (KL+K)|ly —ys-
Similarly,
(8) [y = sl < 6+ (KL+K)|lx — x|

By addition (7) and (8), we get

(e =2s[[ + [y = ysll) <26 + (KL+ K)([ly = ysll + [lx = xs]),
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and
(1= (KL+K))(|ly = ysll + [lx —xs)) < 26.
Hence
(y =l e} € b =
YIS = T kL k) T
Since
16, y) = (s, ys)llx - = [[(x—x5), (v —vs)llx
= [[G=x)llc+I1=ys)llc <e,
and
H(x,y) - (XSa)’s)HX <€
Then
llx — x| < €.
OJ
Example 1. Consider the problem
2 1 1
©) x(1) = ZIn(1+1) + 5y(ny(1), 1 € [0, ]
constrained by
_ b x(nx() 1
(10) y(t) = EH—E 6 t €10, 5]‘

Where @, (t) = nt,$(t) = pt and 71, p € (0,1). Set

fi6) = 30140+ 2 ((0),

b (@)
Thus
2 1
|f1(t,u) = fi(s,v)] = !7(ln(1+t)—1n(1+S))I+§!u—VI
< Z—sl+glu—]
< 3 S 8” v
2
< S(ft—=sl+|u—v]),

7
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and

t _us sV

|f2(t,u)—f2(s,v)| = E‘f’e E—E—e 6‘

< 1—10|t—s| —|—é|e‘tu—e_’v+e_tv—e_sv|

< %h—s\ +é\etu—e’v\ +é\e’v—esv|
< Lo Lo e Sy

- 10 6 30

< Zios|4 Ly

- 15 6

1
< —(le—s|+|u—v|).
6
Where K| = % K> = é, K= max{%,% = % Thus we have L = 1EV1-4K° VZII;“KZ =0.3138 < 1 and
K+ KL =0.37537 < 1. It s clear that all assumptions of Theorem (1) are satisfied. Hence there

exist unique solution (x,y) € X of the problem 9-10.

CONFLICT OF INTERESTS

The authors declare that there is no conflict of interests.

REFERENCES

[1] J. Banas, On the superposition operator and integrable solutions of some functional equation, Nonlinear
Anal.: Theory Methods Appl. 12 (1988), 777-784. https://doi.org/10.1016/0362-546X(88)90038-7.

[2] J. Banas, W.G. El-Sayed, Solvability of functional and integral equations in some classes of integrable func-
tions, Politechnik Rzeszowska, Rzeszow, (1993).

[3] J. Banas, Integrable solutions of hammerstein and urysohn integral equations, J. Australian Math. Soc. Ser.
A. Pure Math. Stat. 46 (1989), 61-68. https://doi.org/10.1017/S1446788700030378.

[4] A. Buica, Existence and continuous dependence of solutions of some functional-differential equations, in:
Seminar on Fixed Point Theory, vol. 3, pp. 1-14 (1995).

[5] A.M.A. El-Sayed, M.M.S. Ba-Ali, E.M.A. Hamdallah, An investigation of a nonlinear delay functional equa-
tion with a quadratic functional integral constraint, Mathematics 11 (2023), 4475. https://doi.org/10.3390/ma
th11214475.

[6] H.H.G. Hashem, A.M.A. El-Sayed, Solvability of coupled systems of fractional order integro-differential
equations, J. Indones. Math. Soc. 19 (2013), 111-121.


https://doi.org/10.1016/0362-546X(88)90038-7
https://doi.org/10.1017/S1446788700030378
https://doi.org/10.3390/math11214475
https://doi.org/10.3390/math11214475

A FIXED POINT OF A CONSTRAINED PROBLEM OF STATE-DEPENDENT FUNCTIONAL EQUATION 11

[71 A.M.A. El-Sayed, R. Gamal Aahmed, Solvability of the functional integro-differential equation with self-
reference and state-dependence, J. Nonlinear Sci. Appl. 13 (2019), 1-8. https://doi.org/10.22436/jnsa.013.01
.01.

[8] A.M.A. El-Sayed, H. El-Owaidy, R.G. Ahmed, Solvability of a boundary value problem of self-reference
functional differential equation with infinite point and integral conditions, J. Math. Computer Sci. 21 (2020),
296-308. https://doi.org/10.22436/jmcs.021.04.03.

[9] A. El-Sayed, H. Ebead, On the solvability of a self-reference functional and quadratic functional integral
equations, Filomat 34 (2020), 129-141. https://doi.org/10.2298/FIL2001129E.

[10] A.M.A. El-sayed, E. Hamdallah, H.R. Ebead, POSITIVE nondecreasing solutions of a self-refereed dif-
ferential equation with two state-delay functions, Adv. Math.: Sci. J. 9 (2020), 10357-10365. https:
//doi.org/10.37418/amsj.9.12.26.

[11] A.El-Sayed, E. Hamdallah, H. Ebead, On a nonlocal boundary value problem of a state-dependent differential
equation, Mathematics 9 (2021), 2800. https://doi.org/10.3390/math9212800.

[12] A.M.A. El-Sayed, H.R. Ebead, Existence of positive solutions for a state-dependent hybrid functional differ-
ential equation, IAENG Int. J. Appl. Math. 50 (2020), 883—-889.

[13] A state-dependent integral equation of fractional order, Adv. Math.: Sci. J. 10 (2020), 811-817. https://doi.or
2/10.37418/ams;j.10.2.12.

[14] A.M.A. El-Sayed, H. H.G. Hashem, S. M. Al-Issa, Analytical study of some self-referred or state dependent
functional equations, Methods Funct. Anal. Topol. 1 (2022), 50-57. https://doi.org/10.31392/MFAT-npu2
6.1.2022.05.

[15] AAM.A. El-sayed, Y.M.Y. Omar, p-chandrasekhar integral equation, Adv. Math.: Sci. J. 9 (2020),
10305-10311. https://doi.org/10.37418/amsj.9.12.22.

[16] F.Haga, K. Shahb, G. UR-Rahmanc, et al. Existence results for a coupled systems of Chandrasekhar quadratic
integral equations, Commun. Nonlinear Anal. 3 (2017), 15-22.

[17] H.H.G. Hashem, M.S. Zaki, On some coupled systems of functional differential equations of fractional or-
ders, To Phys. J. 3 (2019), 69-77.

[18] H.H.G. Hashem, Continuous dependence of solutions of coupled systems of state dependent functional equa-
tions, Adv. Differ. Equ. Control Processes 22 (2020), 121-135. https://doi.org/10.17654/DE022020121.

[19] M.A. Hernandez-Verdn, E. Martinez, S. Singh, On the chandrasekhar integral equation, Comput. Math. Meth-
ods 3 (2021), e1150. https://doi.org/10.1002/cmm4.1150.

[20] A.N. Kolmogorov, S.V. Fomin, Elements of the theory of functions and functional analysis, Graylock Press,
(1957).

[21] W. Kumam, M.B. Zada, K. Shah, et al. Investigating a coupled hybrid system of nonlinear fractional differ-
ential equations, Discr. Dyn. Nat. Soc. 2018 (2018), 5937572. https://doi.org/10.1155/2018/5937572.


https://doi.org/10.22436/jnsa.013.01.01
https://doi.org/10.22436/jnsa.013.01.01
https://doi.org/10.22436/jmcs.021.04.03
https://doi.org/10.2298/FIL2001129E
https://doi.org/10.37418/amsj.9.12.26
https://doi.org/10.37418/amsj.9.12.26
https://doi.org/10.3390/math9212800
https://doi.org/10.37418/amsj.10.2.12
https://doi.org/10.37418/amsj.10.2.12
https://doi.org/10.31392/MFAT-npu26_1.2022.05
https://doi.org/10.31392/MFAT-npu26_1.2022.05
https://doi.org/10.37418/amsj.9.12.22
https://doi.org/10.17654/DE022020121
https://doi.org/10.1002/cmm4.1150
https://doi.org/10.1155/2018/5937572

12 AHMED M.A. EL-SAYED, EMAN M. AL-BARG, HANAA R. EBEAD

[22] R.J. Oberg, On the local existence of solution of certain functional-differential equations, Proc. Amer. Math.
Soc. 20 (1969), 295-302. https://www.jstor.org/stable/2035640.

[23] K. Shah, J. Wang, H. Khalil, R.A. Khan, Existence and numerical solutions of a coupled system of integral
bvp for fractional differential equations, Adv. Differ. Equ. 2018 (2018), 149. https://doi.org/10.1186/s13662
-018-1603-1.


https://www.jstor.org/stable/2035640
https://doi.org/10.1186/s13662-018-1603-1
https://doi.org/10.1186/s13662-018-1603-1

	1. Introduction
	2. Existence Theorem
	3. Continuous Dependence 
	4. Hyres-Ulam Stability
	Conflict of Interests
	References

