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Abstract. In this work, we prove some common fixed point theorems for weakly compatible mappings in intu-
itionistic Menger space using the notion of the common limit range property (CLR property). Our results extend
and generalize fixed point theorems on metric spaces, Menger metric spaces. we establish our result by proving
the existence and uniqueness of a common solution of Fredhom integral equations. Illustrative examples are also
furnished to support our aim results.
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1. INTRODUCTION

Among numerous generalizations of metric spaces. We are interested in Menger space which
is introduced in 1942 [1] by Menger who replaced for non-negative real numbers as values of
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the metric by distribution functions. This space was expanded the original works of Schweizer
and Sklar [2, 3]. Developing the idea of Kramosil and Michalek [4], George and Veeramani [5]
introduced fuzzy metric spaces which are very similar that of Menger space. After that, Park
[6] innovated the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric
spaces. Kutukcu et al [7] generated the notion of intuitionistic Menger spaces with the help of
t-norms and t-conorms as a generalization of Menger space due to Menger [1]. Further they
presented the notion of Cauchy sequences and establish a necessary and sufficient condition for
an intuitionistic Menger space to be complete. Due to Jungck [8] which introduced the notion
of compatible mappings in metric spaces which allowed him to prove a common fixed point
theorem. Mishra [9] extended the notion of compatibility to probabilistic metric spaces. Jungck
and Rhoades [10] generalized the weakened notion named weakly compatible mappings.
Fixed point theorems are the useful instruments in many applied areas such as mathematical
economics, non-cooperative game theory, dynamic optimization and stochastic games, func-
tional analysis, and variation calculus [11, 12, 13, 14, 15]. Therefore, extending the fixed point
theorems to intuitionistic Menger inner product spaces can be applicable in the other fields as
integral equations.

Sintunavarat and Kuman [16] introduced a new concept of (CLR property). The importance
of CLR property ensures that one does not require the closedness of range subspaces. The intent
of this paper is to establish the notion of (CLR) property in intuitionistic Menger space and
prove a common fixed point theorem for weakly compatible mappings using this property. In
this work, we use the notion of the common limit range property (CLR property) in intuitionistic
Menger space for prove a common fixed point theorem for four mappings. we have asserted the
existence and uniqueness of a common solution of Fredhom integral equations by applying our

result. Demonstrative examples are also furnished to support our aim results.

2. PRELIMINARIES

Definition 1. [17] A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm if * is
satisfying conditions:
a) x is an commutative and associative,

b) % is continuous,
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c)axl=a, forallacl0,1],

d) axb < cxd wherever a < c¢,b < d and a,b,c,d € [0,1].
Examples of t-norm are axb = min{a,b} and a*xb = ab.

Definition 2. A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t-conorm if ) is
satisfying conditions:

a) { is an commutative and associative;

b) O is continuous;

c)ad0=a, foralla € [0,1],

d) aOb > c{d wherever a > ¢, b > d and a,b,c,d € [0,1].

Remark 1. The concept of triangular norms (t-norms) and triangular conorms (t-conorms) are
known as the ascionatic sketlons that we use for characterizing fuzzy intersection and union
respectively. These concepts were originally introduced by Menger [1] in his study of statistical

metric spaces.

Definition 3. A distance distribution function is a function F : R — R which is left continuous
on R, non-decreasing and inf,cg F (t) = 0, sup,.g F (1) = 1. We will denote by D the family of
0, if t<0

I, if t>0 ‘
If X is a non-empty set, F : X X X — D is called a probabilistic distance on X and F (x,y) is

all distance distribution functions and by H a spatial of D defined by H (t) =

usually denote by F, .

Definition 4. A non-distance distribution function is a function L : R — R which is right

continuous on R, non-increasing and inf,cg L(t) = 1, sup,cg L(t) = 0. We will denote by E

the family of all distance distribution functions and by G a spatial of E defined by G(t) =
I, if t<0

0, if t>0
If X is a non-empty set, L : X X X — E is called a probabilistic distance on X and L(x,y) is

usually denote by Ly, .

Definition 5. [17] A 5-tuple (X, F,L,*,{) is said to be an intuitionistic Menger metric space if

X is an arbitrary set, x is a continuous t-norm, ) is a continuous t-conorm, F is a probabilistic
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distance and L is a probabilistic non-distance on X satisfying the following conditions. For all
x,y,z€ X andt,s >0,
1) Fry (t) +Lx,y (1) <1,

2) Fry (0) =
3) Fey(t) = H()lfandonlyzfx_y7
4) Fry(t) = Fyx (1)

5)IfFey(t)=1and F,;(s) =1, then, F;(t+s) =1,

6) Fey(t)xFy (s) < F (t+5),

7) Lyy (0) =1,

8) Ly (t) =G (1), ifand only if, x =y,

9) Lyy (1) = Lyx (1),

10)IfLyy(t) =0and Ly, (s) =0, then, L., (t +s) =0,

11) Ly (t) OLy; (s) < Ly (t+5).

The functions Fy,(t) and Ly (t) denote the degree of nearness and the degree of non-

nearness between x and y with respect to t respectively.

Remark 2. Every Menger space (X,F,x) is intuitionistic Menger space of the form
(X,F,1 —F,*,Q) such that x t-norm and { t-conorm are associated [11], that is xQy =

1—(1—x)x(1—y) foranyx,y€X.

Definition 6. Let (X,F,L,*,Q) be an intuitionistic Menger space on X .

(a) {xn},cn is said to be convergent to a point to x € X , if

lim F, ((r)=1, lim L, (r)=0, fort>0.

n——+oo n—r—+oo

(b) {xn},cn is called a Cauchy sequence if for allt >0 and p >0 :

lim F, . ()=1, lim L, . (t)=0.

n—-+o0 n——+oo

(c) X is complete if every Cauchy sequence converges in X.

In this section, X is considered to be the intuitionistic Menger space with the following con-
dition

lim F,(t) =1, lim L.,(¢) =0, forallx,y € X and¢ > 0.

f—Foo t—>+oo
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Lemma 1. Let {x,},.y be a sequence in X with condition (2.1). If there exist a number k €

(0, 1) such that

F,

Xn+2:Xn+1

(kt) > Fo 0 (1) s Ly ey (kt) <Ly, (t), forx,ye X, t >0andn=1,2,...

Then {x,} is a Cauchy sequence in X .

Definition 7. Let A, B be a self-mappings in X, A and B are said to be compatible if

Jm Fapy, pas, (1) =1, Jm Lagy, pas, (1) =0, forallt >0,

whenever {x,} C X such that

lim Ax, = lim Bx, =x, for some x € X.

Definition 8. Two self-mappings A and B of a non-empty set X are said to be weakly compatible
(or coincidentally commuting) if they commute at their coincidence points, i.e., if Ax = Bx some

x € X, then, ABx = BAx.

Remark 3. Two compatible self-mapping are weakly compatible, however the inverse is not
true in general, therefore the concept of weak compatibility is more general than that of com-

patibility.

Definition 9. A pair of self mappings A and B of a intuitionistic Menger space (X,F,L,,Q) is

said to satisfy the (E.A) property, if there exists a sequence {x,} in X such that

lim Ax, = lim Bx, =z
n——+oo n— oo

for some z € X.

Definition 10. [16] A pair of self-mappings A and S of a intuitionistic Menger space
(X,F,L,+,Q) is said to satisfy the common limit in the range of S property ( briefly: CLRg

property) , if there exists a sequence {x,} in X, such that

lim Ax,= lim Sx, =2,
n—-+o0 n—+-oo

where z € S (X)
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For clarification, we give some examples upon CLRg property.

Example 1. Let (X, F,L,*,Q) be a intuitionistic Menger space, where X = [0,0) , and

t x —y|

= — L [:—,
t+|x—y| w (0) t+x—y|

Fyy (1)
for all x,y € X, t > 0. Define A and S on X by Ax = x+4, Sx = 5x. Let a sequence

{xn: 1+%}n€N in X; we have

lim Ax, = lim Sx, =>5.
n—s+oo n—rtoo

where 5 € S(X) and t > 0. Therefore the mappings A, S satisfy the CLRg property

From the example 1, it is evident that a pair (A, S) satisfying the property (E,A) along with
closedness the subspace S (X) always enjoys the CLRg property. On the work of Imdad et al.
[18] which define the CLRg7 property as follows

Definition 11. Two pairs (A,S) and (B,T) of self-mappings of a intuitionistic Menger space
(X,F,L,x,Q) are said to satisfy the common limit range property with respect to mappings S

and T ( briefly, CLRsy property), if there exists a sequences {x, } and {y,} in X, such that

lim Ax, = lim Sx, = lim By,= lim Ty, =7
n—stoo n—too ' psfoo Y n—s—+oo Yn ’

where z€ S(X)NT (X),t> 0.

3. MAIN RESULT

Let ¢ be a set of all increasing continuous functions, ¢ : (0,1] — (0, 1], where, ¢ (t) > t for
every t € (0,1) with y be a set of all decreasing continuous functions, y : (0, 1] — (0, 1], where
y(r) <t foreveryt € (0,1).

we start this section by proving the following Lemma.

Lemma 2. Let (X,F,L,*,Q) be a intuitionistic Menger space and A,B,S and T are self map-
pings of X satisfying the following conditions:

C1) The pair (A,S) satisfies the (CLRs) property (or The pair (B,T) satisfies the (CLRT)
property ).

C)AX)CT(X); (OrB(X)CS(X)).
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C3) T(X), (OrS(X)) are a closed subset of X.
Cs) B(yn) converges for every sequence {y,} in X whenever T (y,) converges (or A(xy)

converges for every sequence {x,} in X whenever S (x,) converges).

Cs)

Fsyry (t); sup, ., o min{Faxsx(t1),Fpy1y(t2)};
Faens ()5 ¢ [ mind T 03 S0Py g0 P (1), Py (1))
Supt3+t4:% max {FSX-,By (t3) vFAx,Ty (t4)}

Lex 1y (t); inf, > maxLaxsy(t1),Leyry(22) 5
Ly (1) < y [ max * y(‘) tl—Hz_.k { xse (1) s Ly, 1y ( )}
lnft3 +t4=%t min {LSLB)’ (t3) 7LAx,Ty (t4) }

forall x,y € X, t > 0 and for some 1 < k < 2. Therefore the pairs (A,S) and (B,T) share the

CLRgr property.

Proof. Assume that (A,S) satisfies (CLRg) property. So there exists a sequence {x,} in X such

that

lim Ax, = lim Sx, =z, wherez € S(X).
n— oo n—y4-o0

Using C; where A (X) C T (X) (wherein T (X) is a closed subset of X), for each {x,} in X, there

corresponds a sequence {y,} in X, we have Ax, = Ty,, therefore

lim Ty, = lil‘JIrl Ax, =z, wherez € S(X)NT (X).
— 400

n——+o0 n

Thus in all, we have Ax, — z, Sx, — z and Ty, — z. Now we show that By,, — z.
Letlim,,— 1 Fpy, ; (fo) = 1 and lim,,_, 4. Lpy, ; (to) = 0, we assert that (/ = z). On the contrary,

suppose that [ # z, so, there exists #y > 0, where

2
(D F, (;m) > F(to),

2
Lz,l zl‘() < Lz,l (t()).

To support the claim, let it be untrue, then we have

2

F, (y) > F (1),
2

Ly, (?) < Ly ().
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Repeatedly using this equality, we obtain

asn — +oo, we get Fy;(t) =1, L, ; () = 0, for all > 0, which contradicts / # z, hence (3.2)
is hold.

Using (Cs) with x = x,,, y = y,, for some 7y > 0, we have

Fsy, 1y, (t0); sup, 2 minq Fay, s (t1),FBy, 1y, (22) {3
Fax, By, (fo) = @ | min o (10) n+h=gto {0 (1) Fy, 1y, (12) )
Supl‘3+l4=%t0 max {FSXMBYn (t3) 7FAxn7TYn (t4)}

Fsx,.1y, (o) : min{Fay, s, (€),Fay,.1y, (Fl0—€) }:

> ¢ | min
max {Fan,Byn (€) s Fax, Ty, (%to — 8) }

and

LS an n to 1 f *g max LA n7S n tl LB mT n tz ’
Lax, By, (fo) < Wy [ max " y$ )5 inf, p, xfo Lan, 5w, (1) Ly, 1y, (12)}
lnf[3+[4=%l‘0 mln {Lsxn:BYn (t3) 7LAxn7Tyn (t4) }

LSXmTYn (t()) > max {LAx,,,an (8) 7LBYn7Tyn (%to - 8) } )

min { Lsy, By, (€) Lax, 1y, (00— €) }

max

N
<

Suppose that lim,,, e Fpy, ; (fo) = 1 and lim,_, 1 Lgpy, ; (to) = 0, where (I # z), for all € €
(0,229) , Vo > 0.

passing to the limit as n — oo, we get

F () = <mm{Fzz f0) Flz( —t) — >}>
2 2
Z (2 Flz ktO_e >Flz ztO_g )
2
L(th) < l//(max{Lu t0),L;; (?0—8)})
2 2
L, o€ <L €],

IN

y
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Putting € = 0, we get

2
F(to) > Fy R

2
L(to) < Ly 2o

which contradicts to (3.1), hence z = [. Therefore, the pairs (A,S) and (B,T) share the CLRgr

property. 0

Theorem 1. Let A,B,S and T are self mappings of a intuitionistic Menger space

(X,F,L,x,Q) satisfying the condition (Cs) of Lemma 2. If the pairs (A,S) and (B,T) share
the CLRsy property, then (A,S) and (B,T) have a coincidence point each. Moreover, if the
pairs (A,S) and (B, T) are weakly compatible. Then the mappings A,B,S and T have a unique

common fixed point.

Proof. Since both the pairs (A,S) and (B,T) share the CLRgy property, there exists two se-
quence {x,} and {y,} in X, such that

lim Ax, = Ilim Sx, = lim By,= Ilim Ty, =z,
n—y+oo n—y+oo n—r+oo n—+oo

where z € S(X)NT (X). Hence there exist a points u,v € X, where Su = z and Tv = z. We show

that Au = Su.

Putting x = u and y = y, in (Cs), we have, for some 79 > 0,

Fsy 1y, (t0); sup, 2. min{ Fy, s, (t1),FBy, 1y, (2)} 3
Faupy, (fo) > ¢ | min wty, (10) hi+h=g¢lo s (11)  Fiy, 1y, (12) )
Supt3+t4:%t0 max {FSM,Byn <t3) 7FAu7Tyn <t4)}

FSu,Ty,, (tO) ; min {FAu,Su (%IO - 8) 7FBy,,,Tyn (8)} 5

max {FSu,By,, (8> 7FAu,Ty,, (%to - 8) }

WV

¢ | min

and
LsuvTYn (t()) 5 inftl+t2:%t0 max {LAM-,SM (tl) 7LByn7Tyn (tz)} ;

inft3 +t4:%[0 min {LSu,Byn (l‘3) 7LAu,Ty,, (l‘4)}

Lsu1y, (t0); max {Laysu (310 —€) ,Lpy, 1y, (€) }3

min {LSu7Byn (8) 7LAu7Tyn (%l() - 8) }

max

N
<

LAu,Byn (tO) < v max{
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Passing to the limit as n — +oo, we get Ve € (O, %to) ,

Fz,z (IO) ,min {FAmz (%IO - 8) an,z (8)}
max { Fpu; (310 —€) ,F.z (€) }

2 2
¢ | Fauz Jo—e))> Fau,; RO

{ 7,2 tO maX{LAuz(it0_8)7Lz,z(8)}

FAu,z(tO) 2 () min

and

LAu.,z (tO) < Y | max
min {LAM Z ( “t0 — 8) L. (g)}

2 2
Yy LAuz %IQ—E >LAu,z %l‘o—fl ,

2
Fpuz(to) > Faug o)

putting € = 0, we have

2
LAu7z<t0) < LAu7z ztO )

which contradicts to (3.1), so Au = z. Hence Au = Su = z, which implies that u is a coincidence
point of the pair (A, S).
Now, we show that Bv = T'v. Putting x = u and y = v in (Cs), Ve € (0,%t9) , we have, fore

some ty > 0,

Fsu v (to); sup, ., 2 miny Fay s, (t1),Fpurv(82) 53
Fup(t)) > @ |mind » (10): S0Py gy M0 { Pt (1), Finr (12)}
Supt3+t4:%t0 max {FSM,BV (tS) 7FAM,TV (t4)}

F‘LZ (IO) ,min {F%?Z (8) 7FBV7Z (%IO - 8) }
max {5731; (%l() — 8) 7FZ7Z (8)}

(P(Fsz(%t0_£>)
"\ k
> Fsz(%tO_g)

A\ k

Lsurv(f0); inf, |, 2, max {Lawsu(t1),Lpvrv (82) } 5

\%

¢ | min

\%

and

Laugy(fo) < | max ‘ .
lnft3 +t4:%l‘0 min {LSM,BV (t3) 7LAM7TV (t4) }
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2
< 4 <LBV,Z (%IO - 8))
< L 2t €
Bv,z k 0 ;

Putting € = 0, we get

2
F gy (to) > F.py 2o

2
LZ7BV(I()) < Lz,Bv %to .

Which is a contradiction. Therefore, Bv = z, hence Bv = Tv = z, which implies that v is a
coincidence point of the pair (B, T).

Since (A, S) is weakly compatible and Au = Su, hence Az = ASu = SAu = Sz. we prove that
z is a common fixed point of A and S.

Using (Cs), Ve € (0,2ty) , with x =z and y = v, we obtain

F t); su _2 . min F, t),F L)t
Fam@) > ¢ |mind For O Py min{Fuase (1), Fury (12)}
sup,, 2, max { Fs gy (13) . Faz.rv (ta) }

FAZZ mln{FAzAz (8)7FZ,Z (%t_g)}
max {FAU €),Fy;; (%t - 8)}

WV

¢ | min
and

Lazpy(t) < Wy | max
t1,—2;min {Ls. By (13),Laz1v (t2) }

LAZZ ,max {LAZAZ (8) ,LLZ (%I—S)}

< Y | max
min {LAZ z ) aLAZ,Z (%t - 8) }

{ L.y (1); inf, o max {Lazs; (t1),Lpv1v (2) } ;

Putting € = 0, we get

Frc) > o (min{Fiec0) Free (31) }) 2 0 (rec0) 2 Brc 0,

Li.(t) < (max {LAM (&), Las. (%z) }) < (Laes (1)) < Laca (1)

Which is a contradiction. Hence Az = z = Sz, it follows that z is a common fixed point of A and

S.
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Also the pair (B, T) is weakly compatible, therefore Bz = BTv=TBv =Tz.

Now we prove that z is a common fixed point of B and 7. Putting x =« and y = z in (Cs),
Ve € (0, %fo) , we have
Fuzz(t)5 sup, y,, 3, min {Fuusu (1), Fozrz (12) } 5

FAmBZ(t) > ¢ min
SUD;, ,,—2, Max {FsuB: (13) , Fau,r (ta) }

F.p.(t),min{F.(€),Fp.p. (3t —€)}

> @ | min
max {F; g, (€) , F (%t —e)}

and

Lsure (t); inf, |, 2 max {Lausu (1), Lpzrz(12) }
inftﬁ—m:% min {LSu,Bz (l‘3) 7LAM,TZ (l‘4)}

Lz,Bz (t) ,max {LZ,Z (8) 7LBz,Bz (%t - 8) }
min {LZ,BZ (¢) L B: (%t - 8) }

/N

V¥ | max

Laup:(t) < ¥ max{

Putting € = 0, we obtain

Fac) > ¢ (wind Fonc) Fone (31) }) 2 0(Fanc(0) > Foae 0,
Lw() < v <max {LZ,BZ () Lus: <%;) }) <Y (Lope (1)) < Laz: (1)
Which is a contradiction. Hence Bz = z = T'z, it follows that z is a common fixed point of B and
T. Then, z is a common fixed point of A,B,S and T.
Now, the uniqueness of the common fixed point is an easy consequence of the condition

(Cs). n

We show some illustrative examples which demonstrate the validity of the hypothesis and the

utility of our results.

Example 2. Let (X,F,L,*,0) be a intuitionistic Menger space, where X = [3,11[, axb = ab
and aQb = min{a+ b, 1} with

t x —y|
Fry(t)= PP Liy(t) = Py P
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forall x,y € X, t > 0. Define the self-mapping A,B,S and T by

3, xe{3}ul511]

Ax =
10, x€]3,5]
3, xe{3}U]s,11]
Bx =
9, x€]3,5]
if x=3
Sx = if x6]3,5]

3,
7,
Hlif xel5, 1]

3, if x=3
Tx=4q x+4, if xc]3,5
x=2, if x€]511]
Choosing {x, =3}, {yn =5+ ,ll} or {x, =5+ ,ll} , {yn = 3}, it is easy to show that both the
pair (A,S) and (B, T) satisfy the property CLRgr,

lim Ax, = lim Sx,= lim Bx,= lim Tx,=3€S(X)NT (X).

n—+oo n—>+oo n—+oo n—+oo

We note that A (X) ={3,10} & |3,9[=T (X) and B(X) ={3,9} & ({7} U]3,6]) = S(X) . Thus,
all the conditions of Theorem 1 are satisfied and the limit 3 is a unique common fixed point of
the pairs (A,S) and (B,T), which also remains a point of coincidence as well. Also, all the
mappings are discontinuous at their unique common fixed 3. We note that S (X) and T (X) are

not closed subsets of X also.

Theorem 2. Let A,B,S and T are self-mappings of a intuitionistic Menger space
(X,F,L,*,Q) satisfying the conditions (Cy) — (Cs) of Lemma 2. Then A,B,S and T have a

unique common fixed point if both the pairs (A,S) and (B, T) are weakly compatible.

Proof. In view of Lemma 2, both the pairs (A, S) and (B, T') enjoy the CLRgy property, therefore

there exists two sequences {x,} and {y,} in X, such that

lim Ax,= lim Sx, = lim By,= lim Ty, =z,
n——+oo n—r+oo n——+oo n—y—4-oo
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where z € S(X)NT (X). The rest of the proof in the same manner as the proof of Theorem
1. UJ

Example 3. We replace the self-mappings S and T in example 2 by

3, if x=3
Sx=¢ 6, if x€]3,5]
Hlif xe[5,11)
3, if x=3
Tx= 9, if x€l3,5]

x—2, if x€l[5,11)
Then A(X) ={3,4} C [3,9] =T (X) and B(X) = {3,5} C [3,6] = S(X). Thus, all the con-
ditions of Theorem 2 are satisfied and the limit 3 is a unique common fixed point of the pairs
(A,S) and (B,T). We note that Theorem I can not be used in the context of this example while

S(X) and T (X) are closed subsets of X .

Taking A = B and S = T in Theorem 1 we obtain a fixed point theorem for a pair of self-

mappings.

Corollary 1. Let A,S be self-mappings of a intuitionistic Menger space (X,F,L,*,Q), If the
following conditions

Q1) The pair (A,S) satisfies the (CLRg) property.

>)

Fsysy(t); sup, ., o min{Fsyax(t1),Fspay(t2) };
Faxay(t) = @ | min vy (1) Pri41,=3 { wvax (1) Fsyay ( )}
SUP; 41, =2, MaAX {Fseay (13) , Fsyax (1) }
Lgysy(t); inf, | > maxLgyax(f1),Lsyay(2) 73
Laxay (t) < y | max ! y() tl_HZ*'k {Lsxax(t1), Lsyay (12) }
lnfls =12 min {LS%A)’ (t3) s Ly Ax (M)}

are satisfying for all x,y € X, t > 0 and for some 1 < k < 2. Then (A,S) has a coincidence point.
Moreover if the pair (A,S) is weakly compatible. Then A and S have a unique common fixed

point in X.
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In view of Theorem 1, we can prove a common fixed point theorem for four finite families of

self-mappings.

Corollary 2. Let {A;}7,, {B:}r_,, {Sk}i_, and {T,}]_, be four finite families of self-
mappings of a intuitionistic Menger space (X, F,L,*,{), where x is a continuous t-norm and
is a continuous t-conorm withA =AA>... Ay, B=B1B....B,, S =815...Spand T =TT>....T,
satisfying the condition (Cs) of Lemma 2 such that the pairs (A, S) and (B,T) share the (CLRsy)
property. Then {A;}7" , {B/}r_, {Sk}i_, and {T,}]_, have a unique common fixed point pro-
vided the pairs of families ({A; Y7, {Sk}e_,) » ({Br}r—i ATu}1_,) commute pairwise.

Putting Ay = A, = ... =A, =A,Bi=B,=...=B, =B, 5§51 =5 =.... :Sp = § and

Ih=T,=..=T,=T inCorollary 2, we deduce the following

Corollary 3. Let A,B,S and T are self-mappings of a intuitionistic Menger space (X,F,L,x,{)
where * is a continuous t-norm and < is a continuous t-conorm. If the following conditions
01) (CRLsp_‘Tq) , where m,n, p,q are fixed positive integers.

0»)

Fspy 14y (£); su _2.min 3 Famy spy (1 , Epn Tay(12) 13
FAmx,B"y (t) 2 (P min X7 y( ) ptl =gt { % x( ) Y y( )}
SUD gy { iy (1) Fan oy (1)}
Lspy 1ay (1) inf _2,max {Lamy s (1) ,Lpny.1ay (12) ¢ 3
Lyny goy (1) < y | max ey (1) infy g, gemax {Lamess (1) Loy (12) )
inf[3+[4:% min {LSPx,B"y (13) s Lamy Tay (l‘4)}
are satisfying for all x,y € X, t > 0 and for some 1 < k < 2. Then (A,B,S) and T have a

unique common fixed point if AS = SA and BT = TB.

4. APPLICATION TO INTEGRAL EQUATIONS

In this section, we establish the solution of the system of Fredholm integral equations satis-

fying the main result
Theorem 3. Let X = C([a,b],R") and F,L: X x X Xx RT — R and 6 > 0 defined as follows

0 maXyefq,p) [X(1) = ()]l

F.,(0)= ;o Ly (0) = .
O g i i R0 @l ) T 0 max, o 50 0]
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Consider the system of Fredholm integral equations

b

@) K0 = [ Kieox(s)ds+g0)
b

3) (1) = / Ko(t,5)x(s)ds + h(1),
b

() x0) = [ Ka(to)x(s)ds+pl0),
b

) ) = / Ka(t,5)x(s)ds + o (1),

where 6 > 0,t € [a,b] CRandx,g,h,p,0 € X. Assume that Ky,K»,K3,K4 : [a,b] X [a,b] x R" —
R"™ such that Hy, Gy, P;,Qx € X for each x € X, where

b b
() = [ Kisx)ds, 60 = [ Kalt,s)x(5)ds,
b b
P(t) = /QK3(t,s)x(s)ds, Qx(t):/a Ku(t,5)x(s)ds, for allt € |a,b).

Assume that @ is decreasing continuous functions and Y is increasing continuous functions. If

1 < k < 2 such that the inequalities
(

0 . R(x,y,@); Sup9|+92:29min{Rl (x7y7 91)7R2 (xayv 82)};
T g G, = @ | min ‘
Sup93+94:%9 max {R3 (X,y, 93) 7R4 (X,y, 94)}

M(xayv 9)’ inf91+92:%9max {Ml (X,y, 91),M2(X,y, 62)};

inf93+94:%9 min {M3 (x,y7 93),M4(x,y7 94)}

||Hx+-g—Gy—h||
P L L - Bt A | B
0 [Htg—Gy—n] = ¥ | max

\

where,
R(x.y,0) = 9+\|Px+§—Qy_G”,
Ri(x,,61) = 9]_|_HHX—|—9(]§—Px_P”’
Ro(x,y,62) = 92+\|Gy+9;—Qy—GH’
R3(x,y,63) = 93+\|Px+9;—Gy_hH’
Ry(x,y,04) = .

04+ HHx‘f‘g(t) _Qy_GH7



COMMON FIXED POINTS IN INTUITIONISTIC MENGER SPACE 17

ing - lB+p=0—0]
o 0+||Pc+p—0Qy—ocl’
M](xyel) — ||Hx+g(t)_Px_p||
e 61+||Hx+g(t)_Px_p||,
|Gy +h(t) —Qy—0]
M 6,) =
||Px+p_Gy_hH
M 0;) —
3(%)’7 3) 63+||Px+p—Gy—h||’
H.,+g(t)-0,—0
ity — -0, —al

64+ ||Hx+8(1) = Qy— o]’

holds for each 0,01,0,,03,04 > 0 and for all x,y € X. Then the system of Fredholm integral

equations has a unique common solution in X.
Proof. Define S,T,A,B: X — X by:

Ax=H,+g,Bx=Gy+h,Sx=P.+p, Tx=0,+0.

Then,

Faxpy(0) = 6 + max, ) H[‘?x+g_Gy_h”°°’
Fse1y(6) = 6 + max,c(, 5] |\Pf+P—Qy_GH°°,
Faxsx(601) = 61 + maxc iy ||?‘le+g_Px_p||°°’
Foyr(62) = o +max;efq p) ||C9?i+h—Qy_"”°°7
Fyxy(05) = 63 + max,c/, ) HiiJFP—Gy_hH“’
Fax1y(6s) = 64 + max;c(q 5] !\Hf:g(t)_Qy_GH”,
Licpy(0) = —uclab, 1Hx+ 8 — Gy — |

0 + max;c |y p) || Hx+ 8 — Gy — hl|e
Loun(6) = max; ¢ g 5] |Pc+p—0y—0l

0 +maxefp) |[Pe+p —Qy— 0’
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max;c(q,p) ||Hx+g(t) — P, _p||°°

L 0) = ’
Lpy1y(8) = maXre(ap) [|Gy +1(r) — Gy — Ol
By,Ty( 02 6 +max,c(, 4] [|Gy +h(t) — Oy — O|oo”
Loup(6y) = uclan) [Pt P~ Gy —hl
SByA3 05 + max;c(q ) [P+ p =Gy —hll’
max,¢iqp) |Hx +8(t) = Qy — 0|
Laery(04) — t€la,b] l1H1x y

64 + maX;c(q p| | Hy+g(t) — Oy — Ol

We can show easily that for all x,y € X

(

Fsy 1y (2); sup _2oMmin {Fae 55 (01),FBy1y (62) }
Fxpy(6) > ¢ | min <1y (1) 61+6,=¢6 {Faxsx(61),Fpy1y (62) }

Sup93+94:%t max {FSx,By (93) :FAx,Ty (94)}

Lg 0); inf _2omax{Laysx(01),Lpy1y(62)};
Laxpy(0) < v | max o7y (6) 61+6,=76 {A%x( ), Lay,1y ( )}

infg g2 min {Lsx.py (63) ,Lax1y (64) }
By applying Theorem 1, the system of Fredholm integral equations has a unique common

solution. O

Example 4. Let X = C([1,3],R) and F,L: X x X x R™ — R™ and 0 > 0 defined as follows

o maxyei1 3 () — y(0) o
F.,(0)= L., (0)= ’ .
O = S ey R 0 2 = 8 max,c R0 0]

Define A,S : X — X by

t
Ax(t) = 4—1—/ x(s)s?e*ds,t € [1,3],
1

Sx(t) = 2—l—/]tx(s)(s2+s)e2s_lds,t e [1,3].

For every x,y € X, putting A = max;c[; 3] [[x(t) — y(t) |-

Faxay (0) = o

’ 6 + max,c[1 3 [|[Ax(1) — Ay(?) ]|

B 9
0+ [} e2dsmaxc(y 3 ||x(t) = (1)
0

~ 8 +2e2)’

Foesy = (0)= o

’ 6 + max;e 3 [|Sx(2) — Sy (t)]]e
0

6+ [} eSdsmax,cqs 3 [x() = y(1) |l
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0
0 +2e54
max,c(; 3] [[Ax(t) — Ay(?)]]e

Lax ay 6 +max,c() 3 [|[Ax(r) — Ay(2) ||
_ 0 + 7 e*dsmax,c[s 5 ||x(1) = y(1) |
0+ J7 e2dsmax,c(s 3 [[x(t) = y(t)»
B 222
0 +2e21
max, (1 3] [|Sx(1) — Sy(1) |-
Lsysy =

60 + max; [ 3 [1Sx(2) — Sy(t)]e”

Ji €dsmax,(y 3 [[e(r) = y(1) =
6+ J7 eSdsmaxiepy 5 [x() = y(1)l|e’

B 290
0428507
For all 6,1 > 0 we have
(6) FAx,Ay(9> = (p(FSx,Sy(Q))v
(7) LAx,Ay (9> < l//(LS)C,Sy (9))

Thus, for 0,4 > 0in (4.5) and (4.6), all conditions of Corollary 1 are satisfied and so A and S

have a unique fixed point, which is the unique solution of the integral equations

5. CONCLUSION

In this work, we have used the concept of the common limit range property (CLR property)
to prove various common fixed point theorems for weakly compatible mappings in intuitionistic
Menger space. Our findings have builded upon and broaden fixed point theorems on Menger
metric spaces. By demonstrating the presence and singularity of a shared solution for Fred-
hom integral equations, we have validated our conclusion. We have also provided illustrative
instances to bolster the goals we have set.

Future work could explore the application of fixed point theorems in intuitionistic Menger
spaces to solve fractional partial differential equations, particularly under the CLR property, see
[19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. This approach could lead to new insights in modeling

complex, memory-dependent systems with uncertainty. Additionally, extending the theoretical
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framework to incorporate fractional calculus may provide more general and robust solutions,
potentially impacting various scientific and engineering fields. This research could pave the

way for novel analytical techniques in the study of nonlinear systems.
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