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Abstract. In this paper, we combine the (o, )-admissible mappings and the simulation function to produce a
generalized version of the Suzuki generalized rational type Z-contraction mapping. This concept is also used in
the definition of extended rectangular b-metric spaces to obtain several popular fixed point theorems.
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1. INTRODUCTION

Bakhtin [1] explicitly presented and investigated the b-metric space, an intriguing generalized
metric space, in 1989. Since then, other researchers have expanded and developed fixed point
theorems in b-metric spaces. Recent work on fixed point theorems in b-metric spaces can be
found in [2, 3, 4, 5].

A novel class of contractive type mappings called a-y contractive type mapping was pre-
sented by Samet et al. [6] expanded upon and generalized the fixed point conclusions that have
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already been published in the literature, particularly the Banach contraction principle. Further-

more, different fixed point theorems for this generalized class of contractive mappings were

derived by Karapinar and Samet [7] by generalizing the o-y-contractive type mappings.
Much research has been done on common fixed points of mappings that satisfy specific con-

tractive requirements. In this study, some coincidence theorems and common fixed point theo-

rems for the Z 4 g-contractive pair of mappings are obtained.

2. PRELIMINARIES

Throughout this paper, we will refer to R as the set of all real numbers and N as the set of all

non-negative integers.

Definition 2.1. [1] Ler Q be a nonempty set and the mapping d : Q x Q — [0, +0) satisfies:
(1) d(k,@) =0, ifand only if x = @ for all K, ® € Q,;
(2) d(k,0) =d(O,x) forall x,® € Q;
(3) there exist a real number s > 1 such that d(x,®) < s[d(Kk,u) +d(u,®)] for all x,®,u €

Q.

Then d is called a b-metric on Q and (Q,d) is called a b-metric space with coefficient s.

Kamran et al. [8] proposed a binary function in 2017, which was used to introduce a new

metric-type space.

Definition 2.2. [8] Let Q be a nonempty set, 0 : Q x Q — [1,+0) and let d : Q x Q — [0,00)
satisfies:

(1) d(x,®) =0, if and only if Kk = @ for all k,® € Q;

(2) d(x,®) =d(@,x) forall k,® € Q;

(3) d(x,m) < 0(k,®)[d(Kk,u) +d(u,®)] for all x, B ,u € Q.
Then d is called an extended b-metric on Q and (Q,d) is called an extended b-metric space

with 0.

Branciari [9] provided a generalized metric in 2000, replacing the triangle inequality with

quadrilateral inequality.
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Definition 2.3. [9] Let Q be a nonempty set and let d : Q x Q — [0, 40| be a mapping such
that for all k,® € Q. :
(1) d(x,@) =0, if and only if k = ©;
2) d(x,0) = d(®, K);
(3) d(x,®) <d(x,u)+d(u,v)+d(v,®) for all distinct points u,v € Q\ {k,®}.

Then d is called a rectangular metric on Q and (,d) is called a rectangular metric space.

George et al. [10] introduced the rectangular b-metric, a hybrid of the b-metric and the

rectangular metric, in 2015.

Definition 2.4. [10] Let Q be a nonempty set, s > 1 be a given real number, and let d : Q X Q —
[0, 40| be a mapping such that for all Kk € Q :

(1) d(x,®) =0, if and only if K = @,

2) d(x,0)=d(@,x);

(3) d(x,@) < s[d(k,u)+d(u,v)+d(v,®)] for all distinct points u,v € Q\ {k,®}.

Then d is called a rectangular metric on Q and (Q,d) is called a rectangular b-metric space.

Asim et al. [11] presented a more generalized metric space called extended rectangular b-

metric space.

Definition 2.5. [11] Let Q be a nonempty set, ¢ : Q x Q — [1,+00) and let d : Q x Q — [0, +oo]
be a mapping such that for all x,® € Q :

(1) d(k,@) =0, if and only if k = @,

(2) d(x,@) =d(@, x);

3) d(x,0) < ¢(k,o)[d(x,u) +d(u,v) +d(v,@)] for all distinct points u,v € Q\ {x,®}.
Then d is called an extended rectangular b-metric on Q and (Q,dy) is called an extended

rectangular b-metric space.

Definition 2.6. [11] Let (Q,dy) be an extended rectangular b-metric space.

(1) a sequence {x,} in Q is said to be a Cauchy sequence if 1imy, ;oo d(Ky, Kn) = 0;

(2) a sequence {K,} in Q is said to be convergent to z if lim,_,.d(Ky,z) = 0;
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(3) (R,dy) is said to be complete if every Cauchy sequence in Q convergent to some point

in Q.

Definition 2.7. [12] Let (Q,dy) be an extended rectangular b-metric space and {K,} be a
sequence in Q. Self-mapping V and Q on Q is said to be compatible, if dy(VK,,z) — 0 and
dp(QKn,z) = 0, then dy(V Ok, OV K,) — 0, as n — +oo.

Definition 2.8. [13] Let Q be a nonempty set and V,Q : Q — Q be self-mappings. {V,Q} is
called weakly compatible, for every z € Q, if Vz = Qzthen QVz=VQz.

Definition 2.9. [12] Let (Q,dy) and (Y,dy) be the extended rectangular b-metric spaces. A
mapping V : Q — Y is said to be continuous on Q if and only if every sequence {K,} that is

convergent to z, then the sequence {VK,} is convergent to V z.

Definition 2.10. [14] Let Q be a non-empty set, N is a natural number such that N > 2 and
Vi,Vo, ..., VN : Q — Q are given self-mappings on Q. If w =V iz = Vyz = --- = Vyz for some
z € Q, then z is called a coincidence point of Vi,V,, ..., Vy_1 and Vy, and w is called a point
of coincidence of V1,Va, ..., Vn_1 and Ty. If w = z, then z is called a common fixed point of

Vi,Vo, ..., Vy_1 and Ty.

Let V,Q: Q — Q be two mappings. We denote by C(V, Q) the set of coincidence points of Q
and V; that is,

C(\V,0)={z€Q:Vz=0z}.

Next, we introduce the simulation function was introduced by Khojasteh et al. [15].

Definition 2.11. [15] A function 11 : Ry x Ry — R is said to be a simulation function, if it
satisfies the following conditions:

(1) n(0,0) =0;

(2) n(k,0) < ® — K, for k,® > 0;

(3) if {K,},{®@,} are sequences in (0,+o0) such that lim,_,e K, = lim,,_,c. @, > 0, then

limsup(x,, ®,) <O0.

n—yoo

We denote the set of all simulation functions by Z..
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Definition 2.12. [15] Let (Q,d) be a metric space, V : Q — Q be a mapping and ) € Z.. Then,

V is called a Z.-contraction with respect to M if the following condition holds:
ndVk,Vo),d(x, o)) >0,

where K,® € Q, with K # @.

Theorem 2.1. [15] Every Z.--contraction on a complete metric space has a unique fixed point.

Definition 2.13. [16] We say that n : R* x R™ — R be a n-simulation function, there exists

v € WY such that

(M) N(@,x) < y(x) —y(®) for k,® > 0;

(M) If {®,} and {x,} are sequence in (0,0) such that lgn o, = lgn K > 0, then
n—>oo n—soco

limsup N (@y, k) < 0.

n—soo

Let Zy, is the set of all 17-simulation function.

Definition 2.14. [6] Let V be a self map on a nonempty space Q and o : Q x Q — [0, 4c0). We

say that V is o admissible if, for all x,® € Q, we have
o(x,0)>1 implies o(Vk,Vo)>1.

Definition 2.15. [17] Let V, Q be self maps on a nonempty space X and o : Q x Q — [0, +o0).

We say that V is Q- admissible if, for all Kk, @ € Q, we have
o(0k,0k) > 1 implies a(Vk,V@) > 1.

Definition 2.16. [17] Let Q be a non empty set, V : Q — Q and o, : Q X Q — [0, +0), we say
thatV is an (o, B)-admissible mapping if o.(x,®) > 1 and B(x,®) > 1 implies a(Vk,V®) > 1
and B(Vk,V®@) > 1 for all k,® € Q.

Also, we denote ¥ and ® the sets of functions Y, ¢ : [0,00) — [0, o) satisfying the following
conditions, respectively
(1) y(r) =¢(¢) =0if and only if r = 0;
(2) y(t),o(t) >0forallt > 0;
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(3) liminf;_; y(7) and limsup,_,, ¢ (7) exist for all r > 0.
Let
Y= {y:]0,00) = [0,00) | ¥ is continuous and y(¢) =0 <>t = 0}.
Also, we denote

® = {¢ :]0,00) = [0,00) | ¢ is continuous and ¢(z) =0 <>t = 0}.

Lemma 2.1. [18] If a sequence {k,} in Q is not Cauchy, then there exist € > 0 and two subse-

quence { Ky, } and { K,y } of {Kn} such that m(k) is smallest index for which m(k) > n(k) > k,

(2.1) d(Km(k)7 K'n(k)) > €
and
2.2) d(Km(k)—l R Kn(k)) < E.

Moreover, suppose that lim,_,.d(K;,, K,+1) = 0. Then we have:

(1) iMoo d (Kon(r)s K(r)) = €3

(2) Ny oo d (K1) 15 K(i)—1) = €
(3) Timysoo d (K (1) Kn(h)—1) = €
(4) im0 d (K ()~ 1 K(r)) = €

3. MAIN RESULTS

Definition 3.1. Let (Q,dy) be an extended rectangular b-metric space with function ¢ : Q x
Q — [1,+) and o, : Q X Q — [0,+00). Let V and Q be two self-maps on Q. We say that the
pair (V,Q) is Suzuki generalized rational type Zq p-contraction if for any K, € Qand L > 0

such that

%min{d(p(VK,QK),d(P(Vw,Q(D')} < max{dy(QK,0®),dy(VK,V®)} implies
3.1
n(a(Qx, Qw)B(k,®),A(k,®)) >0,

where 1 € Zy,
B(x,@) = B(Qk,0®)dy(VK,V®D)

and
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A(K, @) = max {d(p(QK, 0®).dy (0K, VK),dy(VE,0m),

G(x,0)+H(k,@) G(k,0)+H(k,D) }
1+dp(QKk,VK)+do(VD,00)" 1+dy(VK, VD) +dy(QKk, QD)

+ Lmin{dg(VK,QK),dy(V®,08),dy(Qk, 0B).,dg (V K, QD))
with
G(k,0) =dy(VK,0W)dy(0k,0D)
and

H(k,®) =dy(VK,0K)dy(VK, VD).

Theorem 3.1. Let (Q,dy) be a complete extended rectangular b-metric space and V,Q : Q —
be a compatible pair of self-maps such that V(Q) C Q(Q). Assume that the pair (V, Q) is Suzuki

generalized rational type Zq g-contraction and satisfy the following conditions:

(1) V is a-admissible with respect to Q;

(2) there exists Ky € Q such that a(Qxy,Vky) > 1 and B(Qxo,Vxp) > 1;

(3) If {0x,} is a sequence in Q such that o(QK,,QK,+1) > 1 for all n and Qx, —
Oz € Q(Q) as n — +oo, then there exists a subsequence {QK,} of {OQKn} such that
(0K, (i), Qz) > 1 for all k;

4) O(Q) is closed.

Then'V and Q have a unique coincidence point in Q.

Proof. In view of condition (2), let ky € Q be such that o(Qkp,Vkp) > 1. Because V(Q) C
Q(Q), we can choose a point k; € Q such that Vky = Qkj. Continuing this process having

chosen K1, K2, K3, ..., K, we choose K, 41 in Q such that
(3.2) VK, = 0Ky+1, n=0,1,2,....
From condition (1), V is ®-admissible with respect to Q, we have
o(0xko,VKy) = a(Qxp,0x1) > 1 implies a(Vkp,Vky) = a(Qk;,0x) > 1.
Using mathematical induction, we get

(3.3) (0K, 0Ky11) > 1, n=0,1,2,....
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Similarly, we obtain

(3.4) B(0K,, 0kni1) > 1, n=0,1,2,....

If VK11 = VK, for some n, then by (3), we have 0k, = VK1, so that K, is a coincidence
point of V and Q and the proof is completed. For this, we suppose that dy(V K,V K1) > 0 for

all n. Applying the inequality (3.1) and using (3.3), (3.4), we obtain

I . o
Emm{a’(p(VKn,QKn),d(p(VKnH,QK,,+1)} < max{dy (0%, QKn+1),de(Viy,VKnr1)} implies

(3.5) (ot (Q%, O%n1)B(Kn, Kt 1), A (K, K1) > 0,
and
Y (A(Kns Knt1)) — W(Q(QKn, QK1) B(Kin, Knt1)) > 0.
Hence,
V(A(Kn, Knt1)) > W((QKn, QK1) B(Kn, Kn1)-

From definition of y, we have

(3.6) AR, Kt 1) > 0U(QK, Ot 1) B(Kis Kt 1),
which

(3.7) B(Ky, Kny1) = B(Q%Kn, Qi 1)do(Vin, VKni1)
and

A(Krh Kn+1) = max {d(p<QKn7 QKn+1)7d(P(QKnaVKn)vd(P(VKn+17QKn+1)7

(3 8) G(KnaKnJrl)"‘H(Kn:KnJrl) G(KnaKn+1)+H(Kn7Kn+l) }
' 14do (0%, Vi) +do(ViGi11,0Knr1) 1 4do(Vi, ViGei1) +do(QKn, Qi 1)
+Lmin{d(p(VKn7QKn)ad(P<VKn+l7QKn+1)7d(P(QKI’HQKn+1>7d(p(VKn7QKn+l)}
with
(3.9 G(Kn;Kn—H) :d(p(VKnaQKn—i-l)d(P(QKn:QKn—H)
and

(3.10) H (K, Kn41) = do(VKy, 0%,)do(V K, V Kpg1).-



EXISTENCE OF COINCIDENCE AND COMMON FIXED POINTS

Therefore,

A(Ky, Knp 1) = max {d(p(VK‘n,l,VK’n),d(p(Vanl,VKn),d(p(VKn+1,VKn),

' 1+de(Viy-1,VKy) +dop(VKns1, Vi) 14+dp(VKy, V1) +do(Vi—1,V Ky)
+Lmin{dy(V,, Vi—1),dp(VKit1,VKn),dop(VKi—1,VK,),do (VK V) }
with
(3.12) G(Kn, Knt1) =do(VKy, VG)dp(VKi—1,VEK,) =0
and
(3.13) H (K, Knt1) = do(VKn, VKn—1)do (Vi ViGi11).

From (3.10), (3.11) and (3.12), we obtain

A(Ky, Kny 1) = max {d(p(VKn_l,VKn),d¢(VKn_1,VKn),d(p(VKnH,VKn),

(3 14) G(KHJKH+])+H(KH7KH+I) d(P(VKI’HVKI’l*I)d(P(VKnaVKI’I+1) }
' )

1+dp(Viy—1,VKn) +do(VEni1,VKr) 1+ do(Vy, Vice1) +do(Vi—1,V Ky
+ Lmin{dy(V,,Vi,—1),dp(VKnt1,VKy),0}.

Since do(Vi,, Viup1) < 1+dp(VKy, ViGi11) +do(Vi—1,V ), from (3.13), we have
(3.15) A(Kp, Kt 1) = max {d(p(VKn_l,VKn),d(p(VKn+1,VKn)}.

If A(Ky, Ku11) = dop(V Knt1,V ;) and (3.6), we obtain

(3.16) dop(Vii11,VKy) < dop(VKns1, V),

a contradiction. Thus, for all n > 1, we have

(3.17) A(Kn, Knp1) = do(ViG—1,VKn).

From (3.6), we have

(3.18) a(Vi—1,VK) B(Vi—1,VK:)dop(VKn, VK1) < dop(Vi—1,VKy).

So,

(3.19) dop(VKnt1,VKn) < dp(VKn—1,VKy).
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The sequence {dy(V K.4+1,VK,)} is non increasing i.e. decreasing. So, there exist > 0 such

that

lim dop(VK,—1,Vi,) =1

n—oo

We prove that

(3.20) lim dy(V K1,V ) = 0.

n—soo

Now, we assume on the contrary such that » > 0. By (3.16), we have

(3.21) lim o(Vi,—1, V) B(VE—1,VKn)dop(VKni1, Vi) =1

n—soo

Since r > 0 and letting @, = a(Vi,—1,VK,)B(Viy—1,V%:)dop(VKnt1,VK,) and Kk, =

do(V K41,V K,) such that lim,_,e. @, = lim,_,. K, = r, then by (12), we obtain

limsupn(®,, x,) < 0.

n—eo
Since N (@, k,) > 0, so

0 <limsupn(®,,x,) <0,

n—yoo

which is contradiction. So our assumption is false. Hence r = 0. Again we show that {x;,} is a
Cauchy sequence in (Q,dy) i.e.

(3.22) lim dy(VK,,VKy,)=0.

n,m—soo

Suppose on the contrary i.e. {k;,} is not a Cauchy sequence. Then there exist € > 0 for which
we can assume subsequences K x) and &) of {k,} with n(k) > m(k) > k such that for every

k,
(3.23) d(p(VKn(k),VKm(k)) > €
and n(k) is the smallest number such that (3.23) holds. From (3.23), we obtain

(3.24) d(p(VKn(k),VKm(k)) < E.
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Then by triangular inequality and (3.22), we have
€ <do (VK1) VKn(r))
(3.25) <do(VKiky, VKnii)—1) +do(VKu)—1,V Kn(x))
< dop(Viuyw),VKniry)—1) + €.

Taking n — oo in above equation and applying (3.20), we obtain

€< r}i_r>£1°d(p(VKn(k),VKm(k)) <E.

Thus,
(3.26) r}i_I)IQlod(p(VKn(k),VKm(k)) =E.
Similarly, it is easy to show that
(3.27) lim do (Vy(1), V Kin(r) 1) = €
and
(328) r}gl;lod(P(VKn(k)fbVKm(k)) = €.
Using (3.6) and (12), we obtain
(3.29)
0 < limsup N ((V Kux)— 15V Kon(r)) BV Ka(i)—15 V Kon(i) ) o (V Kn()> V Kom(ie) 1) Ao (V (i) —1, V Komi)))
n—soo
<0,

which is contradict due to our assumption. So {x;,} is a Cauchy sequence. Therefore {V k,} =

{Ox,+1} is a Cauchy sequence in Q. Since Q(Q) is closed there exists z € Q such that

(3.30) lim Ok, = lim Vi, = Oz.
n—oo

n—oo

We now show that z is a coincidence point of V and Q. On contrary, assume that dy(Vz, 0z) > 0.

Using condition (3) and (3.30), we have o (Qlcn(k, Qz) > 1 for all k. Therefore

|
E mln{d(P (V Kn(k) ) QKn(k))’d(P (VZ’ QZ)} < maX{d(P(QKn(k) ’ QKn(k)>7d(P(VKn(k) ) VZ)}
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Letting kK — oo in the above inequality yields
%min{d(p(Vz, 02),dy(Vz,02)} < max{dy(0z,02),do(V2,V2)}
= max{0,0}
=0,
which is a contradiction. Hence, our supposition is wrong and dq,,(Vz7 Qz) =0, thatis, Vz = Qz.

This shows that V and Q have a coincidence point. 0

Theorem 3.2. In addition to the hypotheses of Theorem 3.1, suppose that for all p,c € C(V,Q),
if o(Qp,00) > 1 and the pair (V,Q) is weakly compatible. Then V and Q have a unique

common fixed point.

Proof. From the proof of Theorem 3.1, we have {Qx;,} is a non decreasing sequence and con-

verges to Oz and Vz = Qz. Also, since V and Q are weakly compatible, we have
Vz=VQz=0Vz= 0z

Let u = Vz = Qz, we obtain

u="Vu=Qu.

So that V and Q have a common fixed point. To prove uniqueness, let u and u’ be two common

fixed points of V and Q i.e.,

u=Vu=Qu and u =Vi'=Qu.

Since

L min{d (i, 0u), dg (Vid, Q') } = 0
(3.31) 2

S max{d(l) (Qu7 Qul) ) d(P (let, Vul)}
implies
(3.32) N (o(Qu, Qu')B(u,u'),A(u,u’)) >0
and

(3.33) w(A(u,u')) — y(o(Qu,Qu')B(u,u')) > 0.
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So,

(3.34) v(A(u,u')) > y(a(Qu,Qu')B(u,u')).

From definition of v, we have

(3.35) A(u,u') > a(Qu, Qu')B(u,u).
which

(3.36) B(u,u’) = B(Qu,Qu')dy(Vu, Vi)
and

A(I/l, I/t/) = max {dQO(QM7 QM/),d¢(QM, Vu)vd(P(VM/u Qu/)a

(337) G(u,u')+H(u,u') G(u,u')+H (u,u’) }
' 1+dp(Qu,Vu) +de(Vi!',Qu')" 14+ de(Vu,Vu') + d(Qu, Qu’)
+Lmin{dy(Vu,Qu),dy(Vu',Qu'),dp(Qu,Qu’),do(Vu, Qu') }
with
(3.38) G(u,u') = do(Vu,Qu')dy(Qu,Qu')
and
(3.39) H(u,u') = dp(Vu,Qu)dy(Vu,Vu') = 0.

From (3.36), (3.37), (3.36) and (3.39), we obtain

Au, i) = max {d(p(Qu, 0u'),0,0,

do(Vu,Qu')dp(Qu, Qu’) }
"1 +dy(Vu, Vi) +dy(Qu, Qu')

+ Lmln{o, 07 d(P(Qu7 Qu/)ad(P (Vl/t, Qu/)}

(3.40) do(Vu,Qu')dy(Qu,Qu’)

Since dp(Vu,Qu') < 14dy(Vu,Vu') +dy(Qu,Qu’), from (3.40), we have
A(u,u’) = max {d(p(Qu, ou'),0,0,
(3.41) d(p(Vu,Qu’)d(p(Qu,Qu’),d(p(Qu,Qu’)}

+Lmin{0,0,dy(Qu, ou'), dy(Vu, Qu')}.
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If A(u,u’) = dp(Qu,Qu’) and (3.35), we obtain
(3.42) do(Vu,Vu') < dp(Qu,0u’) = do(Vu,Vi'),

a contradiction. Thus, for all n > 1, we have

(3.43) Au,u’) = do(Vu,Qu')dy(Qu, Qu').

From (3.43), and(3.36) and (3.35), we obtain

(3.44) o(Qu, Qu')B(Qu, Qu')dy Vi, Vil') < dy(Vuu, Qu' )dp(Qu, Qut).

Therefore V and Q have a unique common fixed point in €.

CONCLUSION

This work derives new relation-theoretic coincidence and common fixed point conclusions
for some mappings of V and Q using Suzuki generalized rational type Z 4 g)-contraction in

extended rectangular b-metric space. We improve and broaden a number of recent discoveries.
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