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Abstract. The focus of this work is on a class of reaction-diffusion equations: a superlinear nonlocal issue with
Neumann condition modeled by the integral condition of second type. By using the Fadeo-Galarkin method to get
over the complications caused by the integral condition’s existence, we are able to demonstrate the existence of the
weak solution. Next, we demonstrate the uniqueness of the problem’s weak solution by using an a priori estimate.
In conclusion, we examine the blow-up solution for completeness in its finite-time case.
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1. INTRODUCTION

A significant class of parabolic equations known as nonlinear diffusion equations originated
from a wide range of diffusion phenomena that are frequently found in nature [1, 2, 3, 4, 5, 6,
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7, 8]. Numerous mathematicians and scientists in the nonlinear sciences have expressed great
interest in the nonlinear evolution equations due to their complexity and the difficulties in study-
ing them theoretically [9]. Partial differential equations with nonlocal conditions can be used
to simulate a wide range of natural phenomena. On the other hand, integral conditions—which
are gaining popularity—are a superior way to characterize a lot of events. Nonlocal and integral
conditions for partial differential equations are used to formulate many contemporary physics
and technology problems (see, for example, [10, 11, 12, 13, 14, 15, 16, 17, 18, 19]). The the

first type of these conditions can be given by
/ k(e 1)u(x,1)dx = E 1),
Q

wherez € (0,7), Q C R" and £ is a given function. The second type of such conditions, where

the Dirichlet or Neumann condition modeling by integral condition, is given by

u(x,t)] 50 = /k(x,t)u(x,t)dx.

In fact, the above condition can be used when it is impossible to directly measure the sought
quantity on the border, its total value, or its average is known. Numerous strong and diverse
techniques in nonlinear analysis, such as the fixed-point theorem, semi-group method, Galerkin
[20], and monotone operator method [21, 22, 23, 24, 25], have been used to solve problems
involving nonlinear evolution equations with various boundary conditions types (classical and
non-classical condition).

Motivated by this, we use the Faedo-Galerkin method to demonstrate the existence and
uniqueness of the weak solution for the linear problem in a superlinear parabolic equation with
a classical Dirichlet condition and an integral condition of the second type, which is more gen-
eral than any classical integral condition. The existence and uniqueness of the weak solution to
the semilinear problem are then demonstrated by employing an iterative procedure based on the
outcomes for the linear problem. Additionally, we theoretically examine the blow-up solution,
concentrating on characterizing the main problem’s finite time blow-up solution as it is affected

by integral conditions.
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2. PROBLEM’S FORMULATION

Let Q = (0,/) be a bounded open of R and Q = Q x (0,7). We consider the following

problem:
( 8u 92u p —
5, " dae tu —bu=f(x,t) V(xt)€Q
u(x,0) = @(x) Vx € (0,1)
(Pl) u ! ’
E(O’I) = Joki(x,t)u(x,t)dx vVt e0,T]
%(z,r) = [Tka(x,0)u(x,t)dx Vi e [0,T]

where a, b and p are positive odd integers and p > 1. The purpose of this work is to show that
the function u = u (x,) represents a solution of the problem (P;) under certain assumptions (H)
for which x € Q and ¢ € [0,T]. In order to properly pose the problem and to have the tools to
solve it, we need to introduce some concepts and some functional basis that we will use later.

Now, we define the space V by
V={ucH (QnL''(Q) },

where the space V' is provided with the norm [v|ly = [[[|1(q) + [[vI|zr+1 () and with the scalar
product of H' (Q). We are now able to formulate the problem precisely (Py) for studying it

deeply. To this end, we need the following hypothesis:
feL*(0,T; L*(Q)) (H.1)
(H):{ o H' (Q)nLH(Q) (H.2) -
ki€ L~ ((0,T) x Q) Vie {1,2}
Definition 1. The weak solution of the problem (P1) is a function that verifies
(1) ue L*(0,T; H' (Q))NL™(0,T; H' (Q)).
(2) u admits a strong derivative 8_Z eL*(0,T; H' (Q)).
(3) u(0) =o.
(4) Identity

(tr,v) +a(uy,vy) + (U, v) = b (u,v) = (f,v) —|—av(l,t)/Olk(x,t)u(x,t)dx,

forallv eV and forallt € [0,T).
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3. SOLUTION’S EXISTENCE OF THE SEMILINEAR PROBLEM (P))

3.1. Variational Formulation. By multiplying the equation

du 2%u

gt _ Lt py =
(1) 5 aax2+u bu= f(x,t),

by an element v € V and then integrating the result over €, we obtain

du
- P,
/a vdx — a/axz de+/1/t vdx — b/u vdx = /f vdx.

Q Q

Then, we have

du du Jv
7z p.
8 -vdx+a 8x axdx-i—/u vdx — b/u vdx —av(l)uy(l,t) +av(0)uy(0,1)

zg/f-vdx.

Using the boundary conditions and Green’s formula (2) yields

2)

3)  (ur,v) +a(ux,vy) + (WP ,v) —b(u,v) —av(Dux(l,t) + av(0)uy(0,¢) = (f,v), Y€V,
where (-,-) denotes the scalar product in L? (Q).

3.2. Solution’s Existence of the problem (P;). The demonstration of the existence of the
solution of the problem (P) is based on the method of Faedo-Galerkin which consists in car-

rying out the subsequent content. The space V is separable, and then there exists a sequence

wi, w2, ..., W, having the following properties:
w; €V, Vi,

“4) m, Wi, wa, ..., W are linearly independent,
Vin={{wi,w2,...,wy,}) isdenseinV.

In particular, we can say that

6) Vo €V = I(n)m € IN*, @ = Z QWi — @ when m — oo,
k=1

Faedo Galerkin’s approximation consists in searching for any integer m > 1 for which the fol-

lowing inequality is satisfied:

t >ty (x,1) Zglm
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The approximate solution satisfies the following identities:

@ ((m (1)), wi) 4@ (At (t), W) + (um(£) = bu (1), wi) = (f(£),wx) Yk =T,m
2) ;

(um(0), wk) = Qm

where (-,-) denotes the inner product in L?(€). So, we have

(W () s wi) - =

(6) = l_Z] (Wi, wi) ag;’" (1),
and
(7
(Aup(2),wy) =a (A (ngim (t)wi> :Wk>
8w, ow; dwy
_aZglm Ywi(l) — J ng
——ay. g ‘”ggf JOvil) dx+ai1gzm< >%<l>wk<z> oF: i (0 5 Om(0
o) i= =
S IO MUARPHUES) WHOES O RIORS WHOE OO

Additionally, we have

un(0) = Zgim (0)w; (x
i=1
— (pm

m
= Z O Wi (X)
k=1

Now, the existence of such an ¢, follows from up € VNLPT! (Q) and the fact that {wy, k € N}
is the base in V N LF+! (Q). Thus, (P;) is reduced to the initial value problem for a system of

first-order differential equations with respect to g, 1.e.,
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( m a im m
L (i) 25 (1) +a L (%), (7)) gim (1)
P3) | ~a fl gim (1) B2 (Dwi(1) +a ﬁl gim (1) 222 (0)wi (0) + (b — b, i) = (F(£),wr) -
8km (0) = O Vk = W

\

Consequently, we consider the vectors

Em = (glm(t),...,gmm(t)), Jm= ((f,W]),---,(f,Wm)>

with the matrices

aw,‘ &Wj
B, = ((thj))llgé";l’ Am = ((W’W)) 1<i<m

1<j<m

Cn = (%a)'wj(l))lgisn’l)m:<%(0)'Wj(0))1§i§m7

1<<m 1<j<m
and
m P
G(g) = (((Zé’m@“ﬁ) w;)) :
i=1 1<i<m
I1<j<m

Now, we can write the problem (P4) in the matrix form as follows:

® Bm‘%’” (1) +aAmgm — bBimgm + G (g) = fm + aCingm — aDmgm

gm(0) = (O‘im)1§i§m

By using the Carathéodory’s existence theorem, which can be used for ordinary differential

equations, we can conclude that there exists #,, that depends only on || such that the problem

(8) admits a unique local solution g, (t) € C[0,1,] in the interval [0,7,], for which g, (r) €

L2[0,T).

In the following content, we aim to study the a priori estimates for the approximate solution

um(x,t) obtained in the previous discussion.

Theorem 1. For all m € N* and g > b, we suppose that ¢ € H' (Q)NLPY(Q) and f €

L*(0,T, L*(Q)). Then, the problem (Py) admits a solution u such that

ueL*(0,7; V)nL” (0,7; H' (Q)),
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and

W' € L20,T; L*(Q)).

Proof. To prove this result, we multiply both sides of equation (P;) by gin (), and then summing

the result with respect to k to obtain

Ms

m m m
Z Um); s Wi) 8k (1) — (Autyn, W) 8km (t Z — blty, wi) 8 (1) =Y, (5 W) 8o (8

k 1 k=1

Then, we find
() ) — @ (Attgy ) + (), — bty i) = (f 4

which implies

du,, du
Zom Z7m P _
((um)t,um)+a( 3% Ox ) + (ub), — by, u)

= (o) a1 (1)~ 420,10 0,1)

Thus, we get
19 At ||*
m p+1
291 ||”mHL2 t+a “ox L )"‘Hum”Lpﬂ

M 0,1 )um (0, 7).

aZ8™ (1) up(1,1) _"aax

ox

As a consequence, integrating the above equality from O to ¢ gives

t
1 /0 +1
> [ 5 lumliigy +a ~ / a7
0
t

= [ (o) +b / PRI, / 21, 21, 7)d7
0

= (f7 um) +b HumH%}(Q) +

Um
5y (0,7)up(0,7)dT.

o—__
5]

S

It consequently comes

du
nl +/H "

t t
R / o5 = / ()b [ |20
0
t

1 Ay, du
+5||<Pm||iz(g) a/ 5 (1,7) - un(l, T)dT — /a_ (0, 7)u (0, T)d 7
0 0
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By using the Cauchy inequality, we obtain

j O (1 2 e um (1,7) dr<l/t 2 (] r)dt+1/t 2 (1,7)dT
ax 9 MM7 20”m7 Zoumx’ *

Now, to obtain the desired estimate, we need the inequality

l
u? (1,1) < 2/ uldx +2u?,
X

which easily followed from the equality

l
u(l,t) :/x uy (x,1)dx+u(x,t).

Also, by the second type of the integral condition, we can have

t 1 t
/ux(l,r)u(l,f)d <8/ (zrdr+2/ (1,7)dt
0

8/ {/ 2dx+2u2]d‘c+2/o {/Olk(x,t)u(x,t)dx]zdf_

So, by using Holder’s inequality, we get

t 1 1 t
/ux(z,r)u(l,r)dtg—/u,%dxdt+—/ uzdt+2K/ uldxdt,
0 4 /o 4 Jo 0

2 (x,t)dxdt, for i = 1,2. Thus, by using the same method

where the constant K = max [q k;
7€[0,T]

used previously, we get

t 1 1 t
/ 1 (0,0)u(0,1)dr < — / uldxdt + / uldt +2K / uldxdt.
0 4 Jo 4 Jo 0

So, we find

=

+ / il

t t
1 1 1
<5 [ la+5 / lutm 22y + & / im0 + 5 om0

At

HumHLz ta

aum

e / It 20+ 4K / i 32
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Also, we obtain

du
Jun e +/H :

1
L / i 557

/HfHLZ 2b+1+21+4al( /Humlliz(g)JrH(PmH%z(g)
Using Gronwall’s Lemma yields
At ||* +1
HumHLoo 0.1, [2(Q H + ||um||ip+1(077~7 Lp+l(Q)>

exp((2b—|—l+%+4a[() T)
<
- min{l,a}

(17 120) + om0 ) -

Now, by considering

exp ((2b+1+ % +4aK)T)
© Cr= TR (1712 + omlziey) -
we get
10 2 al/lm 2 p+1 <C
( ) Hu’"“L“’(O,T, L2(Q)) + W LZ(Q) + HumHLp+1(O7T’ Lp+1(Q)) ~L7,

T
where Cr is a positive constant depending only on [ || f(7) Hiz(g), H(pmHiz(Q) and T. It follows
0

from (10) that

| ttm (ﬂ”i%g) <Cr.

This implies that the solution to the initial value problem for the system of ODE (8) can be

extended to [0, 7. Consequently, we have the following uniform a priori estimates:

U, uniformly bounded in L=(0,T; L?(Q) )
U, uniformly bounded in L2(0,T; H' (Q))
Uy, uniformly bounded in LP*1 (0,7 LPH!(Q))

Now we would like to get more a priori estimates. In doing so, we use the same formulation

variational by g;(m(t), and then sum the result over k to get
(1 1)

m m m
Z Um)y Wi gkm( )+Z (Atty, Wi) G (1 Z uly, — by, wy) gkm Z fswi) gkm
k=1 k=1 k=1
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So, it comes
2
2“u,,

() ) (%55 ), )+ 0 = it ) ) = (7))

By integration the above equality over (0,7), we obtain

t

t 1 2 t
“u, p
((um), » (m),) —a FR (Um), (ub, — buy, (), (Um),
0 0 0

0

Then, we have

2 a 2 1
1Ctm); 120y + 5 () allz20) + =7 | |71 g
t
a 2 1
< [+ b )+ 5 1@y ol
0

(i) (1,1) - (), (1) e+ @ (1), 0,0) - (1), (0,1) i,

which implies

a

et gy + 5 1)l + e

Pl H”mHU»H(Q)

[\

1 2 1 2 b 2 a 2
< 5\|(um)z|!Lz +—HfHL2 )+ 5 eIz (@) + 5 [1(@m) 720
p+l1 2
+p ||(pm||Lp+l ||(pm||L2 +612K ||ul’l’l||Loo(0T LZ(Q))

2 2
+ag [[Ctm) ll72 ) ‘HIE 1(@m)ll72()

Therefore, we find

2 (

1
< 5 Wi+ (5 +az ) ol

1
g ) ) By + 3 Tl

NIQ

+1 2 & ) b
+p—||§0m||€p+1 §||(pm||L2(Q)+(a§K +§) Cr.

As aresult, we get

min {32 (3-2) oty [1mhBg+ N+ [ Tl )

L fa I\ 1 b 1£1I72g) + (a5K> +5) Cr
=M 22T %) e 2 p 2
P +1(9n) 20y + I @mllrh ) + I 9mlZ2(0)
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Now, by putting

we obtain

+1
1Gam)e 172y + 1 am) 720 +/ ml|7 1

p+1

Cr 41 (@m). 720y T 10mll],5 ) + 1 0mllZ2(q)

bl
<¢|Iflo+

This implies
2
(12 Il < €.

Then, we get the following further priori estimates:

U, uniformly bounded in LP1(0,T; LF+! (Q))
(13) Uy, uniformly bounded in L2(0,T; H' (Q))
(t4), uniformly bounded in L? (0,T; L* (Q))
Thus, by Lemma 1.2, there is a subsequence of u,,, still denoted by u,, such that
Un — u weakly in LPT1(0,T; LFH1 (Q))
(14) Un — u weakly in L2(0,T; H' (Q))
um — u weakly in L? (0,T; L? (Q))

d
We deduce from Lemma 1.2 that there are subsequences denoted by (i, ) and ( g;n" ) of (uyy,)

and (up,),, respectively, such that

(15) Um, —u  inL2(0,T; H' (Q)) ,
and
(16) Yoy inL2(0,T; 12(Q)) -

We know, according to Relikh-Kondrachoff’s theorem, that the injection of H' (Q) into L? (Q)
is compact, and like the results of Rellich’s theorem, any weakly convergent sequence in H! (Q)

has a subsequence that converges strongly in L2 (Q). So, we have

(17) Um, — u  inL*(Q) -
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On the other hand, from lemma (1.3) there is a subsequence of (u, ), is still denoted by u,,,

converges almost everywhere to u, such that

(18) um, —> u  almost everywhere Q -

By Lemma 1.3, there is a subsequence of u,,, still denoted by u,,, such that u,, converges almost

everywhere to u in Q7 = Q x [0, T]. It turns out that

(um)P almost everywhere converges to u”in Qr.

ptl

On the other hand, (13) implies that (u,,)? is uniformly bounded in L » (Qr). Therefore, we

infer from Lemma 1.4 that
. ptl ptl
up — uP weakly in L » (0, T,L7 (Q)) :

It remains to demonstrate that w = % For this purpose, it suffices to prove

t

(19) u(t) = (p—l—/w(r)dr

0

as
U —u  inL2(0,T 5 L*(Q)) -
Actually, the proof of (19) is equivalent to demonstrate that
Um, = @+  inL*(0,T;L*(Q)) ,
which means
lim (umk —¢—- Xav)LZ(QT JL2(Q) T 0, wwe L2(07 T, L2 ('Q‘))’
as

1) = / w(t)dr.
0

Now, by using the equality

t

0
Uy, — Omy, :/ g:kd’f, forallt € [O,T],

0
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we obtain, from u,,, € L?(0,T;V,,,) and (), € L*(0,T;V,y,), that

t

U — @ — /w(r)dr,v
0 L2(0,T ; L2(Q))

t
= | Umy — Omy — /W(T)dfvv + ((Pmk - ¢’V)L2(O,T ; [2(Q))
0 L2(0,T ; L2(Q))

t
duy,
0 12(0.T ; 12(Q))

for all 7 € [0,T]. By virtue of (ii) of Lemma 1.6, it comes

t

t
i
umk—(p—/w(r)df,v =/< ST" —w(’c),v) dt
0 or2@) 0 L2(0.T ; L*(Q))

+ (O, — (PaV)LZ(()j L 12(Q))

for all 7 € [0,T]. On the one hand, we have

t
dutm
(20) lim < g —w(’c),v) dt =0, fort €1[0,7T].
ke It L2(0, ; L2(Q))
Also, we have
2h kli_f{lm(‘Pm — 0207 12() =0

So, we get

. 2 .72
kh_n}oo(”mk_(P_%7V)L2(0,T;L2(Q)):07 Vv e L”(0,T;L7(Q)).

Finally, from (20) and (21), we get

khil>lw (”mk —Q— %’V)LZ(O,T : LZ(Q)) - 07 Vv e L2 (07 TaLz (Q)) :

13

Now, by passing the limit into (P;) and by considering that each term on the left side of (P3) is

+1 +1
weakly convergent in L7 (Q), we obtain that the following assertion holds in L7 (Q):

22)  ((um(t))y, wi) + @ (um (), wi) + (ufy (1) — bu (1), wi) = (f (), wx) , Yk =T, m.

+1
Since {w IAS N} is a base in LPT (Q), we infer from (22) that the following assertion

(23) W —ahu+uP —bu=f
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holds also in L (o T.L (Q)). Since all u, Au, and f belong to L2 (0, T3 L2 (), u” also
belongs to 1.2 (O, T:L? (Q)) , then (23) also holds in L? (O, T:L> (Q)) Thus, we have the desired

result. 0
4. THE UNIQUENESS OF THE SOLUTION
Herein, we will study the uniqueness of the solution only in the case where p is odd. For this

purpose, we present the subsequent theorem.

Theorem 2. Suppose that ¢ € H' (Q)NLP™! (Q) and f € L? (0,T;L*(Q)). Then problem (Py)

admits a unique solution u such that
ue L*(0,7, H (Q))n LPH(0,T; L"T (Q))

and

W' € L2(0,T, L*(Q)).

Proof. Suppose first that p is odd. Now, by multiplying the equation of the problem (P;) by the
following multiplier Mu for which

Mu = u,
and by integrating the result over the domain Q = (0,/), we obtain

/ [u; — aAu+ uP — bu| .Mudx = / [t (x,1) — aAu(x,t) + uP — bu| - udx
Q Q

/ ¢ (x,t)udx — a/Au udx—i—/upudx b/ u*dx

Q
[ fetyuax,
Q

where u, and u; denotes the partial derivative of u with respect to x and ¢, respectively. This

18 au 2 +1 2
ol +a/ o dx+/ul’ dx—b/u dx:/fudx.
X
Q Q Q Q

yields
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Then, by integrating the above equality over (0, 7), where 7 € (0,7T), we get

a 2
—||u||L2 +a/ (a—z) dxa’t+/up+1dxdt

T T

€ 1
<5 A2+ (5 +b) lullZ2(g) + 5 19120y

—I—as/‘

t
aK 2
||u||L2 +E ||u||L2(Q)

Therefore, we have

1, s 1 e K\ 2 "
- ) - (484240 / p

T
! I & K +1 Q)T
_/ ||L2 d‘L’+—||q)||L2 (_+_+_+b) (p+1)mes(Q) '
0

2 21 " 2 p—1

Consequently, by assuming that

T
217 @047+ lonllEzo + (3 45+ £ 4p) el

(24) Cr= - (1 1 K 2 ’
mm(ia(a—a«‘?)v(l—(§+?+§+b)—p+1>>
we obtain
! 2
2 iy p+1
@s) i Ol + [ 5] o 47 / Junllf gy < Cr.
L2(
0

Now, we put

2 2 +1 —
HMHLw@’T;LZ(Q)) + HMHLZ(O,T;LZ(Q)) + HuHipH(QT ;L[H»I(Q)) = HMHB

Also, we let u; and u; be two solutions to the problem (Py), i.e.,

Lu; =
= Lu; — Lup =0,
Lu, =%

where L is the differential operator of the main semilinear problem. This, immediately, implies
L(uy—up) =0.

Therefore, we get

lur — uaf| g < c[|O]| p =0
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which directly gives u; = u5.

5. FINITE-TIME BLOW-UP SOLUTION

To investigate the finite-time blow-up solution to the desired problem, we assume that

I(r) = / uldx.
Q
Now, by integrating the above equation over  with null source, we get

u; — alAu — bu = u?

/u,udx—a/ Au.udx—/buzdx:/up“dx
Q Q Q Q

By using Green’s formula and the Pointcarré inequality, we get

1d
57 2dx+a/ u —/buzdx<a[ux(l Hu(l,t) — ux(0,1)u(0,1)] +/ uPdx

1d

- uzdx—l—a/ /buzdx<amax(k12) /udx /ux +/up+1dx
2dt Jo x,t€Q Q Q Q

1d 1 | 2
37 Qu2a’x—|—a/gu)zc—b/ 2dx<a;1}a€1)é(k1 2) [2 (/Qudx) +§ (/qu)

This implies

l1d
EE/Quzdx—ka/Quﬁ—b/ de<a£gé(k12 [ /u +2/ } /u”“dx.

As aresult, we have

—1—/ uP .
Q

almax (ki 2)

1d 2 al 2 xteQ / 2 / 1
2 dt * <a ZEEEIXQ( 12)) /gu" 2 P

almax (k] 2)

2 x1€Q / 2 / p+1
—— dx— | b+ ———— dx < d
T Qu X + > Qu x < Qu X

Consequently, we apply the Jensen inequality to obtain

almax(klg) ptl
1 x ’ 1 2
——i uldx + b+L /uzdx > pra} (/ u2>
2dt Jo 2 Q (mes(Q))T—l Q
almax (ki 2) ptl
1d 1 2
S [ dt [ e /uzdx > — (/ u2> :
2dt Q 2 Q (mes<g))771 Q
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which implies

almax (ki 2)

1 1
ST+ | b+ =2 | 11(r) = o (T() T
(mes()) = !
Therefore, we have
a2 2
(26) ') -2 b+ -—= TI(r) + (1)) T =0.
(mes(Q)) 2

To solve this equation, we use the following change of variable:

27) y=T1'"9,
where
B p+1
1=

By replacing (27) in (26), we find

1 _9 almax (ki 2) b . 9
28) —vlma o p L )yl-gy L 1-g_9
q—1 2 (mes(Q))?
—-q

Multiplying equation (28) by vl—q gives

almax (k
Q( 12)

29 '2(g—1) [ p4 2L ) —_—0.
(29) V=2(g—1) | b+ > v+(q )(mes(g))ﬁ

Now, we will solve the following homogeneous equation:
almax (k172)
x,teQ

> v=20.

V+2(g—1)| b+

To do so, we put

almax (kl,z)
x,teQ

K=2(g—-1)| b+ >

This implies that
vV +Kv=0

and

1% (t) — Be K.



18 BATIHA, JEBRIL, CHEBANA, OUSSAEIF, DEHILIS, ALKHAZALEH

Now, we move on to solving the nonhomogeneous equation (29) by the method of constant

variation. To do so, we set

and so, we get

Then, we obtain

which gives

Now, fort = 0, we get

This means that

Now, as > 0, we obtain
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Therefore, we get
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