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Abstract. Based on the concept and properties of C*-algebras, this article introduces a concept of C*-algebra-
valued generalized metric space type of Jleli-Samet and give some Chatterjea fixed point theorems for linear
positive mapping. Examples are given to illustrate our results.
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1. INTRODUCTION

Since 1922, the renowned Banach contraction principle, often referred as Banach’s fixed
point theorem [1], has made fixed point theory an appealing area of study for numerous re-
searchers. From then on, extending Banach’s fixed-point theorem has been the subject of exten-
sive research. In 1968, Kannan [2] introduced a new class of contractive mappings yielding a
unique fixed point theorem in a complete metric space. Kannan’s theorem holds significance as
it provides a characterization of metric completeness. Specifically, a metric space is complete

if and only if every Kannan mapping has a fixed point. A mapping 7 on a metric space (X;d)
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is called Chatterjea if there exists ¢ € [0, %) such that
d(Tx,Ty) < a(d(x,Ty) +d(y,Tx))

for all x,y € X. In 1972, Chatterjea [3] proved that if (X,d) is complete then T has a unique
fixed point theorem and the orbite of 7' converges to the fixed point.

In 2015 Jleli and Samet introduced a new concept of generalized metric spaces (also known
as JS-metric spaces) recovering various topological spaces including standard metric spaces,
b-metric spaces, dislocated metric spaces, and modular spaces (see [4, 5]). In this space, Jleli
and Samet gave some generalized versions of metric fixed-point theorems. Recently, in 2019
K.Chaira et al [6] extend some common fixed point theorems of Banach, Chatterjea, and Kannan
contractions in generalized metric space of Samet-Jleli endowed with a graph.

On the other hand, Ma et al. [7], using the positive elements of a C*-algebra, introduced the
concept of C*-algebra-valued metric space and yielding some fixed-point results for contractive
and expansive mappings. In 2021, the authors in [8] demonstrated the utility of C*-algebra-
valued metric space across various application domains, illustrating several applications derived
from the obtained results. Given the significance of exploring fixed point results within the
framework of C*-algebra-valued metric space, researchers have introduced a plethora of new
generalized spaces beyond metric spaces, for more details see [9, 10, 11, 12, 13, 14, 15, 16].

Motivated by the above ideas, we introduce a new concept of generalized metric spaceswe C*
algebra-valued generalized metric space. This novel concept of generalized metric spaces en-
compasses various topological spaces, including standard C*-algebra-valued metric spaces, C*-
algebra-valued b-metric spaces, C*-algebra-valued dislocated metric spaces, and C*-algebra-
valued modular spaces. Furthermore, a new class of Chatterjea-type mappings was introduced,
and several related fixed point theorems were presented.

The paper is organized as follows: we begin by revisit several definitions, lemmas, and theo-
rems relevant to C* algebra-valued generalized metric space and explore their associated prop-
erties. We then study some fixed point theorems of Chatterjea-type mappings from which we
deduce several known results as corollaries. Throughout the paper, we provide illustrative ex-

amples.
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The paper is organized as follows: we begin by revisit several definitions, lemmas, and theo-
rems relevant to C* algebra-valued generalized metric space and explore their associated prop-
erties. We then study some fixed point theorems of Chatterjea-type mappings from which we
deduce several known results as corollaries. Throughout the paper, we provide illustrative ex-

amples.

2. PRELIMINARIES

Throughout this paper, A is a unital by an unital (i.e ,unity element 14) C*-algebra with linear

involution %, such that for all u,v € A,
(uv)* =v*'u™ and u™* = u.

We call an element a € A a positive element, denote it by 0y < a,ifa € o), = {u € A:u=u*}
and o(a) C R, where o(a) is the spectrum of a. Using positive element, we can define a

partial ordering ”=<" on .27, as follows:
u <vifandonlyif Oy <v—u,

where 05 means the zero element of A.
We denote the set {a € A: 0y <a} by Ay and |a| = (a*a)%. SetA'={acA:ab=bhaforall be
A}.

Remark 2.1. [17] When A is an unital C*-algebra, then for any a € A we have
(a=1y e all <1).

Lemma 2.1. [18, 17] Let A is an unital C*-algebra with unit 1.

(1) If a,b € A such that 0y < a <, then ||a|| < ||b||.
(2) Suppose that a,b € A with 0y < a,b and ab = ba, then 0 < ab.
(3) If 0 <a=<bandc e A, then 0 < c*ac < c*bc.

(4) If a is an element of a C*-algebra A, then ||a|| = ||a*|| = Haa*H%.

Proposition 2.1. [19] A is closed in a C*-algebra A.
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Definition 2.1. Let 2" be a nonempty setand 9 : & x & — A be a given mapping. Let x € 2

and (xp)n>0 a sequence in Z'. We say (xn)n>0 is P-convergent to x (with respect to A) and we

write lirJIrl |2 (xn,x)|| = 04, if and only if for given € > 0, there exists ng € N such that, for all
n—r—+o°

intgern € N,

(n=ny=||2(x,x,)]| <é&).

For every x € 27, let us define the set

C<@7%7x) = {(xn)HEN g % : ETW||@(XH7X)|| = 0}

n

We now introduce the notion of C*-algebra-valued generalized metric, extending the classical

metric type spaces.

Definition 2.2. Let 2 be a nonempty set. Suppose that the mapping 9 : X x Z — A is
defined, with the following properties:

have

limsup || 2 (x,y)||) < e and

n—y+oo

Z(x,y) = (limsup |7 (x,y)[|) - ¢

n——oo

In this case, 9 is said to be a C*-algebra-valued generalized metric on Z', and (2 ,A, D) is

said to be a C*-algebra-valued generalized metric space.

Remark 2.2. Let (27,A,P) be a C*-algebra-valued generalized metric space and (x,)qen be

a sequence of Z. If (xn)nen is D-convergent to x, then this limit is unique.

Proof. Suppose the sequence (x,),ecn is Z-converges to x and y with respect to A. By the

property (Dy4), we have.

D(x,y) =< (limsup ||.@(xn,y)|]).c =0,4.

n— oo
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So Z(x,y) = 04. Which shows that x = y.
0

Remark 2.3. Note that the set C(2, 2 ,x) can empty for all x € X', in this case we consider
by convention that (2", A, D) is a C*-algebra-valued generalized metric space if and only if the
three axioms (D),(D) and (D3) are verified.

1
4 3
Example 2.1. Ler 2" = [0,1] and A = #,(R) with |M||, = ( |ocl~|2> , where @; are the
=1

1

coefficients of the matrix M € A. Then A is a C*-algebra.
Me o, < ("M =M and spec(M) CR).

Consider the mapping 9 defined by
(

2(x+ 0
() ifx=00ry=0
0 2(x+y)
D (x,y) = x+y
0 Xty otherwise
\ 2

We verify the axioms of the C*-algebra-valued generalized metric space.

(D1) Obvious.
(D2) P(x,y) =0y, thenx+y=0andx=y=0.
(D3) Symmetry is clearly verified P (x,y) = 2 (y,x), forall x and y in Z.

(D4) We distinguish two cases

Case 1: x # 0, then the set C(2, 2 ,x) is empty. Otherwise, there exists a sequence (x,)n>0 of
Z such that lim || 2 (xp,x)||2 = 0.
n—oo
e [f the sequence admits an infinite of zero, there exists a subsequence (x¢(n))n>0 of
(Xn)nz0 such that x4,y =0, for all n € N, so lim || Z(x4(n),%)[]2 = 2V/2x is different
n—r—+too
from O, which is impossible, since x # 0.

o [f the sequence (x,),>0 does not admit an infinity of zero, then there exists ng € N such
Xn+x

that x,, # 0, for any integer n > ny. We have 9(x,,x) = 2 x,+x | ™ 0p. Asa
0

2
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result

T Xp+X \/EX
Jm |2 (x, x )||2—ngffw\/§( 5>

which is absurd, since \[ > 0.
Case 2: x = 0. In this case € (2,2 ,x) # 0. Let (up)n>0 € € (2,2 ,0) andy € Ry \ {0}.
o If the sequence (u,),>0 admits an infinity of zero, there exists a subsequence
(”W( ))n>0 of (un)n>0 such that Uy(ny = 0 for all n € N. We have
2y 0

2(0,y) = = D(ty(n),y)
0 2 v(n)

foralln € N. So,

2(0,y) = ( im_[| 2ty (n),y)2)-1a < (limsup |2, y)[2)-1a

n—-+oo

and limsup || 2 (u,,y)||2 < 2V2 < e, since u,,y € [0,1]

n—y+oo

o [fthe sequence (uy),>0 does not admit an infinity of zero, then there exists ng € N such

that u,, # 0, for any integer n > ny. We have

2(0,y) 2 2(0,un) +42(un,y)

= (1200,un)ll2+ 42 (un, ) |[2) 1a

As a result
2(0,y) = (limsup || Z (un,y)|]2).(4.14).
n——+oo
Fory=0, Z(x,0) = 04 < limsup || Z(us,0)(|2.14.
n—r—+oo

Hence, forall y € X,

D(x,y) =< (hmsup||.@(un,y)\|) ¢, where ¢ = 4.1, and limsup || 2 (uy,y)||2 < .

n—4-oo
Therefore (2", A, 2) is a C*-algebra-valued generalized metric space.

Remark 2.4. C*-algebra-valued metric spaces and C*-algebra-valued b-metric spaces are C*-
algebra-valued generalized metric spaces. Indeed, let b be a real number such that b > 1 and

(Z,A, 2) a C*-algebra-valued b-metric space. Then 9 satisfies the conditions (D), (D) and
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(D3). For the condition (Dy), let (x,y) € Z x Z and (xn)nen € € (2, Z ,x). We have, for all
neN,
12 (e, Y < (1BI[([[2 G, ) | + 12 (s 9D,

so limsup || 2 (xn, y) || < [|b]|(limsup || 2 (xa, x)[| + |2 (x,y)[]) = [| 2 (x,¥)[| < +-eo.

n—r—+oo n—-+oo

We also have
D(x,y) 2b(Z(x,%0) + D (xn,y))
= (12 (x,20) + 2 (x, 9)[1)-([[0]]14),
so [| 206 y) || < (12 (xxa) [+ 12 Cens ) D1
which implies that 2 (x.y)| < ( im_|12/(x.5,) | + limsup|| 2 3. )]) o] Hence

2(x,y) 2 [ 2(xy)[l-1a = (lirgiupI\Q(xn,y)!\)-(llbll-lA)

Definition 2.3. Let (Z2°,A, P) is a C*-algebra-valued metric space and (x,)qen be a sequence
inZ.
(i) A sequence (x,)nen is said to be a 9-Cauchy sequence (with respect to A) whenever,
for every € > 0, there is a natural number N € N, such that

|D(xp,xm)|| < €, foralln,m > N,

(ii) The space (Z',A, D) is said to be P-complete if every 2-Cauchy sequence is -

convergent to some element in 2" (with respect to A).

Example 2.2. We return to Example 1.7. We show that (Z",A, ) is Z-Complete. Let (uy)nen
be a P-Cauchy sequence of Z (with respect to A).

Let € > 0, there exists ng € N such that (n,m > no = || 2 (up,um)||> < ). then
(> 1o = 112/12,0) 12 = 2V 21, < 4| Z (g, un)||2 <€) .

Which shows that ngrrl |2 (un,0)||2 = 0. Hence, the sequence (up)nen is Z-converges to 0 in
n oo

2 (with respect to A), finally (2", A,D) is D-complete (with respect to A).

Definition 2.4. Let A be a C*-algebra. A linear mapping y : A — A is said to be positive if
w(AT) CAT.
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Proposition 2.2. Let A be a C*-algebra with unit 1, then the linear positive function Y : A — A

is bounded, continuous, contractive and Wu (1) = ||[wall.14.

Definition 2.5. Let (27, A, D) is a C*-algebra-valued generalized metric space and A mapping
T X — X . We say that 7 is y-Chatterjea contraction if for every (x,y) € 22,

@ 2(7x,.75) 2y (2 Tx3)+ 2. 7)),

where Y the linear positive mapping on A, with 0 < ||y < %

3. MAIN RESULTS
The following notation will be used in the sequel
8(2.7 ,x0) := sup { 12( T x0,x0)|| i € N\ {0}}, where xo € 2.

The forthcoming lemma will stand as the cornerstone of what ensues. Let (x,),>0 be the Picard-

sequence defined by x,,+1 = Jx,, forall n € N.

Lemma 3.1. Let (2°,A,9) be a complete C*-algebra-valued generalized metric space and
T+ X — X be a y-Chatterjea contraction. Then, for any (m,n) € (N\ {0})?,

3.1) D (xn,%m) = So. (Hfl <’j1__11>~1//j(1A> +Hil (n: i) wf(lA)>,

m

where 8y = (%, 7 ,xo).
Proof. (By induction). Let p be an integer greater than or equal to 2 and (n,m) € N? such that
p =n-+m. Since
D(x1,x1) 2 Y(D(x1,x0) + D (x0,x1))
=2y(Z(x1,%0))

=22y(||2(T x0,%0)||-14)
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It is clear that the inequality (3.1) holds for p = 2 with (m,n) = (1,1).
Assume next that inequality (3.1) holds for any (m',n’) € (N\ {0})? be chosen in such a way
that ' +m' = p; let (m,n) € (N\ {0})? with n+m = p+ 1. By hypothesis,

-@(xnaxm> = W(-@(xmxmfl) + -@(xnfhxm)-

Since n+ (m—1) = p and (n— 1) +m = p, the inductive hypothesis yields

D (Xn,Xm) ﬁ&»(wiz <’i_1> v/ (1a) +n+f:2<1 1) v/ (1)

j=n—1

CE v E ()

j=m—1

P (5 5) = ( i ( >+<r{;‘12>.wf<1A>>+wm‘<1A>
" i ((,ﬁj)-wfum(,ﬁii)wf(m)+w"1<1A>>

j50~<n+i_2 () wn"£ (7, ) wan

j&»(fjﬁz (mj > wi(1a) +n+f‘,2<nj 1).W(m)>

j=n—1
< . (njf‘; <;:11>,Wj(1A)+ntil (i:i).wf(m))

Finally the inequality (3.1) holds for (n,m) € (N*)? such that n +m = p+ 1. O

Lemma 3.2. Let (2°,A,9) be a complete C*-algebra-valued generalized metric space and
T X — X is a y-Chatterjea contraction. Then, for every (m,n) € N\ {0} such that m < n,

we have

(3.2) D (o) =2 2"y (1 =2 1w) ™" L,
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where &y = 0(2, T ,xp).

Proof. Letn,m € N\ {0}; assume that m < n.

Since (,{1:11) <2/7!forany j € [m,n+m— 1] and (flj) <2/l forany j € [n,n+m—1],

it follows that

n+m—1 j 1 1n+m 1
Y (m )llfj(lA Z 27y (1)

j=m Jj=m

n+m—1

1 o
<5 Y 1279141

j=m

1n+m 1

Y 2wl
j=m
Lyl
2(1=2]yl)

l\) |

IA

and that

n+m—1 . n n m m
J—1> 1 2y L2y
1)<~ - 2P
L <n—1 VW) 2y 2 =2y

It follows from inequality (3.1) of Lemma 3.1 that

D (n, xm) = 2" o[yl (1 =2l w])) " 1a

OJ

Theorem 3.1. Let (2,A, D) be a complete C*-algebra-valued generalized metric space and
T X — Z be a y-Chatterjea contraction. Suppose that there exists xo € Z such that
0(2,7 ,x0) < oo. Then, T has unique fixed point ® of 2" and the sequence (T "xo)uen con-
verges to O.

Proof. Select (m,n) € (N\ {0})? such that m < n.

According to the Lemma 3.2,
D (xXnyXm) = D(T"x0, T"x0) 2 2" |lw|" (1=2]w])~".1a

Thus (x,)nen is @ Z-Cauchy sequence. Since (27, 7) is complete, the sequence (x,),cn 1S

2-converges to some @ € 2.
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Step 1: We show by induction that for all n € N\ {0}
n
(3.3) 12(7 0.x0) | < [WI"12(7 @,20)[| + Y 1wl Z (1, @)
k=1

For n = 1, we have

12(7 0,x)|| < [[W(2(F @,x0) + Z (0, T x)) |

< vll2(7 @,x0)|| + [wl| 2 (@, Tx0)-
For n = 2, we have

12(F 0,x2)| < [lW(2(F 0,x1) + P (w0, Tx1)) ||
<IvIPI2(7 0.x0) | + 1wl 2 (@.x)] + Wl 2(0,x)].

Suppose that inequality (3.3) holds for some n > 2. We show that

n+1
12(T o, %) | < W 2(7 0,x0) |+ Y W2 (Kn— g2, ) |-
k=1

We have
12(T @, xn11) || < W[ 2(T @0,%0) || + | 2 (@, %n+1)) |

<l 2(7 o x0)ll+ vl Y I 2 (st 0) |+ Wl 2 (@, 5041)) |
k=1

<yl 2(7 o,x0)ll+ Y I 2 n-krr, 0) [+ W12 (@,200))
k=1

<l HI2(T o)+ Y Il 2 -k, )
k=0

n+1
<™ 2(T 0.x0)ll+ Y 1112 (k2. @)

k=1

Hence, for any positive integer n > 2,
n
k
12(7 0.5l < lwI"|2(7 @.x0)ll+ ) W2 (ki1 @)
k=1

Step 2: Let € > 0. Since (||Z(®,x,)]|)n>0 and (||y]|")nen converges to O, there exists N € N
such that

<n SN+1 = |2(0,x)] <€ and ||y|" < s’) :
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/

h £ = _ Q)] 1-N . Weh
where e = 5o (14 max 126-40.0)] W] ). We have

n

n n—N
Y VI 2, 0) = Y VI Z200so)l+ Y, W12 ki1, 0)]]
k=1 k=1

k=n—N+1

n—N n
<e (ZHW‘) Y 2, o)l
k

=1 k=n—N+1
- n
<€ (/;1 H‘V’k> Nr}:ﬁlék@”@(xnfk“,co)” (k_nz;‘\,ﬂ kuk)
8/ N-1
< (=it 17 >|!<§0HWH'€*”N+1>>
£ o
STt i, [/ Gt >m|w||"N“<,§\uf||")

!

€
<— |1+ max D(Xp_js1,0 1_N>
—— 12 nsc @) ]

n—N+1<k<n

<E.

Which shows that hm ZHIVH |2 (x4—k+1,0)|| =0. Hence, lim 2(7 w,x,) = 0.
® k=1 e

According to the COIldlthl’l (D4), we have (7 0, ) < limsup || Z(®,x,)||.c =04. Thus,
n—r+oo

To=0n.

Uniqueness: Suppose that u,v € 2 are two fixed points of .7. Since .7 is a y-Chatterjea

contraction, we have
D) =2(Tu, Tv) 2W(2(Tuyv)+ D(u, Tv)),

which implies that
D (u,v) 229(Z(u,v)).
12, v)|| < 2/lyll |2, v)]-

Hence

(1 =2y Z(u,v)]| <O.

Therefore Z(u,v) =0, i.e., u =v. O

The following example illustrates the above Theorem.
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Example 3.1. Let 2" =R, and A = #,>(R).
A is a C*-algebra endowed with the Euclidean norm ||.||2. Let 2 : " x & — A be given by

2(max{x,y})? 0
0 3(min{x,y})”.

.@(x,y) =

where x,y € 2" and p € N\ {0}.
e It is easy to verify the axioms (Dy), (Dy) and (D3) of the C*-algebra-valued generalized
metric space.

Let’s show the condition (Dy). Let (x,)n>0 € C(Z,X,x), then

lim [|2(xy,x)|]2 = lim \/4(max{xn,x})217+9(min{xn’x})2p —0.
n—r+oo

n—r—+oo
As
0 < x*” < 2(max{x,,x})*” < ||2(xn,x) |2 and lir_E D (xn,x)|]2 =0,
n——oo

we obtain x =0 and C(9, X" ,x) # 0.

Lety € X, we have

9(07);) = 20 >
0 0
2(max{x,,0})” 0 N 2(max{x,,y})” 0
0 3(min{x,,0})? 0 3(min{x,,y})”

50 2(0,y) X D(x,,0) + D (xn,y). We have also D (x,,y) = D (x4,0)+ Z(y,y). Hence,

2(0,y) 2 limsup(|| 2 (xn, y)[[2)- 14 and limsup |2 (xy,y)[l2 < [[Z(y,) ]2 < +ee.

n— oo n—r—+oo
e Now we prove that (2", A, P) is D-complete (with respect to A). Let (x,)nen be a P-Cauchy
sequence of X~ (with respect to A).

Let € > 0, there exists ny € N such that, for all n,m € N,
(n.m=ng = [|Z(xn,%m)|2 < &),

so, for all integers n,m 2> n,

0 < 2x2 < 2(max{x,,xn})? < \/4(max{xn,xm})2p +9(min{x,,x, })?P < €,
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S
which implies 0 < x,, < (/;, for all integer n > ng. Hence,

2% 0
n=zny = ||2(x,,0)|2 = =2 <¢
0

0
2

Which shows that (x,)nen is P-converge to 0 in 2~ (with respect to A).

o Let T (resp. V) be the function defined on Z (resp. A) by T (x) = %C (resp.
ok , 11 1 k1 ok
(M) = EJA, wzthke]z,g {ﬁxed). We have 3 < 1-% <3 and ||y = - < 3.
Let x,y € R,.
° Ifx}%}y}%, then
X\ P
2(5)" o
g (2 XY= [T\2
2
X\P
k(20 %) +xP 0
RV 0 ale+(3))
2
Since,
k p
e 2((5) ) = x2(3)
1-+2° X\ P
Z 73 2(5)
X\ P
>2(3)
then
(3.4) D Tx,Ty) 2y (2T + 9> T)).
° Ifx}y}%}%, then
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2(yP +xP) 0

k
R 0 3(Gr+R).

and W(2(Tx,y)+2(x, Ty)) =

We have also

We obtain,
(3.5) 9(T%T9) 29(2(Txy)+ D5, 7)),

e Similary for cases 'y >

N <

>x>>andy > x>

N <

=

N =
N | =

Hence, .7 be a y-Chatterjea contraction, 8(9,.7,0) < oo and .7 has unique fixed point 0.

Corollary 3.1. Let (2", A, ?) be a C*-algebra-valued generalized metric space and T : & —

2 a D-Chatterjea contraction i.e. for every (x,y) € 22,
(3.6) DT x, Ty) = a(g(,%, ¥)+ 2(x, 9}/)) .

where a € A, with 0 < |la| < 1.
Moreover; if there exists xo € 2~ such that §(9,.7 ,xg) < oo, then 7 has unique fixed point ®

and the sequence (T "xy),en converges to .

Proof. Lemma 2.1-2 justifies that the linear map y : u — au defined on A is positive. Moreover
7 is y-Chatterjea contraction and || y|| = ||a|| < 3. According to Theorem 3.1, .7 has unique
fixed point of 2. O

Corollary 3.2. Let (Z',A,9) be a C*-algebra-valued generalized metric space and a map
T X — X satisfies for every (x,y) € X2,

(3.7) D(Tx,Ty) ja(@(fx,y)+.@(x,9y)>a*.
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where a € A, with 0 < ||a|| < @
Suppose that there exists xo € 2" such that §(2,T ,xp) < . Then, T has unique fixed point

o and the sequence (7 "xy),cn converges to @.

Proof. Lemma 2.1-3 justifies that the linear map y : u — aua™ defined on o7 is positive. More-
over .7 is y-Chatterjea contraction and || y|| = ||a||* < % According to Theorem 3.1, .7 has

unique fixed point of 2. 0

Corollary 3.3. Let (2, A, P) be a C*-algebra-valued generalized metric space and 7 : & —

% a || y||-Chatterjea contraction i.e. for every (x,y) € 22,
(3:8) 12(7x, 73)| < vl (12(7x5) + 2(x, 73] ).

1
with 0 < ||y < 5
Suppose that there exists xo € 2" such that §(2, ,xp) < . Then, T has unique fixed point

o and the sequence (7 "xy),cN converges to @.

Proof. We define & as follow
P (x,y) =[|2(x,y)]|, forallx,y € 2.

We know that (2, 2) is generalized metric space, so (Z",R, Z) is C*-algebra-valued general-

ized metric space. For each x,y € X,
3.9  2(TxTy) <|Il(IZ2(Tx.y)+ 2(x, Ty)|) < IWI(Z(Tx,y) + D (x, 7)),

and 0(2,7 ,x0) = 8(Z,T ,xp) < eo. According to Theorem 3.1, .7 has unique fixed point of
Z. O

Definition 3.1. Let (Z,<) be a partially ordered set.

(1) A mapping 7 : X — 2 is said to be nondecreasing or order preserving if 7x< Ty
whenever x X y.

(ii) We say that a partially ordered C*-algebra valued generalized metric space (2 ,A, D)
satisfies the (?)-property, if for every nondecreasing sequence (x,),>0 that converges

to x in & (with respect to A), implies that x,, < x, for all n € N.
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Theorem 3.2. Let (2, A, 2,<) be a partially ordered complete C*-algebra valued generalized
metric space with the (?)-property.
Let  : 2 — Z be an order preserving mapping such that

xxy=2(Tx,7y) W (2(Tx,Ty)+ D (x,Ty)+ 2(Tx,y))), (11)

forall (x,y) € 22, where y : A — A is a linear positive function with ||y| < 1.
Suppose that there exists xo € 2 such that §(9, 7 ,xy) < o, xo < T xo and the set F of fixed
points of 7 is totally ordered. Then, 7 has unique fixed point ® of 2 and the sequence

(T7"x0)nen converges to @.

Proof. We define the sequence (x,),cn in 2" by
x0 € Z and xp11 = T xp, foralln € N.

As xg < T xp and 7 is order preserving, then x,, < x,,. for all n € N.
Let n,m € N*, assume that n < m. According to inequality (11), we have

(Le = W) D (%, Xm)] 2 W (D (n1,%m) + D (Xns Xm—1))-

Since ||y|| < 1, then I; — y is invertible in the normalized algebra .Z;.(A) of continuous endo-
morphisms of A, 50 Z(xn,%m) = ¥ (2 (Xp_1,%m) + D (Xn,Xm_1)), where ¥ = (I; — w) 1o y.

We have W is continuous linear from A into A and

_ 1 _
11 < M = wll =M iwll < S 10— )~

IR (IR R N
As (Ig—y) =Zl/f,then||‘l’ll<§Z|lllf|| <§Z(§) =3%X5=7
k=0 k=0 k=0

+oo n
Letu € Ay, we have ®(u) = (I, —v) ' (w(u)) = Y v*" ' (u) = lim ¥ y*"(u).
k=0 k

n
Since ¢ is positive , then Z ¢*1 () = 0, for all n € N. Taking into account Proposition2.1
k=0
of [19], A is closed in a C*-algebra A, so ®(u) = 0. Hence, ® is positive.

According to lemma 3.2 and Theorem 3.1, (x,),cy is Z-Cauchy sequence in the Z-

complete space 2, there exists x € 2" such that nngrrlm |2 (xn,x)|| =0, and since (x,)pen is
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nondecreasing, and (27, A, Z) satisfies the (&?)-property, then x, < x, for all n € N. Thus, for

eachn e N,

(s =Y D(T (xn), T ()] 2 D (X0, T (%)) + D (%, T (%))

And consequently,
D (xn+1, T (x)) LY (D(xn, T (x)) + D (x,.T (x))) -
We have

1D i1, T )| S NN (Ony T (%)) + D (%, T (x0))]

< IHAZ G T O+ 1 20x, T ()

Thus, limsup || Z (x,, 7 (x))|| < ||¥||limsup || Z(x,, T (x))]| i.e.
n—y+oo

n—y+oo

1
limsup || Z(xn, 7 (x))||(1 = ||¥||) <0, and since ||¥|| < >

n——4-oo
we get

limsup || Z(xn, 7 (x))|| = 0.

n—>—-oo

According to condition (Dy), we obtain

0=92(x,7(x)) < limsup||Z(x,, 7 (x))||.c=0

n—y+oo

Hence, x = 7 (x).

Uniqueness: Let y € 2" such that 7 (y) =y, since .# is totally ordered, we can assume
that x <y.

Then
(la=W)[2(T (x), 7 (V)] 2 D2(T (x),y) + 2(T(y),x)

in other words Z(x,y) <3y (Z(x,y)). Then | Z(x,y)|| < 3| y||[|Z(x,y)||. Therefore

1
|2 (x,y)]|(1=3]|y|]) <0. Since ||y < 3 then Z(x,y) = 0. Hence, x = y.
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