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Abstract. In this paper, we introduce the general form of 2-metric spaces known as super 2-metric spaces. First we

prove an analogous of Banach contraction principle in setting of super 2-metric and then present some interesting

result in the setting of super 2-metric spaces.
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1. INTRODUCTION

The concept of 2-metric spaces was developed by Gähler in a series of papers [19] [20], [21]

and many more papers dealing with 2-metric spaces are [1, 20, 21, 14, 10, 13, 24, 25, 23] and

[26].

In metric spaces, one deals with the properties of length function and 2-metric spaces deal

with the property of the area function for Euclidean triangles.

Gähler [19] introduced the notion of 2-metric spaces as follows:
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A 2-metric space is a space X together with a non-negative real valued function d on X3

satisfying the following conditions:

(1.1) to each pair of distinct points x,y ∈ X there exists a point z ∈ X such that d(x,y,z) 6= 0;

(1.2) d(x,y,z) = 0, when at least two of x,y,z are equal;

(1.3) d(x,y,z) = d(x,z,y) = d(y,z,x) . . . ;

(1.4) d(x,y,z)≤ d(u,y,z)+d(x,u,z)+d(x,y,u) ∀x,y,z,u ∈ X .

A sequence 〈xn〉 in X is called a Cauchy sequence if lim
n→∞

d(xn,xm,a) = 0 for all a ∈ X .

A sequence 〈xn〉 in X is convergent to a point x ∈ X if lim
n→∞

d(xn,x,a) = 0 for each a ∈ X and x

is called the limit point of the sequence.

A complete 2-metric space is one in which every Cauchy sequence converges.

In 2022, Karapinar et al. [7] introduced a more general form of distance function known as

super metric spaces as follows:

Let X be a nonempty set and m : X×X → [0,∞) be a function such that

(1.1) if m(x,y) = 0, then x = y, for all x,y ∈ X ;

(1.2) m(x,y) = m(y,x), for all x,y ∈ X ;

(1.3) there exists s ≥ 1 such that for all y ∈ X there exist distinct sequences 〈xn〉,〈yn〉 ⊂ X ,

with m(xn,yn)→ 0, whenever n→ ∞, such that

lim
n→∞

supm(yn,y)≤ s lim
n→∞

supm(xn,y).

Then we call (X ,m) as a super metric space.

Motivated by the concepts of metric and super metric spaces, we introduce the concept of

super 2-metric spaces as a general form of 2-metric spaces as follows :

Definition 1.1. Let X be a non-empty set. A function m : X ×X ×X → [0,∞) is said to be a

super 2-metric if

(1.1) for every x,y ∈ X with x 6= y, there exists a ∈ X such that m(x,y,a) 6= 0;

(1.2) m(x,y,a) = 0, then x = y, for all a ∈ X ;

(1.3) m(x,y,a) = m(x,a,y) = m(y,a,x) = m(y,x,a) = m(a,x,y) = m(a,y,x);
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(1.4) there exists s≥ 1 such that for all y ∈ X , there exist two distinct sequences

〈xn〉,〈yn〉 ⊂ X with m(xn,yn,a)→ 0 as n tends to infinity such that

lim
n→∞

sup m(yn,y,a)≤ s lim
n→∞

sup m(xn,y,a) for all a ∈ X .

Then (X ,m) is called a super 2-metric space.

The topological structure of super 2-metric spaces is analogous to topological structure of

2-metric spaces.

Definition 1.2. Let (X ,m) be a super 2-metic space and a,b ∈ X ,r ≥ 0. The set

B(a,b,r) = {x ∈ X : m(a,b,x)< r}

is called a super 2-ball centered at (a,b) with radius r. The topology generated by the collection

of all super 2-balls acts as a basis of super 2-metric spaces.

Definition 1.3. Let (X ,m) be a super 2-metric space. A sequence 〈xn〉 in X is said to be

(i) convergent to a point x, if for every a ∈ X , lim
n→∞

m(xn,x,a) = 0.

(ii) Cauchy sequence, if for every a∈ X , lim
n,m→∞

supm(xn,xm,a) = 0, that is, for each ε > 0 and

a ∈ X , there exists n0 such that m(xn,xm,a)< ε for all n,m≥ n0.

A super 2-metric space is said to be complete if every Cauchy sequence in X converges to a

point in X .

2. ANALOGUE OF BANACH’S CONTRACTION PRINCIPLE FOR SUPER 2-METRIC

SPACES

In 1922, Polish mathematician Banach proved a result which states that every contraction

mapping on a complete metric space has a unique fixed point, popularly known as Banach

contraction principle. After hundred years of journey, this principle has been proved in the

setting of various types of metric spaces. Karapinar [7] gave the analogue of Banach contraction

principle in the setting of super metric spaces as follows :

Let (X ,m) be a complete super metric space and T be a self mapping on X satisfying

m(T x,Ty)≤ α m(x,y),0≤ α < 1,
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for all x,y ∈ X . Then T has a unique fixed point in X . Now we prove analogue of Banach

contraction principle in the setting of super 2-metric spaces.

Before proving our main result we need the following Lemma:

Lemma 2.1. Let T be a self mapping on a super 2-metric space X satisfying

(1) m(T x,Ty,a)≤ α m(x,y,a), 0≤ α < 1.

Then 〈xn〉 is a Cauchy sequence in X .

Proof. Let x0 ∈ X and set x1 = T x0.

For this x1 , there exists x2 such that x2 = T x1. Continuing this way, we can define

(2) xn+1 = T xn ∀n = 0,1,2, ... .

From (1), we have

m(xn+1,xn,a) = m(T xn,T xn−1,a)

≤ α m(xn,xn−1,a)

≤ α
2 m(xn−1,xn−2,a)

...

≤ α
n m(x1,x0,a).

(3)

Proceeding limit as n→ ∞, we have lim
n→∞

m(xn,xn+1,a) = 0, since 0≤ α < 1.

Now by definition of super 2-metric spaces, for s ≥ 1 and for all xn+2 ∈ X there exist distinct

sequences 〈xn〉,〈xn+1〉 with lim
n→∞

m(xn,xn+1,a)→ 0 such that

lim
n→∞

sup m(xn,xn+2,a)≤ s lim
n→∞

sup m(xn+1,xn+2,a) for all a ∈ X .

Since lim
n→∞

m(xn,xn+1,a) = 0. Therefore, lim
n→∞

sup m(xn,xn+2,a) = 0. Continuing in this way, for

s≥ 1 and for all xn+3 ∈ X there exist distinct sequences 〈xn〉,〈xn+2〉with lim
n→∞

m(xn,xn+2,a)→ 0

such that

lim
n→∞

sup m(xn,xn+3,a)≤ s lim
n−→∞

sup m(xn+2,xn+3,a) for all a ∈ X .
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i.e., lim
n→∞

sup m(xn,xn+3,a) = 0.

Inductively, we can conclude

lim
n→∞

sup m(xn,xm,a) = 0 for all a ∈ X ,m > nand m,n ∈ N.

Thus 〈xn〉 is Cauchy sequence in X . �

Now, we prove Banach contraction principle in the setting of super 2-metric spaces as fol-

lows:

Theorem 2.2. Let (X ,m) be a complete super 2-metric space and T be a contraction mapping

on (X ,m) i.e,

m(T x,Ty,a)≤ α m(x,y,a), for all x,y,a ∈ X , 0≤ α < 1.(4)

Then T has a unique fixed point.

Proof. By Lemma 2.1, the sequence 〈xn〉 defined by (2) is a Cauchy sequence. Since (X ,m) is

a complete super 2-metric space, therefore, the sequence 〈xn〉 converges to a point say z ∈ X .

We claim that z be a fixed point of T .

Note that for all a ∈ X ,

m(xn+1,T z,a) = m(T xn,T z,a)≤ α m(xn,z,a).

Proceeding as limit n→ ∞ i.e., T z = z.

This implies z is a fixed point for T.

Uniqueness:

Let w(6= z) be another fixed point.

m(w,z,a) = m(Tw,T z,a)≤ α m(w,z,a) , a contradiction, since 0≤ α < 1.

This implies z = w.

Hence T has a unique fixed point. �

Now we present an example in support of the Theorem 2.2.
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Example 2.3. Let X = [0,∞). Define m : X×X×X → [0,∞) by

m(x,y,a) =


xya

x+y+a x 6= y 6= a 6= 0

0 when any two of x,y,a are equal

max{ x
2 ,

y
2 ,

a
2} otherwise.

Proof. Suppose that y ∈ X . Consider two distinct non-zero sequences 〈xn〉, 〈yn〉 in X (different

from a) such that m(xn,yn,a)→ 0 as n→ ∞, which implies that m(xn,yn,a) =
xnyna

xn+yn+a → 0 as

n→∞ and we can choose yn→ 0 and xn→ u as n→∞, where u ∈ X . Moreover, for any y ∈ X

and for all a ∈ X ,

lim
n→∞

sup m(yn,y,a) = lim
n→∞

sup
ynya

yn + y+a
= 0≤ s lim

n→∞
sup m(xn,y,a) =

uya
u+ y+a

,

In case of y = 0 the proof is straight forward, and hence it follows that (X ,m) is a super

2-metric space. �

In 1969, Boyd and Wong [6] gave idea of φ−contraction in setting of metric space: “there

exists an upper semi-continuous function φ : [0,∞)−→ [0,∞) and φ(t)< t for each t > 0 such

that

d( f p, f q)≤ φ(d(p,q)).”

Now using Boyd and Wong φ−contraction in setting of super 2-metric spaces we present a

generalisation of Theorem 2.1.

Theorem 2.4. Let (X ,m) be a complete super 2-metric space, and f be a self map, f : X −→ X .

Assume there exists a right continuous function φ : [0,∞)−→ [0,∞) such that φ(r)< r , if r > 0

and φ(t) = 0 iff t = 0 satisfying,

(5) m( f x, f y,a)≤ φ(m(x,y,a)),

for all x,y,a ∈ X. Then f has a unique fixed point in X .

Proof. Let x0 ∈ X . Define sequence 〈xn〉 in X by

xn+1 = f xn, for all n = 0,1,2, ..., where x0 ∈ X .

Consider αn = m(xn,xn−1,a). From (5), we have

(6) αn = m(xn,xn−1,a) = m( f xn−1, f xn−2,a)≤ φ(m(xn−1,xn−2,a)).
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on simplification, αn ≤ φ(αn−1) < αn−1, thus 〈αn〉 is a decreasing sequence of reals, so con-

verges to some point say L≥ 0 in R+.

i.e., lim
n→∞

m(xn,xn−1,a) = L.

We claim L = 0, if L 6= 0 then L≤ φ(L)< L , a contradiction, hence L = 0,

i.e., lim
n→∞

m(xn,xn−1,a) = 0.

Since lim
n→∞

m(xn,xn−1,a) = 0, therefore from Lemma 2.1 we get that 〈xn〉 is a Cauchy sequence

in X . Since (X ,m) is complete super 2-metric space, so 〈xn〉 converges to a point, say z in X .

From (5), we have,

m(xn, f z,a)≤ φ(m(xn,z,a) for all a ∈ X .

Proceeding limit n→ ∞ we have f z = z. Hence z is a fixed point of f .

Uniqueness:

Let w(6= z) be another fixed point of f . From (5) for all a ∈ X we have,

m(z,w,a) = m( f z, f w,a)≤ φ(m(z,w,a))< m(z,w,a),

a contradiction, thus w = z. Hence f has a unique fixed point in X . �

3. WEAKLY COMPATIBLE MAPS AND PROPERTY (E.A.)

In 1998, Jungck and Rhoades [8] introduced the notion of weakly compatible as follows:

Definition 3.1. Two maps f and g are said to be weakly compatible if the maps commute at

their coincidence points.

Example 3.2. Let X = [0,3]. Define self maps f and g on X as f x = x
2 and gx = x, then f (0) =

g(0) and f g(0) = g f (0). Hence f and g are weakly compatible.

In 2002, Amari and Moutawakil ([15]) introduced the notion of property(E.A.) as follows:

Definition 3.3. Let f and g be two self-maps of a metric space (X ,d). The pair (f,g) is said to

satisfy property(E.A.), if there exists a sequence 〈xn〉 in X such that lim
n→∞

f xn = lim
n→∞

gxn = t for

some t ∈ X .

Example 3.4. Let X = [0,1]. Define f ,g : X −→ X by f x = x
2 and gx = 3x

4 , for all x ∈ X .

Consider sequence xn =
1
n . Clearly lim

n→∞
f xn = lim

n→∞
gxn = 0. Then f and g satisfy property(E.A.).
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The importance of property(E.A.) is that it relaxes the continuity requirement of maps com-

pletely, weakens the completeness requirement of space and E.A. buys containment of ranges

without any continuity requirement to the points of coincidence.

Now we generalise analogue of Banach contraction in the setting of super 2-metric space for a

pair of maps.

Theorem 3.5. Let (X ,m) be a complete super 2-metric space and f and g be self maps of X

satisfying conditions:

(7) m( f x, f y,a)≤ α m(gx,gy,a),

where 0 ≤ α < 1 and g(X) ⊆ f (X). If one of the spaces f (X) or g(X) is a complete subspace

in X, then f and g have a unique common fixed point, provided f and g are weakly compatible.

Proof. Let us define a sequence 〈yn〉 in X by

yn = gxn+1 = f xn, for all n = 0,1,2, ..., where x0 ∈ X .

Therefore, from (7),we have,

m(yn,yn+1,a) = m( f x, f y,a)≤ α m(gxn,gxn+1,a)

= α m(yn−1,yn,a)

...

≤ α
n m(y0,y1,a).

(8)

Taking limit as n→ ∞, we have,

m(yn,yn+1,a) = 0.

From Lemma 2.1, sequence 〈yn〉 is Cauchy sequence in X and (X ,m) is complete super 2-metric

space, so it converges to a point say z in X i.e.,

lim
n→∞

yn = lim
n→∞

f xn = lim
n→∞

gxn+1 = z.

Let g(X) be complete subspace of X , there exists p ∈ X such that, gp = z.

From (7), we have,

m( f p, f xn,a)≤ α m(gp,gxn,a) = α m(z,yn−1,a).
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Taking limit as n→ ∞, we get f p = z.

Since f and g are weakly compatible f gp = g f p, implies f z = gz. Now to show that z is a

common fixed point of f and g. Consider,

m( f z, f xn,a)≤ α m(gz,gxn,a)

m( f z,z,a)≤ α m( f z,z,a).

This implies, f z = z as α < 1. Therefore, f z = gz = z. Hence z is a common fixed point of f

and g.

Uniqueness follows easily from Theorem 2.1. �

Now we prove this result using closed subset instead of complete subspace.

Theorem 3.6. Let (X ,m) be a complete super 2-metric space and f and g be self maps of X

such that

(9) m( f x, f y,a)≤ α(m(gx,gy,a)) for all x,y,a ∈ X ,0≤ α < 1,

and g(X) ⊆ f (X), such that one of f (X) and g(X) is closed subset of X . Then f and g have a

unique common fixed point in X, provided f and g are weakly compatible .

Proof. Let us define a sequence 〈yn〉 in X by

yn = gxn+1 = f xn, for all n = 0,1,2, ..., where x0 ∈ X .

From the proof of Theorem 3.5 we conclude that 〈yn〉 is a Cauchy sequence in X and since

either f (x) or g(X) is closed, for definiteness assume that g(X) is closed subset of X . Note that

〈yn〉 is contained in g(X) and it has a limit point in g(X), call it z. Let p ∈ g−1z. Then gp = z.

Now we show that f p = z. From (9), we have,

m( f xn, f p,a)≤ α m(gxn,gp,a)

m( f xn, f p,a)≤ α m(yn−1,z,a).

Letting limit n→ ∞, we get f p = z. Rest of the proof follows from Theorem 3.5. �

Now we generalise Banach contraction principle for a pair of mappings using φ−contraction

in setting of super 2-metric spaces.
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Theorem 3.7. Let (X ,m) be a complete super 2-metric space and f and g be self maps of X.

Assume there exists a right continuous function φ : [0,∞)−→ [0,∞) such that φ(r)< r, if r > 0

and φ(t) = 0 if and only if t = 0 satisfying following conditions:

(10) m( f x, f y,a)≤ φ(m(gx,gy,a)) for all x,y,a ∈ X ,

and g(X) ⊆ f (X), such that one of f (X) and g(X) is complete subspace of X . Then f and g

have a unique common fixed point in X, provide f and g are weakly compatible.

Proof. Let x0 ∈ X . Since g(X)⊆ f (X), therefore choose x1 ∈ X such that gx1 = f x0. In general

define xn+1 such that,

yn = f xn = gxn+1,n = 0,1,2, ... .

Consider αn = m(yn,yn−1,a).

From (10), for all a ∈ X , we have

(11) m(yn,yn−1,a) = m( f xn, f xn−1,a)≤ φ(m(gxn,gxn−1,a)) = φ(m(yn−1,yn−2,a)),

i.e., αn ≤ φ(αn−1) < αn−1. Thus 〈αn〉 is a decreasing sequence of reals , so converges in R+,

say to L. i.e., lim
n→∞

m(yn,yn−1,a) = L. We claim L = 0 as if L 6= 0, L≤ φ(L)< L, a contradiction,

therefore, L = 0. Hence lim
n→∞

m(yn,yn−1,a) = 0. From Lemma 2.1, we get that 〈yn〉 is Cauchy

sequence. Since (X ,m) is a complete super 2-metric space, so it converges to a point say z ∈ X .

Then lim
n→∞

yn = lim
n→∞

f xn = lim
n→∞

gxn+1 = z.

Let g(X) be complete subspace of X , therefore, there exists p ∈ X such that gp = z.

Using (10), we have

m( f p, f xn,a)≤ φ(m(gp,gxn,a)) = φ(m(z,yn−1,a)).

Proceeding limit n→ ∞,we have,

f p = z, f p = gp = z.

Since f and g are weakly compatible we have f gp = g f p, which implies f z = gz.

Now again using (10), we have

m( f z, f xn,a)≤ φ(m(gz,gxn,a)) = φ(m( f z,gxn,a)).
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Taking limit n→ ∞, we get,

m( f z,z,a)≤ φ(m( f z,z,a)),

this implies f z = gz = z.

Hence z is a common fixed point.

Uniqueness:

Let w(6= z) be another common fixed point of f and g.

For all a ∈ X and using (9), we have,

m(z,w,a) = m( f z, f w,a)≤ φ(m(gz,gw,a)) = φ(m(z,w,a)),

a contradiction, thus w = z. Hence f and g have a unique common fixed point. �

Now we prove analogue of Banach contraction principle for a pair of weakly compatible

maps satisfying property(E.A.) in the setting of super 2-metric space.

Theorem 3.8. Let (X ,m) be a super 2-metric space and f and g be self maps of X satisfying

conditions:

(12) m(gx,gy,a)≤ α m( f x, f y,a),

where 0≤ α < 1 and f and g satisfying E.A. property further, f (X) is a closed subspace of X .

Then f and g have a unique common fixed point, provided f and g are weakly compatible.

Proof. Let us define a sequence 〈yn〉 in X by

yn = gxn+1 = f xn, for all n = 0,1,2, ..., where x0 ∈ X .

Since f and g satisfy property(E.A.), there exists a sequence 〈xn〉 in X such that lim
n→∞

f xn =

lim
n→∞

gxn=z ∈ X . Since f (X) is a closed subspace of X , lim
n→∞

f xn = z = f p = lim
n→∞

gxn for some

p ∈ X . This implies z = f p ∈ f (X). Now we show that f p = gp. From (12), we have,

m(gp,gxn,a)≤ α m( f p, f xn,a)

m(gp,gxn,a)≤ α m(z,yn,a) for all a ∈ X .

Proceeding limit n→ ∞, we have, f p = gp = z. And rest of the proof follows from Theorem

3.5. �
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4. EXPANSIVE MAPPINGS

In 1984, Wang, Li, Gao and Iséki [22] and Rhoades [3] proved some fixed point theorems for

expansive mappings, which corresponds to some contractive mappings in metric spaces.

Now we prove expansive mappings in the setting of super 2-metric spaces, that corresponds

to some contractive mappings in metric and 2-metric spaces.

Let f be a mapping of a super 2-metric space (X ,m) into itself. Then f is said to be expansive

mapping “if there exists a constant α > 1 such that for all x,y,a ∈ X , we have

m( f x, f y,a)≥ α m(x,y,a)”.

Theorem 4.1. Let (X ,m) be a complete super 2-metric space and T : X −→ X be a surjective

mapping. Suppose that α > 1 such that,

(13) m(T x,Ty,a)≥ α m(x,y,a),

for all x,y,a in X . Then T has a unique fixed point.

Proof. Let x0 ∈ X and define,

xn = T xn+1, n = 0,1,2... .

If x0 = x1, then x1 is fixed point of X and proof is completed. Suppose x0 6= x1.

Thus m(x1,x0,a) ≥ 0, without loss of generality we assume, xn 6= xn+1. So m(xn+1,xn,a) > 0

for all n = 0,1,2... .

Therefore from (13),

m(xn+1,xn,a) = m(T xn+2,T xn+1,a)≥ α m(xn+2,xn+1,a)

1
α

m(T xn+2,T xn+1,a)≥ m(xn+2,xn+1,a)

1
α

m(xn+1,xn,a)≥ m(xn+2,xn+1,a)

m(xn+2,xn+1,a)≤
1
α

m(xn+1,xn,a)

≤ 1
α2 m(xn,xn−1,a)

≤ 1
α3 m(xn−1,xn−2,a)

(14)
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...

≤ 1
αn+1 m(x1,x0,a)

By Lemma 2.1 , the sequence 〈xn〉 is Cauchy sequence. Since (X ,m) is a complete super 2-

metric space, therefore , the sequence 〈xn〉 converges to a point say z ∈ X .

Suppose m(z,T z,a)> 0 for all a ∈ X . Note that for all a ∈ X ,

m(xn−1,T z,a) = m(T xn,T z,a)≤ 1
α

m(xn,z,a).

Taking limit as n→ ∞, we have,

m(z,T z,a) = 0,

which implies T z = z.

Hence z is the fixed point of T.

Uniqueness:

Let w(6= z) be another fixed point for T.

Since m(w,z,a)≤ 1
α

m(Tw,T z,a) = 1
α

m(w,z,a) , a contradiction since α > 1.

This implies z = w,

Hence T has a unique fixed point in X . �

We further generalise Theorem 4.1 for a pair of weakly compatible mappings in super 2-

metric spaces.

Theorem 4.2. Let (X ,m) be a complete super 2-metric space and f and g be self maps on X

satisfying the following conditions:

(15) m( f x, f y,a)≥ qm(gx,gy,a),

where q > 1 and g(X) ⊆ f (X) for all x,y,a ∈ X . If one of the sub-spaces f (X) or g(X) is

complete, then f and g have a unique common fixed point, provided f , g are weakly compatible.

Proof. Let x0 ∈ X . Since g(X) ⊆ f (X), choose x1 ∈ X such that f x1 = gx0. In general choose

xn+1 such that,

yn = f xn+1 = gxn, n = 0,1,2... .
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Then from (15),

(16) m(yn,yn+1,a) = m(gxn,gxn+1,a)≤
1
q

m( f xn, f xn+1,a) =
1
q

m(yn−1,yn,a).

From Lemma 2.1, the sequence 〈yn〉 is Cauchy sequence. Since (X ,m) is complete super 2-

metric space, 〈yn〉 converges to a point say z ∈ X .

Then lim
n→∞

yn = lim
n→∞

f xn+1 = lim
n→∞

gxn = z.

Without loss of generality, assume f (X) is complete subspace of X , so there exists a point p

such that f p = z.

Now from (16), we have,

m(gp,gxn,a)≤
1
q

m( f p, f xn,a) =
1
q

m(z,yn−1,a).

Taking limit n→∞, we get gp = z. Since f and g are weakly compatible,therefore, f gp = g f p,

i.e., f z = gz.

Now we show that z is a common fixed point of f and g from (16)

m(gz,gxn,a)≤
1
q

m( f z, f xn,a).

Proceeding limit n→ ∞, we get, gz = z. Hence, z is a common fixed point of f and g.

Uniqueness:

Let w(6= z) be another fixed point of f and g.

m(z,w,a) = m(gz,gw,a)≤ 1
q

m( f z, f w,a) =
1
q

m(z,w,z),

a contradiction, as q > 1, hence, z = w. �

5. Φ−WEAK CONTRACTION

In 1997, Alber and Guerre-Delabriere [27] presented the notion of “φ−weak contraction”

in “Hilbert spaces”. In 2001 Rhoades [4], extended this notion in setting of complete metric

spaces as follows: “there exists a function φ : [0,∞) −→ [0,∞) with φ(t) > 0 for all t > 0 and

φ(0) = 0 such that

d( f x, f y)≤ d(x,y)−φ(x,y)”.

Now we generalise it in super 2-metric spaces.
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Theorem 5.1. Let (X ,m) be a complete super 2-metric space and T : X −→ X be a mapping

such that

(17) m(T x,Ty,a)≤ m(x,y,a)−φ(m(x,y,a))

for all x,y,a ∈ X , where φ : [0,∞)−→ [0,∞) is continuous function with φ(t) = 0 if and only if

t = 0 , φ(t)> 0 for all t > 0. Then T has a unique fixed point.

Proof. Let us define a sequence 〈xn〉 in X by

xn = T xn+1, for n = 0,1,2... where x0 ∈ X .

If x0 = x1, then x1 is a fixed point and proof is completed. Suppose x0 6= x1. Thus m(x0,x1,a)≥

0, without loss of generality we assume, xn 6= xn+1. So m(xn,xn+1,a)> 0 for all n = 0,1,2... .

Let αn = m(xn,xn+1,a).

Therefore, from (17),we have,

(18) m(xn,xn+1,a) = m(T xn−1,T xn,a)≤ m(xn−1,xn,a)−φ(m(xn−1,xn,a)).

Which implies m(xn,xn+1,a)≤ m(xn−1,xn,a), i.e.,αn ≤ αn−1.

Sequence αn is non-increasing sequence of reals, so it converges in R+.

Consequently, there exists L ≥ 0 such that lim
n→∞

αn = L , i.e., lim
n→∞

m(xn,xn+1,a) = L. We claim

that L = 0 if L 6= 0. By using Continuity of φ and inequality (18), we get,

L≤ L−φ(L), since, φ(t)> 0 for all t > 0,

implies , φ(L) = 0, i.e., L = 0. Hence lim
n→∞

m(xn,xn+1,a) = 0. By Lemma 2.1, 〈xn〉 is Cauchy

sequence. Since (X ,m) is a complete super 2-metric space, 〈xn〉 converges to a point say z ∈ X .

we now show that z is fixed point of T.

From (17), for all a ∈ X , we have,

m(T z,xn+1,a) = m(T z,T xn,a)≤ m(z,xn,a)−φ(m(z,xn,a)),

Proceeding limit n→ ∞, implies, T z = z. Hence z is a fixed point of T.

Uniqueness:
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Let w(6= z) be another fixed point.

m(z,w,a) = m(T z,Tw,a)≤ m(z,w,a)−φ(m(z,w,a)),

implies, w = z, as φ(t)> 0 for all t > 0. �

Now we generalise Theorem 5.1 for a pair of weakly compatible mappings in super 2-metric

space.

Theorem 5.2. Let (X ,m) be a complete super 2-metric space. Let f and g be self mappings,

satisfying:

(19) m( f x, f y,a)≤ m(gx,gy,a)−φ(m(gx,gy,a))

where φ : [0,∞) −→ [0,∞) is a continuous function with φ(t) > 0 for all t > 0 and φ(t) = 0 if

and only if t = 0. Further with f (X)⊆ g(X) and g(X) or f (X) is complete subspace of X . Then

f and g have a unique common fixed point, provided f , g are weakly compatible.

Proof. Let x0 ∈ X . Since f (X) ⊆ g(X). Choose x0 ∈ X such that f x1 = gx0. In general choose

xn+1 such that,

yn = f xn = gxn+1 ,n = 0,1,2... .

Consider αn = m(yn,yn+1,a)

From (19), we have,

m(yn,yn+1,a) = m( f xn, f xn+1,a)≤ m(gxn,gxn+1,a)−φ(m(gxn,gxn+1,a))

= m(yn−1,yn,a)−φ((m(yn−1,yn,a)).
(20)

i.e., αn ≤ αn−1−φ(αn−1). This implies αn is non-increasing sequence, so it converges in R+.

Consequently, there exists L≥ 0 such that lim
n→∞

m(yn,yn+1,a) = L. By using definition of φ and

inequality (20), we get,

L≤ L−φ(L) since, φ(t)> 0 for all t > 0,

implies, φ(L) = 0 , i.e., L = 0. Hence lim
n→∞

m(yn,yn+1,a) = 0. By Lemma 2.1, 〈yn〉 is a Cauchy

sequence in X and (X ,m) is complete super 2-metric space, it converges to a point say z ∈ X .

lim
n→∞

yn = lim
n→∞

f xn = lim
n→∞

gxn+1 = z.
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Since g(X) is complete subspace of X , there exists p ∈ g(x) such that gp = z.

From (19), for all a ∈ X , we have,

m( f p, f xn,a)≤ m(gp,gxn,a)−φ(m(gp,gxn,a)) = m(z,yn−1,a)−φ(m(z,yn−1,a)

Proceeding limit n→ ∞, we get,

lim
n→∞

m( f p,z,a) = 0, i.e., f p = z.

Thus f p = gp, since f and g are weakly compatible, so f gp = g f p, which implies f z = gz.

From (19), we have,

m( f z, f xn,a)≤ m(gz,gxn,a)−φ(m(gz,gxn,a) = m( f z,gxn,a)−φ(m( f z,gxn,a).

Taking limit n→ ∞, we have,

m( f z,z,a)≤ m( f z,z,a)−φ(m( f z,z,a)),

implies f z = gz = z. Hence z is the common fixed point of f and g.

Uniqueness:

Let w(6= z) be another fixed point. From (19), we have,

m(z,w,a) = m( f z, f w,a)≤ m(gz,gw,a)−φ(m(gz,gw,a)) = m(z,w,a)−φ(m(z,w,a)).

Thus w = z.

Hence z is the unique common fixed point of f and g. �

6. INTEGRAL TYPE CONTRACTION CONDITION

In 2002 A. Branciari [2] gave existence of fixed point theorem for mappings satisfying gen-

eral contraction inequality of integral type in complete metric space. Now we prove Branciari’s

result in the setting of super 2-metric space.

Theorem 6.1. Let (X ,m) be a complete super 2-metric space, and let T : X −→ X be a mapping

such that for each x,y,a ∈ X ,

(21)
∫ m(T x,Ty,a)

0
φ(t)dt ≤ k

∫ m(x,y,a)

0
φ(t)dt
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for 0≤ k < 1 , where φ : [0,∞)−→ [0,∞) is a Lebesgue-integrable mapping which is summable

on each compact subset of [0,∞) and non-negative, such that for each ε > 0,

(22)
∫

ε

0
φ(t)dt > 0,

then T has a unique fixed point.

Proof. Let x0 ∈ X be arbitrary. Define xn+1 = T xn, n = 0,1,2... For each integer n ≥ 1, from

(21), we get,∫ m(xn,xn+1,a)

0
φ(t)dt =

∫ m(T xn−1,T xn,a)

0
φ(t)dt ≤ k

∫ m(xn−1,xn,a)

0
φ(t)dt

≤ k2
∫ m(xn−2,xn−1,a)

0
φ(t)dt

...

≤ kn
∫ m(x0,x1,a)

0
φ(t)dt.

(23)

Taking limit n→ ∞ , we get lim
n→∞

∫ m(xn,xn+1,a)
0 φ(t)dt = 0. From (22), we get ,

lim
n→∞

m(xn,xn+1,a) = 0.

From definition of super 2-metric space, there exists xn+2 ∈ X ,

lim
n→∞

sup
∫ m(xn,xn+2,a)

0
φ(t)dt ≤ s lim

n→∞
sup

∫ m(xn,xn+1,a)

0
φ(t)dt,

implies lim
n→∞

m(xn,xn+2,a) = 0. By Lemma 2.1, we get 〈xn〉 is Cauchy sequence and (X ,m) is

complete super 2-metric space, so 〈xn〉 converges to a point say z in X . We now show that z is a

fixed point of T.

From (21), we have,∫ m(xn+1,T z,a)

0
φ(t)dt =

∫ m(T xn,T z,a)

0
φ(t)dt ≤ k

∫ m(xn,z,a)

0
φ(t)dt, for all a ∈ X

Taking limit n→ ∞, ∫ m(z,T z,a)

0
φ(t)dt ≤ 0.

This implies T z = z. Hence T has a fixed point, uniqueness follows easily from Theorem

2.1. �
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Theorem 6.2. Let (X ,m) be a complete super 2-metric space and f and g be self mappings on

X such that for each x,y,a ∈ X ,

(24)
∫ m( f x, f y,a)

0
φ(t)dt ≤ k

∫ m(gx,gy,a)

0
φ(t)dt

for 0≤ k < 1 and φ : [0,∞)−→ [0,∞) is a Lebesgue-integrable mapping which is summable on

each compact subset of [0,∞), non-negative, and such that for each ε > 0,

(25)
∫

ε

0
φ(t)dt > 0,

where f (X) ⊆ g(X) and one of g(X) or f (X) is complete subspace of X . Then f and g has a

unique common fixed point, provided f , g are weakly compatible.

Proof. Proof follows easily from Theorems 3.5 and 6.1 �

7. IMPLICIT RELATIONS

There were many kinds of fixed point theorems in fixed point theory literature. To unify

these results authors have used certain types of implicit relations. In 2008 Akram et al. [16],

introduced one such class of implicit relations as follows:

Definition 7.1. Let a non-empty set A consisting of all functions α : R+ −→ R+ satisfying the

following:

(i) α is continuous on the set R3
+ of all triplets of non-negative reals;

(ii) a≤ kb for some k ∈ [0,1), whenever a≤ α(a,b,b) or a≤ α(b,a,b) or a≤ α(b,b,a) for all

a,b.

Using this implicit relation we generalise our result in super 2-metric space.

Theorem 7.2. Let (X ,m) be a complete super 2-metric space and T be a self map on X, satis-

fying condition:

(26) m(T x,Ty,a)≤ α[m(x,y,a),m(x,T x,a),m(y,Ty,a)]

for each x,y,a ∈ X with some α ∈ A. Then T has a fixed point.
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Proof. Let x0 be arbitrary point in X and define a sequence 〈xn〉 in X by

xn+1 = T xn, n = 0,1,2... .

From (26), we have,

m(xn+1,xn,a) = m(T xn,T xn−1,a)≤ α[m(xn,xn−1,a),m(xn,T xn,a),m(xn−1,T xn−1,a)]

= α[m(xn,xn−1,a),m(xn,xn+1,a),m(xn−1,xn,a)]

= α[m(xn,xn−1,a),m(xn,xn+1,a),m(xn,xn−1,a)]

which implies by Definition 7.1

m(xn+1,xn,a)≤ k m(xn,xn−1,a)

Continuing in this way after nth stage, we have,

m(xn+1,xn,a)≤ knm(x1,x0,a).

(27)

Taking limit n→ ∞, we have,

lim
n→∞

m(xn+1,xn,a) = 0.

From Lemma 2.1, the sequence 〈xn〉 is Cauchy sequence. Since (X ,m) is complete super 2-

metric space, the sequence converges to a point say z ∈ X . we show that z is a fixed point,

Consider,

m(xn+1,T z,a) = m(T xn,T z,a)≤ α[m(xn,z,a),m(xn,T xn,a),m(z,T z,a)].

Taking limit n→ ∞, we have,

m(z,T z,a)≤ α[0,m(z,T z,a),m(z,T z,a)]

m(z,T z,a)≤ k m(z,T z,a).

i.e., T z = z, as k < 1. Hence z is a fixed point. �

8. ANY KIND OF WEAKLY COMPATIBLE MAPS

In 2010 Murthy et al. [17] introduced the notion of any kind of weakly compatible maps as

follows:
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Definition 8.1. A pair of self mappings ( f ,g) of a metric space (X ,m) is said to be any kind

of weakly compatible maps if and only if there is a sequence 〈xn〉 in X satisfying lim
n→∞

f xn =

lim
n→∞

gxn = t for some t ∈ X , and f gt = g f t at this point.

Example 8.2. Define f ,g : [0,2] −→ [0,2] by f x = 2 if x ∈ [0,1] and f x = x
2 if x ∈ (1,2] and

gx = 2 if x ∈ [0,1] and x+3
5 if x ∈ (1,2]. Consider the sequence 〈xn〉= (2− 1

2n). Clearly

f xn = (1− 1
4n

),gxn = (1− 1
10n

).

Therefore,

f xn→ 1,gxn→ 1

and f g(1) = g f (1) = 1, hence they are any kind of weakly compatible.

Now we prove a theorem for weakly compatible maps along with notion of any kind of

weakly compatible.

Theorem 8.3. Let (X ,m) be a complete super 2-metric space and f and g be self maps of X

satisfying conditions:

(28) m( f x, f y,a)≤ α m(gx,gy,a),

where 0 ≤ α < 1 and f (X) ⊂ g(X). If one of the spaces f (X) or g(X) is a closed subset of

X, f and g are any kind of weakly compatible maps. Then f and g have a unique common fixed

point, provided f and g are weakly compatible maps.

Proof. Let us define a sequence 〈yn〉 in X by

yn = gxn+1 = f xn, for all n = 0,1,2, ..., where x0 ∈ X .

Since f and g are any kind of weakly compatible maps, therefore, there exists a sequence 〈xn〉 ∈

X such that lim
n→∞

f xn = lim
n→∞

gxn = z ∈ X . Let g(X) be a closet subset of X , then for sequence

〈xn〉 in g(X), there is a limit in g(X). Call it be z such that z = gp. Therefore, lim
n→∞

f xn = z =

gp = lim
n→∞

gxn for some a ∈ X . This implies z = gp ∈ g(X). Now we have to show z = f p = gp.

Using (28), we have,

m( f p, f xn,a)≤ αm(gp,gxn,a) = m(z,yn−1,a)



22 NIKITA, SANJAY KUMAR

Proceeding limit n→ ∞, gives f p = z. Rest of the proof follows from Theorem 3.5. �
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