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Abstract. In this paper, we introduce the generalized Suzuki type nonexpansive mappings and study existence
and approximation of common fixed point of this class of generalized nonexpansive mappings. We use the three
step iteration process of Abbas-Nazir for two mappings satisfying the generalized Suzuki type nonexpansive on
nonempty subset of a Banach space. We prove some results related to strong and weak convergence of the iteration
scheme to get the common fixed point of two mappings satisfying the generalized Suzuki type nonexpansive.
Finally, we give an example of two mappings satisfying the given conditions.
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1. INTRODUCTION

The generalization of nonexpansive mappings and the study of related fixed point theorems
with different practical applications in nonlinear functional analysis have found great impor-
tance during the recent decades [2, 5, 6,9, 11, 12, 15, 17, 19, 20, 23, 31, 33, 34, 37, 41]. Several
~ *Corresponding author

E-mail address: gezahegn.anberber @aau.edu.et

Received August 05, 2024



2 G. A. TADESSE, M. G. SANGAGO, B. T. LEYEW

prominent authors [7, 8, 10, 20, 24, 27, 30, 32, 33, 38, 39, 40] have contributed immensely in
this field, and different new classes of mappings with interesting properties have been developed
in this context.

In 2008, Suzuki [39] introduced a new class of generalized nonexpansive mapping which is
the extension of non- expansive mapping. In 2011, Falset et al. [17] extended condition (C) in
to the condition (Cy,), A € (0,1). In 2016, Lael and Heidapour [27] introduced monotone (C),)-
condition which generalize the condition (Cj ). Recently in 2018, Patir et al. [33] introduced
a new class of generalized nonexpansive mapping ( or condition By ), and this new class of
generalized nonexpansive mapping is wider than that of condition (C).

Fixed point theory and its application played an important role in many areas of applied
science and solved many problems rising in engineering, mathematical economics and opti-
mization. Several authors have studied iterative methods for approximating fixed points of non-
expansive mappings (for example, see Ishikawa [22], Senter and Dotson [36], Dugundji [16],
Goebel and Kirk [18], Sangago [35], Zegeye and Shahzad [44], Ullah et al. [43], and Abbas
and Nazir [1]).

In 1953, Mann [29] introduced the iterative scheme

(1.1) Un+1 = Boutn + (1 = Bp)Gup, By € (0,1), n >0,
and when 3, = 6 we call it the Krasnoselskii-Mann’s iterative method and is reduced to
(1.2) Upr1 = Oup,+ (1—60)%u,, 6 € (0,1), n >0,

which was introduced by Krasnoselskii [26].

In 2007, Agrawal et al. [3] introduced S- iteration defined by

;

u € X

(1.3) Upr1 = (1—oty)Gup+ ,9vy,

v = (1—6,)u, + 6,%u,

\

for all n € N, where {a,} and {6,} are sequences in (0,1).
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In 2014, Gursoy et al. [21] introduced the Picard-S-iteration process defined as:

(

u € X

Upni1 =G Wy
(1.4)

wp = (1= Bu) Gt + BaGvy

v = (1= 6y)u, + 6,%u,

\

for all n € N, where {f,} and {6, } are sequences in (0, 1).
The following is Abbas and Nazir [1] iteration process defined as:

Lt1€<%/

Upr1 = (1—0)Gwy + 0,9 vy
(1.5)

wp = (1 =BG u,+ G vy

v = (1= 6y)uy + 6,%uy,

for all n € N, where {0, }, {B,} and {6,} are sequences in (0, 1).

It is to be mentioned that all the above algorithms are related to fixed point of single mapping
and there are few iteration process that are concerned with fixed point of two or more. Among
that, the commonly utilized one is Liu et al. [28] iteration process defined by

(

I/l]Ee%/

(1.6) Upr1 = (1 — o) G un + 0, % vy,

v = (1 =6, u,+ 6,%u,,

\

for all n € N, where { ¢, } and {6,} are sequences in (0, 1).

Motivated and inspired by the above results and the works of Patir et al. [33], we extend
the existence of fixed points and convergence of iterative schemes to common fixed points of
two mappings satisfying condition By ;. The other objective of this article is to approximate
a common fixed point of two mappings satisfying the By, condition by using Abbas-Nazir
iteration scheme with some technique. We use such three-step iteration process to find some

weak and strong convergence results.
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2. PRELIMINARIES

The following definitions, facts and lemmas will be useful in proving our main results.
Throughout this article, N stands for the set of natural numbers, R for the set of real num-
bers, 4 for a Banach space with its dual space %*, except if it is specified. For a self-mapping
¢ on a set X, we denote the set of all fixed points of ¢ by Fix(¢).

Let Z" be a nonempty subset of a Banach space %4. A mapping ¢ : ¢ — ¥ is called con-

traction [10] , if there exists 7 € [0, 1) such that
(2.1) |Gu—9v| <t|u—v| forall u,ve 2.

If (2.1) holds at r = 1, then it is called nonexpansive mapping. The mapping ¥ is called quasi-

nonexpansive [14] if for each p € Fix(¢) and u € %, we have
(2.2) [Gu—pl <u—-pl.

A mapping & : # — £ is said to be Suzuki generalized nonexpansive mapping (or satisfy

condition (C)) [39] if for all u,v € #
1
(2.3) 3 |lu—Gu|| < ||lu—v|| =||Gu—9v| < ||lu—yv|.

Remark 2.1. Every nonexpansive mapping satisfies the condition (C) on £ . But there are also

some noncontinuous mappings satisfying the condition (C); (see [39]).
A mapping ¢4 : # — £ is said to satisfy condition (C;)) [17], if for all u,v € &
(2.4) AMlu—Gul| <||lu—v| = ||Gu—9v| <|u—v|.

A mapping ¢ : & — ¢ is said to satisfy condition By, [33] if there exists y € [0,1], u €
1
[0, E] with 2u < y such that u,v € #

(2.5) Yu=Gul < llu—v[+plv—=v],
implies that

(2.6) [Gu—Gv|| < (1=7) lu—v]+p(lu =G| +[lv—Lul).
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A Banach space 4 is said to be uniformly convex [4], if for every € € (0,2] there exists a 0 =
u—+v

d(€) > 0 such that the inequalities ||u|| <1, ||v|]| <1 and |ju —v|| > € imply <1-4.

A Banach space 4 is said to be smooth [4] if for each u € S there exists a unique functional
Jur € P such that (u, j,~) = ||x|| and || j,~|| = 1. The norm of a Banach space 4 is said to be

Fréchet differentiable at u € A if forallv € S»

A hv]] = [Jul]
2.7 1
2D kl—r>r(1) k

Y

exists, where S = {u € #A: ||ul]| = 1}. The norm of A is Fréchet differentiable if for each

u € A, the limit (2.7) exists uniformly for v € S . In this case
[T 1 2_ 1,
28) 2l () < 3 et vl < 2l () + ],

1
for all u,v € A, where J(u) is the Fréchet derivative of functional 3 I|.||* and 4 is an increasing

h(k
function on [0, o) such that Ilirr(l) % = 0. Moreover, for each € € [0,2], the modulus d5(¢€) of
H

convexity of a Banach space 4 is defined by

(2.9) S5(e) = inf{1 - 1Y

Hull <10l < L [lu—v] = €}

Let .# be a nonempty subset of a Banach space % and ¢ : # — % a mapping. Then ¢
is said to be demiclosed at v € A [4], if for any sequence {u, } in # the following implication

holds;
(2.10) u, — uand Yu, —v=%u—=v.

Let % be a nonempty closed convex and bounded subset of a Banach space A. If a self
mapping ¢ on ¢ satisfies condition By, on ¢, then there exists a sequence {u,} such that

lim |9 u, — uy,|| = 0. Such a sequence is called almost fixed point sequence for ¢.
n—yoo

Definition 2.2. (see [4]). Let & be a Banach space, ¥ be a nonempty subset of B and {u,}

be a bounded sequence in B. Then, for each p € #

(1) asymptotic radius of {u,} at p is determined and defined by

(2.11) r(p;{un}) = limsup ||u, — p||

n—oo
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(2) asymptotic radius of {uy} relative to ¥ is determined and defined by
(2.12) r( A {u,}) =inf{r(p,{u,}) :per}
(3) asymptotic center of {u,} relative to " is determined and defined by

(2.13) A(HAun}) ={pe X :r(p,{un}) =r( {u.})}

Note that A( ,{u,}) is nonempty. If B is uniformly convex Banach space, then A(% ,{u,})

has exactly one point.

A Banach space 4 is said to satisfy the Opial condition, if for each sequence {u,} in & with

u, — p, we have
(2.14) liminf ||u, — p|| < liminf||u, — q||,
n—roo n—oo

whenever p # q.
For a sequence {u, } of % and a point u in 4, the strong convergence of {u,} to u is denoted

by u,, —> u and the weak convergence of {u,} to u is denoted by u, — u.

Lemma 2.3. ( see [25]). Let % be a uniformly convex space and {,} is a sequence in

(0,1) for all n € N.  If {u,} and {v,} are sequences in % such that imsup, . ||u,| <

r, imsup, e ||va|| < 1, and lgn |ttty + (1 — Q) vy|| = r for some r > 0, then ILm |ty — vl =
n—oo n—oo

0.

Lemma 2.4. (see [33]). Let 4 be a self mapping on a subset % of a Banach space % with the
Opial’s Condition. Assume that ¢ satisfies condition By . If {u,} converges weakly to p and

lgn |\un —Guy|| =0, then G p = p. That is I — 9 is demiclosed at zero.
n—soo

Definition 2.5. (see [13]). Let £ be a nonempty subset of a Banach space %. The mappings
GG K — K with Fix(9) = Fix(%) NFix(%,) # 0 are said to satisfy condition (A), if
there exists a non-decreasing function h : [0,00) — [0,00) with h(0) = 0 and h(r) > 0 for all

r € (0,00) such that %(Hu—%u“ + ||lu—%ul) > h(d(u,Fix(94))) for allu € % .

Definition 2.6. (see)[13]). Let £ be a nonempty subset of a Banach space 5. Two mappings
9, : H — K with Fix(9) = Fix(%) NFix(%,) # 0 are said to satisfy condition (B), if



CLASS OF GENERALIZED NONEXPANSIVE MAPPINGS 7

there exists a non-decreasing function h : [0,00) — [0,00) with h(0) = 0 and h(r) > 0 for all

r € (0,00) such that max{(||ju — G u||,|\u—%ul||} > h(d(u,Fix(¥))) for allu € .

Methodology: Well developed analytic as well as fixed point theoretical methods to prove
our results are implemented. Mainly the key existing methods in the literature to prove our

results are taken from [1, 33, 37, 38, 43] and references therein.

3. MAIN RESULTS

In this section, we prove the existence and approximation theorems of common fixed point
of two mappings satisfying the generalized Suzuki nonexpansive mappings. Also we use the
three-step iterative process due to Abbas-Nazir for two mappings ¢,%, : # — %, where %~
is a non-empty subset of a Banach space %, which is as follows:

(

u1€<%/

3.D

Wy = (1 - ﬁn)gl Uy + BngZVn

Vn = (1 - en)un + englum

\

for all n € N, where {0, },{B,} and {6, } are sequence in (0, 1).

First, we construct the following class of mappings.

1
Definition 3.1. Let Z be a nonempty subset of a Banach space AB. Let y € [0,1] and p € [0, 5]
such that 2 <'y. The mappings %1, : X — & are said to satisfy By, condition if for all

u,ve X
3.2) ymin{||u —Gul], |lu—Sul[} < [Ju—v|+pmax{|lv— v, |lv—%v| }

implies that

(3.3) max{||“%u—%v|, ||%u—%v|}

< (=) lu =]l + pmin{{lu =Gl +[[v = Grul, u = L + [lv — Zaul|}-
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Example 3.2. Let # = |0,2], 4 and %, be mappings on ¥ defined by

0,if x#2
(3.4) %x: 9

10’ if x=2.

0,if x#2
(3.5) Dhx =

1, if x=2.

Proof. Then we need to show ¥ and %, are satisfying the By, condition but not condition
(C). Now first we need to show the mappings are not satisfying the condition (C). Let x = 1.2
and y = 2. Then % [%1x —x|| = 0.6 <0.8 = |lx—y||, but |41x -~ %1y =0.9 < 0.8 = [[x—y| is
false, thus ¢ does not satisfy the condition (C). Similarly % |%x—x||=0.6<0.8=|x—y],
but |%x —%y| =1<0.8 = ||x—y] is false, thus % does not satisfy the condition (C).

Next we need to show both ¢ and % are satisfying the By, condition, where y = 1 and
u= % The condition y|jx — % x|| < ||x —y|| + i ||y — %1y|| is satisfied only when x and y satisfy

the conditions mentioned in Case 1 and Case ii.

Casei. x €]0,1.275] and y = 2.

Then we have
Ylx—%x|| = |lx — x| = [|x|
1
< b=yl +plly =] = llx=2[[+ 5 12~ 09]
= |lx—2|| +0.55.

For all such x and y = 2, the inequality

9 1 9
|91~ %yl = <5 < (1=7) [x =yl + (ke = Gy + [y = %)) = 5 X‘EH“

holds.
4
Caseii. x#2,y#2andy > 3%

Then we have

1 1 1
(3.6) Vil =Gl = llxll <y —x+ oy = [le =yl + 5 [ly =Gyl = e =yl + 5 Iy -
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It is obvious in this case that
[91x—G1y[| =0 < (1 —7) [|x—y[| +p(llx =%yl + lly — %x]])
L (el + vl
= —(||x .
2 y

The condition y||x —%x| < |[[x—y|| + u ||y — %y|| is satisfied only when x and y satisfy the

conditions mentioned in Case iii and Case iv.

Case iii. x € [0,1.25] and y = 2.

Then we have

¥l — Gax]| = llx — Zax]| = ||

< e =yl +plly =%y = llx—2[ +0.50.
For all such x and y = 2, the inequality
1
192 =Dy = 1 < (1 =) x =yl + u(llx = Gyl + [y = Gix]]) = S llx = 1|+ 1

holds.
4
Caseiv. x#2, y#2andy > 3%

Then we have
1 1
(3.7) Yl = Gaxl| = [lxl} < le =yl + 5 [y =y ]| = llx =yl + S Iyl
It is obvious in this case that

1
1920 =Gyl = 0 < (1 =) llx =yl + mlllxe = Layll + ly = Laxll) = S ([lx][ + [I1]).

holds
Therefore, it follows from the above four cases that ¢; and %, satisfy the By, condition. This

completes the proof. U

The following lemma shows that ¢ and % satisfying the By, condition are both quasi-

nonexpansive.
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Lemma 3.3. Let # be a nonempty subset of the Banach space % and 9,4, : # — K be
mappings satisfying the By, condition. If p € Fix(%) NFix(%,) on J , then for allu € %

(3.8) lp =% u| < |lp—ull and |[p —Gul| < ||p—ul|.

Proof. Since %1,%, : & — ¢ are two mappings satisfying the By, condition and p €

Fix(%) N Fix(%), then we have the following
3.9) 0 =ymin{[lp =4 || [lp—“2p|} < llp —ul + pmax{|lu— 4|, [u—Sul }.
So, by Definition 3.1
(3.10) max{||%p—Gul,||%p—%ul|}

< (=) lp—ull +pmin{| p = Gul| + [lu =% pl|, | p — Goul| + lu — % pl|}.
Now, we consider the following different cases;

Case I. Let ||%1p —Gul| < ||%p —%ul| and ||p — %u|| + ||u — % p|| be minimum. Then, from
(3.10) we get we get

1910 —G1ul| < (1 =7) |lp—ul + u(llp —%ul + lu—<1pl)
= (=D lp — ull + u((|%p = “1ul| + |u = pl))
= (I =y+w)llp—ull+p % p —“ull,

(I-—7+u)
(1—p)

(1—w) |%1p =Gl < (1—y+p)lp—ul

(I—y+u)
(1—p)

<llp—ul

since p =¥ p, < 1, then we have the following

= [|[%p—“ul| < Ip—ul
Assume that ||%p — %u|| < || p — 4 u||. Then, from (3.10) we get
1920 —%ull < (1=7) [|p— ul + 1(llp —“iul| + [[u—%1p|)
=1 =llp—ull+p([%p—Gull + lu—pl)

= =y+w)llp—ull + [ p =S ull,
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then we have the following
3.11) 1S2p — Goull — w(|%p — Grull < (1= y+u)[[p—ull,
since |%p —%u|l < ||%p—“u|| and — ||%p —Gu|| < —||%p —%ul|, then we ob-

tain

120 — Soull = p|%2p — Gau|| < (1=y+p)|[p—ul,

(I-y+u)
(1—n)

<llp—ul.

= [|%2p —%u| < lp — ull

(3.12) lp =% u| < |lp—ul and [|p — Gou|| <|[p —ull

Case IL. If |91 p —%u|| < ||%2p —“%ul| and || p —Gu| + [|u — 4 p|| is minimum of (3.10) , then
we obtain
1920 —Gaul| < (1 =) |lp —ul + u(llp —ul + |lu —%pl))
= (=D lp—ull+ u(|G2p — Soul| + [lu— pll)
= =v+u)llp—ul+ul%p —%ul,

(I-—v+u)
(1—p)
(1=w)|%p —%ul| < (1 —y+u)|[p—ull

(I—y+p)
(I—p)

<lp—ul-

since p = %p, < 1, then we have the following

= |%p —%u|| < |p—ull

Andif ||%p —%u|| < % p—“u| and ||p — G 1u|| + ||ju — % p|| is minimum, then from
(3.10) we obtain

[%1p =% | < (1=7)llp—ull +1(llp = Gaul + |u = %2pl)).
= (1= [lp = ull + p(|G2p — “aul| + | —pl|)

=1 =y+u)|lp—ul|+u||9Gp —%ul,
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from the above inequality we get
(3.13) [%1p —G1ull = p|%2p — Gou| < (1 —y+u)|[p—ul,

since (|41 p — G u|| < ||%p —%u| and — ||“%p — Su|| < — ||%1 p — “1u||, then we have

the following

(=) % p—%u| < (A =y+up)[lp—ul

(1—y+u)
(1—u)

<|lp—ul.

= |%1p—%ul < lp —ull

Hence, for p € Fix(¢) and for all u € %

(3.14) lp = %u|| < |lp—ull and |[p —Goul| < ||p —ul|.

This shows that ¢] and ¢, are quasi nonexpansive. This completes the proof. U

However, the converse of Lemma 3.3 does not hold in general.

Example 3.4. Let 9, and %, be mappings on [0,5] defined by

0,if x€[0,4

(3.15) Gx = Frelod)
3.5, if x € [4,5].
0,if x€[0,4

(3.16) Gx = Frel0d)
3.4, if x€[4,5].

Proof. Since ¢ has a fixed point at x = 0, and also

3.17) 191(0) =1 ()| = [[1 () [| < [|x]], ¥V x € [0,5].
Similarly, for %, we have

(3.18) 192(0) = ()| = [2()[| < [|Ix]|, v x € [0,5].

Hence, ¢ and %, are quasi non-nonexpansive.
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We need to show ¥ and % did not satisfying the By, condition. Let x = 4.5 and
y =3.5. Then

(3.19) YIx—4 ()| =y<1+3.5u
But
(3.20) |%%1x—“1y|| = 3.5, and

(L=n llx =yl +ullx=%yl+lly—%x|) = 1 —y+4.5u
<1-y+225y

<35= ||§41x—€¢1y|| ,

it is impossible. And

(3.21) YIx—% ()| =1.1y<1+3.5u <1+ 1.75y
But
(3.22) |%2x — %y|| = 3.4, and

(=) =yl +w(llx = Lyl + ly — %oxl) = 1 — v+ 4.6u

<1l—-vy+23y

<34 =|%x—%y|,
also it is impossible. Therefore, ¢ and %, did not satisfying the By, condition. This completes
the proof. 0

Next, we prove some basic properties of two mappings satisfy the By, condition.

Proposition 3.5. Let & be a Banach space and % be a nonempty subset of % and 9, :
H — KX be two mappings satisfying the By, condition. Then, for all u,v € ¢ and for
0 <[0,1],

(i) max{”%u—%zuﬂ : HE%M—%ZZMH} < min{||u —Gul|,||lu—%ul|},
(ii) at least one of the following ((a) and (b)) holds:
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’

0 .
(a) Emln{Hu—%uH,Hu—gzu”} <lu—v

(b) gmiﬂ{Hglu—glzuH,||%M—%2MH} < max{||“u—vl,||%u—v|}.
The condition (@) implies max{|%iu— G|, |G —Dov|} < (1 — g) lu—v] +
pmin{||lu— G|+ |lv—Gull, lu— | + |v —%ul|} and
the condition (b) implies max{||%tu—%|.[|%Gu—%|} < (1 —
g)min{H%M—VH’||5¢2M—V||}+I~lmin{||g1u—%VH+HV—%ZMH,H%u—%vﬂ'i‘
-2l

(iii)
max{|lu— G|, lu—%v|} < (3—6)min{||u — G ul, [|u—Gull} + (1 - g) [l —v]]
+ umin{2{ju — Grul| +[lu — G| + [[v - G1u|
+2||Gu—Gu| 2 ||u—Gu|| + ||u— G| + [|v — Goul|

—|—2Hg2u—%22u”}.
. 0
Proof. (i) Forallu € # and y = > 0 € [0,1], we have

ymin{||lu —%ul|, ||lu—%u|}
< min{|lu —Gul|,||u—Sull}
< max{||u—%ull,|u—%ul}

< max{|lu—Gul,|ju—%ul||} + pmax{||Zu— glzuH ,||“u — %zzu”}.
So, by Definition 3.1 (substitute v by 4 u), we get

max{H%u—%lzuH , ||%2u—§422uH}
< (1 =) min{||u — S ul|, ||u—€¢2u||}+,LLmin{Hu—§¢12uH ) ||u—§¢22uH}
< (1 =y)minf{lu —Gul|, [lu — Sul|} + pmin{|[u - Gul +

(3.23) ||%u —%ZMH ||u—%ul| + H%zu —%zzu”}.

Now consider the following cases:



(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Case 1: Let ||€§1u—€412u“ < H%zu—gzzuH and |u—%u| and ||u—%ul| +
||€§2u - %zzuH be minimum. Then, from (3.23) we obtain
H%u—%zuH < (1=79) |lu—“%ul + u(||lu—%ul| + H%u—%zun),

A-r+p) |

which implies that, because

1_
[u—2ul) < TR ) < u—gua
l—u

hence,
H%u—%lzuH < ||u—“ul .

Case2: Let ||%u—%u|| < |[%u—%u|| and |u—%u| and |u—%u| +

||%>u — %3 u|| be minimum. Then, from (3.23) we obtain
%1 —G5u|| < (1= ) |lu—Gul| + p(|ju—Gul| + ||Gu—Giul|)
= (1=y+u) lu—Gu| +u||Gu—4tu|,
from (3.27) we obtain

||%M—%2”H —H H%M—%ZMH <(I—y+u)llu—Gul,

because W <1 and ||%M—%2MH < H%u—%zuﬂ, then we have that
1—
o~ < C5 T = ) <
hence,

ngu—%zzuH < |lu—%ul.
Thus, from (3.26) and (3.30) we have

max{||%u—%fu|| || Gau—G5u||} < ||lu—Gul.

Case 3: Let ||%u—£422u“ < H%u—%ﬁu“ and ||ju—%u|| and ||u—Gu| +

||€f1u — S?lzuH be minimum. Then, from (3.23) we obtain

|%u — G5u|| < (1—7)|lu—%oull + 1 (|lu— Goul| + || %ou — G3ul|),
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(3.37)

(3.38)

(3.39)
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which implies that

1—
CEE ) ) < ]

|t <
hence,

|%u —%ZzuH < |lu—“%ul| .

Case 4: Let ||£41u—€¢12u“ < H%u—%zuH and |[u—%u| and ||u—Gu| +

|11 — %{ul| be minimum. Then, from (3.23) we obtain
100~ G2 < (1= )l — Gl - (e — G + || e — G
= (1= y+ 1) [|Ju—Sou| + p || %o — G5 u||,
which implies that
[%1u—GPul| = || %u—G5ul| < (1 =7+ ) llu—%oul,
since ||Gju —G2u|| < ||%u— Y3 u|| then, from the above inequality we get
|%1u—GPu|| < |lu—%u|.

Thus, from (3.34) and (3.36), we conclude that

max{||Gu—G2ul|,||%u—Gul||} < |u—%ul.

Case 5: Let H%u—%lzuH < H%u—%zuH and let |u—%u| and |u—%u| +

|11 — % ul| be minimum. Then, from (3.23) we obtain
|G1u—Gu|| < (1= 7)llu—Gu| + u(||u—Soul| + ||Gou— G5 ul|)
< (1= 7+ 1) lu—Srul| + || Sou— Fu,
from the above inequality we get
[G1u—Giul| - p|| G~ G5 ul| < (1 =7+ p) lu— G,
sine ||%u —Gfu|| < ||%u — G5 ul| hence,

H%u—%zuH < |lu—“%ul .
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Case 6: Let ||%u— %ZMH < ||%u —%ZMH and let |u—%u| and |u—“Gu| +

|11 — %7 ul| be minimum. Then from (3.23) we obtain
[S2u —Gul| < (1 =) lu—Grul| + p(llu— Goul| + || Gou — G5 ul])
< (U= v+ 1) [u—Srul +p [ Fou— G|,
from the above inequality we get
(3.40) |%u — G5u|| — u||Gou—Gu|| < (1—y+p) lu—%u|,
hence,
(3.41) |%ou — G5 ul| < |lu—%u|.
Hence, from (3.39) and (3.41) we get
(3.42) max{||Gu—G2ul|,||%u—Gul||} < |u—Gul.

Case 7: Let H%u—%zu” < H%zu—gzzuH and let |u—%u|| be minimum,

|u—%ou|| + ||%5u — F3ul| be minimum. Then, from (3.23) we obtain
|1~ FPul| < (1 =) u—Gaoull + p(|lu~Gul + ||S1u — FEul))
< (1 =7+ ) lu—Goull + pt |G — G|
from the above inequality we get
(3.43) |%1u—GEu|| — u||Gu—GEu|| < (1—y+p) lu—%u|,
hence,
(3.44) |%1u—GPu|| < |Ju—%u|.

Case 8: Let H%u—%zun < H%u—%ﬁu“ and let |u—%ul| be minimum,

|u —“%u|| + H%u — ,%ZMH be minimum.. Then from (3.23) we obtain

|t —F2ul| < (1) o]+ 1 (e~ Fra] + ||~ P

< (L—y+p)|lu—%oul + 1 ||Gu— G|,
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from the above inequality we get
|Gau— G5 u|| — || Gu—GPul| < (1—y+u) |u—Gu|,
since||%u — @2ul| < ||1u—%2u| hence,
|%ou — G5 u|| < ||u—%u.
Thus, from (3.44) and (3.46) we have

max{”%u—%ﬁu”, %u—ggun} < ||lu—“sul|.

Therefore, from (3.31), (3.37), (3.42) and (3.47) we conclude that
max{||%u— %IZMH ,||“u — S?zzuH} < min{||u —Gul|,|lu—%ul},

(i) We can prove this by contradiction, assume that Emin{Hu—%uH,Hu—%zuH} >

, ||§42u —%zzuH} > max{||%u—v|, ||%u—v|}.

0
||u—v||, and Emin{H%u—%zu

“Su —gzzuH minimum of H%u - %lzu”

Suppose ||u — % ul| be minimum of ||u — Z ul|,

and ||%u — v|| be maximum of ||%ju — v||. Thus, we have 0 lu—“%ul| > |ju—v| and
0
> H%u—%zuH > ||%u—v||. Now by using (i) and 6 < 1, we have
[l —Grul| < [lu—v| +[lv = G1u]l
0 0
< = |lu—Gu|+ = ||%u—§¢12u“
2 2
0 0
< 2 i + 2 u— )
< lu—%u|
= [lu—=%u| < llu—%ull,

which is a contradiction. And by using similar arguments, we obtain |u —%ul|| <

||u—%ul||, which is again a contradiction. Hence, our assumption is false. Therefore,

at least one of (a) and (b) holds.

(iii) By using (ii), we get

max{||lu — G|, ||u— %[} < max{lu —Gul, lu—Gou||} + max{[[Gu—G vl [|%u -S|}

< (3—0)min{l|u — Lyul], [lu— Lul|}+
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max{ || % u— 9|, ||%u—%v|}
< (3 —6)min{|lu —Gyul|, [lu—oul} + (1 —y) |u—v||+
pmin{|ju— G| +[lv—Gull, [lu— G|+ |[v =S ul}
< (3—0)min{||u —Gyul|, [u—oul } + (1 —g) [l — v
+pumin{2 |ju —Gul| + |lu —Gv|| + [|[v — Sul|
+2||Gu—G2u|| 2 ||u— Sul| + [lu— G| +||v — Gou
-|-2H§€2u—§%2u||}.
Which completes our proof. 0
And, we can give the following lemma, which will play an important role in the sequel.
Lemma 3.6. Let % be a Banach space and ¥ be a nonempty convex and bounded subset
of B. Let 91,% : H — K be two mappings satisfying the By, condition with Fix(¥) =

Fix()NFix(%) #0 on X . Let p € Fix(¥), u; € & and {u,} be sequence defined by (3.1)
is in . Then, lgll ||un — p|| exists for all p € Fix(9).
n—so0

Proof. Let Fix(9) = Fix(4) NFix(%,) # 0, p € Fix(¢) and {u, } be a sequence in .. Then,
by Lemma 3.3, ¢] and %, are quasi-nonexpansive mappings. Now, by using (3.1), (3.12) and

3.14, we have the following
ttn+1 = pll = [[(1 = ) G1wn + 0aG2vn — pl|

< (1= o) |%1wn — pll + o |[%2va — p|
< (I—=ow) [[wa = pll + o [|[va = pl|
= (1= 0u) [|(1 = Ba)G11tn + Bn2vn — pl| + 0 [| (1 = 6, )un + 6,F1un — p|
< (1= a0) [(1 = Bo) |%114n = Pl + Ba 929 — pll ]+
0 [(1 = 64) lun| — pll + 6 [| %1000 — p]| |
< (1= aw) [(1 = Ba) lltn = Pl =+ Ba Ve — pIl ]+

Q[ (1= 64) [|ttn — pll + 6 [|utn — I ]
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(3.48) = (1= 0)[(1= Bo) ta = |+ Bl (1 = B0t + 05100 — pl| ]+
0 (1= 6,) |un — pl| + 6 ||t — pll ]
< (1= 00) [(1= Bo) it = Il + B [(1 = 60) ltn — I+ 6 1w — ] | +

O‘n[(l — 0y) [|tn — pl| + 6 || un _pH]

(1= ) | (1 = Bo) llta = Il + Bo 1t = p| | + s = pl
= (1= ) lua = Il + @t s~

= [lun = pll,

for each n € N. Thus, from inequality (3.48) the sequence {||u, — p||} is a monotonically de-
creasing sequence and bounded below for all p € Fix(¥). Therefore, lgn ||un — p|| exists. This
n—soo

completes the proof. 0

Now using the above facts, we prove the following theorem which is useful for the next

results.

Theorem 3.7. Let % be a uniformly convex Banach space and % be a non-empty closed convex
subset of #. Let 9,,%, : # — K be two mappings satisfying the By, condition. Let {u,}
be a sequence in ¥ as defined by (3.1). Then, Fix(9) = Fix(¢) NFix(%,) # 0 if and only if

lim ||uy, — Gu,|| =0, i=1,2.
n—yoo
Proof. Let p € Fix(%). By Lemma 3.6 lim ||lu, — p|| exists and assume that
n—yoo
(3.49) lim |ju, — p|| =d.
n—oo
And also, from (3.12), we have that
1G1un = pll < [Jua —p|l -
Which implies that

(3.50) limsup |4 u, — p|| < limsup ||u, — p|| =d.
n—oo

n—soo
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Similarly, we have that

(3.51) limsup [|%u, — p|| < limsup||u, — p|| = d.
n—oo

n—oo

Then, by using (3.48) and (3.49), we have that
d = lim ||up1 — p|| = lim ||(1 — )G wy, + 0,%v, — pl|

n—oo n—oo

(3.52) < lim |[u, — p||
n—oo
=d.

Hence, from (3.52), we have that
(3.53) lim [[(1— o) %wy + 0 %ave — pl| = d.
From (3.53), we have
(3.54) r}g{l”(l_O‘n)(glwn_p)'i'an(gZVn_p)H =d.

And from (3.54) we obtain
(3.55) lim sup (1 — ) (G1wy — p) + G (va — )| = d.
Hence, from (3.50), (3.51), (3.55) and Lemma 2.3, we get the following
(3.56) Tim ||, — v, | = 0.
From (3.1) we have the following
[ttnr1 —Gavall = [[|(1 — Q) G1Wy + CuG2vi — Gava|
= [[(1 = o) G1wn — (1 — 04)ovn|
= (1— o) ||%wn—Gv|.
which implies that
(3.57) ltns1 —Gvnl| = (1 — o) [|G1wn — Govi]| -

Then taking limit as n — oo on both sides of (3.57) and using (3.56), we obtain the following

(3.58) li_r>n i1 — Dol = 0.
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Then, using triangle inequality we obtain the following
lttn1 =PIl < l[tns1t = Gavall + |F2va — P
(3.59) < Ntpr1—%vall +va—pll -

By taking liminf as n — oo in both sides of (3.59) and using (3.49) and (3.58) we have the

following
(3.60) d§1igi;1f|\vn—pH.
Now, by using Lemma 3.3, (3.1) and (3.12), we obtain
Ve = pll = I(1 = 6n)un + 6,F1un — p|
< (1=6n) llun— pll + 6u[|G1u—p||
(3.61) < (1= 6y) [lun — plI + 6 ||un — pl|
= [lun — pl| -
Then taking limsup as n — o in both sides of (3.61), we obtain

(3.62) limsup v, — p|| <d.

n—roo
Hence, by combining (3.60) and (3.62), we obtain the following
(363 lim v, pl| = d.
From (3.1), (3.61) and (3.63), we obtain
d= Jim [, = pl| = lim [|(1 = 8,)us + 6,%101,  p|
(3.64) < lim |lu, — p|| =4,
n—oo
which implies that
(3.65) 1i_r>n (1= 6,)u,+ 6,%u, — pll =d.
n—oo

Then, using (3.50), (3.65) and Lemma 2.3, we get the following

(3.66) 1i_r>n |ty — G1uy|| = 0.
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Now, using (3.1) and (3.56), we obtain
lim | tns1 —G1wn|| = lim | (1 — ) G1wn + %avn — Giwy||
= lim o, || G2y — G1w, |
(3.67) =0,
which implies that
(3.68) 1im [|u, — G| = 0.
Again, using (3.1) and (3.56), we obtain
r}l_r}’olo lttn1 —Gaval| = r}glgo (1 — ) G1wn + 0Gavin — vy ||
(3.69) = lim (1 — &) [ “w, — o
=0,
which implies that
(370 lim [l %y, | =0.
Since, % satisfies the By, condition, then we have that
BT % —Goun|| < (1= 7) va — unll + 1 ([[vn — Dastn]| + [|un — Gova])
< (L= v = unll + w(llva — wn || + ||ttn — Gottn|| + [|un — Z2val|)
Then, by using (3.71) and triangle inequality, we obtain
|Sattn — un|| < [|2vn — Gattn|| + |%2vn — Grwal| + [|[G1wn — un]|
< (L=7)Iva = unll + 1 (lvn = unl[ + lun — Do |
+ [[un — Gaval|) + G290 — Grwnl| + |G1wn — unl],

which implies that

||g2”n_”n|’
1—vy+ 1 1

< V) il + = Bovall + —— (o — G|+ —— |G — ]
1—u I1—u 1—u 1—u
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1 1
< |[va — un]| + |ttn —Govnl| + 92V — G1wnl| + — |G Wi — un]| -
1—u 1—u

l—u

Since, from (3.1) we have ||v, — u,|| = 6, ||uy, — G uy||. Thus

”gZun - ”n” <6, H“n —%mnH +

oty — G|+
—u
1 1
(3.72) —1 ngvn—ngnH‘f'— H%wn—unﬂ.
—u 1—u

Taking limit as n — oo on both direction of (3.72) and using (3.56), (3.66), (3.68) and (3.70),

we get the following
(3.73) lim ||u, —%u,|| = 0.
n—yoo

This complete the forward proof.

Now, we prove the converse. Let lim ||, — %u,|| =0, i = 1,2. Then
n—yoo
(3.74) 0= ymin{{lu, —Gun|, [lun = Grup||} < [lun — pl| + wmax{{[p —1p|[, |[p = apl|}-
So, by Definition 3.1, we have
max{ | Syua — % | | Son ~ 2]}
< (1=7)lJun = pll + pmin{|ju, = G pl[ + [|p = G1un|, [lun = 2p|| + || p — G214n|}-
From the above inequality we obtain
(3.75) 1100 =G|l < (1= 7) lun = pl| + 1([Jun = %[ + [|p = 1)
implies that
1%1p — unll = llun = Grun]| < (1 =7) [Jun = pll + ([t = 1P| + | P — G10a])
= %10 = unll < lltn = Grua]| + (1 = 7) [t = pll + p([ln = %1l + || p = Sr0an )
< lun = Grun]| + (1 =) llun = pll + 1w =G pll + [ p — unl

+ Hun—%unﬂ)

= (14 ) llun = Grun || + (1 = v+ 1) lJun = pll + pt [ S110 — %1 |
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(1—-y+u)
(1—pn)

(=) [91p —unll < (1+ 1) [l — Grun | + (1 = v+ 1) [Jun — |

because, < 1 implies that

(1+p) (I—y+u)
= |%p—u,l < up — G up|| + ———— lun—p
(14u)
< Uy —G1up|| + Up—p
= I 11t || + || I
which implies that
1+
(3.76) =l < A = S+~

Then, taking lim sup as n — oo on both sides of inequality (3.76), we get

: 1+pu) . .
limsup |4 p — up|| < (1 H) limsup ||u, — G1u,|| +limsup ||u, — p|

n—soo ( - ) n—soo n—soo

= limsup ||u, — p||
n—soo

implies that
(3.77) limsup |4 p — uy|| < limsup ||u, — p||.

n—oo n—soo
So, by Definition 2.2, we have the following result
(3.78) (% p,{u,}) =limsup ||u, — % p|| < limsup ||u, — p|| = r(p,{un})-

n—yoo n—oo

This implies that 4 p € A(#,{uy}). Since, £ is uniformly convex Banach space, A(#", {u, })
is singleton, hence ¢ p = p. In a similar way, one can show that ¢ p = p. This completes the

proof. U

The next lemma studies the demiclosedness principle of two mappings satisfying the By

condition.

Lemma 3.8. Let % be a nonempty closed convex subset of a Banach space 9 with the Opial?s

condition. Let 91,%, : X — & be two mappings satisfying the By, condition on . If

{un} is a sequence in # such that {u,} converges weakly to p and 1i_r>n |G upy — uy|| =0 =
n—soo

, then I — %, and I — %, are demiclosed at zero.

lim ||%u, — u,
n—oo
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0
Proof. By Proposition 3.5 (for y = > 0 €[0,1))
(3.79)
0 =ymin{{|Gup — un||, | G2un — un||} < |un — pl| < |lun — pl| +pmax{{|p—“pll,|p - %pll}-

So, by Definition 3.1, we get

(3.80) max{||Au,—%p|,||%u,—%p|}
< (1 =9 [Jun — pll + pmin{{ju, =41 pl| + |p = G1unll , [lun — 2P| + || p — G2un| }-
Now, by using (3.80)
max {1ty — 17|~ Zal} < max{ 1ty ~ St s — By -+

max{ || u, — 4 p| .|| %2un — %pl}
< max{||uy, — Guy ||, ||un — Soun ||} +
max{||Gu, —%1p||,||%u. —%p||}
< max{|luy —Grunl|, [|un — Grun|| }+
(1 =) llun = pll + pmin{||u, — G p|| + | p — G1ual|,
[un —S2pl| + [|p — Saunl|}-

Then from the above inequality one can obtain

lun =1l < [|un —Grun| + (1 =Y) [lun — pll + 1 (llutn = %1 p[| + [P — G11a])

< lun = Grun|| + (1 =)l = pll + 1([Jn =1l + | p = nl| + lutn = Sr0an )

which implies that

14 pu l—y+u
[P g L PP B G 0 P
1—u 1
1+
G:51) < (B i, +

Then taking liminf as n — oo on both side of (3.81), we obtain

liminf||u, — % p|| < liminf ||u, — p||.
n—oo n—yoo
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Since 4 satisfies the Opial’s condition, if p # ¢ p, then we have
(3.82) liminf ||u, — p|| < liminf ||u, — % p||,
n—oo n—oo

which is a contradiction. Hence p = ¢ p. That is, (I —%;)p = 0. By similar arguments we

obtain (I —%)p = 0. Therefore, I — ¥ and I — %, are demiclosed at zero O

The following result is the weak convergence of iteration (3.1) to get the common fixed point

of 4 and %.

Theorem 3.9. Let % be a nonempty closed convex subset of a uniformly convex Banach space
AB. Assume that B satisfies the Opial condition. Let 9, : # — & be two mappings
satisfying the By, condition with Fix(4) = Fix(¢9) NFix(%,) # 0. Let a sequence {u,} be

defined as the iteration scheme (3.1). Then, {u,} converges weakly to an element of Fix(9).

Proof. Since ¥,%, : X — J¢ are two mappings satisfying the By, condition with Fix(%;)N
Fix(%,) # 0, then by Theorem 3.7 we obtain

(3.83) lim |G uy, — uy|| =0 = lim ||%u, — u,|| -
n—oo n—oo

Since by Lemma 3.6 nh_r& ||un — p|| exists, hence {u,} is bounded. Consider that # satisfying
Opial’s conditions and let p; and p, be two weak sub-sequential limits of {u,}. Assume that
{un, } weakly converges to p; and {u,, } weakly converges to p,. We need to show that py, ps €
Fix(¢). Since by Lemma 3.8, we have that / — ¥ is demiclosed at zero. Hence (I —%;)p; = 0.
Then it follows that p; = %) p;. By similar arguments, we obtain that p; = % p;. Therefore, p;
is a common fixed point of ¢4 and %,. Similarly, we obtain that p, is a common fixed point of
%, and %.

Next, we need to proof that p; = p,. Let p; # p>. Then we get that;
tim 4, 1| = limin i, — 1
< liminf ||u,, — pa|
§—ro0
= r}l_fgolo Hun - pZH

= timinf [, — o]
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< liminf ||u,, — p1 ||
t—o0
= tim [y~ pi|.

which is a contradiction. Thus, p; = p; and this infers that {u,} weakly converges to the

common fixed point of ¢, and %,. This completes the proof. UJ

Remark 3.10. The Opial’s property in some sub-classes of uniformly convex Banach spaces
does not hold. So that, the above discussed result is not true for these some sub-classes of
uniformly convex Banach spaces. Therefore, we use another way of proof, in the next result,

where we consider the Frechet differentiable norm instead of Opial’s property.

Theorem 3.11. Let # be a nonempty closed convex subset of a uniformly convex Banach space
A withe Fréchet differentiable norm. Let 9, : # — & be two mappings satisfying the
By, condition, I —% and I —%, be demiclosed at zero and 111—% \|kun + (1 —k)p — q|| exists for
all p,q € Fix(%) N Fix(%,). Then, {u,} converges weakly to a common fixed point of %, and
.

Proof. Since Fix(¢) N Fix(¢,) # 0, from Theorem 3.7 lim ||u,, — %u,|| = 0,i = 1,2. We need
n—yoo

to show that u, has a unique limit point. Assume {u,} weakly converges to z; and {uy,}

weakly converges to zp. But also I — %) and I — %, are demiclosed at zero, this fact leads that

21,22 € Fix(4) NFix(%,). Putting u = p — g and v = k(u,, — p) in (2.8)
1 2 1 2
EHP—CIH + (k(un — p),J (P —q)) §§||kun+<1_k)P—CIH
1
<5 llp—al* + (k= ). (p = @) + h(k un = p]))-

Using the given condition, we obtain

1 . 1 .
= llp— gl + klimsup(u, — p,J(p — q)) < 5 lim [[ku, + (1 —k)p —q||*
2 n—yoo 2 n—eo
1 ..
< 5 lp—qll* +kliminf(u, — p.J (p— q)) + O (k).
Thus,
, o O'(k)
(3.84) limsup(u, — p,J(p —q)) < liminf(u, — p,J(p—q)) + ——.
n—soo n—eo k
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Then, taking k — 0™, we get lim (u, — p,J(p —q)) exists. Now, we have (z1 —p,J(p—q)) =r
n—co

(say) and also (zo — p,J(p—q)) =r. So, (z1 —22,J (p—q)) =0, for all p,q € Fix(%) N Fix(%).

From this we obtain
(3.85) 21 — 22> = (21 — 22,J (21 — 22)) = O,

which is possible, if z; = zo. Hence, {u, } converges weakly to a common fixed point of ¢; and

%,. This completes the proof. 0J

We now state the following Lemma that enables us to prove the next result.

Lemma 3.12. [42] Assume that the two sequences {0, } and { B, }of non-negative real numbers

such that 04,1 < Q,+ B, for alln € N. If Z B converges, then lim o, exists.
n—$o0
n

Then, by using Lemma 3.12 and Definition 2.6, we want to prove the following result of

strong convergence of the iterative scheme (3.1).

Theorem 3.13. Let % be any non-empty closed and convex subset of a uniformly convex Ba-
nach space %B. Let 9,%, : A — 2 be two mappings satisfying the By condition with
Fix(9) = Fix(% NFix(%) # 0. For any uy € J, we define the sequence {u,} as (3.1).
Assume that 9 and %, are satisfy the Condition (B). Then {u,} converges strongly to some

common fixed point of 4 and 9.

Proof. Let p € Fix(¢). Then by Lemma 3.6, ILm ||\un — p|| exists for all p € Fix(¥¢). But also
n—o0

from (3.48), we obtain

(3.86) |tns1— p|| < |lun— p||, forall n € N.
Then

Therefore, by Lemma 3.12 lim d(u,, p) exists. But also from Theorem 3.7, we have that
n—oo

(3.88) lim |1y — up| = 0 = lim ||ouy — 1| -
n—-oo n—oo
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Since ¢ and %, satisfy condition (B) and by Definition 2.6, we have that the following
(3.89) li_r)n max (|G uy, — un||, |Soun — un||) > li_r)n h(d(u,,Fix(¥))),

n—oo n—yoo
which implies that

(3.90) lim h(d(un, Fix(4))) =0,

n—>oo
hence, lim d(u,,Fix(¥)) = 0.
n—soo
Then, we can choose a sub-sequence {u,;} of {u,}, € > 0 and some sequences {p;} in
€
Fix(¥) such that Hu,,j —pjll < 3 for all j € N. Then, we need to show that {u,} is a Cauchy
sequence. Then, for all m,n > j, we have the following
[th-4n — 1| < H”ern _ij + H”n _ij
< Jumsn—s = pj|| + [lwn = pj|
< [tmeen—2 = pjll+ lltn — pj|

< torn—3 = pjll + llu — |

S —
I
<e,

which implies that ||u,,+, — pu|| < €. Hence, {u,} is a Cauchy sequence in .#". Since %
is a closed convex subset of %, lgn u, = p, for some p € . Sine Fix(¥) is closed and
n—oo

liminfd(u,,Fix(¢)) = 0. Therefore, p € Fix(¢). This completes the proof. O
n—oo

Remark 3.14. Our finding extend and unify those Patir et al.[33] and Suzuki [39] which deal
with the existence and approximation of fixed point results concerning two mappings satisfying

By, condition.

Example 3.15. Let 2 = R with the usual norm and % = [0,0). Let %,% : # — K be
defined by
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0,if x€10,2)
3.91) Gx =

1, if xe[2,00).

0,if x€|0,2
(3.92) GHx = Freld2)

1.1, if x € [2,00).

1
Proof. Wheny=1,u = 5 Let us consider the following different cases;

4
Casei: Ifx,y €[0,2) and y > 3% then
(3.93)
1
Ylbe=G1xll = e =G| = | < lly =l +plyll = lx =yl + 2 vl = [l =yl + wlly =<yl

implies
1
G994 =%yl =0< 1=y x =yl +pu(llx =Gyl +[ly = “xl)) = S (x| +lIy])-
Similarly it is holds for ¢. Hence,
(3.95) ymin{ |lx — x|, [|x = 2]} < [lx —y[| 4+ wmax{[[y — %yl Iy — %y}
implies
max{[|%x -y, [%2x— %y} <
(1=7) = yll + pmin{|lx =G| + [y — x|, lx — Lyl + ||y — Zax]|}
. 4 1
Caseii: If x,y € [2,00) and y > §x— 3 then
1
(3.96) Yl =Gl = be = 1 < llx =yl +plly =yl = [lxl] + 5 120 = 1]},
implies
[91x =Gy =0 < (1=7) lx =yl + u(llx =yl + [y — %))

1
= 5 ([ =1+ |2x = 1]).
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Similarly it is holds for ¢,. Hence,
(3.97) ymin{|x —Zx[|, [|x — x|} < [lx —y[| + wmax{lly -yl Iy - %y},
implies
max{[|%x — 4yl |%x— %y}
< (L=7) =yl + pminf|lx — || + [ly = Gix][, [x — oy || 4 ||y — “ax]|}
Caseiii: If x € [0,2) and y > 3, then
Ylx—ix]| = [l — Zix|| = x|
< =yl +ully =yl
= o=yl +5 Iy 1
=|x=y ) y )
implies that

[%1x =%yl =1
< (L=7)[lx =yl +u(llx =gyl + ly - %x])

1
= 5 (lx =1+ [lyl])-
Similarly holds for %. Hence,
(3.98) ymin{|lx — Gx|[, [[x = Zax|[} < |lx =yl + wmax{[ly — |, [ly — %yll},
implies

max{[|%x -Gy, [[%x— %y} <

(1= [lx =yl + pmin{|x — Lyl + [ly = x|, [|x — Loyl + ||y — Z2x]]}-

1
Therefore, ¢; and % satisfy the By, condition on J# = [0,c), when y = 1,u = 5 with
Fix(9) = Fix(%) N Fix(%) # 0, since 0 € Fix(¥) NFix(¢).
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Now, we consider the following non-decreasing map h(x) = ;_—C which satisfies A(r) > 0
if r € (0,00) and h(0) = 0. Then,
d(xn, Fix(¥)) = inf|x—z||-criv(#)
= inf||x—0|
= inf||x||
0, if x€10,2)
(3.99) =
2, if x €[2,00).

And from the above given facts, we can obtain the following

0, if x€[0,2)
(3.100) h(d(x,,Fix(9))) = )
5, lf.x € [2,00)
So that we can consider the following cases
Case I: If x € [0,2), then we have
(3.101) %12 — x| = {10 —x[| = [|x]| and [ — x| =[]0 —x]| = [x]|.

It follows that max{||4,x —x||, ||%2x — x|| > h(d(xn, Fix(¥)))}.

Case II: If x € [2,0), we have
(3.102) |G1x—x||=|1—x| = |lx—1] and ||%x—x|=|1.1—x|=[x—1.1].

In this case max{||4x —x||,||%x —x|| > h(d(x,,Fix(¥)))}.
Thus, ¢, and %, satisfy the condition (B). Therefore, all the hypothesis of Theorem 3.13 satis-
fied. U

4. CONCLUSION

In this article, the existence and convergence of common fixed point have been studied for two
mappings satisfying the By, condition. In our study, we have shown that the weak and strong
convergence of iterative approximations to common fixed points of pair of mappings satisfying
the condition By . Also an example which has been shown to be two mappings satisfying

the By, condition have been presented. Generally, our results mainly extend the results of
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Patir et al. [33], approximate with the three step iteration process of Abbas and Nazir [1] and

several other well known results in the literature. It is an open problem to prove existence and

approximation of common fixed points of finite or infinite family of mappings satisfying the

Condition By .
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