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Abstract: This work focusses on fixed point iterations of a multiplicative contraction mapping on the bipolar b-metric
space domain. We develop a map that maps points from one set in the series to the next and fulfils the multiplicative
contraction condition with regard to an expanding sequence of subsets in a bipolar b-multiplicative metric space. In
this manner, we provide many fixed-point theorems for different multiplicative contraction mappings with
multiplicative closed graph. This comprehensive study greatly contributes to the identification of fixed-point theory
inside the multiplicative metric spaces framework and generates significant predictions.
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1. INTRODUCTION
Metric spaces were first established by Frechet [1] in 1906. Since then, metric spaces have been
extensively generalized by concept abstraction, metric function modification, or the removal or

relaxation of certain axioms. In recent years, fixed point research has focused increasingly on these
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structures, and several insightful discoveries have been produced in this field [2-9]. Multiplicative
metric spaces were first presented by A. E. Bashirov and colleagues in [10]. M. Ozavsar as well
as A. C. Cevikel demonstrated fixed point findings of multiplicative contraction mappings as well
as deduced topological structures of multiplicative metric spaces (MMS) in [11]. Numerous works
on fixed point theory in MMS have been published; they include [12-16]. Czerwik [17] established
b-Metric space, that is a simplification of a metric space. M. U. Ali et al. invented b-MMS in [18].
In b-MMSs, there are certain fixed-point outcomes and topological characteristics.

A bipolar metric space is one of the most recent generalizations, as proposed by Mutlu and Gurdal
[19]. A. Mutlu and U. Gurdal proposed the idea of bipolar metric space, providing a new concept
for measuring the distance between members of two distinct sets. A generalization of metric space
is called bipolar metric space. The reason for this is because distances occur more often between
components of two distinct sets in real-world applications than midway points of a single set. Thus,
bipolar metrics were created to ratify different kinds of distances. Basic examples include the
affinity a session of scholars has for a certain set of events, the period mean distances among
individuals as well as places, and several more. Other instances include the separation between
sets and points in metric spaces and the separation among lines as well as points in a Euclidean
space. A number of articles are being published for fixed point (FP) theory in bipolar metric spaces
(BMYS); for example, check [20-23] and the references therein.

Here we were motivated by Bipolar MMS [24] and the multiplicative closed graph operators on
b-MMS in a FP theorem [25] for introducing and analyzing the Bipolar b-MMS (BBMMS) and
including other fixed-point theorems with more multiplicative closed graphs for different kinds of

multiplicative contraction mapping.

2. PRELIMINARY

In this part, let us provide some known preliminary findings. Refer to [24] and [25] for further
details.

Definition 2.1: [24] Assume two non-empty sets, S and T. The following conditions must be met

for amappingp : Q X T = [1, o) to be considered a bipolar multiplicative metric.
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() p(q,d) =1 = q = d,whenever (q,d) € Q XD,
(i) g =d = p(q,d) = 1, whenever (q,d) € Q X D,
(iihp(q,d) = p(d,q),V q,d € QND,
(iV)p(q1,dz2) < p(q1,dp(qz, d1)p(s2,t2),Vsy, 8, € S,and ty,t; €T,
It is known as a bipolar multiplicative metric space (or, BMMS) for the triple (Q, D, p).
Remark 2.2: [24] Let a BMMS be (Q, D, p). A set (Q, D, p) is said to be disjointifQ n D = @.
IfQ N D # @,then the space (Q, D, p) is a joint. The terms "right pole™ and "left pole" of (Q, D,

p) refer to the sets T and S, respectively.

Example 2.3: [24] Let Q = (1,),D = (0,1]. Define p: Q x D - [0,0) as p(q, d) = |%]«,

whenever (g, d) € Q x D, where |.| x: N* — N*is defined on a set of positive real numbers N*
as follows: |z| = zif k = 1 and |k| =% if k <1.Then (Q,D, p) is adisjoint BMMS.
Remark 2.4: [24] (Q, Q, p) isa BMMS if (Q, p) is an MMS. On the other hand, (Q, p) isan MMS
if (Q, D, p) isa BMMS such that Q = D.

Definition 2.5: [25] Presuming that F +# @ is a set as well as h € R with h > 1. A multiplicative
metric is a mapping q: F X F - R+= [0, o) fulfilling the following four principles

M q(u,t) = 1,Vut €f,

(ii) g(u,t) = 1 if and only if(or, iff) u = tinF,

(iii) q(u,t) = q(t,u),Vu,t € F,

(iv) a(u, ) < [q(u, p)q(p, V]h,Vu,,p € F.

Then, we call the triple (F, q, h) a b-MMS.

Definition 2.6: [25] Presuming that (F, g h) is a b-MMS, {u,,} is a sequence in F, as well as u €
F. In that case {u,} is known multiplicative converging to u, if for each multiplicative open ball
B.(uw) = {:q(u,t) <e},e>1, there exists N € N so that u, € B,(u),vn >N . This is
represented by u,, » u(n - o0).

Lemma 2.7: [25] Given a b-MMS (F,q h), {u,} is a sequence in F, as well asu € F. If

q(uy,u) » 1 (n — o), thenu,, - u(n - ).
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Lemma 2.8: [25] Considering that {u,,} is a sequence in F as well as (F, g h) is a b-MMS. There
is a distinct multiplicative limit point for each multiplicative convergent sequence {u,}.
Definition 2.9: [25] Assuming that a b-MMS is (F,q h). If there exists N € N so that
q(un, uy) < e,¥Ym,n = N,thenthesequence {u,} € F isreferred to as a multiplicative Cauchy
sequence (or, MCS) forall e > 1.

Lemma 2.10: [25] Considering that {u,, } is a sequence in F as well as (F, g h) is a b-MMS. When

q(up, uy) — 1(mn - o), {u,}isan MCS.

3. BIPOLAR B-MULTIPLICATIVE METRIC SPACES

Definition 3.1: Presuming that F # O is a set as well asw € Rwithw > 1, a BBMMS is a
structure (F,P;,P,,w), where P,:F XF > R* =[0,00) and P,:F XF > R* =[0,0) are
mappings satisfying the following axioms for all v,1,d € F:

1. PP(v,D=1and Pi(v,1) > 1

2. P(v,)=1ifandonlyifv=1and P,(v,l) =1ifandonlyifv =1,

3. P,(v,l) =P,(l,v)aswell as P,(v,1) = P,(l,v)

4. Pi(v,)) < [Py(v,d)P;(d,v)]¥ and P,(v,1) < [P,(v,d)P,(d,v) |V

This paradigm extends the multiplicative metric qualities to two distinct metrics, P; and P,,
therefore encapsulating the essence of a BBMMS.

Definition 3.2: Given a BBMMS (F, P,, P,,w), a sequence {v,} in F, and v € F, this statement is
true. If for each multiplicative open ball 0.1 .,(v) = {l:P,(v,]) <el andP,(v,1)<
el},el,e2 > 1, there exists w € N such that v,, € 0,1 ., (v) forall n > N. It is obtained by v, —
vasn — oo,

Lemma 3.3: Given that (F, P,, P,,w) is a BBMMS, {v, } is a sequence in F and v € F. Then, if
and only if P, (v,,v) = 1 and if P,(v,,v) > 1asn — oo.

Lemma 3.4: Given that (F, P;, P,,w) isa BBMMS and {v,,} is a sequence in F, we may assume
the following. Then, there is a distinct multiplicative limit point for each multiplicative convergent

sequence {v, }.



FIXED POINTS OF OPERATORS WITH MULTIPLICATIVE CLOSED GRAPHS

Definition 3.5: Assuming that (F, P;, P,,w) is a BBMMS. The sequence {v,} € F is referred to
as MCS if, for each e > 1, there exists N € N so that P; (v, vy,) < e and P,(v,, v,,,) < e for all
m,n = N.

Lemma 3.6: Assume that (F, P;, P,,w) is a BBMMS and that {v,,} is a sequence in F. Then, if
and only if P, (v, vy,) — 1and P,(v,,vy) — 1 asm,n — oo, then {v,} is a multiplicative
Cauchy sequence (MCS).

Proof

Assume {v,} is an MCS. By definition 2.5, for each e > 1, there exists N € N so that
P, (v, vy) < e and Py (v, vy,) <eforallmmn>N.

Given e > 1, we can choose e = 1 + ¢ where ¢ > 0. Since P; and P, are multiplicative metrics,
Pi(vp,vm) <14+ ¢ and Py(v,,vy,) <1+ ¢ forallmn=>N.

As¢@ — 0,e - 1. Therefore, P,(v,, v,) — 1land P,(v,,v,) — 1 asm,n - oo.

Assume P, (v, v,) — land Po(v,,vpy) —» 1 asm,n — oo,

Given e > 1, there exists N;N, € N such that for all m,n € Ny, P,(v,,v,,) < eandforall,n €
N,, Py (v, vy) < €.

Let N = max (N, Ny). Then forall m,n € N, P, (v, vy,) < e and P, (v, vp) < e.

Therefore, {v,,} is an MCS.

The evidence is now complete.

4. MAIN RESULTS

In this section, let's demonstrate a few FP theorems for different multiplicative contractions on
BBMMS.

Theorem 4.1: Assuming that (F,P;, P,,w) be a complete BBMMS and let multiplicative
contractive generalized (MCG) mapping be associated with G: F — F. Let {F;} be an increasing
series of subsets of F such that ¥ = USZ; F;, G(F;) S Fj44, ¥y, and for each i, P;(Gd, Gy) <
P, (d,y)B;, P,(Gd, Gy) < P,(d,y)n;, Y4, € F;, where p; and n; are positive fixed values so that:

YreaWB1fa. Pn <, X qw'nn, n, <oo. Then, for any fixed point d; € F{G,d}
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multiplicatively converges to a FP in both P; and P,. Moreover, if 8; € (0,1) &n; € (0,1) for all
i, then G has a unique FP (UFP) in F.
Proof:
Let d, € F be arbitrarily chosen. Define the sequence {d,,} using the formula d,,,; = G(d,). We
aim to demonstrate the Cauchy nature of this sequence in terms of both P; and P, metrics. Firstly,
we demonstrate that {d,,} is a Cauchy sequence (CS) in (F,P;). Forn = m > 1,
Pi(dns1,dpn) = P1(G(dy), G(dny1)) < Pi(dp, dn—1)fn

By induction, forany k < n,

Pi(dpi1,dy) < Py(dy, dis1)Brs1 -+ Bn
Hence, we have

Pi(dps1,d1) < Pi(dy,dy)Bs - Bn
The series Yo W" BB, Bn < o ensures that the product 8,5, [, tends to zero as n — .
Therefore, {d,,} isaCSin (F, P,).
Similarly, we indicate that {d,,} isaCSin (F,P,).Forn =>m > 1,
Py(dy+1,dy) = P2(G(dn), G(dny1)) < Pp(dn, dn-1)0n

By induction, for any k < n,

Py (dps1, di) < Po(di, A1) Mkt -1
Hence, we have

Py(dny1,d1) < Py(dy, do)ng -y

The series Y.n— w™nyn,. N, < . ensures that the product n,n,_n, tends to zero as n — oo.
Therefore, {d,,} isa CSin (F, P,).
Since (F, P;) and (F, P,) are complete, the sequences {d,} converges to a point d* € F in both
metrices.
We need to show that d* is a fixed point for G. Since G is continuous in both metrics,

d* = lim dy, = lim G (dy-1) = G(d")
Suppose B; € (0,1) &n; € (0,1) forall i. Let d* and d** be two FP of G. Then,

P(d",d™) = P(G(d"),G(d™)) < Py (d", d™)B;,
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where B; < 1. This implies that P,(d*,d**) = 0,s0d* = d** in P;.
Similarly,

P,(d",d™) = P,(G(d"), G(d™)) < P,(d",d™)n;,

where n; < 1. This implies that P,(d*,d**) = 0,s0d* = d** in P,.
Thus d* is the unique FP of G.
Therefore, G has a unique FP in F. This completes the proof.
Corollary 4.2: Assuming that (F, P, P,) is a complete bipolar MMS, and G: F — F has a closed
graph. Let {F;} be an expanding sequence of subsets of F so that: 3 = UL, F;, G(F;) € Fiyq, V4,
and for each i, P, (Gd, Gy) < P,(d,y)B:, P,(Gd, Gy) < P,(d, y)n;, V€ F;, where B; and 7, are
positive fixed values so that: Yo W™ B185.. Bn < 0, Ymeqa W', Ny < . Then, for any FP
d, € F{G,d,} multiplicatively converges (MC) to a FP in both P, and P,. Moreover, if §; €
(0,1) &n; € (0,1) for all i, then G has a unique FP in F.
Proof
Let P;(d,y) =exp (P;(d,y)) and P,(d,y) = exp (P,(d,y)) for all d,y € F. Note that
(F, Py, P,) is now a complete BBMMS with w = 1.

Given that P, (Gd, Gy) < P,(d,y)p; forall d,y € F; and B; € (0, ), we have:
P,(Gd, Gy) = exp (P, (Gd, Gy)) < exp (B (Pi(d,))

= (exp (P1(Gd, Gy)))F:
= (P(d, )P
Similarly,
P,(Gd,Gy) = (P,(d, y))"
Since P;(d,y) = exp (P,(d,y)) and P,(d,y) = exp (P,(d,y)), convergence in P, and P,
implies convergence in P, and P,. Thus {G,,d,} converges to a FP in both P, and P,.
If ; € (0,1) &n; € (0,1) forall i, then any two FP d* and d** must satisfy:
P,(d*,d™) = P,(G(d"),G(d™)) < exp (B (ﬁl(d*,d**)) , Where B; <1 . This implies

B,(d*,d™) = 0,s0d* = d"* in B,.
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Similarly,
Py(d",d™) = P(G(d"), G(d™)) < exp (n; (Py(d",d™)) . where n;<1 . This implies
P,(d*,d**) =0,s0d* = d*™ inP,.
Therefore, d* is the unique FP of G.

This concludes the evidence of corollary 4.2 in the context of a BBMMS.

Example 4.3: Let F = [1/4,00). Assume the metrics P, and P, on F are defined as: P,(d,y) =

max {(d/Y)1/4' (y/d)1/4} , P2(d,y) = max {(d/y)l/z, (y/d)l/z} for all d,y € F. Then

(F, Py, P,,w) is a complete BBMMS with w = 1. Assume that F, = [1/4,n], and let g8, =

n2
(n+1)2

€ [1/,, 1) forn=123... Then, £, w™Bi ;. fn < 0.

Define G: F — F by G(d) = d'/+ if d € E,, forn € N.

Ford,y € F,, we get:

Y 1 1
1 4 / 4
rerson =mes (7))

= max {(d/y)l/le, ¢ /d)l/m} < (P1(d,)) 7+ < Pi(d, y)Bn

Yo g1y, /2
6@, 60 =max <d1/4/y1/4> '<y /d1/4)

= max {(d/y)l/s, (y/d)l/g} < (P,(d,y)) 7+ < P,(d, y)B,, for all for n € N.

Thus, the hypotheses of Theorem 4.1 are fulfilled. Moreover, the unique FP is 1.

Theorem 4.4: Assume that (F,P;, P,,w) is a complete BBMMS, and G:F — F is an MCG
mapping. Let F; € F, < -+ be subset of F such that F = USZ; Fj, G(F;) < Fy, for all i, and
P,(Gd, Gy) < (P(Gd,d)P,(Gy, )", P,(Gd,Gy) < (P,(Gd,d)P,(Gy,y))"" for all d,y € F;

and for all i, where y; € (0,1) are actual positive fixed values such that ¥>°_, w"a,a, a, < o,
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where a; = Yi/l — V;. Thus, G has a UPF in F. Furthermore, for any fixed d, € F, {G,d,} MC

to the unique FP.
Proof
Fixd, € F,aswell as d,,,; = Gd,, = G,d, for all n= 1,2, ... Then we have P, (G,4+1d4, G,d;) <
(P1(Gny1dy, Gpd1) Py (Gpdy, Gpo1d1))™*t = Py (Gry1dy, Grdy)1 Py (Grdy, Gyoqdy)P+, and
similarly,
Py(Gpy1dq, Grdy) < (Py(Gryqdq, Gody)Py(Grdy, Gpoqdy))'
= P,(Gpy1dq, God1)+1 Py (Grdy, Gp_qdq) V1

Now we get,

Yn+1

P (Gpi1dy, Gpdy) < (P1(Gpdy, Gu_ydy)ivnet = Pi(Gpdy, Gpoqdy)*n+1,

Yn+1
Py (Gpy1dy, Gpdy) < (Po(Gpdy, Gpoqdy)¥nt1 = Py(Gpdy, Gpoqdq) %+,
Further, for 1 < n < m, we have
P, (Grdy, Gpdy) < Py (Gprdy)

m-—2

< Py(Gpdy, G 1d )™ Py (Gryerdy, Gy d )Y . Py (G dy, Gd ™"
< P,(Gdy, dy) 20" W'a203..0is1
Py(Gmdy, Gd,y) < P, (Gprdy)
< Py(Gdy, G 1d)™ Py (Grye1dy, Goeady)W " i Py(Gppy1dy, Gryd )"
< P,(Gdy, dy) %' W'a2as..aiss
Therefore, P,(Gd,,Gnd,) - 1 and P,(G,,d;,Gndy) »1 as m,n - oo . By lemma 3.6,
{Gndi}m=115aMCSinF.Let {G,,d;}m=1 MCto s* inF, that is multiplicatively complete. Evoke
that {G,,+1d1}m=1 IS to0 @ MCS and its multiplicatively converges to d* in F. Also, the MCG
property of G gives Gd* = d*. Hence, we gained a FP d* of G. This process can be prolonged to
the overall case: d; € F,, for some n.
If Gd* = d* and Gy* = y* in G, then let d* and y* be in E, for some n, so we have
1< P (d*y*) = P(Gd*, Gy*) < (P1(Gd*,d*)Py(Gy™, y ) = 1,
1< P(d%y") = P,(Gd", Gy") < (P(Gd", d")P,(Gy", y"))™ = 1.
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Therefore, d* = y*. Thus, G has a UFP.

Corollary 4.5: Let (F, P, P,) is a complete BMS, and G: F — F has a closed graph. Let {F;} be
an increasing sequence of subsets of F such that: ). = U, F;, G(F;) € Fi;4, ¥y, and for each i,
P1(Gd,Gy) < yi(P(Gd, d) , Pi(GY,¥)), P2(Gd,Gy) <vi(P(Gd,d) , P,(GY,¥)) , Yay€EF;,
where y; € (0,1) are actual positive fixed values so that: },;_; w"a,a,_a, < o, wherea; =
yi/l — V;. Thus, G has a UPF in F. Furthermore, for any fixed d, € F, {G,,d,} MC to the UFP.
Proof

Let P,(d,y) = exp (P,(d,y)) and P,(d,y) = exp (P,(d,y)) forall d,y € F. Then (F, Py, P,,w)
is now a complete BBMMS with w=1. Also, P,(Gd,Gy) < (P,(Gd,d)P,(Gy,y))"" ,
P,(Gd, Gy) < (P,(Gd, d)P,(Gy,y))" for all d,y € F; and for all i, where y; € (0, c) are actual
positive fixed values so that }.;—; w"a;a,  a, < o, where a; = yi/l — V;. By theorem 4.4
adopted for BBMMS, G has a UPF in F. Furthermore, for any fixed d, € F, {G,,d,} MC to d".
Thus, corollary 4.5 follows from theorem 4.4 in the context of BBMMS.

Theorem 4.6: Assume that (F, Py, P,,w) is a complete BBMMS, and G:F — F is an MCG
mapping. Let F; € F, < -+ be subset of F such that F = U, Fj, G(F;) < Fy, for all i, and

P,(Gd,Gy) < P,(d, y)YiP,(y, Gd)%, P,(Gd, Gy) < P,(d,y)YiP,(y,Gd)%, for alld,y € F; and

for all i, where y;, 6; € (0,1) are actual positive fixed values such that >)°_; w"a a,_a, < oo,

where a; = ’;‘j—v‘:’;", V;. Then G has a UPF in F. Moreover, for any fixed d, € F, {G,d,} MC to
the UFP.
Proof

Fix d, €F, as well as set d,,, =Gd, =G,d,; for all n=1,23... Then we have
Py (Gny1ds1, Gpdy) S Py (Gudy, Gpo1dy)+1 P, (Gpdy, Gr—qdy) P+ and similarly,

Py (Gri1d1, Gndy) < Py(Gpdy, Gyoqdy) 1Py (Gpdy, Gyoqdy)®mtd
Since P, (G, d4, G,d,) = 1 and P,(G,d,, G,d,) = 1 we get,

Py (Gpy1dy, Gudy) < (Py(Grdy, Gpo1dy) '+ Py (Grdy, Grypdy)om+,
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Py(Gri1dy, Gpdy) < (P(Grdy, Gpoydy)™+1 Py (Gudy, Gpygdy)Onst,
Now we get,
Py (Gni1d1, Gpdy) < Py(Gpdy, Gyoqdy)VmeatWones,
Py(Gpy1dy, Gudy) < Py(Gpdy, Gy_qdy)Yr+atWonee,
Therefore,
Py (Gpy1dy, Gpdy) < Py(Gndy, Gpoqdy) ™+,
Py(Gny1dy, Gpdy) < Py(Grdy, Gpo1d1) ™+,

Yn+1+Woni1

where a1 = P——

Proceeding further,
Pl(Gn+1d1J Gndl) < Pl(Gfr dl) :H-Zl ai,
P2 (Gn+1d1J Gndl) < P2 (Gf» dl) HIH-Zl ai,

Further, for 1 < n < m, we have

molntl
P1(Gmdy, Gndy) S P1(GE,dy) ) | |

i=n (=2

pmtpiats
P,(G,,d;, G,d,) < P,(GS, 1) a;

N,

0
3

11

Therefore, P;(G,,d;,G,d,) » 1 and P,(G,d,, G,d;) > 1 as m,n—> o . By lemma 3.6,

{Gndi}m=11saMCSIinF. Let {G,,d;};n=1 MCto d* inF, that is multiplicatively complete. Evoke

that {G,,,+1d,}m=1 i1St00 a MCS and its MC to d* in F. Also, the MCG property of G gives Gd* =

d*. Thus, we gained a FP d* of G. This process can be expanded to the overall case: d, € F,, for

some n.

If Gd* = d* and Gy™ = y™ in G, then let d* and y* be in F, for some n, so we have

1< P(dy") = P(Gd",Gy™) < Py(d",y" )P, (y", Gd")on < Py (d",y*)'n+ 6y,

1< Py(d",y*) = P,(Gd*,Gy™) < P,(d", y")"Py(y*, Gd")®n < Pp(d*, y")n* 6.,
Then,

Pi(d",y*) < Pi(d", y") (¥n + )™,
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P,(d*,y") < P,(d", y")(¥n + 62)™, ViEN.

Since (y, +6,)™ —» 0 as m — o because y,, + 6, <1, it follows that P,(d*,y*) =1 and
P(d*,y*) =1.

Thus, d* = y*. Hence, G has a unique FP.

Therefore, the proof is complete and we have established that G has a UFP in the BBMMS
(F, Py, P,,w), and for any fixed d, € F, {G,d,} MC to this UFP.

Remark 4.7: In theorem 4.6, replacing the condition P(Gd, Gy) < P(d,y)"iP(y, Gd)%, for all

d,y € F; and for all i, where y;, §; € (0,1) are actual positive fixed values so that y,, + 6, < 1, V;

o +W; . .
as well as Y%, w"aja, a, < o, where a; = yf—v‘:’&l, Vv;, with the condition P(Gd, Gy) <
- i

P(Gd, Gy)"iP(y,Gd)%, for all d,y € F; and for all i, where y;, §; € (0,1) are actual positive

- o n _ wéi+1
fixed values so that y,, + 6, < 1, V; aswell as Yo, w™a,a,_ a, < o, where a; = R —
V;, also guarantees the existence of a unique FP in the BBMMS (F, Py, P,, w).

Theorem 4.8: Assume that (F,P;, P,,w) is a complete BBMMS, and G:F — F is an MCG

mapping. Let Fy € F, < -+ be subset of F such that F = U7, Fj, G(F;) € Fi,4 for all i, and
P,(Gd, Gy) < (P,(Gd, y)P,(Gy,d))"", P,(Gd,Gy) < (P,(Gd,y)P,(Gy,d))"" for all d,y € F;
and for all i, where y; € (0, 1/2) are actual positive fixed values so that Yo°_; w"a,a, a, < o,
where a; = W)/i/l — wy; V;. Thus, G has a UPF in F. Furthermore, for any fixed d, € F, {G,d}

MC to the UFP.
Proof
Fix d, € F; and d,,; = Gd,, = G,d, for all n=1,2,... Then we have P,(G,4+1d,G,d;) <
(P1(Gn41dy, Gnd1) Py (Gpdy, Gp-1d;)) "™+
Since P, (Gp41d4, God;) = 1, we get
Py (Gry1dy, Gpdy) < (P1(Gpirdy, Grdy)Pi(Grdy, Gpoqdy))PmH
= P, (Gps1dq, Gpd)V1 P (Gpdy, Gp_1dy)) V1

Now we get,
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Yn+1

Py (Gpyqdy, Gydy) < (Py(Gpdy, Gy qdy) T Vnet
= Py (Gpdy, Gp—1dy) "4,
< P,(Gdy, dy) 220" W'a205..0i11
Further, for 1 < n < m, we have
P;(Gpdy, Grdy) < P1(Gprdy)
< Py(Gmdy, G 1d)Y" " PL(Gre1dy, G2 d )Y o Py (Grpy1dy, Gpd )"
< Py(Gdy, dy)Zn W'0205. i
Therefore, P, (G,,d,, G,,d,) = 1 asm,n — oo. Similarly, P,(G,,d,, G,d,) = 1asm,n - o. By
lemma 3.6, {G,,d1}m=1 iS @ MCS in F. Let {G,,d,};n=1; MC to s* in F, that is multiplicatively
complete. Evoke that {G,,,1d1}m=1 IS to0 @ MCS as well as its multiplicatively converges to d*
in F. Also, the MCG property of G gives Gd* = d*. Thus, we gained a FP d* of G. This process
can be expanded to the overall case: d, € E,, for some n.
If Gd* = d* and Gy™ = y™ in G, then let d* and y™* be in F, for some n, so we have
1< P(d,y") = P(Gd*, Gy*) < (P (Gd*, y")P,(Gy*,d*)) = 1,
1< Py(d",y") = P,(Gd*, Gy*) < (P,(Gd*,y)P,(Gy",d"))!" = 1.
Therefore, d* = y*. Hence, G has a unique FP.
Corollary 4.9: Let (F, P,, P,) is a complete bipolar metric space, as well as G: F — F has a closed
graph. Let {F;} be an expanding sequence of subsets of F such that: 3, = U, F;, G(F;) € Fiiq,
v; , and for each i , P;(Gd,Gy) <yi(P(Gd,y) , P, (Gy,d)), P,(Gd,Gy) <
vi(P2(Gd,y) , P,(Gy,d)) , Y4,€ F;, where y; € (0,00) are positive fixed values so that:

YmeiWhtaja, a, < oo, where a; = yi/l _ ., Vi. Then G has a UPF in F. Furthermore, for any
l

Y
fixed d, € F, {G,,d,} MC to the UFP.

Proof

Let P = exp (P,) and where P;(d,y) = exp (P;(d,y) for all d,y € F. Then (F,P,w) is now a

~ Yi
complete BBMMS with w = 1. Also, P (Gd, Gy) < (P(Gd, y)P,(Gy,d)) for all d,y € F; and
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for all i, where y; € (0, o) are actual positive fixed values so that }.,_; w"a,a,._ a, < oo, where

a; = Yl'/l — V;. By theorem 4.8 adopted for BBMMS, G has a UPF in F. Moreover, for any

fixedd, € F, {G,,d;} MC to d".
Thus, corollary 4.9 follows from theorem 4.8 in the context of BBMMS.

5. CONCLUSION

The sufficient and necessary condition for a bipolar b-multiplicative metric space (F, P;, P,, w) to
be a multiplicative metric space isw = 1. By applying the exponential transformation, all the
fixed-point outcomes are transformable from bipolar b-multiplicative metric spaces into metric
spaces. Three examples it is given in Corollaries 4. 2. 4. 5 and 4. 9. Thus, it is very important to

analyze FP of multiplicative contractions in BBMMS.
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