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Abstract. In our research, we delve into exploring the presence and singular nature of a stable point amidst nearly
orthogonal almost Z'-contractions, facilitated by simulation functions within fully developed orthogonal partial
b-metric spaces, employing orthogonal (&, ﬁ)—admissibility. Additionally, we provide demonstrative instances to
substantiate the outcomes. Moreover, we offer an application to integro-differential equations, thereby contributing
to the expansion and enhancement of various prior studies in the field.
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1. INTRODUCTION

The exploration of fixed points (f.p.) stands as a cornerstone in mathematical theory, offering
solutions to a broad spectrum of problems. Originating from the renowned Banach contraction
principle [1], the establishment of fixed points in complete metric spaces is a well-explored
territory (also referenced in [2], [3], [4], [5]). Since its inception, numerous scholars have ex-
panded upon this concepts by introducing various types of contractions within traditional metric

*Corresponding author
E-mail address: aruljoseph.alex @gmail.com

Received April 20, 2024



2 M. DHANRAJ, A. J. GNANAPRAKASAM

spaces, such as b-metric spaces, partial metric spaces, metric-like spaces, and partial b-metric
spaces (abbreviated as &Z,MS). In 1989, Bakhtin [6] introduced the concept of b-metric spaces.
In 1994, Matthews (see, [7], [8]) initiated the concept of partial metric spaces, which is the con-
ventional metric is replaced by a partial metric with the intriguing property that the self-distance
of any point in the space may not be zero. Shukla [9] generalized both the concepts of b-metric
and partial metric spaces by introducing &?,MS. He proved the Banach contraction principle
as well as the Kannan-type fixed-point theorem in &7, MS. Additionally, Shukla provided illus-
trative examples to demonstrate the results obtained in this novel space. Subsequently, Mustafa
and colleagues [10] established several shared fixed-point theorems within the framework of
ZPp,MS. In recent times, various researchers have achieved fixed-point outcomes in &2, MS, as
evidenced by publications such as [11], [12], [13], and similar works. In 2012, the concept
of cc-admissible maps was introduced by Samet et al. [14], which has since found application
in various studies, as demonstrated in ( [15], [16]). In 2013, Karapinar et al. [17] extended
this concept to triangular cc-admissible maps. More recently, Chandok [18] proposed the idea
of (&, ﬁ)—admissible Geraghty-type contractive maps, establishing sufficient conditions for the
existence of f.p. within this class of generalized nonlinear contractive maps in metric spaces
and providing several f.p. results (also see [19], [20], [21]). Berinde [22, 23] further broadened
the scope by proposed the notion of almost contractions as an extension of contractive maps.
Additionally, Khojasteh et al. [24] introduced the concept of Z’-contraction, which involves
a new class of maps known as simulation functions, to establish f.p. results. Isik et al. [25]
demonstrated fixed point theorems for nearly Z°-contraction with an application in 2018. Re-
cently, Saluja [27] showcased fixed point results for nearly Z’-contractions in partial b-metric
spaces with simulation functions. Gordji and Habibi [28], [29] delve into the concept of orthog-
onality within complete metric spaces. Additionally, Arul Joseph et al. [30], [31] introduce the
notion of orthogonally triangular &-admissible maps and present some fixed-point results for
self-maps in orthogonal complete metric spaces. Recently, in 2023, Senthil Kumar et al. [32]
enhance the concept of orthogonally modified F-contractions of type-I and type-II, along with
certain fixed-point theorems for self-maps in orthogonal metrics. Subsequently, Mani et al. [33]

concentrate on advancing fixed-point theorems related to orthogonal F-contractive type maps,
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orthogonal Kannan F-contractive type maps, and orthogonal F-expanding type maps. Further-
more, numerous researchers are interested in developing concepts related to orthogonality, as
evidenced by citations [34] and [35].

In this investigation, we explore the existence and uniqueness of f.p. arising from orthogonal
almost Z-contractions, employing simulation functions in the context of extensive orthogonal
PpMS, utilizing orthogonal (éc, 3)—admissibility. Furthermore, we provide several illustrative
examples to corroborate our findings. Additionally, we apply our results to integro-differential
equations. Our study extends, expands, and enriches various conclusions drawn from the exist-

ing literature.

2. PRELIMINARIES

This section necessitates the inclusion of the following notion to support our primary discov-

eries.

Definition 2.1. /9] A partial b-metric on a non-void set 1 is a function dyp : 4 x 4 — RT such

that for all ¥,0,3 € 4:

(1) T =10 if and only if dom(T,T) = dom(T,0) = dow(0,0);
(2) dom (T, T) < dom(T.0);
(3) dom(F,0) = dpm (0, );
(4) There exists X > 1 such that dpy (F,0) < X[dpm(F,3) + dom(3,0)] — dom (3, 3)-
A P,MS is a pair (4,dpy ) such that 4 is a non-void set and dyy, is a partial b-metric on 4. The

real number X is said to be a constant of (3, dpy )

Remark 2.1. Every &2,MS is a generalization of the partial metric space and the b-metric

space. However, converse is not true in general.

Definition 2.2. [I8] Let 4 be a non-void set. Let A : 4 — 4 and &,B :dx 4 —[0,1) be
given maps. We say that A is an (&, B)-admissible if &(%,0) > 1 and B(%,0) > 1 implies
&(A¥,AD) > 1 and B(AT,AF) > 1 forall §,0 € 4.
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Definition 2.3. [23] Let (d,dym) be a metric space. A self-map A : 4 — 7 is said to be an

almost contraction if there exist A € (0,1) and o > 0 such that

dpm (AT, A0) < Adpm(¥,0) + xdpm (0,A7),

forall ¥,0 € 4.
Khojasteh et al. [24] initiate the simulation function as follows:

Definition 2.4. [24] Let § : [0,1) x [0,1) — R be a function, if { satisfies the given conditions:
(1) £(0,0) =
(£2) C(2,%) < X —é forall &, X > 0.
(C3) If (e5) and (Ry) are sequences in (0,1) such that limg_, ez = limg Ry > 0, then
limsupy . {(ey, Xy) <O.

Then € is called a simulation function.

Definition 2.5. [25] Let (4,dpw) be a metric space and § € 7. We say that A : 4 — dis an

almost % -contraction if there is a constant & > 0 such that
§(c(dom (AT, D)), dom(¥,0) + oA (¥,0)) <0,
for all -Taﬁ € 4, where JV('T’,O) = min{dbm(vaT-)vdbm(f]?A(j) dbm( G) dbm@ T>}

Definition 2.6. [27] Let (d,dgy) be a complete Z,MS with constant X > 1, let A: 4 — 1 be
a map, and &, 4x 4 — [0,4-00) be given functions. Then A is called a (<, 3)-admissible

almost % -contraction if it fulfills the below constrains:
(1) Ais (&, B)-admissible,

(2) there exists a simulation function € 7 such that

0 <E(C(A(T),A(0))B(A(T), A(0))dom (A(F)A(D)), dom (¥, 0)) + OVF™(¥,0),

for all ,0 € 4, where
UY™(1,0) = min{dym (¥, A7), dom (8, AD), dom (¥, A8), dom (8, AT) }.

Lemma 2.2. [26]
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(1) A sequence (Ty) is a b-Cauchy sequence in a Z,MS (4,dpw) iff it is a b-Cauchy se-
quence in the b-metric space (3,dgpy)-

(2) A PpyMS is complete iff the b-metric space (d,dpm) is b-complete.  Moreover,

limﬁ—wodbm(:ra TB) =0 if and only if

lim dow (¥, F5) = 1lim dpm (T, T5) = dom (T, 7)-

B—oo [, X—o00
Definition 2.7. [28] Let 4 be a non-void and 1. C 4 x 4 be an binary relation. If | fulfills the

following condition:
= 'T'O : (V (j,(j J_t()) or (V O,'T'O 1 O),
then (4, 1) is called an orthogonal set (Oge).

Definition 2.8. [28] Let (4, 1) be an Oyr. A sequence {1y} is called an orthogonal sequence
(briefly, O-sequence) if

(VBeN, 5L 15, or (BeNtg, L.

Definition 2.9. Let (4, L,dyy) be an orthogonal Z,MS if (3, 1) is an Ose and (4,dpy) is a
PLMS.

Now, let’s revisit the given concept within orthogonal &7, MS.

Definition 2.10. Let (4, L, dpy) be an orthogonal Z,MS with constant X. Then:

(1) An orthogonal sequence (Ty) in (3, L,dpm) is called a convergent with respect to dgp,
and converges to a point 1 € 4, if lim dpn (75, T) = dowm (T, T)-
(2) An orthogonal sequence (Tj) is safcl_;: be an orthogonal Cauchy sequence in (4, L, dpy)
if lim dom (T, Tx) exists and is finite.
(3) (_-Iﬁ,jjjodobm) is said to be an orthogonal complete Z?,MS if for every orthogonal Cauchy
sequence () in d there exists T € 3 such that
Aim dom (T, Ti) = 1im dpm (T3, 7) = dom (T, 7)-

B,X—soo0 =0

(4) A function A: 4 — His said to be an O-preserving if A(¥) L A(Q) whenever ¥ L 0.
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3. MAIN RESULTS

Definition 3.1. Let 4 be a non-void set. Let A: 4 — 4 and &,B : x4 —[0,1) be given
maps. We say that A is an orthogonal (&,B)—admissible if (¥,8) > 1 and ﬁ(’r, 0) > 1 implies
&(A¥,AD) > 1 and B(A¥,AF) > 1 forall #,0 € 4 with ¥ L 0.

Definition 3.2. Ler (4, L,dyyw) be an orthogonal complete &?,MS with constant X > 1, let
A: 44— 4 be amap, and oAc,[§ : 4x 4= [0,400) be given functions. We say that A is an
orthogonal ((3(, ﬁ)-admissible almost % -contraction if it fulfills the below constrains:

(1) A is an orthogonal (&, 3)-admissible,

(2) there exists an orthogonal simulation function { € 7 such that

0 < (S(A(T),A0)B(A(T). A(D))dom (A(T), A(D)), dom (. 0))

(D
+ 005" (¥,0), V¥,0 € 4 witht L0,
where
Ugm(T7 ~) = min{dbm<T,A'T'),dbm(G,AO),dbm('\r,AG),dbm(G,AT')}.
Lemma 3.1. (1) An orthogonal sequence () is an orthogonal b-Cauchy sequence in or-

thogonal Z,MS if and only if it is an orthogonal b-Cauchy sequence in the orthogonal
b-metric space (3, L,dpm)-
(2) An orthogonal Z,MS is complete iff the orthogonal b-metric space (4, L,dpy) is an
orthogonal b-complete. Moreover, limy_, _dun(T,T5) = 0 if and only if
Jim dyn (7. 75) = lim dun (F5, ) = don (7. 7).

Presently, we are prepared to demonstrate our main outcome.

Theorem 3.2. Let (4, L ,dgy) be an orthogonal complete 22,MS with orthogonal element ¥
and a coefficient X > 1, and let a continuous map A : 3 — 4 be a (5(, ﬁ ) satisfies following
conditions

(1) Ais an O-preserving,

(2) Ais an orthogonal (&, B)—admissible almost & -contraction,

(3) there exists o € 4 such that &(¥¢,A%o) > 1 and B(Fo,A%o) > 1.
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Then A has a unique f.p. of t € 4 such that dp, (5, 5) = 0.

Proof. By the Definition of orthogonality, let (4, L) is an orthogonal set, there exist
foed:ViedfLFo(lor) Ve oL
It follows that 7, L AT, or ATy L To. Let
TI=ATp, T2 =AT, = AZT‘O"'TBH =ATs=A"""To,

V B € N. For any To € 4, set T5 = AY;_,. Now, we consider the following two cases:
(i) If there exists 5 € NU{0} such that T5 = T - then we have A7 = ;. Itis easy to see
that T is a f.p. of A. Therefore, the proof is finished.
(ii) If T3 # Ty, for any B € NU{0}, then we have (T, 1> Tg) > O, for each feN.
Since A is | -preserving, we have
T L T (o) Ty L T
This implies that {75} is an O-sequence.

Since &(Fo,ATo) > 1 implies &(Fo,7;) > 1 and A is an orthogonal (<&, B)-admissible, so

oc(AYo,A¥,) > 1 implies B(¥1,¥2) > 1.

Now, continuing in the same manner, we get for all B >0,

Likewise, for all I > (0, we obtain

3) ﬁ(TBﬂTE+1) > 1.

By orthogonal simulation function in (1), we obtain

that is,

@ 0<C((Fg Fap)BFg Tir)dom (g Top ) dom (g1 T5)) + 00T (F5_,» T
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O§™(F5_1, T5) = min{dpm(¥5_,AT5), dom (T, AT5), dom (Fi_1-AT5), dom (T ATg_ 1)}
= min{dbm(TB_l,?B+1)7dbm(1‘[§7 Tf3+1)7dbm<TB_17Tﬂ+1)vdbm(fl§’ TB)}

=0.
Therefore, from equations (3) and Definition 2.4 condition (2), we have

0 SC(OC(Tﬂa Tf’,+] )B(ng? TE’H—] )dbm(Tf57 ng+])7dbm(Tf5_] ’ Tf’,))

that is,

5) (T T )B (o Tt ) dom (T Fir) < dom (T F)-
Now, we know that

(6) dom (T T4 1) < S(F T 1)B (P iy 1) dom (s Ty,

since &(TE’TEHI) > 1 and ﬁ(fﬁvTBJrl) > 1.

From equations (5) and (6) for all B > (0, we have

that is,

(7 dom (T Ti1) < dom(T5_15 T5)-

The orthogonal sequence (dpm(T,T5,;)) is non decreasing. So, there exist «<> 0 such that

lim dpm (T, T ) =o<. We clear that dyw (T, T5,;) = 0.

B—o0
At this moment, let us consider the opposite scenario where «<> 0. By (6) we get

®) Lim (Gc(Fg, 5, )B (Fio Ty 1) dom (Fis Ty ) =< -

B—o0

Since o<> (0, letting
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g = dbm(ffga T-B+1)7

such that limy_, Xy =limy & =o<, then by Definition 2.4 condition (3), limsup C(Xg,e5) <
f—oo

0. Since {(Xy,e5) > 0. So

0 <limsupC(Xy,e5) <O,

B—yo0
which is a contradiction.
Therefore, our assertion that <> 0 is incorrect. Hence «<= 0.

Now, we prove that {7} is an orthogonal Cauchy sequence in (4,dpm), i.e.,

€)) im dpm (T, T5) =0

B, X—c0
Suppose the contrary, that is, {{5} is not an orthogonal Cauchy sequence. Then there exist

€ > 0 for which we can find two orthogonal sub sequences ('T'E( )’T-i<n>) of (f) such that X(z) 18

the smallest index for which

(10) Xv(n) > B(ﬂ;) > T, dbm(?g(”),hm) > E.

This means that

From equation (10) and using the triangular inequality, we obtain
€ S dbm(‘T’B(m ) Tf(n))
(12) S N[dbmﬁiﬁ(ﬂ);:lii(ﬂ)fl) +dbm(:|4-f(n)717:|l'i(ﬂ))] _dbm(ff(m*l’.\l‘-)\é(ﬂ)fl)
S N[dbm(fﬁ(ﬂ);ff(ﬂ)fl) +dbm(:|4'32(n)717:|1'f(,,))]

Letting the limit as &£ — oo in (12) and using equations (9) and (11), we obtain

(13) < liminfdem(Ty o T, 1) < limsupdem (T o Te, -1) < €

£
X TT—ro0 T—s00

Also from (10) and (12), we have

(14) €< limsupd[,m('T-E(7r Tio) < Xe.

TT—ro0 ) ’ x(ﬂ) -
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Again, we have

dbm( 7Tx( >+]) Ndbm(TB 7Tx< )) + Ndbm( 7T,€<")+l)a

and hence
(15) limsupdye (5 Tr, 1) < K.
T—soo
Further,
dom (T, 19 Ty +1) < Rdom (T 1 Ta)) + Rom (T Ty 1)
and hence
(16) limsup dpm (5 1>Tx +1) < Xe.

T—>oo

Again, we have

dbm(ng(ﬂ)fp'T')E(,,) ) < Ndbm(:ll-[vj( _
and hence

a7 limsupdom (T 1Tz, 1) < Re.

TT—o0

Finally, we have

dom (T, » Ty 1) < Reom (T2 T 1)+ Rom (T 1 T 1)
and hence

(18) lim sup dpm (T ,Tx(ﬂ 1) < XZe.
T—soo
Taking limit as 7 — 1 in (18) and using equation (9), we obtain
(19) limsupdbm(fé(n)_],p 1) —0asmt—1,
T—1
From equations (1) and (19), we have

0< limsupC(d(T‘g(n)ﬁx(n))ﬁ(T 7Tx(,r )dom (T Thx 'T'V(,r));

T—1

dbm(TE(ﬁ)_pT)E( —1)) <0.

7)

This contradicts our assumption. So, {T;} is an orthogonal b-Cauchy sequence in (4, L, dpm).
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Next, we verify that A has a f.p. Since (4, L,dpy) is an orthogonal complete &2, MS, then by

using Lemma 3.1, such that the orthogonal sequence converges to some f € 4, i.e.,

lim dpm (75, ) =0.

B—oo
Again, from Lemma 3.1, we obtain
(20) vlim dbm(thE) = Vlim dbm(TfyTﬁ) = dbm(u: h)
B—roo —o0

Now, since limg . dpm(, T5) =0 or T3 —f as 8 — oo, the continuity of A implies that AT,5 —

AG).
Since T,5, | = AT,z and T3, | — fas B8 — oo, by uniqueness of limit, we have A(f) =f. So, 1 is
af.p. of A.

Next, we will demonstrate the uniqueness of the f.p. f.

Uniqueness : Consider that 3,5 € 4 are two f.p.s of A such that j # 3. Therefore, we have

0(3,) = 0(A3,A1) > 0.

By choice of §*, we obtain

(F" L, ¥ Lyor (B LT 5L7).

Since A is L -preserving, we have

M

(ABs* 1 aBr AR5 1 aB5) or (aBy L AByr, APy 1 AR

M

for all B € N.
Since A is an orthogonal (5(, B)—admissible almost Z’-contraction in (1), and taking ¥ = fj and

0 = fo, we get
0 < &(S(A(k),A(t0)) B (A(8), A(10))dom (A1), A(H0)), dom (1, H0)) + OTE™ (1, o)
= & (cc(A(h), A(0))B(AL), Ako))dem (b, bo), dom (b, o)) + OTS™ (5, ko).

21

where

U™ = min{dpm (, A1), dom (50, All0), dom (8, Afo) , dom (50, Af) }

(22) = min{dpm (1,4), dem (90, 90), dom (5, H0), dom (b0, 8) }

=0.



12 M. DHANRAJ, A.J. GNANAPRAKASAM

By using (21) and (22), we get

0 < £ (Ce(A(h),A(10))B(A(B), Ato))dom (A(1), A(t0)), dom (5 Fo)
< dom (5, 10) — <(A(H), A(10)) B (A(8), A(H0) ) dom (A(1), Al80))
= dom (8 H0) — (2, £0) B (5, b0)dem (0, 1)
= dom (5, 50)[1 — (8, 50) B (5, b0)] < O,

which is a contradiction, since o(f,40) > 1 and ﬁ(h, o) > 1.
Hence, we clear that dy, (1, 50) = 0, i.e., f = fo.

Therefore A has a unique f.p. in 4. The proof is now concluded. 0

As a Corollary of Theorem 3.2, we derive the subsequent result.

Corollary 1. If the orthogonal contractive conditions provided below hold, we reach the same

conclusion as stated in Theorem (3.2).

with ¥ L 0 for all ¥,0 € 4, where 5™ (¥,0) is as in Theorem 3.2
The subsequent Corollary is a consequence of the Shukla type [9].

Corollary 2. Let (4, L, dgy) be an orthogonal complete Z,MS with orthogonal element ¥, and

a constant X > 1, and let A : 4 — 4 be a map. Assume that there exists A € [0, 1) such that

A

S (A(T),A(0)B(A(T), (D)) dom (A(), A(D)) < Adem(F,0) + O™ (1,0),

with ¥ L 0 for all ¥,0 € 4, where Ugm(T,ﬁ) is as in Theorem 3.2. Then A possesses a unique
fp. b € dsuch that dpy (8,5) = 0.
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Proof. By taking the simulation function
(e, X)=AN—e¢,
foralle,X >0and A €[0,1). 0

If we take (2, X) = @(X)—2, &(A(F),A(D)) = B(A(F),A(D)) =1 forall §,0 € with ¥ L0,

and 8 = 0 in Theorem 3.2, the subsequent result is derived.

Corollary 3. Let (4, L,dgw) be an orthogonal complete ,MS with orthogonal element ¥, and

a constant X > 1, and let A : 4 — 4 be a given map fulfilling

dom (A(T),A(0)) < @(dem(F.,0)),

for all §,0 € X with ¥ 1 0, where ¢ : [0,1) — [0,1) is an upper semi-continuous function with

p(e) <e,Ve>0and @(0)=0. Then, A has a unique f.p. § € 4 such that dyy, (5,5) = 0.

Example 3.3. Consider the set 4= [0,+1) and let the binary relation 1 on 4 by ¥ L 0 if
¥,0 >0, for every 10 € 4. Define dyy, : 4 x 4 — RT by

dbm(fa ~) = [maX{T»G}P,

for all ¥,0 € 4. Then (4, L,dpw) is an orthogonal complete 2,MS with constant X =4 > 1.
Now, define the map A : 4 — 4 as follows

I if ¥ € [0,1],

A(T) =
T+2, ift>1,Vied

Define two functions &,3 :dx 4—1[0,+1) by:

N A 1, iff,0€](0,1],
&(7.0) = B(7.0) =
0, otherwise,
forall ¥,0 € dwith ¥ L 0.
Let {(6,R)=AR—2¢,Ve,X €0,1)and A € [0,1). Since for all ¥,0 € 3 such that x(¥,0) > 1
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and B(+,0) > 1. By definition of orthogonal (&, B)-admissible this implies that ¥,0 € [0,1].

So,
o (AF AC))—éc(T 6)—1
IE - 474 -
Likewise
B(at,0) =1

Now, we verify that the orthogonal contraction condition (1). Let ¥,0 € 4 and suppose ¥ > 0

such that &(%,0) > 1 and B(+,8) > 1. So, ¥,0 € [0,1]. In this case, we get

A

C(ce(A(T),AD))B(A(T), AD))dom (A(T), A(D)), dom(F,0)) + O™ (+,0)
(23)

= (1) + 603" (1,0),

ﬁl—';)

Here 6 > 0 and
OF"(¥,0) = min{dem (¥, A7), dpm (0, AD), dom (7, A0), dom (0, A7) }

=min {1,0%,7%,0°} =0.

(24)

From equations (23) and (24), we have

A

C(G(AF),4(0)) B (A1), 4(0))dom(A(F), A(D)), dom (¥, 0)) + OTF"(%.0)

)
S 1)

C(ce(A(T),AD))B(A(T), AD))dom (A(T), A(D)), dom(F,0)) + O™ (+,0)
B
2 477

that is

A

C(S(A(F),A(0))B(A(T),A(D))dom (A(F), A(D)), dom (F,0)) + BT (1,0) > 0.

It is easy to see that A is an orthogonal continuous with = 0.

Therefore, we have confirmed all the hypothesis stated in Theorem 3.2. Hence, § = 0 is the

unique f.p. of A.
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4. APPLICATIONS

We investigate the presence and uniqueness of solutions to the provided impulsive integro-

differential equation with fractional relaxation, employing Corollary 3 as a guiding framework.

(25)

D “?D%(0) + X1¥(0) =q((0),7(0),71(0)), ©#0,,0€(0,0), X €R,

v —

AT(O-Zjl) = uél(T(Ggl))v 1= 172735 e 7g‘7

| 77D (0) =77 D% () =0, T(0) = w1 J"F(T)dT + o,
for all y1,y; € R, where D® be a fractional derivative of Riemann-Liouville of order 7 and
2D pe a Liouville-Caputo fractional derivative of order Q. 1 <1<2, 0<Q < 1, .#¢
is fractional integral order ¢ € (0,1) by Riemann-Liouville, and q : [0,0] x RxR — R is a
nonlinear continuous function.
At(oy) = T(0;;) — T(0;,) means the jump of T at 6 = oy, T(0;;) and T(o;;) represent the
right and left limits of ¥(o) at 0 = o3, respectively, 31 =1,2,---,¢.

We will now provide some details and results related to fractional calculus. Consider the

Banach space
PE(P,) ={1:®— 4, T €C(051,0541),4}, 31 =0,1,2,--- ¢
and there exist ‘T’(Gﬁ_l) and 'T-(G;;), 31=0,1,2,--,¢ with 'T'(%I) = ¥(0;,) with the norm

%]l ¢ = sup{[[¥(0)||* : 0 € ®}.

Definition 4.1. A function # : ® — R of order Q > 0 has a fractional integral that is deter-

mined by

1

IH (o) = )

[ e=T0 (1T,

provided the integral exists.

Definition 4.2. A function % : ® — R of order Q > 0 has a Liouville-Caputo fractional deriv-

ative specified by
. o (0
f@ﬂDQE%/(O')ZDQ %(G)— Z 3’( )631 7
31=0 )
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where ¢ = [Q]+ 1 for Q ¢ Ny, ¢ = Q for Q € Ny and D62+ is a fractional derivative of order S

in Riemann-Liouville sense, obtained by

. 1 dS [° .
DK (6) =D 95 24 (o) = ——./ c—T) 1l (T)dT.
(0) @)=t arg T (T)
For any ¥ belonging to </ %G(CID), there exists a fractional Liouville-Caputo derivative < %Dgﬂ.
Here, it is established that
PR K (6) = 7525 (o) = 1 /G(o TS s (T)dT
R (SO |
Remark 4.1. When Q = ¢, we obtain < D (6) = #¢(0).
To ensure our findings, a particular lemma is important.
Lemma 4.2. For any ¥ € € (®), the following equation
(
D* Z“D% (o) + X 17(0) = H#(0), ©#0;,,0€(0,0), X R,
AT(631> :uél<T<651)>7 1= 1;2737"' 7¢7
| 77D%1(0) =77 D% (p) =0, T(0) =1 Jo"F(T)dT + 2, vi, Yo €R,

corresponds to the integral equation
otte-1

< _ gQ+rt o Q+Ts _
1(0) = S21 (0) = X172 TR (0) ~ S

(J°H (0) — X175 (2)

o s
+ v /0 HTdon T+ w2+ Y 3 (F(031)).
31=1

The following uses a few f.p. theorems to demonstrate the existence and uniqueness of the

solution to the equation (25). To obtain our results, it is necessary to accept the given conditions:

(A1) There exists 67,05 > 0 such that
|q(G7T1=GI) _q(G7T2762)| < o1lf1 — T2l —|—Gz|61 — 62|,

for any o € ® and each ¥;,0; € R, i=1,2.
(A2) There exists p > 0 that says

|h31<f)_h31(6)| SP|T_O’, V.T-afj € ——IW1th3l: 1727 7g
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Theorem 4.3. Let (Al) satisfied. If

(26)

_ <(§+1)WQ+T W21+Qfl

Iz .

then, the equation (25) has a unique solution.
Proof. Define the orthogonal relation | on 4 by
¥1L0 < ¥(0)d(o)>F(o) or ¥(0)d(o)>0(0),Voed.
Define a function dpy, : 3 X 4 — [0,00) by
dom(F,0) = [T — Oll = sup{|¥(c) ~8(0)[*}, ¥ 7,0 € 4.

Clearly, (4, L,dpy) is an O-complete P, 4. .

Define a map A : 4 — 4, as follows

(Af)(o):m%wz@ /?1 G — TI 1 (T)dgn T
[ (o T (T T)
+m( /G:(G—T S (T dom T =1 /G j(c T (T)dom T)
—%(%W(W—T)T‘I%(T)dm—N1/0 (©=T)" " H(T)domT)
pun [T T+ T (o))

0<o;:<0

Now, we prove that A is |-preserving. For every 7,0 € 4 with ¥ L 0 and 6 € ®, we get

o 1 31 Q+r71
A = T)dpm T
R ([ (- H(T)dom
O3 Q+1—-1
- Nl/ (05— T) T(T)dbm—[—>
O51—
oL </G(G—T)Q”1,%/(T)d T—Nl/o(d )14 (T)d >
F(Q+T> Gg» bm Gg bm

T+Q—1
- e ) o= T A (M =51 [ 0= T (T T)
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p [T T+t T bali(op) 2 1

0<o;:<0

It follows that [(A¥)(0)][(A0)(o)] > (AD)(o) and so (A¥)(o) L (AD)(o).
Then, A is | -preserving.

Let §,0 € 4 with ¥ L 0. Assume that o # 00, for every T,0 € 4 and 6 € ®, we obtain
dom(A(T),A(0)) = [A(F) — A(D)?

1 031 .
Smk;«r /31 1 Q+ |
|A<T,T<T>,f"fm>—A<T,6<T>,J"G<T>>|2dm)
+ﬁ</(:("‘T>Q+H'A”?T(T%WT(T))—A(T,0<T>,ﬂﬁ(T))demT)
| %4

031 1. -
F(Q+T> /6 1(631_—|—)9+T I‘T(T) _O(T)lzdbm—r
31—

0<o;:<0

|Xq|

T+ /:“ =) F(T) = 0(T) Pdom T

GT+§271

t T ( (=TT AT ), A H(T)) = AT, BT, #70(T)) Pl T

-1l [ %—T)T1|f<T>—0<T>rzdme> v [T =0T P T

+ Z |81 ( —;:(0(o, )7

31=1

(;—+ 1>WQ+T pZH-Q—l p" '
(r(g+~c+ R CET)) (o oMt 1] ) i+ ¢

Thus we obtain

¥ -0

27 IA(F) — A(D)]| < @l F 0.

We find that A is a contraction by using (27), we get

Therefore, all the conditions are fulfilled on Corollary 3. As a result, A is a unique solution to

the equation (25) on ®. [
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Example 4.4. Consider the fractional relaxation impulsive integro-differential equation as fol-

lows

(

D3 “?D3(0) + 11(0) =q((0),7(0),.731(0)), 6 # 01,0 € (0,1),

(28) AT’(%l) = hgl(f(%l)), 31=123,---,¢,

For ;,0; € R, i=1,2 we get

’A(O-7 -T-17-T'2)_A(o-7 01702)‘

:‘ sin(o) (( 7.0 104 )+< T2l 0o ))’
exp(62)+7\\|§;|+1 |04 +1 1Fo| +1  |02] 41
< 1 ( I¥1— 01 ¥, — 02 )
~exp(o?) +T7\([F [+ D01+ 1) (IF2] +1)(|02] +1)

L
§§(|T1—01|+|T2—02|)-

Thus the assumption (A1) is satisfied with 6] = 0 = %, =1 p= % and ¢ = 1. We will
confirm that (26) is fulfilled. In fact

_ [T kit o .
v (F(Q+T+1) " TWT_IF(Q—H')) <G' +62r(n 1) +[%4] | + ||+ Sp

_( 1 n 2 )<1+1 1 +1>+1+1
S \[(3) " 3r(2)/\8 8r(i+1) 4/ 10 7
~(.842 < 1.

Thus, the problem (28) has a unique solution on [0, 1] based on the Theorem 4.3.

5. CONCLUSIONS

In this paper, we investigate the existence and uniqueness of a f.p. of almost Z’-contractions

via simulation function in complete &7,MS using (&, ﬁ)—admissibility. Additionally, we provide
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illustrative examples to corroborate the findings. Furthermore, an application to the integro-
differential domain is presented. Our findings expand and generalize numerous results previ-

ously documented in the literature.
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