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Abstract. In this manuscript, we investigate common fixed point results for two infinite families of uniformly
L-Lipschitzian total asymptotically nonexpansive mappings in uniformly convex hyperbolic spaces which are es-
sentially more general than asymptotically nonexpansive mappings in the intermediate sense. We prove strong
convergence and A-convergence theorems for such mappings via Ishikawa type iterative schemes. Our results
generalize, extend and improve several corresponding results in the existing literature.
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1. INTRODUCTION

We assume that (901,0) is a metric space and let F(«7) = {x € MM : &/x = x} be the set of
all fixed points of the mappings 7. Let .# be a nonempty subset of a metric space (9J1,0).
Throughout this paper, let N denote the set of positive integers, R the set of real numbers.

Recall that a mapping &7 : # — 9 is said to be:
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(1). nonexpansive if
(1) o(Ax,dy) <0(x,y), Vx,y € A

(ii). quasi-nonexpansive if F (/) # 0 and

2) o(/x,p) <0(x,p), Vp EF(H).
(iii). asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with lgn k, =1
n—oo
such that
3) ("' x, "y) < ky0(x,y), Vx,y € # andVn e N.

(iv). uniformly L-Lipschitzian if there exists a constant L > 0 such that
%) (e "x,/"y) < Ld(x,y), Vx,y € & VneN.

Remark 1. I7 is easy to see that if F (/) # 0, then nonexpansive mapping, quasi-nonexpansive

mapping, all are asymptotically nonexpansive mappings, but the converse is not true in general.
In 1993, Bruck et al. [3] introduced the following definition.

Definition 1. [3] A mapping </ : # — & is said to be asymptotically nonexpansive in the

intermediate sense, if </ is uniformly continuous and

5) limsup sup {0(e/"'x,o"y)—0(x,y)} <O.

n—eo  yyex
One can see that the class of asymptotically nonexpansive mappings in the intermediate sense

is more general than the class of asymptotically nonexpansive mappings.

Definition 2. [1] A mapping <7 : X — K is said to be ({t,},{w},§)-total asymptotically
nonexpansive if there exist nonnegative sequences {l,},{¥,} with lgn U, =0= 1211 Yo and a
n—oo Nn—ro0

strictly increasing continuous function § : [0,00) — [0,00) with {(0) = 0 such that
(6) (e "x, d"y) <0(x,y) + W (0(x,y)) + tn,Vx,y € X, n > 1.

Remark 2. Note that the notion of total asymptotically nonexpansive mappings is more general

than that of asymptotically nonexpansive mappings in the intermediate sense (see [6]).
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From last two decades, CAT(0) spaces have attracted the attention of many authors because
they have played a very important role in different aspects of geometry [10]. Kirk [18, 19]
showed that a nonexpansive mapping defined on a bounded closed convex subset of a complete
CAT(0) space has a fixed point.

In 2011, Khan et al.[13] proposed and analyzed a general algorithm for strong convergence
results in CAT(0) spaces. Later, in 2012, Khan et al.[12] proposed implicit algorithm for two
finite families of nonexpansive maps in the more general setting of hyperbolic spaces. Their
results were refinement and generalization of several recent results in CAT(0) spaces and uni-
formly convex Banach spaces.

In 2012, Chang et al.[5] studied the demiclosedness principle and A-convergence theorems
for total asymptotically nonexpansive mappings in the setting of CAT(0) spaces. Since then the
convergence of several iteration procedures for this type of mappings has been rapidly devel-
oped, and many of articles have appeared (see, e.g., [2, 4, 15, 16, 25, 26]).

Let .# be a nonempty closed convex subset of a CAT(0) space (9,0) and &7 : # — # be

a total asymptotically nonexpansive mapping. Given x; € %, let {x,} C % be defined by

(7N Xn4-1 :(1_an>xn@anﬂn((l_ﬁn)xn@%nxn%neNv

where { o, } and {f, }are sequences in [0, 1]. In 2013, under some suitable assumptions, E. Kara-
pinar et al.[17] obtained the demiclosedness principle, fixed point theorems, and convergence
theorems for the iteration (7).

Recently, Panyanak [23] obtained the demiclosedness principle, fixed point theorems, and
convergence theorems for total asymptotically nonexpansive mappings on CAT(k) space with
Kk > 0, which generalize the results of Chang et al.[5], Karapinar et al.[17], Tang et al.[25].

Later, Chang et al.[6] studied the strong convergence of a sequence generated by an infinite
family of total asymptotically nonexpansive mappings in CAT(k) spaces with k¥ > 0. Their
results are extensions and improvements of the corresponding results of Chang et al.[5], Hea et

al.[11], Karapinar et al.[17], Panyanak [23], Tang et Tal.[25], and many others.
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The purpose of this manuscript is to establish common fixed point theorems for two infinite
families of uniformly L-Lipschitzian ({u,},{%}, §)-total asymptotically nonexpansive map-
pings in the setting of hyperbolic spaces. Our results are significantly viewed as generalization

of many other related results in the literature.

2. PRELIMINARIES

Let (901,0) be a metric space. A geodesic path joining x € 91 to y € 9t is a mapping O :
[0,7] = 9, where [0,1] C R, such that ©(0) =x,®(I) =y, and 0 ((r), 0(t")) = |t —'| for all
t,t' € [0,1]. Note that, @ is an isometry and d(x,y) = [. The image @([0,/]) of o is called a
geodesic segment joining x and y. When it is unique, this geodesic segment is denoted by [x,y].
This means that z € [x,y] if and only if there exists o € [0,1] such that 9(x,z) = (1 — )0 (x,y),
and 9(y,z) = ad(x,y). For such z, we write z = (1 — ot)x @ oxy.

A geodesic triangle A(x,y,z) in a geodesic space (91,0) consists of three points x,y,z in 9t
(the vertices of A) and three geodesic segments between each pair of vertices (the edges of A).
A comparison triangle for a geodesic triangle A(x,y,z) in (901,0) is a triangle A(X,7,7) in M2

such that
D(xuy) = DM%()@)_}L D(y,Z) = DM%(yvz)v O(Z,X) = DM%(Zu)E)

If k¥ < 0, then such a comparison triangle always exists in M%. If k > 0, then such a triangle
T
——. A point p € [%,7] is called

K

NG

exists whenever d(x,y) +0(y,z) +9(z,x) < 2%y, where P =

a comparison point for p € [x,y] if 3(x, p) = )2 (X, p).
Remark 3. For more details on model spaces M}., the reader is referred to [10, 26].

A geodesic triangle A(x,y,z) in 9t is said to satisfy the CAT(x) inequality if for any p,q €

A(x,y,z) and for their comparison points p,§ € A(X,¥,Z), one has

Definition 3. A metric space (I,0) is called a CAT(0) space if M is a geodesic space such
that all of its geodesic triangles satisfy the CAT(K) inequality.
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Note that 9t is called a CAT(x) space if M is Z-geodesic and any geodesic triangle A(x,y, z)
in 91 with 9(x,y) +0(y,2) + 0(z,x) < 2% satisfies the CAT (k) inequality. For more details on

CAT(x) spaces, we refer readers to [6, 9].

Definition 4. [27] A geodesic space (I,0) is said to be R-convex with R € (0,2] if for any three

points x,y,z € I, we have
R
® P -ayPor) < (1-@pi(xy) + 0% (x2) - Fa(l - @)’ (5,2).

If (92%,0) is a geodesic space, then the following statements are equivalent:
(1) (91,0) is a CAT(0) space,

(ii) (91,0) is R-convex with R = 2, i.e., it satisfies the following inequality:
© 0*(x, (1 - a)y@P az) < (1—a)0*(x,y) + @0 (x,2) — (1 — )0*(,2)

for all ¢ € (0,1] and x,y,z € M.
It is wellknown that uniformly convex Banach spaces and even CAT(0) spaces enjoy the
property that bounded sequences have unique asymptotic centers with respect to closed convex
subsets:

We now recall another convex structure on a metric space, called a Hyperbolic Space.

Definition 5. [14, 21] A hyperbolic space is a triple (I,0, %) where (IN,0) is a metric space
and W : M x M x [0, 1] — M is such that
(HI). (2,7 (x,y,)) < (1 — a)0(z,x) + ad(z,y),
(H2). (W (x,y,0), 7 (x,y,B)) = | — B[o(x,),
(H3). W (x,3,0) =W (y,x, (1 - &),
(H4). 3(W (x,z,a), % (y,w,)) < (1 — a)d(x,y) + ad(z,w) for all x,y,z,w € M, e, B €
[0,1].

We can see from (H1) that, for each x,y € 9t and « € [0, 1],
(10) 0x, 7 (x,y,@)) <od(x,y), V(¥ (xya)) <(1-a)(xy).

A subset % of a hyperbolic space (91,0,%#) is convex if # (x,y,a) € # for all x,y € #
and a € [0,1].
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An example of hyperbolic spaces is the family of Banach vector spaces or any normed vector
spaces. A subset JZ of a hyperbolic space 9 is said to be convex if [x,y] C J#, whenever
X,y € X .

Lemma 1. [20]. The hyperbolic space (9,0, %) is called uniformly convex if for any r > 0

and € € (0,2] there exists a 6 € (0, |such that, for all x,y,z € M,

o(x,z) <r
1
(11) onz) <r = (W (xy3)7) <(1=8)r
o(x,y) > er

A map 7 : (0,00) x (0,2] — (0, 1] which provides such a 6 := n(r,€) for a given r > 0 and
€ € (0,2], is called modulus of uniform convexity. A uniformly convex hyperbolic space is
strictly convex (see [20]).

The following lemmas are due to Leustean [21, 22].
Lemma 2. [21] Let (9,0, #) be a uniformly convex hyperbolic space with modulus of uniform
convexity 1. For any r > 0,€ € (0,2],A € [0,1], and x,y,z € I,

o(x,z) <r
o(nz) <r = AW (x,31),2) < (1-2A(1=A)n(re))r
o(x,y) > er

Lemma 3. [22] Let (9,0, %) be a complete uniformly convex hyperbolic space with mono-
tone modulus of uniform convexity 1. Then every bounded sequence {x,} in 9 has a unique

asymptotic center with respect to any nonempty closed convex subset &~ of .
Let {x,} be a bounded sequence in a hyperbolic space space (1,0, %). For x € 9, we set
r(x,{x,}) = limsupd(x,x,).
n—soo
The asymptotic radius r({x,}) of {x,} is given by
r({x,}) = inf{r(x,{x,}) : x € M}.

The asymptotic center A({x,}) of {x,} is the set

A({xn}) = {xeM:r(x, {xa}) = r({x})}-
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The asymptotic radius r({x,}) with respect to .#" C 9t of {x,} is given by

roy({x,}) = inf{r(x,{x,}) :x € A }.

The asymptotic center A _y ({x, } )with respect to .# C 9t of {x,} is the set

Ay ({x}) ={x €A ir(x{x}) = r({x})}-

The concept of A-convergence in a metric space was introduced by Lim [20] and its analogue
in CAT(0) spaces has been investigated by Dhompongsa and Panyanak [7]. Later, Khan et

al.[12] continued the investigation of A-convergence in the general setting of hyperbolic spaces.

Lemma 4. [12] Let % be a nonempty,closed, and convex subset of a uniformly convex hyper-

bolic space (9,0, %), and let {x,} be a bounded sequence in ¥ such that A({x,}) = {y} and

r({xn}) = p. If {ym} is another sequence in ¥ such that 1i_r>n r(Ym,{xn}) = p, then 1i_r>n Ym =Y.
n—oo m—yoo

Lemma 5. [12] Let (9,0, %) be a uniformly convex hyperbolic space with monotone modulus
of uniform convexity M. Let x € MM be a given point and {a,} be a sequence in [b,c| with

b,c € (0,1) and 0 < b(1 —c) < 1. Let {x,} and {y,} be any sequences in M such that

limsupd(x,,x) <r, limsupd(y,,x) <r and
n—soo n—soo

1im d(# (Xn,Yn, 0),x) =1 for some r > 0.

n—soo

Then

lim ?(x,,y,) = 0.

n—r

The following lemmas are crucial.

Lemma 6. Let {a,}; |, {b,}_ and {8,};_, be sequences of nonnegative real numbers satis-
fying the inequality
ans1 < (14 6,)ay+by,neN.
IfY by <ocandy, 0, < oo, then
(i). lim a, exists.
n—yoo
(ii). In particular, if {a,};_,, has a subsequence which converges strongly to zero, then

lim a, = 0.
n—soo
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Lemma 7. [24] (1) For each positive integer n > 1, the unique solutions i(n) and k(n) with

k(n) > i(n) to the following positive integer equation
(12) n=i(n)+

are as follows:

k(n) = [% oy f2n— %} k(n) > i(n)

and k(n) — oo (as n — o), where |x| denotes the maximal integer that is not larger than x.
(2) For each i > 1, denote by

k(n)—1)k

CORUCRPI

Qi ={k(n):nelin=i+ M, k(n) > i},

I={neN:n=i+

then k(n)+1=k(n+1),VYneT.

Let o : # — &, for each i > 1, be uniformly L;-Lipschitzian and ({'y,gi)}, {[.L,(li)}, ¢l)-
total asymptotically nonexpansive mappings defined by(6), and for each positive integer n >
1,i(n) and k(n) are the unique solutions of the positive integer equation (12). Very recently,
Chang et al.[6] proved a strong convergence theorem for ({1, },{1:},§)-total asymptotictally

nonexpansive mappings in CAT (k) spaces via the following iterative scheme.
xy €X s
k
(13) Xn+1 = (1 - an)xn @ aanfi(,(l;l))’m

where 7" is a nonempty closed and convex subset of a complete CAT(k) space 9t with k > 0.

More precisely Chang et al.[6] obtained the following result.

Theorem 1. [6] Let (9M,0) be a complete uniformly convex CAT(x) space with K > 0 and
Z_¢ T

2

eec(0,=
= for some € € ( ,2)

diam(IMN) < . Let & be a nonempty closed and convex subset of I
and, for each i > 1, let <f; : # — H  be uniformly L;-Lipschitzian and ({’y,(,i)}, {;,L,(li)}, ¢)-total

asymptotically nonexpansive mappings defined by (6) such that
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(i) T2 Xy i) < oo, X T i) < oo,
(ii) there exist constant .# > 0 such that C(i)(c) < M-c,Nc>0,i=1,2,...
(iii) there exist constants a,b € (0,1) with 0 < b(1 —a) <  such that {04, },{Bs} C [a,b].
If§ := N3 F () # 0 and there exist a mappings </, € {27} | and a nondecreasing function
f:]0,00) = [0,00) with f(0) =0 and f(r) > 0,Yr > 0 such that

(14) f(a(xnag)) §0<xn7£{n0xn);vn2 1
Then the sequence {x,} defined by (13) converges strongly to some point px € §.

In this manuscript, inspired and motivated by Chang et al.in [6] and Khan et al. [12], we
establish common fixed point theorems for two infinite families of uniformly L-Lipschitzian
({un}, {m}, §)-total asymptotically nonexpansive mappings in the setting of hyperbolic spaces.
Our results refine, extend and improve the works of Chang et al.in [6] as well as many other

related results in the literature.

3. MAIN RESULTS

Let .# be a nonempty closed and convex subset of be a complete uniformly convex
hyperbolic space (I,0,%#) and <, %; : # — & be two uniformly L;-Lipschitzian and
({y,gi)}, {,u,gi)}, ¢())-total asymptotically nonexpansive mappings defined by (6). We will es-
tablish common fixed point theorems for two infinite families of such mappings in the setting

of hyperbolic spaces via the following iterative scheme:

Xnt1 = W (Xn, ﬂfil{,g')')yn, ),

(15)
yn = W(xn,%f&n))xn,ﬁn),n 2 17

and for each positive integer n > 1,i(n) and k(n) are the unique solutions of the positive integer
equation (12).
We denote IF = N | (F (%) NF(%;)),i > 1. We will prove the following two technical lam-

mas.

Lemma 8. Let % be a nonempty closed and convex subset of be a complete uniformly convex

hyperbolic space (I, 0, %) with monotone modulus of uniform convexity 1. And, for each
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i>1, let o, %;: X — K be two uniformly Li-Lipschitzian and ({’y,gi)},{u,g’.)}7 ¢)-total
asymptotically nonexpansive mappings defined by(6) such that
(i) Y1 Yo ngl) < “72;;12:::1!151) < o9,
(ii) there exists M > 0 such that {9 (c) < M -¢,¥e >0,i=1,2,...
(iii) there exist a,b € (0,1) with 0 < b(1—a) < § such that {e,},{Ba} C [a,b].

If {x,} is the sequence defined by (15), then lgn d(x,,p) and lgn d(x,,F) exist.
n—roo n—oo

Proof. Let p € F. We know that for each i > 1,94, %, : # — & are ({y,(li)}, {,u,(,i)}, ¢)-total

asymptotically nonexpansive mappings. Using condition (ii), for each n > 1 and any x,y € ¢,

we have

(16) o, 'y) < (13 A () +
and

17) U Bx, Bly) < (1+ 0 ) (x,y) + .

We will prove that li_r>n 0(x,,p) and li_r}n 0(x,,TF) exist for each p € F.
n—roo n—oo
In fact, since p € F and <7, %;,i > 1 are ({}/,gl)}, { /.L,(,l)}, ¢()-total asymptotically nonexpan-
sive mappings, it follows from (16), (17) and (W1) that

0(yn,p) = D(W(xn,«%}f(%)xn,ﬁn),l?)
< (1= B0 (5, p) + Bud (1) . )

< (1= B0, )+ Ba[2Cxn, )+ 7 (0050, p)) + 11

1
" < (%, p) + Bt 6 (26, ) + Butty
< (14 Bu) A0, P) + Babty )
< (1) A (6 p) + )
and
0(Xnt1,p) = D(W(xn,%,-l(‘,g')')yn, ), p)
(19) < (1= 0)2(xn, p) + (i )

< (1= )0, p) + 0 [0, 2) + Y 6 (2 ) + )]
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< (1= )0 (xn, p) + 04,0 (yn, p) + OtnY,i((Z))Ci(") (00mp)) + O‘"“li((’:z))

< (1—0a,)0(xy, p) + 06, (1+ y,i((’;))///)D(yn,p) + anu,’;i’,%-
Substitute (18) in (19), we get
(X1, P) < (1= )0, p) + 0t (1+ y,i((’;))///) [(1+ Y,’;((Z))///)D(me) + H/imﬂ

+ ot

(20) + [ (1 + 0 M) + 0] 1)
= (14 20,000 A + (V) A )P0 (5, ) + (200 + 070 M) )
= [+ (2 Yo M) M0, ) + 0 (24 Y 111
< (1+40,)0(xn,p) +&p,Vn > Land p € F,

where 6, = b(2+ Y;EZ))%) Y;EZ))%, & =b(2+ }/,i((fl))///) /,L,i((';)) (because {0y, } C [a,b]).

So
(21) 0(xn+lap) < (1 +Gn)0(xn7p) +€n,VI’l > 1.

By condition (i), we have
(22) Y oy <eoand ) & <oo
n=1 n=1

From (21), (22) and by Lemma 6, we conclude that lim 0(x,, p) and lim d(x,,F) exist for each
n—oo n—oo
pel. ]

Lemma 9. Let % be a nonempty closed and convex subset of be a complete uniformly convex
hyperbolic space (9,0, #") with monotone modulus of uniform convexity 7M. And, for each
i>1, let o, %;: H — K be two uniformly L;-Lipschitzian and ({y,gi)},{u,gi)}’ ¢)-total
asymptotically nonexpansive mappings defined by (6) such that
(i) T b < oo, L2 Ko ) <,
(ii) there exists .M > 0 such that U (¢) < M -¢,¥e>0,i=1,2,...
(iii) there exist a,b € (0,1) with 0 < b(1 —a) < 5 L such that {a,}, {Bn} C la,b].
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Suppose {x,} is the sequence defined by (15), then

lim 90, <" x,) =0, lim 0(x, B x,) = 0.

In particular, we have

lim (X, Zixy) =0 and lim (X, Bixm) =0,
m(el})—so0 m(€L;)—re0

fori>1.
Proof. Firstly, we will show that

lim (%, 7 ) =0, 1im 0(x,, B x,) = 0.

n—oo

In fact, it follows from Lemma 8 that for each given p € F, the li_r>n 0(x,, p) exists. Without loss
n—roo

of generality, we can assume that

(23) lim o(x,,p) =r>0.

n—oo

From (18) we have

(24) limsupd (v, p) < Tim { (14 )4 ), p) + )} = 7

n—soo

Since
o(gfi'{i;l)yn, p) <00, p)+ ?’,’;((',?) §™ (v, p)) + u,i((f,))
< (14 AP0 p) + i) =1,
by (24) we get

(25) limsupb(Jz/ik( )yn,p) <r

n—soo ()

In addition, it follows from (20) that

(%1, 2) = (W (s ) ¥, ), )
(26)
< (14 064)0(xn, p) + En-

This implies that

27) Tim 0 (# (x,, ;zfl."(’;)yn, ), p) =
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From (23), (25), (27) and Lemma 5, we have

(28) 1im 3(x, (1) vn) = 0.
Consider
(s, p) = (xa, ) vn) + (1) Y, )
(29) < iy v) + {00, P) + Yy 6 (00, P)) + by}
K

KO0y) 4+ (L 00 (v, p) + 110,
Taking the liminf on both sides of the above inequality, we have
(30) r <liminfo(y,, p).

n—oo

This inequality (30) and (24) yield

31) lim ?(y,,p) =r.

n—oo

Using (18) and (31), we have

. . k(n
r= ,}gga(yn,P) = lim D(W(xm”i(i))xmﬁn)al’)

n—yoo
. i(n) i(n)
(32) < Tim (14 % () A0, p) + 1y
=r
This implies
(33) Yim 0 (# (i, 4, 0, Bo), ) = 7

Moreover, we can also have that

(34)  limsupd(a,) 5, p) < limsup(x,, p) + Yy 6™ (2%, p)) + ()] < 7

n—oo n—oo

Applying (34) together with (23), (33), and Lemma 5, we obtain

(35) lim 9 (x, 27X "x,,) = 0.

n—soo i(n)

Similarly, one can show that

(36) lim  (x, 24 "x,) = 0.

n—oo i(”)



14 K. SAMANMIT, B. NUNTADILOK, P. KINGKAM

Next, we will prove that, for each i > 1, there exist a subsequence {xm(gri)} C {xn} such that

lim (X, Zixy) =0 and  lim  (xy, Bixy) =0,
m(el})—soo m(€l;)—e0

where I is the set of positive integers defined in Lemma 7.

Applying (36), we have

a<xn7yn) = a(xna W(xnaf%f(nn))xnaﬁn»

(37) .
< ﬁnb(xn,%l.(%)xn) — 0 (asn — ).

Furthermore, from (28) we obtain that
D(-xn—i-] ;xn) =0 (W<xn; fQ{ll(C,(l;l)yna an)axn)

< () Vs n) = 0 (asn — o0).

(38)

From (37) and (38), we get
(39) 0(Xpt1,Vn) < 0(Xpt1,%n) +0(xn,¥n) — 0 (asn — o).

From (28), (35), (38), (39) and Lemma 7, for each given positive integer i > 1, there

exist subsequences {Xu }mer;, {Vm}mer,, and {k(m)}mer, C Qi :== {k(m) :m € I'iym =i+
(k(m) — 1)k(m)
2

,k(m) > i} such that

0 (s Fitm) < 0y ") +0( ™ sy 1) 4 0( A Y i)

(i) (i)

) - 10 Y1) + Voo &0 Coms 1)) + {0y

S D(-)Cl’l’h Jfl
(40) L (™ )

< im, )+ (14 A s Y1) + i}

m)

k(m)

-1
+Ld(, Ym—1>%m—1) +Lid (X1, Xm).

Taking the limit as m — oo on the above inequality, we obtain

lim 0 (xpy, ix,) = 0.

m(EF,-)%oo
Similarly, one can show that

lim (X, Bixm) = 0.
m(EF,')Hoo
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Theorem 2. Let % be a nonempty closed and convex subset of be a complete uniformly convex
hyperbolic space (I, 0, %) with monotone modulus of uniform convexity 1. And, for each
i>1, let o, %;: X — K be two uniformly Li-Lipschitzian and ({’y,(f')},{u,gi)}7 ¢)-total
asymptotically nonexpansive mappings defined by(6) such that
(i) T2 Xyt < oo, X5 Xor i) < oo,

(ii) there exists a constant 4 > 0 such that {9 (c) < A -¢,¥e >0,i=1,2, ...,

(iii) there exist a,b € (0,1) with 0 < b(1—a) < § such that {e,},{Ba} C [a,b].
IfF:=0N7, (F () NF (%)) # 0 and there exist mappings <y, € { Y7 |, B, € {Bi}r | and
a nondecreasing function f : [0,00) — [0,00) with f(0) =0 and f(r) > 0,Vr > 0 such that

(41) f(a(xnvF)) S D(Xnv%oxn)avn Z 17
and
42) FOxn,F)) <o(xn, Bugxn),Vn > 1.

Then the sequence {x,} defined by (15) converges strongly to a common fixed point p € F.

Proof. In fact, it follows from Lemma 9 that for given mapping .27, %,,, there exists a subse-

quence {xp}mer,, of {x,} such that

(43) lim  3(xp, Hpyxm) =0 and lim  3(xp, Bpyxm) = 0.

m(el"no)_><x> m(el—‘no)%oo

By (41), (42), we have

(44) f(a(xmaF)) < D(Xm,%oxm), Vm > I,
and
(45) FOm,F)) <o(xm, BugXm), Ym > 1.

Taking the limit as m — o on the above inequalities, we have lgn F((xp,F)) =0. This implies
m—soo
that lim  ?(x,,F))=0.
m(EFno)Hoo

Next we show that {xmel"no} is a Cauchy sequence in 7. In fact, from (20), for any p € F,

we have

(46) o(-merlap) S (1+Gm)a(xm7p)+€M7vm Z I,Vm € Fn()a
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where Y 0,y < oo and Y, &, < eo. Hence, for any positive integers j,n € I'y,,n > j and
n = m+ j for some positive integer m, and since 1 +x < ¢* for each x > 0, we have
0(Xn, %) = (Xt j,X;)
< (xm+j,p) +0(p,xj)
< (140t j- 1)t j—1,2) + Ens j—1 +0(xj, p)
< e(o-m+'771)0(xm+j—l ,P)+ &m-i-j—l —i—D(Xj,p)

< e(amﬂ'*l+G’”+J'*2)D(xm+j—2>p) + e(Gm+j71)§m+j_2

+&ntj1+0(xj,p)

< €(6m+j_l +6’”+j_2+6m+j_3)0 (Xm+j*3 s P) + €(Gm+j_2+6m+j_3) §m+j*3

+ 6(6’”+-"‘)§m+j—2 + &t j—1 +0(xj,p)

m+j—1 m+j—1

m+j—2
< e(zi:]’ Gi)a(xj,p) +e():i:j+1 Gi)éj_}_e(zi:jiz Gi)éj-l—l 4

Zm+j73

=2 OE, i gt e E, o En 1 +0(x),p)

m—+j—1
<(T+Mp(xj,p)+M Y &
i=j

ol

n—1
= (1+M)o(xj,p)+M ) & foreach p €F.
i=)

Therefore we have
n—1
o(xmxj) = a(xj-O-m?xj) <(1 +M)D(xj7]F) +M Z Siy
i=j

where M = (X219 < oo, Therefore, we have

n—1
0(xn,xj) < (1+M)o(xj,F)+M Z & —0,(asn, jely,, — ).
=

This shows that the subsequence {xm}mel"no is a Cauchy sequence in J#". Since %" is a closed
subset of a complete uniformly convex hyperbolic space 91, without loss of generality, we can
assume that the subsequence {x,,} converges strongly to some common fixed point p € JZ . It

is easy to see that [F is a closed subset in .Z". Since 1i_r>n 0(xy,F) =0,p € F. By Lemma 6, it
mM—yoo
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yields that the whole sequence {x,} converges strongly to a common fixed point p € F. This

completes our proof. U

We now obtain the following corollary.

Corollary 1. Let 2% be a nonempty closed and convex subset of a complete CAT(0)
space (M.d), and for each i > 1, of;, B; : K — K& be two uniformly L;-Lipschitzian and
({y,gi)}, (D)}, D) -total asymptotically nonexpansive mappings defined by(6) such that

(i) Yt Yoe1 Yrgl) < °°>Z?°:1ZZ°:1N}EZ) < oo,

(ii) there exist constant A > 0 such that {9 (¢) < A -¢,¥e >0,i=1,2,...,

(iii) there exist constants a,b € (0,1) with 0 < b(1—a) < % such that {a,},{B,} C [a,b].

IfF:=N7, (F () NF (%)) # 0 and there exist mappings <y, € { Y7 |, By € {Bi}7 | and

=1

a nondecreasing function f : [0,0) — [0,00) with f(0) =0 and f(r) > 0,Vr > 0 such that

(47) f(a(xn;F)) S ‘O<~x}’l7£{n0xn)7vn Z 17
and
(48) FOxn, ) <3(xn, Bugxn),Vn > 1.

Then the sequence {x,} defined by (15) converges strongly to some common fixed point p € .
Next we will prove a A-convergence theorem.

Theorem 3. Let % be a nonempty closed and convex subset of be a complete uniformly convex
hyperbolic space (9,0, %) with monotone modulus of uniform convexity 1. And, for each
i > 1, let o;,%; - # — K be two uniformly L;-Lipschitzian and ({y,(,i)},{u,(li)}, ¢)-total
asymptotically nonexpansive mappings defined by(6) such that

() L i) < oo B K ) < oo,

(ii) there exist constant # > 0 such that £V (¢) < M -¢,Nc>0,i=1,2, ...,

(iii) there exist constants a,b € (0,1) with 0 < b(1 —a) < 1 such that {04, },{Bs} C [a,b].

Then the sequence {x,} defined by (15) A-converges strongly to a commom fixed point p € .
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Proof. Tt follows from Lemma 8 that {x,} is bounded. Therefore by Lemma 4, {x,} has a
unique asymptotic center. That is, A({x,}) = {x}. Let {u,} be any subsequence of {x,} such
that A({u,}) = {u}. And, by Lemma 9, we have }E}ob(un,ﬁﬂun) =0= ,}Ln}ﬂ(”nw@i”n) for
eachi > 1.

We will prove that u is the common fixed point of {.o7 : i > 1} and {%; : i > 1}. For each given
k(m)—1)k
()~ 1RC)

positive integer i > 1, and {k(m) }yer, C Q; :={k(m) :meT;,m=i+

i}, we define a sequence {z;,} in " by z,, = ™. Observe that

1

D<Zm7un) < D(ink(m)%@%k(m)un) +0(%k(m)un7£fik(m)ilun) T+ +0(£{iunv un)

l l

< D(,Q%k(m)u, %k(m)un) + Lo (A, up) + - - +0(Ljup, uy)

1 1

(49) o .
< {0t 10) + Yy SRt 00)) + ()} + MO (it 1)

(U Ry 0t 4n) + 110 b+ MO (it ),

m) m
for some constant M. Therefore, we obtain
r(zm, {un}) = limsup0(z,, u,) < limsup0(u,u,) = r(u,{u,}).
n—roo n—oo

Hence |r(zm, {un}) — r(u,{u,})| — 0 as m — oo. It follows from Lemma 4 that .«;ju = u. Hence
u is the common fixed point of {7 : i > 1}. Similarly, we can show that « is the common fixed
point of {Z, : i > 1}. Therefore u is the common fixed point of {7 :i > 1} and {%, :i > 1}.

Note that lim 9(x,,u) exists by Lemma 8. Suppose x # u. By the uniqueness of asymptotic

n—soo
centers,
limsup 0 (up,u) < limsupd(uy,,x)
n—oo n—oo
< limsup0(xy,x)

< limsupd(x,, u)
n—oo

< limsupd(uy,,u).
n—yoo

This is a contradiction. Hence x = u. Since {u,} is an arbitrary subsequence of {x, }, therefore
A({u,}) = {u} for all subsequences {u,} of {x,}. This proves that {x,} A-converges to a
common fixed point of {7, : i > 1} and {%; : i > 1}. O
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4. CONCLUSIONS

In this manuscript, we establish common fixed point results for two infinite families of uni-

formly L;-Lipschitzian and ({}/,gi) Ao ,u,(li)}, ¢()-total asymptotically nonexpansive mappings in

the setting of hyperbolic space, a more general space. Moreover, we prove a A-convergence

result for such mappings. Our results significantly refine, generalize, extend and improve the

results obtained by Chang et al.[6], as well as some other related existing results in the literature.
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