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Abstract: In this paper, we introduce the notion of generalized (o, ¢)-Meir-Keeler Gregus quadratic Type hybrid
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1. INTRODUCTION

Fixed point theory is one of the extremely significant topics in expansion of nonlinear and math-
ematical analysis in global. Also, fixed point theory has been completely used in many other
category of science such as biology, physics, chemistry, economics, computer science, all engi-
neering territory, and so on. In 1922, Banach [2] introduced a well-known fixed point result, now
called Banach contraction principle, which is one of the crucial results in nonlinear analysis. Due
to its importance and beneficial applications, various authors have procure many interesting exten-
sions and generalizations of the Banach contraction principle in various direction (see, e.g., [5],
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[14]). These generalizations are attained either by using contractive conditions or by levid some
additional conditions on the context spaces. For example, one of the significant and precise gen-
eralizations is due to Meir and Keeler [9]. The class of Meir-Keeler contractions consists of the
class of Banach contractions and many other classes of nonlinear contractions (see, for example,
[5], [14]). Meir and Keeler’s theorem was the inventor of further investigation in metric fixed point
theory. Later on, Meir-Keeler contraction mapping has been generalized by various authors in
various ways. On the other hand, the idea of a b-metric space was presented by Bakhtin [1] and
Czerwik [4] as a generalization of metric spaces. Since then, several papers have been published
on the fixed point theory in such spaces which are interesting extensions and generalizations of
the Banach contraction principle. For further works in the setting of b-metric spaces and their
generalization. In 2020, Karapinar et al. [6] intensional fixed point results for the Meir-Keeler
contraction via simulation function in the setting of metric spaces. Inspired and motivated by the
work of Karapinar et al. [7], introduce the notion of generalized (a, ¢)-Meir-Keeler hybrid con-
tractive mappings of type I and II via simulation function and establish fixed point theorems for
the introduced mappings in the setting of b-metric spaces.

Most recently Mustefa and Kidane [10] introduce the notion of generalized (o, ¢) Meir- Keeler
hybrid contractive mappings of type I and II via simulation function and establish fixed point the-

orems for such mappings in the setting of complete b-metric spaces.

2. PRELIMINARIES

We recall basic definitions and results on the copies which we use in the sequel.
Throughout this paper, we denote R*, R and N respectively by
RT = [0,00) - the set of all non-negative real numbers; R - the set of all real numbers; N- the set of
all natural numbers.

Khojasteh et al. [8] introduced the notion of a simulation function as follows.

Definition 2.1. [8] A weak simulation function is a mapping & : Rt x RT — R satisfying the
following conditions:

(€1) £(0,0) =0;

(&) E(t,s) <s—tVi,s>0.
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Note: Throughout this paper we denote by Z,, the family of all simulation functions £ : RT x RT —
R. Due to the axiom (&;), we have & (7,¢) < 0V > 0. Recently, Suzuki [12] presented the following
class of mappings and proved fixed point result to extend the coverage of Meir-Keeler theorem in
the setting of metric spaces. Let (X,d) be a metric space and 7 : X — X be a self-mapping. Define

amapping M : X x X — R as follows:

d(x,Ty)+d(y,Tx) } .

M(x,y):max{d(x,y),d(x,Tx),d(y,Ty), 5

Andlet p: X x X — R be a mapping satisfies the following conditions:
(1) (P : M)x# y and d(x,Tx) <d(x,y) = p(x,y) < M(x,y);
(2) (Pg 1 ¢) xp £y, im0 d(X,,y) = 0, and lim, e d(xy, Tx,) =0

= limsup,_,.,d(x;,y) < cd(y,Ty), where c € [0,1).

Theorem 2.2. [13] Let T be a self-mapping on a complete metric space (X,d). Letp: X x X — R™
be mapping that satisfies the conditions (PI} : M) and (PI% : ¢) defined above.Suppose also that the
following are satisfied:

(1) Forany € > 0, there exists 6(€) > 0 suchthat x #y and p(x,y) < €+6(€) = d(Tx,Ty) <&
(2) x#yand p(x,y) >0 = d(Tx,Ty) < p(x,y).

Then T has a unique fixed point 7. Moreover; the sequence {T"x} converges to z for all x € X.
Bakhtin [1] and Czerwik [4] defined a b-metric space as follows.

Definition 2.3. ([1],[4]) Let X be a nonempty set and s > 1 be a given real number. A function
d:X xX — R" is said to be a b-metric if and only if Vx,y,z € X, the following conditions are
satisfied:
(1) d(x, 0if and only if x =y;
(2) d(x,y) = d(y,x);
(3) d(x,z) <sld(x,y) +d(y,z)].

(

The pair (X,d) is called a b-metric space.

y) =
y) =

Definition 2.4. [7] Let X be a b-metric space and {x,} a sequence in X. We say that

(1) {xn} is b-convergent to x € X if d(x,,x) — 0 as n — oo.
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(2) {x,} is a b-Cauchy sequence if d(x,,x,) — 0 as n,m — .

(3) (X,d) is b-complete if every b-Cauchy sequence in X is b-convergent.

Definition 2.5. [3] Let (X,d) be a b-metric space with the coefficient s > 1 and let T : X — X be
a given mapping. We say that T is b-continuous at xo € X if and only if for every sequence x, € X
such that x, — xo as n — oo, we have Tx,, — Txg as n — o. If T is b-continuous at each point

x € X then we say that T is b-continuous on X .

Definition 2.6. [11] Let X be a nonempty set and o : X x X — R a function. A mapping T : X — X

is said to be o.—orbital admissible if, ¥x € X, a(x,T,) > 1 = o(Tx,T?x) > 1.

Definition 2.7. [11] Let X be a nonempty set, T : X — X, and ot : X x X — R*.We say that T is
triangular oc—orbital admissible if:
(1) T is a-orbital admissible;

(2) Vx,y € X, a(x,y) > 1and a(y,Ty) > 1 = a(x,Ty) > 1

In 2020, Karapinar et al. [7] introduced the following class of hybrid contraction mappings of

type I and II and studied fixed point results for such mappings.

Definition 2.8. [7] Let T be a self-mapping on a metric space (X,d) and & € Z,, Suppose that
p: X x X = R is a function that satisfies only (P'p : M). Then T is called a hybrid contraction
of type I if the following conditions are fulfilled:

(1)For any € > 0, there exists §(€) > 0 such that x #y and p(x,y) < €+ 6(¢) = d(Tx,Ty) <¢;
(2) x#y and p(x,y) >0 = &(a(x,y)d(Tx,Ty),p(x,y)) > 0.

Let a mapping N : X x X — R be defined as follows:

1+d(x,Tx)}
1+d(x,y) |’

where T is a self-mapping defined on a metric space (X ,d).We notice that, for any x,y € X with

N(x,y) = max {d(y, Ty),

x =1y, we have 0 = d(Tx,Ty) < N(x,y). Moreover, if x # y, then N(x,y) > 0.

Definition 2.9. [10] Let T be a self-mapping on a metric space (X,d) and & € Z,, Suppose that
p: X x X — RY is a function that satisfies (P'p : N) and (P*p : ¢) ¥c € [0,1). Then T is called a

hybrid contraction of type Il if the following conditions are satisfied:
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(1) For any € > 0 there exists 6(€) > 0 such that x # y and p(x,y) < €+ 8(e) = d(Tx,Ty) < ¢;
(2) x #yand p(x,y) >0 = &(a(x,y)d(Tx,Ty), p(x,y)) = 0.

3. MAIN RESULT

In this section, first we coin generalized (@, ¢)— Meir-Keeler Gregus quadratic type (MKGq)
hybrid contractive mapping of type I in the setting of b-metric spaces and prove fixed point results
for such mappings.

In this section, we denote the class of mappings ¥ by y = {¢ : RT — R™ : ¢ is continuous,
monotone non-decreasing, ¢(¢) =0 iff ¢t =0}.

Let (X,d) be a b-metric space with s > 1 and T : X — X be a self-mapping.We define a mapping
M;:X xX —R" by

d*(x,Ty) +d*(y, T
Mi09) = (1) + (1 - ) max { (). .0, Ty), LTI,
s
Andlet p: X x X — R be a mapping satisfies the following conditions:
(1) (P, : M) x #y and d(x,Tx) < d(x,y) = p(x,y) < My(x,y);
(2) (Pg 1 8C) Xy # Y, limy 00 d(xp,y) = 0, and im0 d(x, Tx,) =0

— limsup,_,.,d(xn,y) < cd(y,Ty), where c € [0,1).

Definition 3.1. Let (X,d) be a b-metric space withs > 1, T:X =X, 0 : X xX >R  p: X xX —
R* satisfy (P'p : M) and ¢ € . Then the mapping T is said to be a generalized (o, ¢)- Meir-
Keeler Gregus quadratic type hybrid contractive mapping of type 1 if it satisfies, for all x,y € X,
the following conditions:

(1) For any € > O there exists §(&) > 0 such that x # y and p(x,y) < €+ 6(€) = d(Tx,Ty) < &;
(2) x #y and p(x,y) >0 = &(a(x,y)d(Tx,Ty), p(x,y)) = 0.

Remark 3.2. If T is a generalized (o, ) MKGq type hybrid contractive mapping of type I, then

(3.1) a(x,y)9(d(Tx,Ty)) < ¢(p(x,y)) < ¢(Ms(x,y)).

Indeed, we have d(x,y) > 0 since x # y. If p(x,y) =0, from (ii), we have ¢(d(Tx,Ty)) < € for
any € > 0. But € > 0 is arbitrary, thus we obtain Tx = Ty. In this case, o.(x,y)¢(d(Tx,Ty)) =0 <
O (p(x,y)). Otherwise, p(x,y) > 0, and if Tx # Ty, then d(Tx,Ty) > 0. If o(x,y) =0, then (3.1) is
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satisfied. On the other hand, from (&) and we get
0 < &(alx,y)¢(d(Tx,Ty)), ¢ (p(x,y))) <& (p(x,y)) — a(x,y)9(d(Tx,Ty)), so (3.1) holds.

Now, we present our first main result as follows:

Theorem 3.3. Let (X,d) be a complete b-metric space with s > 1, T : X — X, o0: X x X — R*
be mappings, and ¢ € y. Suppose the following conditions hold:
(1) T is generalized (@, ) MKGq type hybrid contractive mapping of type I;

2) T is a triangular a-orbital admissible mapping;

)
(2)
(3) There exists xo € X such that a(xo,Txp) > 1;
(4)

4) T is b-continuous. Then T has a fixed point z. Moreover, {T"x} converges to z for all x € X.

Proof. By 3 above, there survive xp € X such that o (xg, Txp) > 1..We invent an iterative sequence
{x,} in X by x, = T'x,_ for n € N. Assume that x,,, = x;,, , for some ng € N. Since Tx,, = xng| =
Xn,, the point x,,, is a fixed point of 7" and this completes the proof. So from now on, we assume that
Xn 7 Xp1 for all n € NU{0}. Since T is triangular a- orbital admissible, o (xo, Txo) = ot(xg,x1) >
1 = a(Txo,Tx;) =a(x;,xp) > 1 = a(Tx),Txy) = a(Xz,X3) > 1. Continuing in this manner,

we get
(3.2) o (X, Xp41) > 1 ¥Vn > 0.

Again, by using the supposition that 7 is triangular a—orbital admissible, for all n € NU {0},
(3.2) yields that ot(xy,,x,+1) > 1 and ot (x4 1,%,42) > 1 = &(xy,x,51) > 1. Recursively, we con-
clude that a(x,,x,+;) > 1 for all n, j € N. Now we prove that the sequence d(x,,x,1) is mono-
tone decreasing. Taking x = x, and y = x,, 1 in (P'p : M), we get 0 < d(xp,X,11) = d(xp, Tx,) <
d(xp,xpt1) = p(xnsXnt1) < My(Xy,X441), Where

dz(xnaxn-l-l)ad(xna Txn)-d(xn—i-l ; Txn-i—l),

_ 0 B
Ms(xl’Hanrl) =ad (xnaxn+1) + (1 Cl) max dz(xn~,Txn+l)+d2(xn+l7Txn)

2s
d? d2
:max{dZ(xnvan% (xnvxn+2)+2s (Xn+1,xn+2)}
d?(x,,
:max{dz(xmxn%—l)v%},
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and, taking the b-triangle inequality we conclude that
dz(xmxn—i—Z) < Sdz(xnaxn—i-l) + Sdz(xn—H 7xn+2)
2s - 2s

_ d? (X, Xn 1) + d? (Xng1,%012)
2

< max {d*(xn, Xnr1),d* (Xt 1,%n42) }
which gives
M;(xp, Xp+1) = max {dz(xn,xn+1 ),dz(an ,xn+2)} )
By definition 2.9 (2) we conclude that
0 < & (0 (X0, X41)9 (d* (T, T41)), @ (P(nsX+1)))

< ¢ (p(Xn,Xns1) — O‘(Xnaanrl)(p(dz(TxnvTxn+1))7

which is equivalent to

O (d* (Xn,xn11)) = O(d*(Txn, Txn11))
(3.3) < 0%, %0 41) 9 (d* (T, Txny1))
< (P(p(xn,anrl)

< ¢(Ms(xn7xn+l))'

If M(xp,%n11) = d*(X,41,Xn42) then (3.3) surrends a contradiction. Thus, we have

(3.4) My (xp,Xn11) = d*(Xps1,%012),

Moreover, from (3.3), we get ¢ (d?(Xn41,%012)) < ¢ (d*(x,,Xn41)), which implies, applying the

monotonicity of @,

dz(xn+1,xn+2) < dz(xn,an) VneNU{0},

that is, {d?(x,,X,+1)} is a monotone decreasing sequence of non-negative real numbers. Thus,
there is some / > 0 such that lim,, e dz(xn,an) = [. We need to show [ = 0. Suppose, on the

contrary, that / > 0 and set 0 < € = [. We also record that

(3.5) € =1<d*(xp,Xxns1)Vn € NU{O}.
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Also, from (3.3) and (3.4), we have p(x,,X,+1) < d?(xXn,%,11) < €+ 8(&) for n sufficiently large.

So, applying definition 2.9(1) we have
) €
(3.6) d=(Txu, Txpy1) < =
s

Merging (3.5) together with (3.6), we obtain

€ <d*(Xps1,Xn12) = d* (T, Txp1) <

“ |

b

which is a contradiction.We conclude that € = 0, that is,

(3.7) lim d?(x,,%,11) = 0.

n—soo

Now, we appear that {x, }is a b-Cauchy sequence. Let £ > 0 be fixed. From (3.7), we can select

k € N large enough such that

01

. d? —
(3 8) ('xkvxk-i-l) < 2S,

for some §; > 0. Without loss of generality, we assume that 8; = 9;(€;) < (&). By induction, we

prove that
5
(3.9) d* (X, Xeim) < €1 + 51 YV k,m € NU{0}.

Earlier we get (3.9) from (3.8), for m = 1. Assume that (3.9) is satisfied for some m = j. Now, we

show that (3.9) holds for m = j+ 1. On account of (3.8) and (3.9), we first conclude that

d*(xp, Xy o) + A2 (X, Xeg 1) < sd? (X, Xir ) 4 5d* Xy j Xar 1) + 54 (X j, X0) + sd* (e, Xe11)

2s - 2s
_ d? (i, s ;) + d? (X jy X 1)+ d* (X o xk) +d? (X, 1)
2
1 01
< =[2e+6; +—
2[ 1+ 1+81]

1
< 5 [281 + 261]

=€+ 0.
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Thus, we have

d? (X, Xt ), d (X, Txe)d (X Ty ),

d? (e, Ty ) +d* (g, Tx)
2s

M (X, %1 ;) = ad® (xg, x4 j + (1 — a) max

d? (i, Xt 1), d (0 X 1) A (Xt o X 1)

d? (X Xes 1)+ (X K1)
2s

= ad*(xy, x4 ;) + (1 — a) max

o1 01
&g+—,—,6+0
<max{1+2,zs, 1+ 1}

=g+ 0.

From the above inequality, we have p(x,xx1 ;) < M(Xg, Xkt ) = d? (xg, Xjr j) < & + 61, by Defi-
nition 2.9(1) we conclude that

€
(3.10) d* (X, X j1) = A (T, T ) < ?1

Now, applying the b-triangle inequality, as well as (3.8) and (3.10), we have

d* (X, Xt 1) < 5d” (X, Xie1) + A7 (X1 X 1)

= Sdz(xk,xk_H) + sdz(Txk, Txk+j)

<61+£
y o

So, (3.9) holds for m = j+ 1. Therefore, d?(xy, x;m) < € V k,m € NU{0}.
Additionally, for m > n, we have limy, ;. d(x,,X,) = 0 and hence the sequence {x,} is a b-
Cauchy sequence. Since, (X,d) is a complete b-metric space, there continue u € X such that x,, — u

as n — oco. By b-continuity of 7', we have
u= lim x,1| = lim Tx,, = Tu,
n—oo n—oo
that is, u is a fixed point of 7. OJ

Now, changing continuity of T by continuity of 72 in Theorem 3.3, we prove the following fixed

point result.

Theorem 3.4. Let (X,d) be a complete b-metric space with s > 1 and let T : X — X be a general-

ized (o, )— MKGq type hybrid contractive mapping of type I satisfying the following conditions:
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(1) T is a triangular o-orbital admissible mapping;

(2) There exists xog € X such that a(xy,Txg) > 1;

(3) T? is b-continuous.

Then {T"x}is converges to z for all x € X. Moreover, for a(z,Tz) > 1,z is a fixed point of T, and

T is discontinuous at z if and only if lim,_,; My(x,z) # 0.

Proof. Coming the proof of Theorem 3.3, we discern that the sequence {x,} € X defined by x,, =
Tx,—1Vn € Nis convergent to z € X and o(x,,x,+1) > 1 forall n € NU{0}. Regarding the fact that
any sub-sequence of {x, } converges to z, we get lim;, e X+ 1 = limy_ye0 T'X;, = z and limy,_ye0 X142 =
lim,,_e0 T%x,, = z. Also, due to the continuity of T2, T2z = limy,_ e T2x, = z. We claim that Tz = z.

Suppose, on the contrary, that Tz # z and p(z,Tz) > 0. Then we have

p(z,Tz) < My(z,Tz)

d*(z,T%z) +d*(Tz,Tz) }

=ad*(z,Tz)+ (1 —a) max {dz(z, Tz),d(z,Tz).d(Tz,T%z), 2

=d*(z,Tz).

Thus, using (3.1) together with the hypothesis a(z,Tz) > 1, we obtain

0 < &(a(z, T2)9(d*(T2,T72)), ¢ (p(z.T2))),
and also
0 < ¢(d*(Tz,2)) = 9(d*(Tz,T?2))
< a(z,T2)9(d*(Tz,T%2))
< ¢(P(z,Tz))
< ¢(M(2,Tz))
= ¢(d*(z,T2)),

which is a contradiction. So, z = T'z, that is, z 1s a fixed point of 7. O

Definition 3.5. A b-metric space (X,d) is called regular if for any sequence {x,} in X with

lim d?(x,,z) =0

n—yoo
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and 0(xy,xp+1) > 1 for alln € NU{0}, one has &t(x,,z) > 1 for alln € NU{0}. In the following,

we prove fixed point theorem, without continuity assumption of T and T>.

Theorem 3.6. Assume (X,d) be a complete b-metric space with s > 1 and T : X — X be a gen-
eralized («, §)- MKGq type hybrid contractive mapping of type I. Suppose that (P*p : sc) and the
following conditions hold:

(1) T is a triangular a--orbital admissible mapping;

(2) There exists xo € X such that a(xo,Txp) > 1;

(3) (X,d) is regular.
(4)

4) Then {T"x} is converges to z for all x € X. Moreover, z is a fixed point of T.

Proof. Following the proof of Theorem 3.3, we see that the sequence {x,} € X defined by x, =
Tx,—1V n € Nis convergent to z € X and a¢(x,,x,+1) > 1 for all n € NU{0}. We notice also that
all adjacent terms in {x,} are distinct. Moreover, we note T"x # z for all n € NU{0}. Respecting

the limits lim,, oo d?(x,,,2) = 0 and lim,, _seod?(x,,,x,4+1) = 0, we operate from (PP2 : sc) that
(3.11) s lim sup p(xn,2) < cd*(z,Tz) forany c € [0,1).
n—>oo

So, by supposition (3), we get @(x,,z) > 1. Now, we prove that z is a fixed point of 7. Assume, on

the contrary, that Tz # z. Taking x = x,, and y = z in Definition 2.9, (2) we get
0 < &(0t(xn,2) P (d* (T, T2), 9 (p(,2)))
< ¢ (P, 2))) — (i, 2))9 (d* (T, T2)),
which is equivalent to
¢(d2(xn+1,Tz)) = ¢(d2(Txnv Tz))
< 0t(x0,2) 9 (d* (T3, T2))

(3.12) < ¢ (p(xn;2)).

Since ¢ is monotone, (3.12) gives

(3.13) d*(xXp11,T2) < p(xn,2).
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Using the b-triangle inequality and using (3.13), we have

d*(z,Tz) < sd*(z,%ps1) + 5d*(Xps1,T2)

(3.14) < 5d*(2,%n41) +5p (X, 2).
Taking the limit as n — oo in (3.14) and using (P[% : s¢), we conclude that

d*(z,Tz) < s lim sup p(x,,z)
n—oo

< cd*(z,Tz) forany c €0,1),

which is a contradiction.Therefore, z is a fixed point of T'.

O

Condition(U) For all x,y € T, we have a(x,y) > 1, where Fix (T') denotes the set of all fixed

points of 7.

Theorem 3.7. Adding Condition (U) to the hypotheses of Theorem 3.3 (resp. Theorems 3.4 and

3.6), we prove the uniqueness of fixed point of T.

Proof. We discuss by contradiction, that is, suppose there exist z,w € X such that z=Tzand w =
Tw with z # w. By Condition (U), we have a(z,w) > 1. We observe first that the case p(z,w) =0
is impossible since we have Tz = Tw and 0 < d*(z,w) = d?(Tz,Tw) = 0, which is a contradiction.
Thus, we conclude that p(z,w) > 0. Since 0 = d*(z, Tz) < d*(z,w), by (P, : M), we have p(z,w) <

M;(z,w), where

d*(z, T d(T
Mi(z,w) = a d*(z,w) + (1 — a) max {dz(zaw),d(z,w).d(w, Tw), &, W);LS (Tz,w) }
= dz(z, W),
Using Definition 2.9(2) we conclude that

0 < &(a(zw)e(d(Tz,Tw)),¢ (p(z,w)))

<9 (p(z.w)) — (2, w))$(d*(Tz, Tw)),
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which imply
0 < ¢(d*(z,w)) = ¢(d*(Tz,Tw))
< a(z,w)9(d*(Tz,Tw))
<9 (P(z,w))
= ¢(d*(z,w)),
which is a contradiction. Hence, d?(z,w) = 0, that is, the fixed point of T is unique. O

Further we introduce generalized (@, ¢ )- MKGq type hybrid contractive mapping of type II and

study fixed point results for such mappings.

Definition 3.8. Suppose (X,d) be a b-metric space with s > 1, T : X — X, a: X xX — R,
E€Z,,0 €y, and suppose p: X x X — R* is a function that satisfies (PI} : Ny) and (Pg 1 SC).
The mapping T is said to be a generalized (o, ¢)-MKGq type hybrid contractive mapping of type
11 if it satisfies for all x,y € X the following conditions:

(1) For any € > 0 there exists 8(&) > 0 such that x # y and p(x,y) < €+ 06(g) = d(Tx,Ty) < %;

(2) x #y and p(x,y) > 0 imply
(3.15) &(a(x,y)d(Tx,Ty), p(x,y)) > 0.
We define a mapping Ny : X x X — R™ by

d*(x,y),d(x,Tx).d(y,Ty),

) - d?(y,Ty)[14d?(x,Tx)]
Ns(xvy) —Cld (X,y)+(1 a)max 1+d2(x,y) )

d?(x,Tx)[14+d? (y,Ty)]
1+d?(Tx,Ty)

We note that, for any x,y € X with x =y, we have 0 = d*(Tx,Ty) < Ny(x,y). Moreover, if x # y,
then Ns(x,y) > 0.

Now, we demonstrate the following fixed point theorem.

Theorem 3.9. Let (X,d) be a complete b-metric space with s > 1 and let T : X — X be a general-
ized (a,9)— MKGgq type hybrid contractive mapping of type Il satisfying the following conditions:

(1) T is a triangular a--orbital admissible mapping;
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(2)There exists xo € X such that o(xo, Txp) > 1;
(3) either T is continuous;

(4) or T?is continuous and o(z,Tz) > 1;

(5) or (X,d) is a regular.

Then T has a fixed point of z, Moreover, {T"x} is convergent to z for all x € X.

Proof. Similar to the proof of Theorem 3.3, we construct a recursive sequence {x,} as follows:
xn = Tx,—1 ¥ n € N. One can conclude that a(x,,x,+1) > 1 for all n € NU {0}, due to conditions
(1) and (2). Throughout the proof, we assume x, # x, for all n € NU{0}. Indeed, as it was dis-
cussed in the proof of Theorem 3.3, the other case is superficial and is omited. Now, by assuming

x=2x,andy = x,, in (P'p: Ny), we have
d2<xnaTxn> < dz(xn;xn+1)a

which implies
p(xn»anrl) < Ns(xnaanrl),
where

4
dz(xn,an),d(xn, Txn).d(xp+1, TXnt1),

d? (xn+1 T y1) [] +d* (xanxn)}

1+d2 (xﬂ An+1 ) ’
d? (%2, Tx ) [14d% (x4 1,T % 41)]
\ (14+d?(Txy,Txp 1 1)]

Ny (Xp,Xp41) = adz(xn,an) + (1 —a) max

.
2
d (xn;anrl)ad<xn7xn+1)-d(xn+l 7xn+2);
d2 (xn+1 7xn+2) [1+d2 (xn An+1 )}
1+d? (X, X, 41) )
d? (X Xp 1) [14+d2 (X1 Xni2)]
\ (14 (Xpt1 %n42)]

= adz(xn,xnﬂ) + (1 —a) max

= ad*(x,,xp41) + (1 —a) max {dz(xn,x,hq ),d? (Xpi1 Xni2) b
By definition 2.9(2), we have
0 < & (0, 41)9 (@ (T, Tx1)), 9 (P(xn, X))
Consequently, the above inequality gives

(0 (dz(xn—i-l axn+2)) = ¢(d2(Txm Txn—l—l))
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2
(3.16) < (X, Xpn11) O (d“(Txp, Txpy 1))
< (])(P(xn,xn+1))

= (P(Ns(xmxn—i-l))a

where

Ny(Xn,Xn11) = a dz(xnaxn+1) + (1 —a) max {dz(xnaxn+l)adz(xn+17xn+2}

(3.17) = d* (X, Xy 1)-
Thus, from (3.16), (3.17) and the mono-tonocity of ¢, V n € NU{0}, we have

dz(x’H-l aer-Z) < d2 (xnvxn—H)v

that is, {d?(x,,x,,1)} is non- increasing sequence of non-negative real numbers. Consequently,

there exists a real number » > 0 such that
dz(xn,xnﬂ) —rasn— .

Assume that r = € > 0. First, we note that r = £ < d?(x,,X,1) for all n € NU{0}. Also from

(3.16), there exists & > 0 such that

p(xnvanrl) < Ns(xn;anrl)
= dz(xnaxn+1)

<e+0(e),
for n sufficiently large. Keeping the observations above, definition 2.9(1) gives that

d*(Txn, Txni1) <

E
o
Thus, we have

E
E< dz(xn+1,xn+2) = dz(Txn,TXn+1) < E

Y

which is a contradiction. So, we derive that € = 0, that is, lim,, d? (Xn,%n+1) = 0. Now, we show
that the sequence {x, } is b-Cauchy. For this direct, let m € N be large enough to satisfy

o
dz(xm,xmﬂ) < ?1



16 RAKESH TIWARI, NIDHI SHARMA

Now, we display by induction that
(3.18) d*(Xp, Xmi1) < €1+ 68 Yk eN.

Without loss of generality, we assume that §; = 0;(€) < €. We have already established the claim
for k = 1. Now, we consider the following two cases:
Case(I). If d? (X, Xt 1) < d?(Xm, Xpmik ), then we get

d? (xm—i-k y Xm+k+1 )

<d? ,
1+ d2(om Xomr i) — (X tkes Xmkt1)

and
d? (xm—i-ka Xm+k+1 ) d? (xm 1 Xm+1 )
1+d? (xm7xm+k)

< dz(xm,me)

Hence, we have

p(xnuxm—i-l) < Nj (xm7xm+k)

’
2
d (xm 9 xm-i-k) ) d (xm 9 TXM) d (xm+k ) Txm+k) )
d2 (mervaxm+k) [1+d2 (XleTxm)]
1+d? (Xm X 14) ’
d? (xm+k7Txm+k) [1 +d* (tm 7Txm)]
\ 1+d? (T X, T X yk)

= a d*(Xpn, Xpyi) + (1 — @) max

p
2
d (-xmaxm-‘rk) ) d(xm7xm+1 ) -d(xm+k>xm+k+1 ) s
d? (Xt ke Xmrer 1) (142 (o X 41)]
1+d2 (xm amerk) ’

d? (kX 1)[1 +d? (X Xm11)]
\ 1+d? (Xpg 1 Xt et 1)

= a d* (X, Xpmsi) + (1 —a) max

< max{¢g| + 8;,261,8;}
=&+ 01,
and so it follows from Definition 2.9(1) that
dz(Txm,Txm+k) < %
Thus, by the b-triangle inequality, we have
& (s X k1) < 5A> (X, X 1) + 547 (o 15 X k1)
= 5d* (X, Xmr1) + 5d* (T, T k)

< €&+ 0.
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Case(IL) If d (X5 Xmikr1) > d*(Xm, Xmik) then we get

d* (xm+k7xm+k+l) < sd* (xm7xm+k) + sd? (xm+k7xm+k+l)
< 28d (X s Xk 1)
0|

< 25—
S

=26

<&+ 6.
Thus, by induction, (3.18) holds for every k € N. Since € > 0 is arbitrary, we get

lim supd? (X, Xpmix) = O,
k—yo0

which implies that {x,} is a b-Cauchy sequence in a complete b-metric space (X,d). Hence, {x,}
b-converges to some z € X. Next, we show that z is a fixed point of 7. If T is continuous, then we

have
z= lim x4 = lim Tx, = Tz and lim x,4» = lim T%x, = z,
n—oo n—o0 n—oo n—oo
particularly z is a fixed point of 7. If T? is continuous, since x,, — z, we get that any subsequence

of {x,} converges to the same limit point z, so
lim x,, 11 = lim Tx,, = zand lim x,,;. o = lim T%x, = z.
n—soo n—soo n—soo n—oo

On the other hand, due to the continuity of 72,

T?z = lim T?x, = z.
n—soo

We claim that Tz = z. Nonetheless, if Tz # z, then we have p(z,Tz) > 0 and

p(z,Tz) < Ny(z,Tz)

d*(z,Tz),d(z,Tz).d(Tz,T?z),

_» _ d*(Tz,T?)[14-d*(z,T7)]
=ad"(z,Tz)+ (1 —a)max T PGTD ,

d*(z,T2)[1+d*(Tz,T%2)]
14+d2(Tz,T%)
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d*(z,Tz),d(z,Tz).d(Tz,T%z),

_ 2 . d*(Tz,T%2)[14d?(z,T7)]
=da d (Z’ TZ) + (1 Cl) max 1+d2(Z,TZ) I
d*(z,T2)[1+d*(Tz,T?2)]
1+d?(Tz,T?z)
= d*(z,Tz).

Therefore, together with the auxiliary hypothesis o(z,7z) > 1, we have

0 < &(a(z, T2)¢(d*(Tz,T%2)), 9 (p(z,T2)))

<0 (p(z,T2)) — a(z,T2))9(d*(Tz, T%z)).

From the above inequality, we obtain

¢(d*(Tz,2)) = 9(d*(Tz,T72))
< (2, T2)$(d*(T2,T%2))
<9(P(z,Tz))
< ¢(Ns(z,T2))

= ¢(d*(z,T2)),

which is a contradiction. Hence, z is a fixed point of 7. If Xis regular, we deduce that d> (z,Tz) =0,
using the same arguments as in the proof of Theorem 3.6 That is, z is a fixed point of 7. The
uniqueness of fixed point of 7' can be deduced as in Theorem 3.7.

O

Example 3.10. Let X = [0,6] and d : X x X — R™ be defined by d(x,y) = |x—y| for all x,y € X.
Then (X,d) is a complete b-metric space with s = 4 which is not a metric space. Let T : X — X be

defined by

[a—

- ifx €10,3)

ifx € [3,6].

W=

Also, we define ot : X xX - R, g: X xX - R", and ¢ : R — R* as follows:



(a — ¢)-MEIR-KEELER GREGUS QUADRATIC TYPE HYBRID CONTRACTION MAPPINGS 19

(

3 ifx,y€0,3)

a(x,y) =12 ifx,y€[3,6],

\ 0 otherwise,

d(x,Tx).d(y,Ty) d(x,Tx).d(y,Ty)

I+d*(xy) ' 14+d*(Tx,Ty)

an 1) = 3. rirst we note that q satisfies the condition (p, . Ng) and q(x,y) > 0 jor all x # y.
d L Fi h isfies the condition (p : Ny) and 0 for all

Since, for x =0 we have TO =2 and a(0,T0) = t(0,1) =3 > 1, assumption (2) of Theorem 3.9

¢(x,y) = max {cﬂ(x,y),

is satisfied. Also, it is easy to see that T is a triangular —orbital admissible. Suppose & € Z,, be
given by &(t,s) = %s —t. Now, we consider the following cases:
Case (I). For x,y € [0,3),x # y, we have d*(Tx,Ty) =0, so

E(ou(x,y)0(d*(Tx,Ty)), 0 (q(x,y))) = %g@y»

_ (g(xy))?
16

> 0.

Case (Il). For x,y € [3,6],x # y, we have d(Tx,Ty) = |x;y|,

x/3.y/3  x/3.y/3 }

=y 4 \x;y|2

q(x,y) = max { x—y?

N

E (@) (d2(Tx, Ty)), 0(q(x,y)) = 22UV _ (@)

16 3
_(q(x,y)* [x—y]?
16 _< 9 )
> 0.

Case (IIl) For x,y € [0,3), and y € [3,6], we have a(x,y) = 0 and

99 (q(x,y))

é(a(x,y)q)(dz(Tx, TY))7¢(Q(x7y)) = T

_ (g(x,))?
16

> 0.
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Thus, T satisfies all the conditions of Theorem 3.9 and has unique fixed point x = 1.
Now, we give some corollaries to our main findings.

Corollary 3.11. Suppose (X,d) be a complete b-metric space with s > 1 and suppose T : X — X
be a (a,9)-MKGq hybrid contractive mapping of type I with p(x,y) = d(x,y). Assume that the
following conditions are satisfied:

(1) T is triangular a-orbital admissible;

(2) there exists xo € X such that a(xo,Txp) > 1;

(3) either T is continuous or T? is continuous and o(u,Tu) > 1 or (X,d) is regular.

Then T has a fixed point u. Moreover, {T"x} converges to u for all x € X.

Remark 3.12. Under the conditions of Corollary 3.11, since x # y implies d*(x,y) > 0, it is obvi-

ous that from Definition 2.9 is equivalent to the following:
d*(x,y) >0 = &(a(x,y)9(d*(Tx,Ty)),9(d*(x,y))) = 0.

Proof. Tt is clear that d satisfies the conditions (P'd : My), respectively (P?d : 0), and so all the

Theorems 3.3,3.4,3.7,3.9 are also satisfied. Thus, T has a fixed point. [

Corollary 3.13. Suppose (X,d) be a complete b-metric space with s > 1, and suppose T : X — X
be a (a,¢)-MKGq hybrid contractive mapping of type I. Let p : X x X — R be defined by
p(x,y) = a1d*(x,y) +axd®(x,Tx) +a3d*(y, Ty), where a1, az,a3 € [0, %),al +a; < 2% and a3 < 2%
. Assume also that:

(1) T is triangular o-orbital admissible;

(2) there exists xo € X such that a(xo,Txp) > 1;

(3) either T is continuous or T? is continuous and o(u,Tu) > 1 or (X,d) is regular.

Then T has a fixed point u. Moreover, {T"x} converges to u for all x € X.

Proof. Suppose x,y € X be such that x # y and d(x,Tx) < d(x,y). Then,

P(X,y) = aldz(x7y> +a2d2(x7 TX) +a3d2(y7 Ty)

< (a1 +a2)d*(x,y) +azd*(y, Ty)
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_ Pxy) +d* (3 Ty)
- 2s
< Mj(x,y),

which shows that (P'p : M) holds. On the other hand, if x, # y, then
’}i_{r.}odz(xn,y) =0 and ,}gxgodz(xn,xn+1) =0
hold, and then we have

lim sup p (X, y) = ’}ijlgosupa1d2(xn,y) + ard* (X, Xy 1) + azd” (3, Ty)

n—oo

= azd*(y, Ty).

Thus, (P?p : a3) holds. Hence, T has a fixed point. O

4. CONCLUSION:

In this work, we introduced generalized (@, ¢) MKGq type hybrid contractive mappings of type
I and II in the setting of b-metric spaces and proved the existence and uniqueness of fixed points

for such mappings. Finally, we supported the main result of this work by an illustrative example.
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