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Abstract. In this paper, we present a generalization of Suzuki’s fixed point theorem [J. Math. Anal. Appl.,
340 (2008), 2, 1088-1095] for nonexpansive mappings to a system of mappings. Furthermore, we establish an
existence result for two systems of mappings under the assumption of coordinatewise commutativity. Additionally,
we provide some examples to support our findings.
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1. INTRODUCTION

The theory of existence of fixed points for nonexpansive mappings was initiated by the Brow-
der [2] Gohde [7] and Kirk [11], independently, in 1965. The nonexpansive condition (2.1)
forces the mapping f to be uniformly continuous in their domain. In 2008, Suzuki [21] in-
troduced a new class of mappings, known as Suzuki-type generalized nonexpansive mappings,

which does not force the mapping f to be continuous in domain and also includes the class of
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nonexpansive mappings. A detailed study of nonexpansive mappings and their generalizations

can be found in [1, 2, 6, 12, 15, 18].

Definition 1.1. [21]. Let f be a mapping on a subset Y of a Banach space E. Then, the mapping

f is said to a Suzuki-type generalized nonexpansive or satisfy the condition (C) if
1 o

© S llu—full < llu— vl implies | fu— fv]| < [lu—v]|

forall u,v €Y.

Suzuki [21] established the following interesting result for Suzuki-type generalized nonexpan-

sive mappings:

Theorem 1.2. Let Y be a weakly compact convex subset of a uniformly convex Banach space in

every direction E and f be a mapping on'Y. If f satisfies condition (C) then f has a fixed point.

In 1975, Matkowski [13, 14] generalized the celebrated Banach contraction principle by prov-
ing a fixed point theorem for a system of mappings on the product of metric spaces. The fol-
lowing year, Czerwik [3] proved a fixed point result for a system of multivalued mappings. He
also established a generalization of Eldestein’s fixed point theorem to a system of mappings in
the same year (see [4]). After that, a large number of existence results for one or more than one
systems of mappings have been proved by several mathematicians (see [9, 10, 16, 17, 19, 20]).

The purpose of this paper is to present a generalization of Suzuki’s result [21] for nonexpan-
sive mappings to a system of mappings. We achieve this by proving an existence and conver-
gence theorem for a system of mappings on the product of Banach spaces. Additionally, we
establish an existence result for two systems of mappings under the assumption of coordinate-
wise commutativity. Our results generalize the work of Suzuki [21], Matkowski [13], Czerwik

[4] and many others.

2. PRELIMINARIES

Let (E,||.||) be a Banach space and Y be a non-empty subset of E. We denote the set of

natural numbers by N, the set of real numbers by R, and the set of fixed points of mapping



A GENERALIZATION OF SUZUKI’S FIXED POINT THEOREM TO A SYSTEM OF MAPPINGS 3

f:Y — Eby F(f). Amapping f is called a nonexpansive if
2.1 | fu— fv|| <||lu—v| forall u,veY.

If for all u,v € E with ||u|| = ||v|]| = 1,u # v, we have ||[u+v|| < 2 then E is called strictly convex.
Recall that, E is uniformly convex in every direction (UCED, for short) for € € (0,2] andw € E

with ||w|| = 1, if there exists 6(&,w) > 0 such that
lutv] <2(1—-5(e,w))

forall u,v € E with |lu|| < 1,|]v|| <landu—v e {tw:t € [-2,—€]U[+€,+2]}. E is said to be

uniformly convex if E is UCED and for all € € (0, 2],
inf{d(e,w) : ||w|]| =1} >0.

Lemma 2.1. [5]. Let (u,) and (v,) be two bounded sequences in a Banach space E and let
t € (0,1). Suppose that W, =tV + (1 —1t)W, and || Vi1 — Vul| < ||Une1 — Un|| for all n € N.

Then r}glolo |V — || = 0.

Lemma 2.2. [21]. For a Banach space E the following are equivalent:

(1) E is UCED.
(2) If {vn} is a bounded sequence in E, then a function f on E defined by f(v) =

limsup ||v,, — V|| is strictly quasi-convex that is,
n—soo

AV +(1=A)p) <max{f(v),f(1)}

forall A € (0,1) and v,u € E with v # L.

Let (Bj,||]|;), j=1,...,n be Banach spaces. Define B:=B| X --- X B, and C:=Cj X --- X
Cy, where C; is a non-empty subset of B; for j = 1,2,...,n. Assume that P;,S; : C — C; for
Jj=1,2,...,n, are mappings, and denote by P := (Py,...,P,) and S := (S1,...,Sy) the systems
of mappings.

We denote a point in B by v = (vy,...,V,) and a sequence in B by (V") = (v{",...,0)).

Two systems of mappings (Py,...,P,) and (Sy,...,S,) are said to be coordinatewise commuting
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[20] on C if for all v € C,
Pi(S1v,...,8,v) =S;(Pv,...,BV), j=12,...,n.
3. MAIN RESULTS

Firstly, we define a new class of a system of mappings on the product of Banach spaces.

Definition 3.1. Let (B}, |- ||;), j = 1,2,...,n, be Banach spaces, and let C; be a non-empty

subset of B; for each j =1,2,...,n. Assume that P; : C — C; for j =1,2,...,n, are mappings.

Then, the system of mappings (Py,...,P,) is said to satisfy condition (D) if there exists a non-
negative matrix (ajx) for j,k = 1,2,...,n, with characteristic roots (A, j =1,2,...,n) such
that

max{|A;|:j=1,2,...,n} <1

and fulfil the following inequalities:

1 n
(D) EIIUJ—PJUHJS lvj—Bll; = [P —Pio||; < Y ajlloe— llk
k=1

forallv,9 € C;v;,¥;€Cjand j=1,2,...,n.

Notice that by consideringn =1, P = f, a;; = 1, B; = E and C; =Y in Definition 3.1, the

condition (D) reduces to the condition (C).

Example 3.2. Let B = B, = [0,3] be Banach spaces endowed with the usual norm

Hl)j—l9j||j= |Uj—‘l9j|, j=1,2. LetleBl X By —)Bj, Jj = 1,2 be such that

0, if v;#3, 0, if vy#3,
Py (v, 02) = Py(v1,12) =
1, if vy =3, 1, if vy =3.
Then, the system of mappings (P;,P,) satisfies condition (D) for aj; = ax = 1,a; = 1/2
and ay; = 0. To see this, let for v; = 3, 3|[v; — Pj(v1,02)|[; = 3/3—1| =1 and }|jv; —
Pj(v1,0)|; < [Jvj — 9| for all ¥; € [0,2]. Then, [|Pj(v1,02) — Pj(th,B)[|; =1 - 0] =

1< ij — ﬁj”jy Jj= 1,2. Similarly, for V; 75 3, %Hl)j —Pj(Ul,Uz)Hj = %"Uj —0| = I)j/2 and
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for ¥; € [0,3] such that v;/2 < |[v; — O||; = |[vj — U], we have ||Pj(v1,02) — Pj(01,%)||; <
lvj = llj, j=1,2.

Now, we present some important lemmas which are very essential for our main findings.

Lemma 3.3. Let C; be a subset of a Banach space Bj for each j=1,2,...,n, andlet P;:C — C;
for j=1,2,....n, be mappings. If the system of mappings (P, ...,P,) satisfies the condition
(D), then the following statements are true for each j=1,2,...,n,and v;,¥; € Cj:

(@) |P0— Pi(Prv,...,Pv)|; gkfl ajel| vk — Pov| .

(b) Either 5||v;—Pyv||; < |[v;— 9|, or 5||Pjv — Pj(Piv,...,B)|; < [|[Pjv — 9.

(c) Either |Pjv — Pj¥||; < /élajk”vk — Ok or ||Pj(P1v,...,P,0) — Pjv]; < lélaijka —

S|, where v, € C.

Proof. Since, for each j =1,2,...,n, and v; € C}, it is obvious that 3|v; — P;v||; < |lv; —
P;v||;. Then by condition (D), we have
n
1Pjv = Pi(P1v,...,P0)|[; < ) ajullog —Peollx
k=1

To prove (b), we argue by contradiction that
1 1
Slvi=Fpoll; > lv; =0l and S[|Pjo = Pj(Prv,.... Bv)l; > [IPj0 — 9]
forall vj,¥; € Cjand j=1,2,...,n. Then by (a) and the triangle inequality, we have
[vj = Pyol; < [Jvj = 94l +[|Pjo = 9l
1 1
<5 llvj =Pl + 5 1Pv = Bi(Prv, ... )l
1 1 ¢ _
< E‘yvj_Pjv‘|j+Ekz‘,ajkuvk_kaHk; J= 1,2,...,1’1.
=1

This implies that

n
3.1 ||Uj—Pj'l)||j < Zaijvk_ka||k> j=12,....n.
k=1

We may assume, without loss of generality, that

||Uk—PkU||k§I’k for k=1,2,...,n.
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From Perron-Frobenius’s theorem [8, pp. 534-535], there exist positive real numbers r; > 0, j =

1,2,...,n, such that
n
Zajkrk <rj,j=12,...,n
k=1

This follows from (3.1) that
|lvi—Pjvllj<r;, j=12,...,n.
Since above inequities are strict, so there exists 4 € [0, 1) such that
|lvj—Pjv|lj <hrj, h€[0,1)and j=1,2,...,n.
Repeating this step m times we get
|vj—Pjvll; <h"rj, he[0,1)and j=1,2,...,n.

Making m — oo, we get |[v; — P;v||; = 0 for each j = 1,2,...,n, which contradict our assump-
tion. Thus the conclusion (b) holds. From conclusion () and the condition (D) one can easily

get conclusion (c). O

Lemma 3.4. Let C; be a subset of a Banach space B; for each j =1,2,...,n and P; : C —
Cj, j=1,2,...,n be mappings. If the system of mappings (Py,...,P,) satisfies the condition
(D) then

n n
[vj =P <2[|v;—Ppoll+ Y ajllvi—Peolle+ Y ajel o — Sxllx
k=1 k=1

holds for all vj,¥; € Cjand j=1,2,...,n.

Proof. By Lemma 3.3, either

n n
1Pjv —Po|; < Y ajlloe = llk or [Pi(Prv,....Piv) = Pid]; < ) [1P0 — Sk
k=1 k=1

holds. In the first case, we have

n
Jvj = P53 < [lvj—Pjollj+ 1Pjo —Pio|l; < [lvj—Piolli+ ) ajllvoe— Oellk-
k=1

In the second case, we have

ij_PjﬁHj < ||‘UJ'—PJ"UH + HPJ"U —Pj(Pll),...,Pn'U)Hj—i— HPj(P]'U,...,PnD) _PjﬁHj
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n
<2/|vj—Ppollj+ Y ajil P — Sl

n n
<2[|v; =P+ Y aplloe—Peollc+ Y ajillve— Slle.
fau k=1

O

Lemma3.5. Let Bj, j=1,2,...,n, be Banach spaces and C; C Bj, j=1,2,...,n, be the closed
convex sets. Assume that P;: C — C;, j=1,2,...,n, are mappings that satisfy the condition
(D). Then, the set F(P) = {(p1,...,p2) € C: Pi(p1,...,pn) = Pj, J=1,2,...,n} is closed.
Moreover, if Bj, j=1,2,...,n, are strictly convex and C;, j=1,2,...,n, are convex, then

F(P) is also convex.

Proof. Let (p™) = (p{",...,p;') be a sequence in F(P) converging to some point p =

(p1,--.,pn) €C. Since %HP}”—Pjp}"Hj:OS I} —pjlljformeN, j=1,2,....n, we have

1pj* = Pipllj = IP;p™ — Pipl|
n
< Z ajillP = Prlli-
k=1

Making m — oo, we get

Wlli_IgoHp}n—Pijj:O, j= 1,2,....n

That is, {p'} converges to Pjp for j =1,2,...,n. Therefore p € F(P) and F(P) is closed.
Next, we assume that B;, j =1,2,...,n, are strictly convex and C;, j =1,...,n, are convex.
We fixed h € (0,1) and v = (vl,...,v,,), Y = (V,...,9) € F(P) with v # ¢ and put p; =
hvj+(1—h)%; €Cj, j=1,...,n. Then, we have

[v; = ll; <Illv;—Pipll; +[10; — Pipll;
<||Pjv—Pjplj+||P;O - Pip|l;
n
Z Jk||vk—Pk||k+Zajk||19k Pxllx
k=1 k=1
< Yaul

(llve = Pl + | % — prllx)
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[
D=

aji (1= h)|| v — S|k + Al o — Ollx)

T
I

D=

ajie|| Ve — B[k
k

I
—_

From the strict convexity of Bj, j=1,2,...,n, there exists u € [0,1] such that Pjp = uv; +
(1—w)d, j=1,...,n. Since for each j=1,2,...,n, we have

(L=l =l = [[Pjv— P]p||J<Zajk||vk_pk||k< (1—nh Zajk\|vk—19k“k
k=1 =1

and

n n
wlloj =l = 1P —Pipll; < Y aplld—pelle =k Y ajillve— Slle.
k=1 k=1
By the above inequalities, we have 1 —u < 1—h and u < h. These imply & = u. Therefore,

we obtain p € F(P). O

Now, we state a convergence result to a system of mappings which satisfies the condition (D).

Theorem 3.6. Let (Bj,||.||j), j=1,2,...,n, be Banach spaces and C; C Bj, j=1,2,...,n, be
non-empty convex sets. Assume that P; : C — C;, j=1,2,...,n, are mappings such that the
system of mappings (Py,...,P,) satisfies the condition (D). Define, for each j =1,2,....n, a

sequence (V') in C; by v} €Cjand

I
VI = aP" + (1 - a)of

formeNand o €[1/2,1). Then
3.2) lim [[P;v" — 0" =0, j=1,2,...n.
m—oo

Proof. Let v} € C; be a fixed arbitrary element for j = 1,2,...,n or (1)11,... vl) =vlecC.

r¥n

Define a sequence (v}"“) € Cjfor a € [1/2,1) such that

(3.3) ot = aPpu"+(1—a)v, j=1,2,...,n, meN,

Then, from (3.5) and the condition (D), we have

S lIvf =P < efvf = Po™|; < [ — allF
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implies
n
| Pjv™ —Pjv’"+1 |l < kz:laijv,T - 1),?”rl e, 7=1,2,...,n.
According to Perron-Frobenius’s theorerr: [8], there exist (r1,72,...,74), ¥; >0, j=1,2,...,n
such that

n
Z ATk < rj.
k=1

Let B=B| x---xXB,and C = C] X --- X C,. Define a norm ||.|| on B as

n
1ol = Y el el forall v € B.
k=1

It is easy to prove that (B, ||.||) forms a Banach space. Define P : C — C, where C C B, such that

P(v) = (Pv,...,P,v) forall veC.

Then,
n
[PV — P™ | = Y | P0™ — Ppu"

j=1
n n 1

< Z”j Zajk||1)1'cn—1);?+ Il
j=1 k=1
n n 1

<Y Y rjaj ) o = v I
k=1 \j=1
n

<Y rdllof = o e = o™ — o™

~
I
—_

It follows that
“P,Um —P‘l)m+l H S va . vm—H H
By Lemma 2.1, we get
lim [[v™ —PV"|| =0
n—>o0
which implies
nli_I&”v;n_PijHf =0, ,j=12,...,n.

0

Now, we state an existence result for the new class of system of mappings on the finite product

of Banach space.
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Theorem 3.7. Let C; be a weakly compact convex subset of a UCED Banach space B for each
Jj=12,...,n. Assume that P:C — Cj, j=1,2,...n are mappings on C and the system of

mappings (Py,...,P,) satisfies the condition (D), then the system of equations
3.4) Pj(vl,...,vn):vj,j:1,2,...,n
has a solution (py,...,pn) € C.

Proof. Take an arbitrary fixed v jl €Cj, j=1,2,...,n and define a sequence (v;”“) € Cj such

that

1

Then, following the proof of Theorem 3.6 for o = 1/2, we get
limsup [0} —P0"|; =0, j=1,2,...,n.
m—soo
Define a continuous convex function f; : C; — [0,00) such that

fi(v;) =limsup ||v;" —vill;
m—soo

foreach j=1,2,...,nand all v; € C;, m € N. Since Cj, j=1,2,...,n are weakly compact

and f; is weakly lower semi-continuous, there exists p; € C; such that
fj(pj) = min{fj(vj) v €& Cj}.
By Lemma 3.4, we have

n n
0] = Pipl; <207 = o™ ||+ Y aulloff — o™ e+ Y alloff — ol
k=1 k=1

Making lim sup on the both side of above inequalities, we get

m—soo
n
(3.5) fiPip) < Y apfilpi) j=1.2....n.
k=1
According to Perron-Frobenius’s theorem [8], there exist (r1,72,...,7,), rj >0, j=1,2,...,n,
such that

n
Zajk"k <rjforj=1,2,...,n
k=1
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Let B=B| x---xB,and C =C X --- X C,. Define a norm ||.|| on B as

n
vl = Z re||vi||x forallv € B,
k=1

and P:C — C and f : C — [0,) such that P := (Py,...,P,) and f := (f1,..., fu) respectively.
If p=(p1,....pn), V" = (V]',...,v)) € B, then

n
" —pll =} rellvg’ = pelle-
k=1

Taking lim sup on the both side, we get

m—o0

f(p) =limsup [[v" —p|| = }_ relimsup||vy" —pell = Y refi(pr).
k=1

m—oo k=1 m—o0

Therefore,

n
f(Pp) =limsup [v" — Pp|| = ¥, rlimsup [v?" — Pp]|,
m—yoo

m—oo j=1

n

= Z rifi(Pip)

IN

Z <Z rJaJk> fr(px) (from (3.5))

j=1

M=

rifi(pr) = f(p)

k:
Since f(p) is the minimum therefore f(Pp) = f(p) holds. This implies that f;(P;p) = f(p;)

foreach j=1,2,...,n. If Pjp # p; for some j then by strict quasi-convexity, we have

pj+Pip
13005) < 13 (PEEPR ) <m0, 5130} = 1)
This is a contraction. Hence Pjp = p;, forall j=1,2,...,n. O

Now, we present an illustrative example in support of our finding.

Example 3.8. Let B; = B, = R be Banach spaces endowed with the usual norm ||v; — 9| ; =

lvj—v|, j=1,2and C; =[-1,1] C By, j=1,2. Let P; : C; xC; — Cj, j = 1,2, be such that

Pi(v1,12) = —1; and P (vy,02) = —v for all (v,02) € By X Bs.
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Then, the system of mappings (P, P») satisfies the condition (D) on C; x C; for aj; = ax =
l,a; = 0 and ap; = 0. To see this, let for any (v;,v2), (¥1,%) € C; x Cy, we have
|1Pj(v1,02) — P(V,%)||; = |v; — ¥| = aii||vj — ]| j for j = 1,2. Thus all the assumptions of

Theorem 3.7 are satisfied and the system of mappings (P;, P») has a solution (0,0) in C} x C5.
Now, we prove an existence result for two systems of mappings using Theorem 3.2.

Theorem 3.9. Let C; be a weakly compact convex subset of a UCED Banach space B; for
j=12,...,n,and P;,S;:C = Cj, j=1,2,...,n, are mappings on C. Assume that (S,...,Sp)
and (Py,. .., P,) are two systems of coordinatewise commuting mappings satisfying the condition

(D) on C. Then, the systems of equations
(3.6) Pi(V1,...,0,) =0j=S(v1,...,0,), j=1,2,...,n,

have a common solution in C.

Proof. Suppose that the system (P, ...,P,) satisfies the condition (D). Then by Theorem 3.7,

there exists (94,...,9,) € C such that
Pj(ﬁl,...,‘l}n) = ﬁj, j= 1,2,...,”.

This follows that F(P), as defined in Lemma 3.5, is a nonempty and from Lemma 3.5, the set
F(P) is also closed and convex.

We define A := F(P) N F(S) then A is closed and convex. Now we will prove that A # 0.
Let © € F(P). Since two systems of mappings (Si,...,S,) and (Py,...,P,) are coordinatewise

commuting, we have
Pi(S1,....5,0) =S;(PD,... . Po) =S;9, j=12,....n.

These imply (S19,...,5,0) € F(P). By coordinatewise commutativity, we also have
Si9 =Pi(S19,...,5,0) = S;(S$19,...,5,9), j=1,2,....n.

Hence (S19,...,5,0) € A # 0, meaning (S;9,...,S,9) is a common solution of the systems

of equations (3.6).
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4. CONCLUSION

In this paper, we have introduced a new class of systems of mappings which includes both the
class of nonexpansive mappings and Suzuki-type generalized nonexpansive mappings. We have
presented some existence and convergence results for this new class of systems of mappings.
Our results extend the work of Matkowski [13] and Czerwik [3] to a broader class of systems
of mappings and open up a scope for new research to explore additional properties of theses

mappings in this direction.
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