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Abstract. The focus of this work is on a class of reaction-diffusion equations: a superlinear nonlocal issue with

Neumann condition modeled by the integral condition of second type. By using the Fadeo-Galarkin method to get

over the complications caused by the integral condition’s existence, we are able to demonstrate the existence of the

weak solution. Next, we demonstrate the uniqueness of the problem’s weak solution by using an a priori estimate.

In conclusion, we examine the blow-up solution for completeness in its finite-time case.
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1. INTRODUCTION

A significant class of parabolic equations known as nonlinear diffusion equations originated

from a wide range of diffusion phenomena that are frequently found in nature [1, 2, 3, 4, 5, 6,
∗Corresponding author

E-mail address: i.batiha@zuj.edu.jo

Received June 14, 2024
1



2 BATIHA, JEBRIL, CHEBANA, OUSSAEIF, DEHILIS, ALKHAZALEH

7, 8]. Numerous mathematicians and scientists in the nonlinear sciences have expressed great

interest in the nonlinear evolution equations due to their complexity and the difficulties in study-

ing them theoretically [9]. Partial differential equations with nonlocal conditions can be used

to simulate a wide range of natural phenomena. On the other hand, integral conditions—which

are gaining popularity—are a superior way to characterize a lot of events. Nonlocal and integral

conditions for partial differential equations are used to formulate many contemporary physics

and technology problems (see, for example, [10, 11, 12, 13, 14, 15, 16, 17, 18, 19]). The the

first type of these conditions can be given by∫
Ω

k(x, t)u(x, t)dx = E(t),

where t ∈ (0,T ), Ω⊂ Rn and k is a given function. The second type of such conditions, where

the Dirichlet or Neumann condition modeling by integral condition, is given by

u(x, t)|
∂Ω

=
∫

k(x, t)u(x, t)dx.

In fact, the above condition can be used when it is impossible to directly measure the sought

quantity on the border, its total value, or its average is known. Numerous strong and diverse

techniques in nonlinear analysis, such as the fixed-point theorem, semi-group method, Galerkin

[20], and monotone operator method [21, 22, 23, 24, 25], have been used to solve problems

involving nonlinear evolution equations with various boundary conditions types (classical and

non-classical condition).

Motivated by this, we use the Faedo-Galerkin method to demonstrate the existence and

uniqueness of the weak solution for the linear problem in a superlinear parabolic equation with

a classical Dirichlet condition and an integral condition of the second type, which is more gen-

eral than any classical integral condition. The existence and uniqueness of the weak solution to

the semilinear problem are then demonstrated by employing an iterative procedure based on the

outcomes for the linear problem. Additionally, we theoretically examine the blow-up solution,

concentrating on characterizing the main problem’s finite time blow-up solution as it is affected

by integral conditions.
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2. PROBLEM’S FORMULATION

Let Ω = (0, l) be a bounded open of R and Q = Ω× (0,T ). We consider the following

problem:

(P1)



∂u
∂ t
−a∂ 2u

∂x2 +up−bu = f (x, t) ∀(x, t) ∈ Q

u(x,0) = ϕ(x) ∀x ∈ (0, l)
∂u
∂x

(0, t) =
∫ l

0 k1(x, t)u(x, t)dx ∀t ∈ [0,T ]
∂u
∂x

(l, t) =
∫ l

0 k2(x, t)u(x, t)dx ∀t ∈ [0,T ]

,

where a, b and p are positive odd integers and p≥ 1. The purpose of this work is to show that

the function u = u(x, t) represents a solution of the problem (P1) under certain assumptions (H)

for which x ∈ Ω and t ∈ [0,T ]. In order to properly pose the problem and to have the tools to

solve it, we need to introduce some concepts and some functional basis that we will use later.

Now, we define the space V by

V =
{

u ∈ H1 (Ω)∩Lp+1 (Ω)
}
,

where the space V is provided with the norm ‖v‖V = ‖v‖H1(Ω)+‖v‖Lp+1(Ω) and with the scalar

product of H1 (Ω). We are now able to formulate the problem precisely (P1) for studying it

deeply. To this end, we need the following hypothesis:

(H) :


f ∈ L2 (0,T ; L2 (Ω)

)
(H.1)

ϕ ∈ H1 (Ω)∩Lp+1 (Ω) (H.2)

ki ∈ L∞ ((0,T )×Ω) ∀i ∈ {1,2}

.

Definition 1. The weak solution of the problem (P1) is a function that verifies

(1) u ∈ L2 (0,T ; H1 (Ω)
)
∩L∞

(
0,T ; H1 (Ω)

)
.

(2) u admits a strong derivative
∂u
∂ t
∈ L2 (0,T ; H1 (Ω)

)
.

(3) u(0) = ϕ .

(4) Identity

(ut ,v)+a(ux,vx)+(up,v)−b(u,v) = ( f ,v)+av(l, t)
∫ l

0
k(x, t)u(x, t)dx,

for all v ∈V and for all t ∈ [0,T ].
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3. SOLUTION’S EXISTENCE OF THE SEMILINEAR PROBLEM (P1)

3.1. Variational Formulation. By multiplying the equation

(1)
∂u
∂ t
−a

∂ 2u
∂x2 +up−bu = f (x, t) ,

by an element v ∈V and then integrating the result over Ω, we obtain∫
Ω

∂u
∂ t
· vdx−a

∫
Ω

∂ 2u
∂x2 · vdx+

∫
Ω

up · vdx−b
∫
Ω

u · vdx =
∫
Ω

f · vdx.

Then, we have

(2)

∫
Ω

∂u
∂ t
· vdx+a

∫
Ω

∂u
∂x
· ∂v

∂x
dx+

∫
Ω

up · vdx−b
∫
Ω

u · vdx−av(l)ux(l, t)+av(0)ux(0, t)

=
∫
Ω

f · vdx.

Using the boundary conditions and Green’s formula (2) yields

(3) (ut ,v)+a(ux,vx)+(up,v)−b(u,v)−av(l)ux(l, t)+av(0)ux(0, t) = ( f ,v) , ∀v ∈V,

where (·, ·) denotes the scalar product in L2 (Ω).

3.2. Solution’s Existence of the problem (P1). The demonstration of the existence of the

solution of the problem (P1) is based on the method of Faedo-Galerkin which consists in car-

rying out the subsequent content. The space V is separable, and then there exists a sequence

w1,w2, . . . ,wm having the following properties:

(4)


wi ∈V, ∀i,

∀m,w1,w2, . . . ,wm are linearly independent,

Vm = 〈{w1,w2, . . . ,wm}〉 is dense in V.

.

In particular, we can say that

(5) ∀ϕ ∈V =⇒ ∃(αkm)m ∈ IN∗, ϕm =
m

∑
k=1

αkmwk −→ ϕ when m−→+∞.

Faedo Galerkin’s approximation consists in searching for any integer m ≥ 1 for which the fol-

lowing inequality is satisfied:

t 7→ um (x, t) =
m

∑
i=1

gim (t)wi (x) .
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The approximate solution satisfies the following identities:

(P2)

 ((um(t))t ,wk)+a(∆um(t),wk)+
(
up

m(t)−bum(t),wk
)
= ( f (t),wk) ∀k = 1,m

(um(0),wk) = αkm

,

where (·, ·) denotes the inner product in L2(Ω). So, we have

((um(t))t ,wk) =

((
m

∑
i=1

gim (t)wi

)
t

,wk

)

=

(
m

∑
i=1

∂gim

∂ t
(t)wi (x) ,wk

)

=
m

∑
i=1

(wi,wk)
∂gim

∂ t
(t) ,(6)

and

(7)

a(∆um(t),wk) = a

(
∆

(
m

∑
i=1

gim (t)wi

)
,wk

)

= a
m

∑
i=1

gim (t)

∂wi

∂x
(l)wk(l)−

∫
Ω

∂wi

∂x
∂wk

∂x
dx


=−a

m

∑
i=1

gim (t)
∫
Ω

∂wi (x)
∂x

∂wk(x)
∂x

dx+a
m

∑
i=1

gim (t)
∂wi

∂x
(l)wk(l)−a

m

∑
i=1

gim (t)
∂wi

∂x
(0)wk(0)

=−
m

∑
i=1

a((wi)x ,(wk)x)gim (t)+a
m

∑
i=1

gim (t)
∂wi

∂x
(l)wk(l)−a

m

∑
i=1

gim (t)
∂wi

∂x
(0)wk(0).

Additionally, we have

um(0) =
m

∑
i=1

gim (0)wi (x)

= ϕm

=
m

∑
k=1

αkmwk(x).

Now, the existence of such an αkm follows from u0 ∈V ∩LP+1 (Ω) and the fact that {wk, k ∈ N}

is the base in V ∩LP+1 (Ω). Thus, (P1) is reduced to the initial value problem for a system of

first-order differential equations with respect to gim, i.e.,
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(P3)



m
∑

i=1
(wi,wk)

∂gim

∂ t
(t)+a

m
∑

i=1
((wi)x ,(wk)x)gim (t)

−a
m
∑

i=1
gim (t) ∂wi

∂x (l)wk(l)+a
m
∑

i=1
gim (t) ∂wi

∂x (0)wk(0)+
(
up

m−bum,wk
)
= ( f (t),wk)

gkm (0) = αkm ∀k = 1,m.

.

Consequently, we consider the vectors

gm = (g1m(t), . . . ,gmm(t)) , fm = (( f ,w1) , . . . ,( f ,wm))

with the matrices

Bm =
((

wi,w j
))

1≤i≤m
1≤ j≤m

, Am =

((
∂wi

∂x
,
∂w j

∂x

))
1≤i≤m
1≤ j≤m

Cm =

(
∂wi

∂x
(l) ·w j(l)

)
1≤i≤m
1≤ j≤m

, Dm =

(
∂wi

∂x
(0) ·w j(0)

)
1≤i≤m
1≤ j≤m

,

and

G(g) =

(((
m

∑
i=1

gim (t)wi

)p

,w j

))
1≤i≤m
1≤ j≤m

.

Now, we can write the problem (P4) in the matrix form as follows:

(8)

 Bm
∂gm
∂ t (t)+aAmgm−bBmgm +G(g) = fm +aCmgm−aDmgm

gm (0) = (αim)1≤i≤m

.

By using the Carathéodory’s existence theorem, which can be used for ordinary differential

equations, we can conclude that there exists tm that depends only on |αim| such that the problem

(8) admits a unique local solution gm (t) ∈ C [0, tm] in the interval [0, tm], for which g
′
m (t) ∈

L2 [0,T ].

In the following content, we aim to study the a priori estimates for the approximate solution

um(x, t) obtained in the previous discussion.

Theorem 1. For all m ∈ N∗ and
p
2
≥ b, we suppose that ϕ ∈ H1 (Ω)∩ Lp+1 (Ω) and f ∈

L2 (0,T, L2 (Ω)
)
. Then, the problem (P1) admits a solution u such that

u ∈ L2 (0,T ; V )∩L∞
(
0,T ; H1 (Ω)

)
,
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and

u′ ∈ L2(0,T ; L2(Ω)).

Proof. To prove this result, we multiply both sides of equation (P2) by gim(t), and then summing

the result with respect to k to obtain

m

∑
k=1

((um)t ,wk)gkm(t)−a
m

∑
k=1

(∆um,wk)gkm(t)+
m

∑
k=1

(up
m−bum,wk)gkm(t) =

m

∑
k=1

( f ,wk)gkm(t).

Then, we find

((um)t ,um)−a(∆um,um)+(up
m−bum,um) = ( f ,um) ,

which implies

((um)t ,um)+a
(

∂um

∂x
,
∂um

∂x

)
+(up

m−bum,um)

= ( f ,um)+a
∂um

∂x
(l, t)um(l, t)−a

∂um

∂x
(0, t)um(0, t).

Thus, we get

1
2

∂

∂ t
‖um‖2

L2(Ω)+a
∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

+‖um‖p+1
Lp+1(Ω)

= ( f ,um)+b‖um‖2
L2(Ω)+a

∂um

∂x
(l, t)um(l, t)−a

∂um

∂x
(0, t)um(0, t).

As a consequence, integrating the above equality from 0 to t gives

1
2

t∫
0

∂

∂ t
‖um‖2

L2(Ω)+a
t∫

0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

+

t∫
0

‖um‖p+1
Lp+1(Ω)

=

t∫
0

( f ,um)+b
t∫

0

‖um‖2
L2(Ω)+a

t∫
0

∂um

∂x
(l,τ)um(l,τ)dτ−a

t∫
0

∂um

∂x
(0,τ)um(0,τ)dτ.

It consequently comes

1
2
‖um‖2

L2(Ω)+a
t∫

0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

dτ +

t∫
0

‖um‖p+1
Lp+1(Ω)

dτ =

t∫
0

( f ,um)dτ +b
t∫

0

‖um‖2
L2(Ω) dτ

+
1
2
‖ϕm‖2

L2(Ω)+a
t∫

0

∂um

∂x
(l,τ) ·um(l,τ)dτ−a

t∫
0

∂um

∂x
(0,τ)um(0,τ)dτ
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By using the Cauchy inequality, we obtain

t∫
0

(
∂um

∂x
(l,τ) ·um (l,τ)

)
dτ <

1
2

∫ t

0
u2

m (l,τ)dτ +
1
2

∫ t

0
u2

mx (l,τ)dτ.

Now, to obtain the desired estimate, we need the inequality

u2 (l, t)6 2
∫ l

x
u2

xdx+2u2,

which easily followed from the equality

u(l, t) =
∫ l

x
ux (x, t)dx+u(x, t) .

Also, by the second type of the integral condition, we can have∫ t

0
ux (l,τ)u(l,τ)dτ 6

1
8

∫ t

0
u2 (l,τ)dτ +2

∫ t

0
u2

x (l,τ)dτ

6
1
8

∫ t

0

[
2
∫ l

x
u2

xdx+2u2
]

dτ +2
∫ t

0

[∫ l

0
k (x, t)u(x, t)dx

]2

dτ.

So, by using Holder’s inequality, we get

∫ t

0
ux (l, t)u(l, t)dt 6

1
4

∫
Q

u2
xdxdt +

1
4

∫ t

0
u2dt +2K

∫
Q

u2dxdt,

where the constant K = max
τ∈[0,T ]

∫
Ω

k2
i (x, t)dxdt, for i = 1,2. Thus, by using the same method

used previously, we get

∫ t

0
ux (0, t)u(0, t)dt 6

1
4

∫
Q

u2
xdxdt +

1
4

∫ t

0
u2dt +2K

∫
Q

u2dxdt.

So, we find

1
2
‖um‖2

L2(Ω)+a
t∫

0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

+

t∫
0

‖um‖p+1
Lp+1(Ω)

≤ 1
2

t∫
0

‖ f‖2
L2(Ω)+

1
2

t∫
0

‖um‖2
L2(Ω)+b

t∫
0

‖um‖2
L2(Ω)+

1
2
‖ϕm‖2

L2(Ω)

+
a
2

 t∫
0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

+
1
2l

t∫
0

‖um‖2
L2(Ω)+4K

t∫
0

‖um‖2
L2(Ω)

 .
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Also, we obtain

‖um‖2
L2(Ω)+a

t∫
0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

+2
t∫

0

‖um‖p+1
Lp+1(Ω)

≤
t∫

0

‖ f‖2
L2(Ω)+

(
2b+1+

a
2l

+4aK
) t∫

0

‖um‖2
L2(Ω)+‖ϕm‖2

L2(Ω)

Using Gronwall’s Lemma yields

‖um‖2
L∞(0,T, L2(Ω)) +

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Q)

+‖um‖p+1
Lp+1(0,T, Lp+1(Ω))

≤
exp
((

2b+1+ a
2l +4aK

)
T
)

min{1,a}

(
‖ f‖2

L2(Q)+‖ϕm‖2
L2(Ω)

)
.

Now, by considering

(9) CT =
exp
((

2b+1+ a
2l +4aK

)
T
)

min{1,a}

(
‖ f‖2

L2(Q)+‖ϕm‖2
L2(Ω)

)
,

we get

(10) ‖um‖2
L∞(0,T, L2(Ω)) +

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Q)

+‖um‖p+1
Lp+1(0,T, Lp+1(Ω))

≤CT ,

where CT is a positive constant depending only on
T∫
0
‖ f (τ)‖2

L2(Ω), ‖ϕm‖2
L2(Ω) and T . It follows

from (10) that

‖um (t)‖2
L2(Ω) ≤CT .

This implies that the solution to the initial value problem for the system of ODE (8) can be

extended to [0,T ]. Consequently, we have the following uniform a priori estimates:
um uniformly bounded in L∞(0,T ; L2 (Ω) )

um uniformly bounded in L2(0,T ; H1 (Ω))

um uniformly bounded in Lp+1 (0,T ; Lp+1 (Ω)
) .

Now we would like to get more a priori estimates. In doing so, we use the same formulation

variational by g
′
km(t), and then sum the result over k to get

(11)
m

∑
k=1

((um)t ,wk)g
′
km(t)+

m

∑
k=1

a(∆um,wk)g′km(t)+
m

∑
k=1

(up
m−bum,wk)g

′
km(t) =

m

∑
k=1

( f ,wk)g
′
km(t).
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So, it comes

((um)t ,(um)t)−a
(

∂ 2um

∂x2 ,(um)t

)
+(up

m−bum,(um)t) = ( f ,(um)t) .

By integration the above equality over (0, t), we obtain

t∫
0

((um)t ,(um)t)−a
t∫

0

(
∂ 2um

∂x2 ,(um)t

)
+

t∫
0

(up
m−bum,(um)t) =

t∫
0

( f ,(um)t) .

Then, we have

‖(um)t‖
2
L2(Q)+

a
2
‖(um)x‖

2
L2(Ω)+

1
p+1

‖um‖p+1
Lp+1(Ω)

≤
t∫

0

( f +bum,(um)t)+
a
2
‖(ϕm)x‖

2
L2(Ω)+

1
p+1

‖ϕm‖p+1
Lp+1(Ω)

+a(um)x (l, t) · (um)t (l, t)dx+a(um)x (0, t) · (um)t (0, t)dx,

which implies

‖(um)t‖
2
L2(Q)+

a
2
‖(um)x‖

2
L2(Ω)+

1
p+1

‖um‖p+1
Lp+1(Ω)

≤ 1
2
‖(um)t‖

2
L2(Q)+

1
2
‖ f‖2

L2(Q)+
b
2
‖um‖2

L2(Ω)+
a
2
‖(ϕm)x‖

2
L2(Ω)

+
1

p+1
‖ϕm‖p+1

Lp+1(Ω)
− b

2
‖ϕm‖2

L2(Ω)+a
ε

2
K2 ‖um‖2

L∞(0,T, L2(Ω))

+a
l
ε
‖(um)x‖

2
L2(Ω)+a

l
ε
‖(ϕm)x‖

2
L2(Ω) .

Therefore, we find

1
2
‖(um)t‖

2
L2(Q)+

(
a
2
−a

l
ε

)
‖(um)x‖

2
L2(Ω)+

1
p+1

‖um‖p+1
Lp+1(Ω)

≤ 1
2
‖ f‖2

L2(Q)+

(
a
2
+a

l
ε

)
‖(ϕm)x‖

2
L2(Ω)

+
1

p+1
‖ϕm‖p+1

Lp+1(Ω)
− b

2
‖ϕm‖2

L2(Ω)+

(
a

ε

2
K2 +

b
2

)
CT .

As a result, we get

min
{

1
2
,

a
T

(
1
2
− l

ε

)
,

l
(p+1)T

}[
‖(um)t‖

2
L2(Q)+‖(um)x‖

2
L2(Q)+

∫ t

0
‖um‖p+1

Lp+1(Ω)

]

≤max
{

1
2
,

(
a
2
+a

l
ε

)
,

1
p+1

,−b
2

} ‖ f‖2
L2(Q)+

(
a ε

2K2 + b
2

)
CT

+‖(ϕm)x‖
2
L2(Ω)+‖ϕm‖p+1

Lp+1(Ω)
+‖ϕm‖2

L2(Ω)

 .
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Now, by putting

C =
max

{
1
2 ,
(a

2 +a l
ε

)
, 1

p+1 ,−
b
2

}
min

{
1
2 ,

a
T

(1
2 −

l
ε

)
, l
(p+1)T

} ,

we obtain

‖(um)t‖
2
L2(Q)+‖(um)x‖

2
L2(Q)+

∫ t

0
‖um‖p+1

Lp+1(Ω)

≤C
[
‖ f‖2

L2(Q)+
bl
2

CT +‖(ϕm)x‖
2
L2(Ω)+‖ϕm‖p+1

Lp+1(Ω)
+‖ϕm‖2

L2(Ω)

]
This implies

(12) ‖(um)t‖
2
L2(Q) ≤C.

Then, we get the following further priori estimates:

(13)


um uniformly bounded in Lp+1(0,T ; LP+1 (Ω))

um uniformly bounded in L2(0,T ; H1 (Ω))

(um)t uniformly bounded in L2 (0,T ; L2 (Ω)
) .

Thus, by Lemma 1.2, there is a subsequence of um, still denoted by um such that

(14)


um −→ u weakly in Lp+1(0,T ; LP+1 (Ω))

um −→ u weakly in L2(0,T ; H1 (Ω))

um −→ u weakly in L2 (0,T ; L2 (Ω)
) .

We deduce from Lemma 1.2 that there are subsequences denoted by (umk) and
(

∂umk

∂ t

)
of (um)

and (um)t , respectively, such that

(15) umk ⇀ u in L2(0,T ; H1 (Ω)) ,

and

(16) ∂umk
∂ t ⇀ w in L2 (0,T ; L2 (Ω)

)
.

We know, according to Relikh-Kondrachoff’s theorem, that the injection of H1 (Q) into L2 (Q)

is compact, and like the results of Rellich’s theorem, any weakly convergent sequence in H1 (Q)

has a subsequence that converges strongly in L2 (Q). So, we have

(17) umk −→ u in L2(Q) .
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On the other hand, from lemma (1.3) there is a subsequence of (umk)k is still denoted by umk

converges almost everywhere to u, such that

(18) umk −→ u almost everywhere Q .

By Lemma 1.3, there is a subsequence of um, still denoted by um, such that um converges almost

everywhere to u in QT = Ω× [0,T ]. It turns out that

(um)
p almost everywhere converges to upin QT .

On the other hand, (13) implies that (um)
p is uniformly bounded in L

p+1
p (QT ). Therefore, we

infer from Lemma 1.4 that

up
m ⇀ up weakly in L

p+1
p

(
0,T , L

p+1
p (Ω)

)
.

It remains to demonstrate that w = ∂u
∂ t . For this purpose, it suffices to prove

(19) u(t) = ϕ +

t∫
0

w(τ)dτ

as

umk ⇀ u in L2(0,T ; L2 (Ω)) .

Actually, the proof of (19) is equivalent to demonstrate that

umk ⇀ ϕ +χ in L2(0,T ; L2 (Ω)) ,

which means

lim(umk−ϕ−χ,v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2(0,T ; L2 (Ω)),

as

χ (t) =
t∫

0

w(τ)dτ.

Now, by using the equality

umk−ϕmk =

t∫
0

∂umk

∂τ
dτ, for all t ∈ [0,T ] ,
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we obtain, from umk ∈ L2 (0,T ;Vmk) and (umk)t ∈ L2 (0,T ;Vmk), thatumk−ϕ−
t∫

0

w(τ)dτ,v


L2(0,T ; L2(Ω))

=

umk−ϕmk−
t∫

0

w(τ)dτ,v


L2(0,T ; L2(Ω))

+(ϕmk−ϕ,v)L2(0,T ; L2(Ω))

=

 t∫
0

(
∂umk

∂τ
−w(τ)

)
dτ,v


L2(0,T ; L2(Ω))

+(ϕmk−ϕ,v)L2(0,T ; L2(Ω)) ,

for all t ∈ [0,T ]. By virtue of (ii) of Lemma 1.6, it comesumk−ϕ−
t∫

0

w(τ)dτ,v


L2(0,T ; L2(Ω))

=

t∫
0

(
∂umk

∂τ
−w(τ),v

)
L2(0,T ; L2(Ω))

dτ

+(ϕmk−ϕ,v)L2(0,T ; L2(Ω)) ,

for all t ∈ [0,T ]. On the one hand, we have

(20) lim
k−→∞

t∫
0

(
∂umk

∂τ
−w(τ),v

)
L2(0,T ; L2(Ω))

dτ = 0, for t ∈ [0,T ] .

Also, we have

(21) lim
k−→∞

(ϕm−ϕ,v)L2(0,T ; L2(Ω)) = 0.

So, we get

lim
k−→∞

(umk−ϕ−χ,v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2 (0,T ;L2 (Ω)
)
.

Finally, from (20) and (21) , we get

lim
k−→∞

(umk−ϕ−χ,v)L2(0,T ; L2(Ω)) = 0, ∀v ∈ L2 (0,T ;L2 (Ω)
)
.

Now, by passing the limit into (P2) and by considering that each term on the left side of (P2) is

weakly convergent in L
p+1

p (Ω), we obtain that the following assertion holds in L
p+1

p (Ω):

(22) ((um(t))t ,wk)+a(um(t),wk)+(up
m(t)−bum(t),wk) = ( f (t),wk) , ∀k = 1,m.

Since
{

w j, j ∈ N
}

is a base in L
p+1

p (Ω), we infer from (22) that the following assertion

(23) u′−a∆u+up−bu = f
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holds also in L
p+1

p

(
0,T , L

p+1
p (Ω)

)
. Since all u′, ∆u, and f belong to L2 (0,T ;L2 (Ω)

)
, up also

belongs to L2 (0,T ;L2 (Ω)
)
, then (23) also holds in L2 (0,T ;L2 (Ω)

)
. Thus, we have the desired

result. �

4. THE UNIQUENESS OF THE SOLUTION

Herein, we will study the uniqueness of the solution only in the case where p is odd. For this

purpose, we present the subsequent theorem.

Theorem 2. Suppose that ϕ ∈H1 (Ω)∩Lp+1 (Ω) and f ∈ L2 (0,T ;L2 (Ω)
)
. Then problem (P1)

admits a unique solution u such that

u ∈ L2 (0,T, H1 (Ω)
)
∩ Lp+1(0,T ; LP+1 (Ω))

and

u′ ∈ L2(0,T, L2(Ω)).

Proof. Suppose first that p is odd. Now, by multiplying the equation of the problem (P1) by the

following multiplier Mu for which

Mu = u,

and by integrating the result over the domain Ω = (0, l), we obtain∫
Ω

[ut−a∆u+up−bu] .Mudx =
∫
Ω

[ut(x, t)−a∆u(x, t)+up−bu] ·udx

=
∫
Ω

ut(x, t)udx−a
∫
Ω

∆u ·udx+
∫
Ω

upudx−b
∫
Ω

u2dx

=
∫
Ω

f (x, t)udx,

where ux and ut denotes the partial derivative of u with respect to x and t, respectively. This

yields
1
2

∂

∂ t
‖u‖2

L2(Ω)+a
∫
Ω

(
∂u
∂x

)2

dx+
∫
Ω

up+1dx−b
∫
Ω

u2dx =
∫
Ω

f udx.
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Then, by integrating the above equality over (0,τ), where τ ∈ (0,T ), we get

1
2
‖u‖2

L2(Ω)+a
∫

Qτ

(
∂u
∂x

)2

dxdt +
∫

Qτ

up+1dxdt

≤ 1
2ε
‖ f‖2

L2(Q)+
(

ε

2
+b
)
‖u‖2

L2(Q)+
1
2
‖ϕ‖2

L2(Ω)

+aε

t∫
0

∥∥∥∥∂u
∂x

∥∥∥∥2

L2(Ω)

+
aε

l

t∫
0

‖u‖2
L2(Ω)+

aK
2ε

t∫
0

‖u‖2
L2(Ω) .

Therefore, we have

1
2
‖u‖2

L2(Ω)+(a−aε)

t∫
0

∥∥∥∥∂u
∂x

∥∥∥∥2

L2(Ω)

dτ +

(
1−
(

1
2
+

ε

l
+

K
2ε

+b
)

2
p+1

) t∫
0

‖u‖p+1
Lp+1(Ω)

dτ

≤ 1
2

T∫
0

‖ f (τ)‖2
L2(Ω) dτ +

1
2
‖ϕ‖2

L2(Ω)+

(
1
2
+

ε

l
+

K
2ε

+b
)
(p+1)mes(Ω)T

p−1
.

Consequently, by assuming that

(24) CT =

1
2

T∫
0
‖ f (τ)‖2

L2(Ω) dτ + 1
2 ‖ϕm‖2

L2(Ω)+
(1

2 +
ε

l +
K
2ε

+b
) (p+1)mes(Ω)T

p−1

min
(

1
2 ,(a−aε) ,

(
1−
(1

2 +
ε

l +
K
2ε

+b
) 2

p+1

)) ,

we obtain

(25) ‖um (t)‖2
L2(Ω)+

t∫
0

∥∥∥∥∂um

∂x

∥∥∥∥2

L2(Ω)

dτ +

t∫
0

‖um‖p+1
Lp+1(Ω)

dτ ≤CT .

Now, we put

‖u‖2
L∞(0,T ;L2(Ω)) +‖u‖

2
L2(0,T ;L2(Ω)) +‖u‖

p+1
Lp+1(0,T ;Lp+1(Ω))

≡ ‖u‖B .

Also, we let u1 and u2 be two solutions to the problem (P1), i.e., Lu1 = F

Lu2 = F
=⇒ Lu1−Lu2 = 0,

where L is the differential operator of the main semilinear problem. This, immediately, implies

L(u1−u2) = 0.

Therefore, we get

‖u1−u2‖B ≤ c‖0‖F = 0,
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which directly gives u1 = u2. �

5. FINITE-TIME BLOW-UP SOLUTION

To investigate the finite-time blow-up solution to the desired problem, we assume that

Π(t) =
∫

Ω

u2dx.

Now, by integrating the above equation over Ω with null source, we get

ut−a∆u−bu = up∫
Ω

utudx−a
∫

Ω

∆u.udx−
∫

Ω

bu2dx =
∫

Ω

up+1dx

By using Green’s formula and the Pointcarré inequality, we get

1
2

d
dt

∫
Ω

u2dx+a
∫

Ω

u2
x−

∫
Ω

bu2dx≤ a [ux(l, t)u(l, t)−ux(0, t)u(0, t)]+
∫

Ω

up+1dx

1
2

d
dt

∫
Ω

u2dx+a
∫

Ω

u2
x−

∫
Ω

bu2dx≤ amax
x,t∈Q

(k1,2)

(∫
Ω

udx
)[∫

Ω

ux

]
+
∫

Ω

up+1dx

1
2

d
dt

∫
Ω

u2dx+a
∫

Ω

u2
x−b

∫
Ω

u2dx≤ amax
x,t∈Q

(k1,2)

[
1
2

(∫
Ω

udx
)2

+
1
2

(∫
Ω

ux

)2
]
+
∫

Ω

up+1dx.

This implies

1
2

d
dt

∫
Ω

u2dx+a
∫

Ω

u2
x−b

∫
Ω

u2dx≤ amax
x,t∈Q

(k1,2)

[
l
2

∫
Ω

u2 +
l
2

∫
Ω

u2
x

]
+
∫

Ω

up+1dx.

As a result, we have

1
2

d
dt

∫
Ω

u2dx+
(

a− al
2

max
x,t∈Q

(k1,2)

)∫
Ω

u2
x−

b+
almax

x,t∈Q
(k1,2)

2

∫
Ω

u2dx ≤
∫

Ω

up+1dx

1
2

d
dt

∫
Ω

u2dx−

b+
almax

x,t∈Q
(k1,2)

2

∫
Ω

u2dx ≤
∫

Ω

up+1dx

Consequently, we apply the Jensen inequality to obtain

−1
2

d
dt

∫
Ω

u2dx+

b+
almax

x,t∈Q
(k1,2)

2

∫
Ω

u2dx ≥ 1

(mes(Ω))
q+1

2 −1

(∫
Ω

u2
) p+1

2

−1
2

d
dt

∫
Ω

u2dx+

b+
almax

x,t∈Q
(k1,2)

2

∫
Ω

u2dx ≥ 1

(mes(Ω))
q+1

2 −1

(∫
Ω

u2
) p+1

2

,
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which implies

−1
2

Π
′(t)+

b+
almax

x,t∈Q
(k1,2)

2

Π(t) =
1

(mes(Ω))
q+1

2 −1
(Π(t))

q+1
2 .

Therefore, we have

(26) Π
′(t)−2

b+
almax

x,t∈Q
(k1,2)

2

Π(t)+
2

(mes(Ω))
q+1

2 −1
(Π(t))

p+1
2 = 0.

To solve this equation, we use the following change of variable:

(27) v = Π
1−q,

where

q =
p+1

2
.

By replacing (27) in (26), we find

(28)
1

q−1
v′v

q
1−q −2

b+
almax

x,t∈Q
(k1,2)

2

v

1
1−q +

c1

(mes(Ω))q−1 v

q
1−q = 0

Multiplying equation (28) by v

−q
1−q gives

(29) v′−2(q−1)

b+
almax

x,t∈Q
(k1,2)

2

v+(q−1)
1

(mes(Ω))q−1 = 0.

Now, we will solve the following homogeneous equation:

v′+2(q−1)

b+
almax

x,t∈Q
(k1,2)

2

v = 0.

To do so, we put

K = 2(q−1)

b+
almax

x,t∈Q
(k1,2)

2

 .

This implies that

v′+Kv = 0

and

v1(t) = Be−Kt .
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Now, we move on to solving the nonhomogeneous equation (29) by the method of constant

variation. To do so, we set

v2(t) = B(t)e−Kt ,

and so, we get

v2(t) =
1
K
(q−1)

1

(mes(Ω))q−1 .

Then, we obtain

v(t) = v1(t)+ v2(t)

= Be−Kt +
1
K
(q−1)

c1

(mes(Ω))q−1 ,

which gives

Π(t) =

(
Be−Kt +

1
K
(q−1)

c1

(mes(Ω))q−1

) 1
1−q

.

Now, for t = 0, we get

Π(0) =

(
B+

1
K
(q−1)

c1

(mes(Ω))q−1

) 1
1−q

.

This means that

B = (Π(0))1−q− 1
K
(q−1)

c1

(mes(Ω))q−1 .

Finally, we can get

Π(t) =

((
(Π(0))1−q− 1

K
(q−1)

1

(mes(Ω))q−1

)
e−Kt +

1
K
(q−1)

1

(mes(Ω))q−1

) 1
1−q

,

and hence, we have

Π(t) =

 1(
(Π(0))1−q− 1

K (q−1) 1
(mes(Ω))q−1

)
e−Kt + 1

K (q−1) 1
(mes(Ω))q−1


1

q−1

.

Now, as
1

q−1
> 0, we obtain

Π→ ∞ if

(
(Π(0))1−q− 1

K
(q−1)

1

(mes(Ω))q−1

)
e−Kt +

1
K
(q−1)

1

(mes(Ω))q−1 → 0.
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Therefore, we get

T =
1
K

ln

 1
K (q−1) 1

(mes(Ω))q−1(
(Π(0))1−q− 1

K (q−1) 1
(mes(Ω))q−1

)
 .
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