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Abstract. In this work, we prove some common fixed point theorems for weakly compatible mappings in intu-

itionistic Menger space using the notion of the common limit range property (CLR property). Our results extend

and generalize fixed point theorems on metric spaces, Menger metric spaces. we establish our result by proving

the existence and uniqueness of a common solution of Fredhom integral equations. Illustrative examples are also

furnished to support our aim results.
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1. INTRODUCTION

Among numerous generalizations of metric spaces. We are interested in Menger space which

is introduced in 1942 [1] by Menger who replaced for non-negative real numbers as values of

∗Corresponding author

E-mail address: i.batiha@zuj.edu.jo

Received August 24, 2024
1



2 BATIHA, JEBRIL, BENAOUA, BERRAH, OUSSAEIF, ALIOUCHE, ALKHAZALEH

the metric by distribution functions. This space was expanded the original works of Schweizer

and Sklar [2, 3]. Developing the idea of Kramosil and Michalek [4], George and Veeramani [5]

introduced fuzzy metric spaces which are very similar that of Menger space. After that, Park

[6] innovated the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric

spaces. Kutukcu et al [7] generated the notion of intuitionistic Menger spaces with the help of

t-norms and t-conorms as a generalization of Menger space due to Menger [1]. Further they

presented the notion of Cauchy sequences and establish a necessary and sufficient condition for

an intuitionistic Menger space to be complete. Due to Jungck [8] which introduced the notion

of compatible mappings in metric spaces which allowed him to prove a common fixed point

theorem. Mishra [9] extended the notion of compatibility to probabilistic metric spaces. Jungck

and Rhoades [10] generalized the weakened notion named weakly compatible mappings.

Fixed point theorems are the useful instruments in many applied areas such as mathematical

economics, non-cooperative game theory, dynamic optimization and stochastic games, func-

tional analysis, and variation calculus [11, 12, 13, 14, 15]. Therefore, extending the fixed point

theorems to intuitionistic Menger inner product spaces can be applicable in the other fields as

integral equations.

Sintunavarat and Kuman [16] introduced a new concept of (CLR property). The importance

of CLR property ensures that one does not require the closedness of range subspaces. The intent

of this paper is to establish the notion of (CLR) property in intuitionistic Menger space and

prove a common fixed point theorem for weakly compatible mappings using this property. In

this work, we use the notion of the common limit range property (CLR property) in intuitionistic

Menger space for prove a common fixed point theorem for four mappings. we have asserted the

existence and uniqueness of a common solution of Fredhom integral equations by applying our

result. Demonstrative examples are also furnished to support our aim results.

2. PRELIMINARIES

Definition 1. [17] A binary operation ∗ : [0,1]× [0,1]→ [0,1] is a continuous t-norm if ∗ is

satisfying conditions:

a) ∗ is an commutative and associative,

b) ∗ is continuous,
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c) a∗1 = a, for all a ∈ [0,1] ,

d) a∗b6 c∗d wherever a6 c, b6 d and a,b,c,d ∈ [0,1] .

Examples of t-norm are a∗b = min{a,b} and a∗b = ab.

Definition 2. A binary operation ♦ : [0,1]× [0,1]→ [0,1] is a continuous t-conorm if ♦ is

satisfying conditions:

a) ♦ is an commutative and associative;

b) ♦ is continuous;

c) a♦0 = a, for all a ∈ [0,1] ,

d) a♦b≥ c♦d wherever a≥ c, b≥ d and a,b,c,d ∈ [0,1] .

Remark 1. The concept of triangular norms (t-norms) and triangular conorms (t-conorms) are

known as the ascionatic sketlons that we use for characterizing fuzzy intersection and union

respectively. These concepts were originally introduced by Menger [1] in his study of statistical

metric spaces.

Definition 3. A distance distribution function is a function F :R→R+ which is left continuous

on R, non-decreasing and inft∈RF (t) = 0, supt∈RF (t) = 1. We will denote by D the family of

all distance distribution functions and by H a spatial of D defined by H(t) =

 0, if t 6 0

1, if t > 0
.

If X is a non-empty set, F : X ×X → D is called a probabilistic distance on X and F (x,y) is

usually denote by Fx,y.

Definition 4. A non-distance distribution function is a function L : R→ R+ which is right

continuous on R, non-increasing and inft∈RL(t) = 1, supt∈RL(t) = 0. We will denote by E

the family of all distance distribution functions and by G a spatial of E defined by G(t) = 1, if t 6 0

0, if t > 0
.

If X is a non-empty set, L : X ×X → E is called a probabilistic distance on X and L(x,y) is

usually denote by Lx,y.

Definition 5. [17] A 5-tuple (X ,F,L,∗,♦) is said to be an intuitionistic Menger metric space if

X is an arbitrary set, ∗ is a continuous t-norm, ♦ is a continuous t-conorm, F is a probabilistic
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distance and L is a probabilistic non-distance on X satisfying the following conditions. For all

x,y,z ∈ X and t,s> 0,

1) Fx,y (t)+Lx,y (t)6 1,

2) Fx,y (0) = 0,

3) Fx,y (t) = H (t) if and only if x = y,

4) Fx,y (t) = Fy,x (t)

5) If Fx,y (t) = 1 and Fy,z (s) = 1, then, Fx,z (t + s) = 1,

6) Fx,y (t)∗Fy,z (s)6 Fx,z (t + s) ,

7) Lx,y (0) = 1,

8) Lx,y (t) = G(t) , if and only if, x = y,

9) Lx,y (t) = Ly,x (t) ,

10) If Lx,y (t) = 0 and Ly,z (s) = 0, then, Lx,z (t + s) = 0,

11) Lx,y (t)♦Ly,z (s)6 Lx,z (t + s) .

The functions Fx,y (t) and Lx,y (t) denote the degree of nearness and the degree of non-

nearness between x and y with respect to t respectively.

Remark 2. Every Menger space (X ,F,∗) is intuitionistic Menger space of the form

(X ,F,1−F,∗,♦) such that ∗ t-norm and ♦ t-conorm are associated [11] , that is x♦y =

1− (1− x)∗ (1− y) for any x,y ∈ X .

Definition 6. Let (X ,F,L,∗,♦) be an intuitionistic Menger space on X .

(a) {xn}n∈N is said to be convergent to a point to x ∈ X , if

lim
n→+∞

Fxn,x (t) = 1, lim
n→+∞

Lxn,x (t) = 0, for t > 0.

(b) {xn}n∈N is called a Cauchy sequence if for all t > 0 and p > 0 :

lim
n→+∞

Fxn+p,xn (t) = 1, lim
n→+∞

Lxn+p,xn (t) = 0.

(c) X is complete if every Cauchy sequence converges in X.

In this section, X is considered to be the intuitionistic Menger space with the following con-

dition

lim
t→+∞

Fx,y (t) = 1, lim
t→+∞

Lx,y (t) = 0, for all x,y ∈ X and t > 0.
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Lemma 1. Let {xn}n∈N be a sequence in X with condition (2.1) . If there exist a number k ∈

(0,1) such that

Fxn+2,xn+1 (kt)≥ Fxn+1,xn (t) , Lxn+2,xn+1 (kt)≤ Lxn+1,xn (t) , for x,y ∈ X , t > 0 and n = 1,2, ...

Then {xn} is a Cauchy sequence in X .

Definition 7. Let A,B be a self-mappings in X, A and B are said to be compatible if

lim
n→+∞

FABxn,BAxn (t) = 1, lim
n→+∞

LABxn,BAxn (t) = 0, for all t > 0,

whenever {xn} ⊂ X such that

lim
n→+∞

Axn = lim
n→+∞

Bxn = x, for some x ∈ X .

Definition 8. Two self-mappings A and B of a non-empty set X are said to be weakly compatible

(or coincidentally commuting) if they commute at their coincidence points, i.e., if Ax = Bx some

x ∈ X , then, ABx = BAx.

Remark 3. Two compatible self-mapping are weakly compatible, however the inverse is not

true in general, therefore the concept of weak compatibility is more general than that of com-

patibility.

Definition 9. A pair of self mappings A and B of a intuitionistic Menger space (X ,F,L,∗,♦) is

said to satisfy the (E.A) property, if there exists a sequence {xn} in X such that

lim
n→+∞

Axn = lim
n→+∞

Bxn = z.

for some z ∈ X .

Definition 10. [16] A pair of self-mappings A and S of a intuitionistic Menger space

(X ,F,L,∗,♦) is said to satisfy the common limit in the range of S property ( briefly: CLRS

property) , if there exists a sequence {xn} in X , such that

lim
n→+∞

Axn = lim
n→+∞

Sxn = z,

where z ∈ S (X)
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For clarification, we give some examples upon CLRS property.

Example 1. Let (X ,F,L,∗,♦) be a intuitionistic Menger space, where X = [0,∞) , and

Fx,y (t) =
t

t + |x− y|
; Lx,y (t) =

|x− y|
t + |x− y|

,

for all x,y ∈ X , t > 0. Define A and S on X by Ax = x + 4, Sx = 5x. Let a sequence{
xn = 1+ 1

n

}
n∈N in X ; we have

lim
n→+∞

Axn = lim
n→+∞

Sxn = 5.

where 5 ∈ S (X) and t > 0. Therefore the mappings A,S satisfy the CLRS property

From the example 1, it is evident that a pair (A,S) satisfying the property (E,A) along with

closedness the subspace S (X) always enjoys the CLRS property. On the work of Imdad et al.

[18] which define the CLRST property as follows

Definition 11. Two pairs (A,S) and (B,T ) of self-mappings of a intuitionistic Menger space

(X ,F,L,∗,♦) are said to satisfy the common limit range property with respect to mappings S

and T ( briefly, CLRST property), if there exists a sequences {xn} and {yn} in X , such that

lim
n→+∞

Axn = lim
n→+∞

Sxn = lim
n→+∞

Byn = lim
n→+∞

Tyn = z,

where z ∈ S (X)∩T (X) , t > 0.

3. MAIN RESULT

Let ϕ be a set of all increasing continuous functions, ϕ : (0,1]→ (0,1], where, ϕ (t)> t for

every t ∈ (0,1) with ψ be a set of all decreasing continuous functions, ψ : (0,1]→ (0,1], where

ψ (t)< t for every t ∈ (0,1) .

we start this section by proving the following Lemma.

Lemma 2. Let (X ,F,L,∗,♦) be a intuitionistic Menger space and A,B,S and T are self map-

pings of X satisfying the following conditions:

C1) The pair (A,S) satisfies the (CLRS) property (or The pair (B,T ) satisfies the (CLRT )

property ).

C2) A(X)⊆ T (X) ; (Or B(X)⊆ S (X)) .
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C3) T (X) , (Or S (X)) are a closed subset of X .

C4) B(yn) converges for every sequence {yn} in X whenever T (yn) converges (or A(xn)

converges for every sequence {xn} in X whenever S (xn) converges).

C5)

FAx,By (t)> ϕ

min

 FSx,Ty (t) ; supt1+t2= 2
k t min

{
FAx,Sx (t1) ,FBy,Ty (t2)

}
;

supt3+t4= 2
k t max

{
FSx,By (t3) ,FAx,Ty (t4)

}



LAx,By (t)6 ψ

max

 LSx,Ty (t) ; inft1+t2= 2
k t max

{
LAx,Sx (t1) ,LBy,Ty (t2)

}
;

inft3+t4= 2
k t min

{
LSx,By (t3) ,LAx,Ty (t4)

}



for all x,y ∈ X , t > 0 and for some 1 < k < 2. Therefore the pairs (A,S) and (B,T ) share the

CLRST property.

Proof. Assume that (A,S) satisfies (CLRS) property. So there exists a sequence {xn} in X such

that

lim
n→+∞

Axn = lim
n→+∞

Sxn = z, where z ∈ S (X) .

Using C1 where A(X)⊆ T (X) (wherein T (X) is a closed subset of X), for each {xn} in X , there

corresponds a sequence {yn} in X , we have Axn = Tyn, therefore

lim
n→+∞

Tyn = lim
n→+∞

Axn = z, where z ∈ S (X)∩T (X) .

Thus in all, we have Axn→ z, Sxn→ z and Tyn→ z. Now we show that Byn→ z.

Let limn→+∞ FByn,l (t0)= 1 and limn→+∞ LByn,l (t0)= 0, we assert that (l = z). On the contrary,

suppose that l 6= z, so, there exists t0 > 0, where

Fz,l

(
2
k

t0

)
> Fz,l (t0) ,(1)

Lz,l

(
2
k

t0

)
< Lz,l (t0) .

To support the claim, let it be untrue, then we have

Fz,l

(
2
k

t
)

> Fz,l (t) ,

Lz,l

(
2
k

t
)

< Lz,l (t) .
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Repeatedly using this equality, we obtain

Fz,l (t) = Fz,l

(
2
k

t
)
= ...= Fz,l

((
2
k

)n

t
)
→ 1,

Lz,l (t) = Lz,l

(
2
k

t
)
= ...= Lz,l

((
2
k

)n

t
)
→ 0,

as n→ +∞, we get Fz,l (t) = 1, Lz,l (t) = 0, for all t > 0, which contradicts l 6= z, hence (3.2)

is hold.

Using (C5) with x = xn, y = yn, for some t0 > 0, we have

FAxn,Byn (t0) > ϕ

min

 FSxn,Tyn (t0) ; supt1+t2= 2
k t0

min
{

FAxn,Sxn (t1) ,FByn,Tyn (t2)
}

;

supt3+t4= 2
k t0

max
{

FSxn,Byn (t3) ,FAxn,Tyn (t4)
}




> ϕ

min

 FSxn,Tyn (t0) ; min
{

FAxn,Sxn (ε) ,FByn,Tyn

(2
k t0− ε

)}
;

max
{

FSxn,Byn (ε) ,FAxn,Tyn

(2
k t0− ε

)}



and

LAxn,Byn (t0) 6 ψ

max

 LSxn,Tyn (t0) ; inft1+t2= 2
k t0

max
{

LAxn,Sxn (t1) ,LByn,Tyn (t2)
}

;

inft3+t4= 2
k t0

min
{

LSxn,Byn (t3) ,LAxn,Tyn (t4)
}




6 ψ

max

 LSxn,Tyn (t0) ; max
{

LAxn,Sxn (ε) ,LByn,Tyn

(2
k t0− ε

)}
;

min
{

LSxn,Byn (ε) ,LAxn,Tyn

(2
k t0− ε

)}

 .

Suppose that limn→+∞ FByn,l (t0) = 1 and limn→+∞ LByn,l (t0) = 0, where (l 6= z), for all ε ∈(
0, 2

k t0
)
, ∀t0 > 0.

passing to the limit as n→+∞, we get

Fz,l (t0) > ϕ

(
min

{
Fz,z (t0) ,Fl,z

(
2
k

t0− ε

)})
> ϕ

(
Fl,z

(
2
k

t0− ε

))
> Fl,z

(
2
k

t0− ε

)
,

Lz,l (t0) 6 ψ

(
max

{
Lz,z (t0) ,Ll,z

(
2
k

t0− ε

)})
≤ ψ

(
Ll,z

(
2
k

t0− ε

))
< Ll,z

(
2
k

t0− ε

)
,
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Putting ε = 0, we get

Fz,l (t0) > Fz,l

(
2
k

t0

)
,

Lz,l (t0) < Lz,l

(
2
k

t0

)
,

which contradicts to (3.1), hence z = l. Therefore, the pairs (A,S) and (B,T ) share the CLRST

property. �

Theorem 1. Let A,B,S and T are self mappings of a intuitionistic Menger space

(X ,F,L,∗,♦) satisfying the condition (C5) of Lemma 2. If the pairs (A,S) and (B,T ) share

the CLRST property, then (A,S) and (B,T ) have a coincidence point each. Moreover, if the

pairs (A,S) and (B,T ) are weakly compatible. Then the mappings A,B,S and T have a unique

common fixed point.

Proof. Since both the pairs (A,S) and (B,T ) share the CLRST property, there exists two se-

quence {xn} and {yn} in X , such that

lim
n→+∞

Axn = lim
n→+∞

Sxn = lim
n→+∞

Byn = lim
n→+∞

Tyn = z,

where z∈ S (X)∩T (X) . Hence there exist a points u,v∈ X , where Su = z and T v = z. We show

that Au = Su.

Putting x = u and y = yn in (C5), we have, for some t0 > 0,

FAu,Byn (t0) > ϕ

min

 FSu,Tyn (t0) ; supt1+t2= 2
k t0

min
{

FAu,Su (t1) ,FByn,Tyn (t2)
}

;

supt3+t4= 2
k t0

max
{

FSu,Byn (t3) ,FAu,Tyn (t4)
}




> ϕ

min

 FSu,Tyn (t0) ; min
{

FAu,Su
(2

k t0− ε
)
,FByn,Tyn (ε)

}
;

max
{

FSu,Byn (ε) ,FAu,Tyn

(2
k t0− ε

)}



and

LAu,Byn (t0) 6 ψ

max

 LSu,Tyn (t0) ; inft1+t2= 2
k t0

max
{

LAu,Su (t1) ,LByn,Tyn (t2)
}

;

inft3+t4= 2
k t0

min
{

LSu,Byn (t3) ,LAu,Tyn (t4)
}




6 ψ

max

 LSu,Tyn (t0) ; max
{

LAu,Su
(2

k t0− ε
)
,LByn,Tyn (ε)

}
;

min
{

LSu,Byn (ε) ,LAu,Tyn

(2
k t0− ε

)}

 ,



10 BATIHA, JEBRIL, BENAOUA, BERRAH, OUSSAEIF, ALIOUCHE, ALKHAZALEH

Passing to the limit as n→+∞, we get ∀ε ∈
(
0, 2

k t0
)
,

FAu,z (t0) > ϕ

min

 Fz,z (t0) ,min
{

FAu,z
(2

k t0− ε
)
,Fz,z (ε)

}
max

{
FAu,z

(2
k t0− ε

)
,Fz,z (ε)

}



> ϕ

(
FAu,z

(
2
k

t0− ε

))
> FAu,z

(
2
k

t0− ε

)
and

LAu,z (t0) 6 ψ

max

 Lz,z (t0) ,max
{

LAu,z
(2

k t0− ε
)
,Lz,z (ε)

}
min

{
LAu,z

(2
k t0− ε

)
,Lz,z (ε)

}



6 ψ

(
LAu,z

(
2
k

t0− ε

))
> LAu,z

(
2
k

t0− ε

)
,

putting ε = 0, we have

FAu,z (t0) > FAu,z

(
2
k

t0

)
,

LAu,z (t0) < LAu,z

(
2
k

t0

)
,

which contradicts to (3.1), so Au = z. Hence Au = Su = z, which implies that u is a coincidence

point of the pair (A,S).

Now, we show that Bv = T v. Putting x = u and y = v in (C5), ∀ε ∈
(
0, 2

k t0
)
, we have, fore

some t0 > 0,

FAu,Bv (t0) > ϕ

min

 FSu,T v (t0) ; supt1+t2= 2
k t0

min
{

FAu,Su (t1) ,FBv,T v (t2)
}

;

supt3+t4= 2
k t0

max
{

FSu,Bv (t3) ,FAu,T v (t4)
}




> ϕ

min

 Fz,z (t0) ,min
{

Fz,z (ε) ,FBv,z
(2

k t0− ε
)}

max
{

Fz,Bv
(2

k t0− ε
)
,Fz,z (ε)

}



> ϕ

(
FBv,z

(
2
k

t0− ε

))
> FBv,z

(
2
k

t0− ε

)
and

LAu,Bv (t0) 6 ψ

max

 LSu,T v (t0) ; inft1+t2= 2
k t0

max
{

LAu,Su (t1) ,LBv,T v (t2)
}

;

inft3+t4= 2
k t0

min
{

LSu,Bv (t3) ,LAu,T v (t4)
}
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6 ψ

(
LBv,z

(
2
k

t0− ε

))
< LBv,z

(
2
k

t0− ε

)
,

Putting ε = 0, we get

Fz,Bv (t0) > Fz,Bv

(
2
k

t0

)
,

Lz,Bv (t0) < Lz,Bv

(
2
k

t0

)
.

Which is a contradiction. Therefore, Bv = z, hence Bv = T v = z, which implies that v is a

coincidence point of the pair (B,T ).

Since (A,S) is weakly compatible and Au = Su, hence Az = ASu = SAu = Sz. we prove that

z is a common fixed point of A and S.

Using (C5), ∀ε ∈
(
0, 2

k t0
)
, with x = z and y = v, we obtain

FAz,Bv (t) > ϕ

min

 FSz,T v (t) ; supt1+t2= 2
k t min

{
FAz,Sz (t1) ,FBv,T v (t2)

}
;

supt3+t4= 2
k t max

{
FSz,Bv (t3) ,FAz,T v (t4)

}



> ϕ

min

 FAz,z (t) ,min
{

FAz,Az (ε) ,Fz,z
(2

k t− ε
)}

max
{

FAz,z (ε) ,FAz,z
(2

k t− ε
)}




and

LAz,Bv (t) 6 ψ

max

 LSz,T v (t) ; inft1+t2= 2
k t max

{
LAz,Sz (t1) ,LBv,T v (t2)

}
;

inft3+t4= 2
k t min

{
LSz,Bv (t3) ,LAz,T v (t4)

}



6 ψ

max

 LAz,z (t) ,max
{

LAz,Az (ε) ,Lz,z
(2

k t− ε
)}

min
{

LAz,z (ε) ,LAz,z
(2

k t− ε
)}


 .

Putting ε = 0, we get

FAz,z (t) > ϕ

(
min

{
FAz,z (t) ,FAz,z

(
2
k

t
)})

> ϕ
(
FAz,z (t)

)
> FAz,z (t) ,

LAz,z (t) 6 ψ

(
max

{
LAz,z (ε) ,LAz,z

(
2
k

t
)})

6 ψ
(
LAz,z (t)

)
6 LAz,z (t) .

Which is a contradiction. Hence Az = z = Sz, it follows that z is a common fixed point of A and

S.
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Also the pair (B,T ) is weakly compatible, therefore Bz = BT v = T Bv = T z.

Now we prove that z is a common fixed point of B and T . Putting x = u and y = z in (C5),

∀ε ∈
(
0, 2

k t0
)
, we have

FAu,Bz (t) > ϕ

min

 FSu,T z (t) ; supt1+t2= 2
k t min

{
FAu,Su (t1) ,FBz,T z (t2)

}
;

supt3+t4= 2
k t max

{
FSu,Bz (t3) ,FAu,T z (t4)

}



> ϕ

min

 Fz,Bz (t) ,min
{

Fz,z (ε) ,FBz,Bz
(2

k t− ε
)}

max
{

Fz,Bz (ε) ,Fz,Bz
(2

k t− ε
)}




and

LAu,Bz (t) 6 ψ

max

 LSu,T z (t) ; inft1+t2= 2
k t max

{
LAu,Su (t1) ,LBz,T z (t2)

}
;

inft3+t4= 2
k t min

{
LSu,Bz (t3) ,LAu,T z (t4)

}



6 ψ

max

 Lz,Bz (t) ,max
{

Lz,z (ε) ,LBz,Bz
(2

k t− ε
)}

min
{

Lz,Bz (ε) ,Lz,Bz
(2

k t− ε
)}


 .

Putting ε = 0, we obtain

Fz,Bz (t) > ϕ

(
min

{
Fz,Bz (t) ,Fz,Bz

(
2
k

t
)})

> ϕ (Fz,Bz (t))> Fz,Bz (t) ,

Lz,Bz (t) 6 ψ

(
max

{
Lz,Bz (ε) ,Lz,Bz

(
2
k

t
)})

6 ψ (Lz,Bz (t))< LAz,z (t) .

Which is a contradiction. Hence Bz = z = T z, it follows that z is a common fixed point of B and

T . Then, z is a common fixed point of A,B,S and T.

Now, the uniqueness of the common fixed point is an easy consequence of the condition

(C5) . �

We show some illustrative examples which demonstrate the validity of the hypothesis and the

utility of our results.

Example 2. Let (X ,F,L,∗,♦) be a intuitionistic Menger space, where X = [3,11[ , a ∗ b = ab

and a♦b = min{a+b,1} with

Fx,y (t) =
t

t + |x− y|
, Lx,y (t) =

|x− y|
t + |x− y|
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for all x,y ∈ X, t > 0. Define the self-mapping A,B,S and T by

Ax =

 3, x ∈ {3}∪ ]5,11[

10, x ∈ ]3,5]

Bx =

 3, x ∈ {3}∪ ]5,11[

9, x ∈ ]3,5]

Sx =


3, if x = 3

7, if x ∈ ]3,5]
x+1

2 ; if x ∈ ]5,11[

T x =


3, if x = 3

x+4, if x ∈ ]3,5]

x−2, if x ∈ ]5,11[

.

Choosing {xn = 3} ,
{

yn = 5+ 1
n

}
or
{

xn = 5+ 1
n

}
, {yn = 3}, it is easy to show that both the

pair (A,S) and (B,T ) satisfy the property CLRST ,

lim
n→+∞

Axn = lim
n→+∞

Sxn = lim
n→+∞

Bxn = lim
n→+∞

T xn = 3 ∈ S (X)∩T (X) .

We note that A(X) = {3,10} ]3,9[ = T (X) and B(X) = {3,9} ({7}∪ ]3,6[) = S (X) . Thus,

all the conditions of Theorem 1 are satisfied and the limit 3 is a unique common fixed point of

the pairs (A,S) and (B,T ) , which also remains a point of coincidence as well. Also, all the

mappings are discontinuous at their unique common fixed 3. We note that S (X) and T (X) are

not closed subsets of X also.

Theorem 2. Let A,B,S and T are self-mappings of a intuitionistic Menger space

(X ,F,L,∗,♦) satisfying the conditions (C1)− (C5) of Lemma 2. Then A,B,S and T have a

unique common fixed point if both the pairs (A,S) and (B,T ) are weakly compatible.

Proof. In view of Lemma 2, both the pairs (A,S) and (B,T ) enjoy the CLRST property, therefore

there exists two sequences {xn} and {yn} in X , such that

lim
n→+∞

Axn = lim
n→+∞

Sxn = lim
n→+∞

Byn = lim
n→+∞

Tyn = z,
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where z ∈ S (X)∩ T (X) . The rest of the proof in the same manner as the proof of Theorem

1. �

Example 3. We replace the self-mappings S and T in example 2 by

Sx =


3, if x = 3

6, if x ∈ ]3,5]
x+1

2 , if x ∈ [5,11)

T x =


3, if x = 3

9, if x ∈ ]3,5[

x−2, if x ∈ [5,11)

.

Then A(X) = {3,4} ⊂ [3,9] = T (X) and B(X) = {3,5} ⊂ [3,6] = S (X) . Thus, all the con-

ditions of Theorem 2 are satisfied and the limit 3 is a unique common fixed point of the pairs

(A,S) and (B,T ). We note that Theorem 1 can not be used in the context of this example while

S (X) and T (X) are closed subsets of X .

Taking A = B and S = T in Theorem 1 we obtain a fixed point theorem for a pair of self-

mappings.

Corollary 1. Let A,S be self-mappings of a intuitionistic Menger space (X ,F,L,∗,♦) , If the

following conditions

Q1) The pair (A,S) satisfies the (CLRS) property.

Q2)

FAx,Ay (t)> ϕ

min

 FSx,Sy (t) ; supt1+t2= 2
k t min

{
FSx,Ax (t1) ,FSy,Ay (t2)

}
;

supt3+t4= 2
k t max

{
FSx,Ay (t3) ,FSy,Ax (t4)

}



LAx,Ay (t)6 ψ

max

 LSx,Sy (t) ; inft1+t2= 2
k t max

{
LSx,Ax (t1) ,LSy,Ay (t2)

}
;

inft3+t4= 2
k t min

{
LSx,Ay (t3) ,LSy,Ax (t4)

}



are satisfying for all x,y∈ X , t > 0 and for some 16 k < 2. Then (A,S) has a coincidence point.

Moreover if the pair (A,S) is weakly compatible. Then A and S have a unique common fixed

point in X.
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In view of Theorem 1, we can prove a common fixed point theorem for four finite families of

self-mappings.

Corollary 2. Let {Ai}m
i=1 , {Br}n

r=1 , {Sk}p
k=1 and {Th}q

h=1 be four finite families of self-

mappings of a intuitionistic Menger space (X ,F,L,∗,♦), where ∗ is a continuous t-norm and ♦

is a continuous t-conorm with A=A1A2....Am, B=B1B2....Bn, S= S1S2....Sp and T = T1T2....Tq

satisfying the condition (C5) of Lemma 2 such that the pairs (A,S) and (B,T ) share the (CLRST )

property. Then {Ai}m
i=1 , {Br}n

r=1 , {Sk}p
k=1 and {Th}q

h=1 have a unique common fixed point pro-

vided the pairs of families
(
{Ai}m

i=1 ,{Sk}p
k=1

)
,
(
{Br}n

r=1 ,{Th}q
h=1

)
commute pairwise.

Putting A1 = A2 = .... = Am = A, B1 = B2 = .... = Bn = B, S1 = S2 = .... = Sp = S and

T1 = T2 = ....= Tq = T in Corollary 2, we deduce the following

Corollary 3. Let A,B,S and T are self-mappings of a intuitionistic Menger space (X ,F,L,∗,♦)

where ∗ is a continuous t-norm and ♦ is a continuous t-conorm. If the following conditions

Q1)
(
CRLSp,T q

)
, where m,n, p,q are fixed positive integers.

Q2)

FAmx,Bny (t)> ϕ

min

 FSpx,T qy (t) ; supt1+t2= 2
k t min

{
FAmx,Spx (t1) ,FBny,T qy (t2)

}
;

supt3+t4= 2
k t max

{
FSpx,Bny (t3) ,FAmx,T qy (t4)

}



LAmx,Bny (t)6 ψ

max

 LSpx,T qy (t) ; inft1+t2= 2
k t max

{
LAmx,Sx (t1) ,LBny,T qy (t2)

}
;

inft3+t4= 2
k t min

{
LSpx,Bny (t3) ,LAmx,T qy (t4)

}



are satisfying for all x,y ∈ X , t > 0 and for some 1 6 k < 2. Then (A,B,S) and T have a

unique common fixed point if AS = SA and BT = T B.

4. APPLICATION TO INTEGRAL EQUATIONS

In this section, we establish the solution of the system of Fredholm integral equations satis-

fying the main result

Theorem 3. Let X =C([a,b],Rn) and F,L : X×X×R+→ R+ and θ > 0 defined as follows

Fx,y (θ) =
θ

θ +maxt∈[a,b] ‖x(t)− y(t)‖∞

; Lx,y (θ) =
maxt∈[a,b] ‖x(t)− y(t)‖∞

θ +maxt∈[a,b] ‖x(t)− y(t)‖∞

.
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Consider the system of Fredholm integral equations

x(t) =
∫ b

a
K1(t,s)x(s)ds+g(t),(2)

x(t) =
∫ b

a
K2(t,s)x(s)ds+h(t),(3)

x(t) =
∫ b

a
K3(t,s)x(s)ds+ρ(t),(4)

x(t) =
∫ b

a
K4(t,s)x(s)ds+σ(t),(5)

where θ > 0, t ∈ [a,b]⊂R and x,g,h,ρ,σ ∈X. Assume that K1,K2,K3,K4 : [a,b]× [a,b]×Rn→

Rn such that Hx,Gx,Px,Qx ∈ X for each x ∈ X, where

Hx(t) =
∫ b

a
K1(t,s)x(s)ds, Gx(t) =

∫ b

a
K2(t,s)x(s)ds,

Px(t) =
∫ b

a
K3(t,s)x(s)ds, Qx(t) =

∫ b

a
K4(t,s)x(s)ds, for all t ∈ [a,b].

Assume that ϕ is decreasing continuous functions and ψ is increasing continuous functions. If

1 < k 6 2 such that the inequalities

θ

θ+‖Hx+g−Gy−h‖ > ϕ

min

 R(x,y,θ) ; sup
θ1+θ2=

2
k θ

min{R1 (x,y,θ1) ,R2 (x,y,θ2)} ;

sup
θ3+θ4=

2
k θ

max{R3 (x,y,θ3) ,R4 (x,y,θ4)}




‖Hx+g−Gy−h‖
θ+‖Hx+g−Gy−h‖ ≤ ψ

max

 M(x,y,θ); inf
θ1+θ2=

2
k θ

max{M1(x,y,θ1),M2(x,y,θ2)} ;

inf
θ3+θ4=

2
k θ

min{M3(x,y,θ3),M4(x,y,θ4)}




where,

R(x,y,θ) =
θ

θ +‖Px +ρ−Qy−σ‖
,

R1(x,y,θ1) =
θ1

θ1 +‖Hx +g−Px−ρ‖
,

R2(x,y,θ2) =
θ2

θ2 +‖Gy +h−Qy−σ‖
,

R3(x,y,θ3) =
θ3

θ3 +‖Px +ρ−Gy−h‖
,

R4(x,y,θ4) =
θ4

θ4 +‖Hx +g(t)−Qy−σ‖
,
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M(x,y,θ) =
‖Px +ρ−Qy−σ‖

θ +‖Px +ρ−Qy−σ‖
,

M1(x,y,θ1) =
‖Hx +g(t)−Px−ρ‖

θ1 +‖Hx +g(t)−Px−ρ‖
,

M2(x,y,θ2) =
‖Gy +h(t)−Qy−σ‖

θ2 +‖Gy +h(t)−Qy−σ‖
,

M3(x,y,θ3) =
‖Px +ρ−Gy−h‖

θ3 +‖Px +ρ−Gy−h‖
,

M4(x,y,θ4) =
‖Hx +g(t)−Qy−σ‖

θ4 +‖Hx +g(t)−Qy−σ‖
,

holds for each θ ,θ1,θ2,θ3,θ4 > 0 and for all x,y ∈ X. Then the system of Fredholm integral

equations has a unique common solution in X.

Proof. Define S,T,A,B : X → X by:

Ax = Hx +g , Bx = Gx +h , Sx = Px +ρ , T x = Qx +σ .

Then,

FAx,By(θ) =
θ

θ +maxt∈[a,b] ‖Hx +g−Gy−h‖∞

,

FSx,Ty(θ) =
θ

θ +maxt∈[a,b] ‖Px +ρ−Qy−σ‖∞

,

FAx,Sx(θ1) =
θ1

θ1 +maxt∈[a,b] ‖Hx +g−Px−ρ‖∞

,

FBy,Ty(θ2) =
θ2

θ2 +maxt∈[a,b] ‖Gy +h−Qy−σ‖∞

,

FSx,By(θ3) =
θ3

θ3 +maxt∈[a,b] ‖Px +ρ−Gy−h‖∞

,

FAx,Ty(θ4) =
θ4

θ4 +maxt∈[a,b] ‖Hx +g(t)−Qy−σ‖∞

,

LAx,By(θ) =
maxt∈[a,b] ‖Hx +g−Gy−h‖∞

θ +maxt∈[a,b] ‖Hx +g−Gy−h‖∞

LSx,Ty(θ) =
maxt∈[a,b] ‖Px +ρ−Qy−σ‖∞

θ +maxt∈[a,b] ‖Px +ρ−Qy−σ‖∞

,
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LAx,Sx(θ1) =
maxt∈[a,b] ‖Hx +g(t)−Px−ρ‖∞

θ1 +maxt∈[a,b] ‖Hx +g(t)−Px−ρ‖∞

,

LBy,Ty(θ2) =
maxt∈[a,b] ‖Gy +h(t)−Qy−σ‖∞

θ2 +maxt∈[a,b] ‖Gy +h(t)−Qy−σ‖∞

,

LSx,By(θ3) =
maxt∈[a,b] ‖Px +ρ−Gy−h‖∞

θ3 +maxt∈[a,b] ‖Px +ρ−Gy−h‖∞

,

LAx,Ty(θ4) =
maxt∈[a,b] ‖Hx +g(t)−Qy−σ‖∞

θ4 +maxt∈[a,b] ‖Hx +g(t)−Qy−σ‖∞

.

We can show easily that for all x,y ∈ X
FAx,By (θ)> ϕ

min

 FSx,Ty (t) ; sup
θ1+θ2=

2
k θ

min
{

FAx,Sx (θ1) ,FBy,Ty (θ2)
}

;

sup
θ3+θ4=

2
k t max

{
FSx,By (θ3) ,FAx,Ty (θ4)

}



LAx,By (θ)≤ ψ

max

 LSx,Ty (θ) ; inf
θ1+θ2=

2
k θ

max
{

LAx,Sx (θ1) ,LBy,Ty (θ2)
}

;

inf
θ3+θ4=

2
k θ

min
{

LSx,By (θ3) ,LAx,Ty (θ4)
}




By applying Theorem 1, the system of Fredholm integral equations has a unique common

solution. �

Example 4. Let X =C([1,3],R) and F,L : X×X×R+→ R+ and θ > 0 defined as follows

Fx,y (θ) =
θ

θ +maxt∈[1,3] ‖x(t)− y(t)‖∞

Lx,y (θ) =
maxt∈[1,3] ‖x(t)− y(t)‖∞

θ +maxt∈[1,3] ‖x(t)− y(t)‖∞

.

Define A,S : X → X by

Ax(t) = 4+
∫ t

1
x(s)s2es−1ds, t ∈ [1,3],

Sx(t) = 2+
∫ t

1
x(s)(s2 + s)e2s−1ds, t ∈ [1,3].

For every x,y ∈ X, putting λ = maxt∈[1,3] ‖x(t)− y(t)‖∞.

FAx,Ay (θ) =
θ

θ +maxt∈[1,3] ‖Ax(t)−Ay(t)‖∞

=
θ

θ +
∫ 3

1 e2dsmaxt∈[1,3] ‖x(t)− y(t)‖∞

=
θ

θ +2e2λ
,

FSx,Sy = (θ) =
θ

θ +maxt∈[1,3] ‖Sx(t)−Sy(t)‖∞

=
θ

θ +
∫ 3

1 e5dsmaxt∈[1,3] ‖x(t)− y(t)‖∞
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=
θ

θ +2e5λ

LAx,Ay =
maxt∈[1,3] ‖Ax(t)−Ay(t)‖∞

θ +maxt∈[1,3] ‖Ax(t)−Ay(t)‖∞

=
θ +

∫ 3
1 e2dsmaxt∈[1,3] ‖x(t)− y(t)‖∞

θ +
∫ 3

1 e2dsmaxt∈[1,3] ‖x(t)− y(t)‖∞

=
2e2λ

θ +2e2λ

LSx,Sy =
maxt∈[1,3] ‖Sx(t)−Sy(t)‖∞

θ +maxt∈[1,3] ‖Sx(t)−Sy(t)‖∞

,

=

∫ 3
1 e5dsmaxt∈[1,3] ‖x(t)− y(t)‖∞

θ +
∫ 3

1 e5dsmaxt∈[1,3] ‖x(t)− y(t)‖∞

,

=
2e5λ

θ +2e5λ
.

For all θ ,λ > 0 we have

FAx,Ay (θ) > ϕ(FSx,Sy (θ)),(6)

LAx,Ay (θ) 6 ψ(LSx,Sy (θ))(7)

Thus, for θ ,λ > 0 in (4.5) and (4.6), all conditions of Corollary 1 are satisfied and so A and S

have a unique fixed point, which is the unique solution of the integral equations

5. CONCLUSION

In this work, we have used the concept of the common limit range property (CLR property)

to prove various common fixed point theorems for weakly compatible mappings in intuitionistic

Menger space. Our findings have builded upon and broaden fixed point theorems on Menger

metric spaces. By demonstrating the presence and singularity of a shared solution for Fred-

hom integral equations, we have validated our conclusion. We have also provided illustrative

instances to bolster the goals we have set.

Future work could explore the application of fixed point theorems in intuitionistic Menger

spaces to solve fractional partial differential equations, particularly under the CLR property, see

[19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. This approach could lead to new insights in modeling

complex, memory-dependent systems with uncertainty. Additionally, extending the theoretical
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framework to incorporate fractional calculus may provide more general and robust solutions,

potentially impacting various scientific and engineering fields. This research could pave the

way for novel analytical techniques in the study of nonlinear systems.
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