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Abstract. In recent years, researchers have become increasingly interested in studying fixed point results within
complex-valued metric spaces. This is because these spaces are useful for solving complex equations and have
unique topological properties. This paper adds to the development of fixed point theory by presenting a common
fixed point theorem for selfmappings that meet a rational contraction condition in complex-valued metric spaces.
The goal of this work is to generalize and extend existing fixed point results, making them more applicable to
advanced systems. To achieve this, we use a detailed analytical approach within complex-valued metric spaces,
which provide a more flexible framework than traditional metric spaces. Our method focuses on proving the
existence and uniqueness of common fixed points for such mappings, building on earlier theorems in this field.
An example is included to show how the results can be applied, proving their validity in mathematical analysis.
The findings not only expand but also unify several known results, opening new directions for further study.
Mathematically, this research offers stronger tools for working with complex-valued functions and contractions.
While this work is mainly theoretical, it lays a foundation for practical applications in areas like quantum mechanics
and computational mathematics in the future.
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1. INTRODUCTION

Metric space theory has broad applications not only in mathematics but also in various quan-
titative sciences, serving as a fundamental framework for analytical studies. The notion of
complex spaces is of great relevance in science; see, e.g., [16].

In 1976, Jungck [11] generalized the Banach contraction principle, proving a fixed-point
theorem for pairs of mappings (with the assumption that at least one of them is continuous),
see also [12, 13]. Sessa [18] introduced weak commutativity conditions for mappings in fixed
point considerations, while Pant [17] further developed the theory of common fixed points of
noncommuting mappings.

In 2011, Azam et al. [3] introduced the notion of complex-valued metric spaces and allowed
the metric function to take the values in the set of complex numbers instead of real numbers.
They proved some common fixed point theorems in complex-valued metric spaces. Morales and
Rojas [14, 15] have established the existence and uniqueness of fixed points and common fixed
points for a broad category of contraction mappings with rational expressions. The contractive
inequality of these mappings is regulated by functions that remain stable at zero.

In 2014, Aghajani et al. [1] introduced the concept of G,-metric spaces, which has since been
instrumental in establishing fixed-point theorems in partially ordered spaces. This development
builds upon earlier advancements in metric space theory, particularly in the study of contraction
mappings and continuity, which have inspired extensive research, also see [8, 9].

More recently, Ege [5] extended these ideas by introducing complex-valued Gj-metric
spaces, exploring their fundamental properties and establishing several fixed-point results [6, 7].
This work contributes to the ongoing generalization of metric concepts, enhancing their appli-
cability in both theoretical and applied contexts, also see [10].

Further developments in this field include the work of Beniwal et al. [4], who established
common fixed-point theorems for compatible self-mappings in extended parametric S,-metric
spaces, supported by corollaries, examples, and graphical representations. Their results were
also applied to guarantee the existence of solutions to integral equations. Anjana et al. [2]

studied coincidence points and common fixed points for pairs of compatible self-mappings in
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partially ordered b-metric spaces, presenting their findings with discrete examples and graph-
ical illustrations. Additionally, Shukla et al. [19] investigated complex-valued fuzzy metric
spaces, introducing o-admissible mappings and proving fixed-point theorems under symmetric
contractive conditions.

In this paper, we establish a common fixed-point theorem for mappings satisfying rational
contraction conditions in complex-valued G,-metric spaces, contributing to the growing body

of research in this area

2. PRELIMINARIES

First, we recollect some elementary descriptions of complex-valued metric spaces. Let C be

the set of complex numbers, and let ¢j, & € C. Define a partial order < on C as follows:
oy < oy if and only if Re (@) < Re () and Im (o) <Im (o).

It follows that o) < o if one of the following conditions is satisfied:

(1) Re(ot;) =Re (o) and Im (y) = Im (p);
(2) Re(a;) <Re(mp) and Im (o)) =Im();
(3) Re(a;) =Re(mp) and Im (o) < Im();
(4) Re(a;) <Re(mp) and Im (o)) < Im ().

Definition 2.1. [1] In a non-void set I, a mapping d : IT x IT — C fulfills the following proper-

ties for every z,w,a € I1:

The pair (I1,d) is known as a complex-valued metric space.

Definition 2.2. [5] In a non-void set I1, a mapping G, : IT x IT x IT — C with s > 1 fulfills the
following properties for every z, w,t,a € I1:

o (CGpl) Gp(z,w,t) =0ifz=w=1;

o (CGp2) 0 < Gp(z,z,w) with z # w;

o (CGp3) Gp(z,z,t) < Gp(z,w,t) withw # 15
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e (CGy4) Gp(z,w,t) = Gp(mt{z,w,t}), where T is a permutation of z,w,;
e (CGpS) Gp(z,w,1t) < s{Gp(z,a,a) + Gp(a,w,1)}.

The pair (I1, Gp) is called a complex-valued G,-metric space.

Proposition 2.3. [5] Let (I1,Gy,) be a complex-valued Gp,-metric space. Then, for each z,w,t €
I1:

(1) Gp(z,w,t) < s{Gp(z,z,w) + Gp(2,2,1) };

(2) Gp(z,w,w) < 25Gp(W,2,2).

Definition 2.4. [5] Let (IT, G,) be a complex-valued G,-metric space. A sequence {z,} in ITis
said to converge to a point u € I if for each a € C,a > 0, there exists a positive integer ng such

that for all m,n > ng, Gp(zn,2m, 1) < a.

Definition 2.5. [5] Let (IT,Gj) be a complex-valued G,-metric space. A sequence {z,} in IT
is said to be Cauchy if for each a € C,a > 0, there exists a positive integer ng such that for all

m,n,l > no, Gp(2n,2m,21) < a.

Definition 2.6. [5] A complex-valued G,-metric space is called complete if every Cauchy se-

quence in IT converges in I1.
The concept of compatible maps in metric spaces was introduced by Jungck [12] in 1986.

Definition 2.7. [12] Two self-mappings A and B are called compatible if there exists a sequence

{z} such that
li_r>n Gy(ABz,,BAz,,BAz,) =0 or li_r}n Gy(BAzy,ABz,,ABz,) =0,
n—0 n—ro0
whenever {z,} is a sequence in IT such that lim,, ;. Az, = u = lim,_,. Bz, for some u € IL.

Definition 2.8. [12] Let A and B be self-mappings on a non-void set I1. Then A and B are said
to be weakly compatible if they commute at their coincidence points, i.e., Az = Bz for some

z € [T implies that ABz = BAz.

Definition 2.9. [12] Let A and B be self-mappings on a non-empty set I[1. If w = Az = Bz
for some z € II, then z is called a coincidence point of A and B, and w is called a point of

coincidence A and B.
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The concept of compatible maps in G, metric space is given by [7]

Definition 2.10 ([7]). Let (I1,G;) be a complex valued G,-metric space and H, K be mappings
from (IT,Gj) into itself. The mappings H,K are called compatible if there exists a sequence
{z} such that

lim,, 0o Gy (HKzy, KHz, KHzy,) = 0 or lim, 00 G, (KHz,,,HK7,,, HK7,,) = 0, whenever {z,,} is

a sequence in IT such that lim,_,. Hz, = ¢ = lim;_,. Kz,, for some ¢ € II.

Example 2.11 ([7]). Let IT= [—1, 1] and (IT,G}) a complex valued G,-metric space such that
Gy(h, j,k) = |h— j|> 4 |j — k|* + |k — h|?, for all h, j,k € I, where s = 2. Define two self-
mappings H,K : 11 — I1 by H(h) = hand K(h) = % Consider a sequence h, = ﬁ we get

111
lim Gy, (KHhyp, HKhy, HKhy) = 1 ~0,
Jim G ( ) lme<6 "6n’ 6n)

and also,

lim Hh, =H i =0and lim Kh, =K i = i =0.
n—eo 2n n—oo 2n 6n

Therefore, mappings H, K are compatible.

3. MAIN RESULTS

Theorem 3.1. Let (S,G) be a complete complex-valued Gy-metric space with s > 1, and let
A,B,C,D : 11 — I1 be self-mappings of S satisfying the following conditions:

(1) (CGp1) A(IT) C D(IT) and B(IT) C C(I1);

(2) (CGp2) Gp(Az,Bw,Bt) < R(z w,t) for A € (0,1) and for all z,w,t € I, where

(

Gb(CZaDWaDt>7
Gb(CZ,AZ,AZ),
R(z,w,t) = max { G,(Dw, Bw,Bt), ;

1[Gyp(Dw,Az,Az) + Gy, (Cz, Bw, Bt)] ,

Gy (CZ,AZ7AZ)Gb (DW,BW,BZ)
\ 1+Gy, (CZ,DW,DI)

(3) (CGp3) The pair (A,C) is compatible, and the pair (B,D) is weakly compatible;
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(4) (CGp4) Either A or C is continuous.

Then, A,B,C,D have a unique common fixed point in I1.

Proof. Let pg € I be an arbitrary point. From condition (CG1), there exist zj,z such that
wo = Dz; = Azp and w; = Czp = Bz;. We can construct sequences {w,} and {z,} in IT such

that

3.1 won = D2opy1 = Az, and  wouy1 = C22p42 = B2op1-

Using condition (CGj2), we have

Gy (Wans Want1, Want1) = Gp(Azon, Bzon+1,Bzon+1) < S—ZR(Zzn,Zan,Zan),

where

Gy(Czon,D22n+1,D20n+1),
Gp(Czan,Az20,A20n),

R(zon,22n41,22041) = MaX 4 Gy, (D224 1, Bzan+1,Bzan+1);

1[G (Dzant1,Az20,Az20) + Gp(Czon, Bzans1, Bzons1)]

Gy (CZZn AzZn,AZ0n ) Gy (DZZn+ 1 uBZZrH- 1 7BZZn+ 1 )
( 14+Gy(Cz20,D220+1,D220+1)

Gp (Wan—1,Wan, Wan) ,
Gy (Wan—1,Wan, Wan) ,

% [Gb (WZn; Won, WZn) + Gy (WZn—l sWon+1, WZn—i—l)] s

Gp(Wan—1,W20,W21) G (W2, Won 1,W2n 1 1)
\ 14+Gp (Wan—1,w2n,W20) )

which is either G, (Won—1, Wan, Wan) OF G (Wan, W1, Wont1) -

If R(zon,22n+1,22n+1) = Gp(Wan, Won+1,Wan+1), then

A
(1 - s_z) Gb(W2n>W2n+17W2n+1) <0,

which is a contradiction since s > 1 and A € (0, 1). Therefore,

Gp(Wan, Wont1, Wont1) < s_sz(W2n—17W2n7W2n)-
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Similarly,
Gp(Want1,Wont2,Wany2) < S_sz(WZn: Woni 1, Wanil)-
It follows that
Gy (Wnywn+lywn+l) < s_sz (Wn—lawmwn)

A2 AN
% (s_z) Gb<wn725anlaanl)+“'+< (S_z) Gb(WO,Wl,W1)7

implies that

’Gb (Wnawn-i-lawn-i-l)‘ S

For every n,m € N, with n < m, we have:

|Gy (Wi Wins W) | < [${Gp (Wn, Wit 1, Wni1) + G (Wag 1, Wi, W) }|

< ‘SGb (Wn,Wn+1,Wn+1) + S2 {Gh (wn+1vwn+27 Wn+2) + Gb (Wn+2a Wi, Wm)}‘

< ‘SGb (Wn7Wn+1 7Wn+1) + Ssz (Wn—H yWnt2, Wn+2> + +sm7n+1Gb (Wm—l s Wi, Wm)‘

A\ 2 n+1 A m—1
s <s2> Gy (wo, w1, wi) + 5> <s2> Gy, (wo, wi,wi) 4+ - 45" (s2> Gy (wo,wi1,w1)

(Y] [ (B) nn(B)
- (#7) [i

s

<

|G (wo, wi,w)]

|Gp (wo, wi,w)]

as n — oo, we have:

Al 1
(32) G (s W )] < (S2n1> [ | 160 6s0,w1,1) =0,

N

Thus, {w,} is a Cauchy sequence in I1. Since IT is complete, there exists u € IT such that
wy = ui.e., Gy (Wp, Wi, wy) < a as n — oo, for some a € C.

And for its sub-sequences, we also have

Dzoy1 —u, Az —u, Czpio—u, and Bz — u.
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From (CGp4), if C is continuous, then
CCz,y —Cu and CAzy, —-Cu as n— oo,
Further, (A, C) is compatible, which implies that
CAzy, = ACz,, — Cu.
Indeed,
Gy (ACz,Cu,Cu) < s{Gp, (ACz,Cu,CAz,) + G (CAz,,CAzy,Cu) }
|Gy, (ACz,,Cu,Cu)| < s|Gp (ACz,Cu,CAzy)| + 5 |Gy, (CAzy,,CAzp, Cu))|
—0 as n—oo.
We want to show that Cu = u. On the contrary, we suppose that Cu # u. Then,
Gp(Cu,u,u) < Gy, (Cu,ACz2,AC22,) + 5*Gpy (ACz20, Bzons 1, Bzons1) + 5> Gy (Bzons1, u,ut) .

Using (CGy2), by taking z = Czp, and w =t = Bzp,+1, we proceed with the proof

A
(3.3) Gy (ACz2n, Bzon+1,B2on+1) < s_2R (Cz2n,22n41522n41) »

where

Gb (CCZZn ) D22n+1 7D22n+1 ) 9
Gp (CCz24,AC22,,ACz2,),
R(Czan, 22041, 22n+1) =max < Gy, (Dzon+1,Bz0n+1,B22n+1)

5[Gy (Dz2n41,AC220,AC20) + G (CC2, Bzon 11, B2on11)]

Gy(CC221,AC220,AC21) G (D220 +1,B22n+1,B20n11)
14+G,(CCz2n,Dz20+1,D22n41)

Taking the limit as n — oo, we get:

( )

Gb(Cl/t, u, l/t),
Gb(Cl/l, u, l/t),
R(Cuau’u) = max Gb(M,CM,CM),

1[Gy (u,Cu,Cu) + Gy(Cu,Cu,Cu)],

Gy (Cu,Cu,Cu)Gy(u,Cu,Cu)
\ 14+-Gy,(Cu,u,u) J

This is either G (u,Cu,Cu) or Gy(Cu,u,u).
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If R(Cu,u,u) = Gp(u,Cu,Cu), then from 3.3 and , we have:
A
|G (u,Cu,Cu)| < = |Gp(u,Cu,Cu)|.
s

We have:
A
1— 2 |Gp(u,Cu,Cu)| <0,

which is not possible.

Also, if R(Cu,u,u) = Gp(Cu,u,u) < 2sGp(u,Cu,Cu), then

24 24
Gy (u,Cut, Cu)| < =57 |G (at, Cut, )| = == |Gy, Cu, Cu),

2
which is not always true.
Hence, in both cases, we have:
|Gp(u,Cu,Cu)| =0 and Cu=u.
Now, our aim is to show Au = u. On the contrary, suppose that Au # u. Then:
Gp(Au,u,u) < sGp (A, Bzon11,B22n11) +5Gp, (Bzony1,u, 1) .

Using (CGp2), by taking z = u, w = 23,41, and t = 25,11, we have:

A
(3.4) Gy, (Au,Bzay+1,Bzon41) < S—ZR (U, 22n41,22n4+1) 5

where

Gy, (Cu,Dz211,D20n41) 5
Gy (Cu,Au,Au),
R(u,20n+1,220+1) = max ¢ Gy (Dzant1,Bzant1,Bzont1)

% [Gb (DZZIH-I 7AM7AM) + Gb (CM7BZ2n+1 7BZ2n+1)] )

Gb (CM,AM,AM)G[, (Dz2n+1 ,BZ2n+l ,BZZn+l )
\ 14+Gy(Cu,Dz3411,D20p4+1)

Taking the limit as n — oo, we get:
R(u,z2n+1,12n+1) = Gb(u,Au,Au).

Therefore, (3.4) becomes:

A 2sA 21
Gb(Au7u7u) < _sz(uaAuaAu) < s—sz(Au,u,u) = —Gb(Au,u,u).
S N N
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This implies:

(1 — %> |Gp(Au,u,u)| <O0.

s
This is a contradiction, and hence Au = u.
Next, we prove Du = Bu. Since A(IT) C D(II), there exists v € IT such that u = Au = Dv.

First, we show that Dv = Bv.

Consider:
A
(3.5) Gy(Dv,Bv,Bv) = Gy(Au,Bv,Bv) < S—ZR(u,v, V),
where

Gy(Cu,Dv,Dv),
Gp(Cu,Au,Au),
R(u,v,v) =max{ Gy,(Dv,Bv,Bv), ;

1 [Gp(Dv,Au,Au) + G, (Cu, Bv, Bv)] ,

Gy, (Cu,Au,Au) Gy, (Dv,Bv,Bv)
\ 1+Gp,(Cu,Dv,Dv) J

= Gp(u,Bv,Bv).
Then, (3.5) becomes:
A
Gy(u,Bv,Bv) < —Gp(u,Bv,Bv).
s
Further,

A
Gy (1 Bv,Bv)| < 5 G, Br.B).

which is a contradiction. Hence,
|Gyp(Dv,Bv,Bv)| =0 and Dv=Bv=u.
Since (B, D) is weakly compatible, we have:
BDv=DBv=v and Du = Bu.
Now, we will prove that Bu = u. On the contrary, suppose that Bu # u. Then:

A R(u,u,u),

(3.6) Gy(u,Du, Du) = Gy(Au, Du,Du) < —
s
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where
Gy(Cu,Du,Du),

Gp(Cu,Au,Au),
R(M,M,I/l) = max Gb(DM,BM,BM),

% [Gp(Du,Au,Au) + Gp(Cu, Bu, Bu)],

Gy (Cu,Au,Au)Gp,(Du,Bu,Bu)
\ 14+Gp,(Cu,Du,Du) )

= Gp(u,Bu,Bu)

and 3.6 becomes,

A A
Gb(M,BM,BM) < —2Gb(M,Bu,BM), |Gb(uaBM7Bu)‘ < _2|Gb(uaBuvBu)’7
S S

again not possible. Hence Bu = u

Now, next we will prove Du = u. On contrary, we suppose that Du # u.

A
(3.7) Gy(u,Du,Du) = Gy(Au, DBu, DBu) = Gy,(Au, BDu,BDu) < — R(u, Du,Du),
s

where

Gp(Cu,DDu,DDu),
Gp(Cu,Au,Au),
R(u,Du,Du) = max § G, (DDu,BDu,BDu),

% [Gy(DDu,Au,Au) + Gp,(Cu, BDu, BDu)]

Gy (Cu,Au,Au)Gy,(DDu,BDu,BDu)
\ 14+Gy(Cv,DDu,DDu) Y,

= Gy(u,Du,Du).

From 3.7, it follows that:

A
Gy(u, Du,Du) < — Gp(u, Du, Du),
s

which implies:
A
(1 — s_2) |Gp(u, Du, Du)| <0,
which is not possible. Hence, Du = u.

When C is continuous, we have:

Au=Bu=Cu=Du=u,
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1.e., the mappings A, B,C, D have u as their common fixed point. Similar results hold when A is
continuous.

Now, we prove the uniqueness of the fixed point. Let «#* be a common fixed point of A, B,C,D
such that u # u*. Using (CGj2), we get:

A
Gy (Au,Bu* ,Bu*) < s_ZR (u,u™,u*),

where

Gy (Cu,Du*,Du*) ,
Gp(Cu,Au,Au),
R(u,u”,u*) =max { G, (Du*,Bu*,Bu*), -

LGy (Du*,Au,Au) + Gp, (Cu, Bu* , Bu*)]

Gy (Cu,Au,Au)Gp,(Du* ,Bu* ,Bu*)
\ 14+-Gy(Cu,Du* ,Du*) J

Gy (u*,u,u)

= Either or Gy, (u,u”,u™).

If R (u,u*,u*) = %Gb (u*,u,u) < %Gb (u,u*,u*), then:
A
(G (u, ™, u™)| < — |Gy (u ", u)]

which is a contradiction. Hence, u = u*.
Similarly, if R (u,u”,u*) = Gj, (u,u*,u*), we again arrive at a contradiction. This shows that

u = u*. Thus, the mappings A, B,C, D have u as their common fixed point.

Example 3.2. Let S = [—1, 1] and define
Gb(Z,W,f) = max(\z—w\, |W_t|7 |t_Z|)2+imaX<|Z_W|7 |W_t‘7 |I—Z|)2

for all z,w,t € S. This is a complex-valued Gp-metric space with s = 2. Consider the mappings

A,B,C,D : S — S defined by
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Consider the expression:

Az, Bw,B (55— 32|+ 5
Gy(Az,Bw, Bt) = max YRETAL

36‘

1)
+’max<‘2z4 36136 36‘ ; Dz

3 3]

Also, we have:

zw roz\2
’D ’D - (‘___7___‘7___‘>
Gy(Cz,Dw,Dt) = max 5731137311373
+.max<‘z woot| |t ZDZ
i =l l===],1===]) .
2 31’13 3l 2

From the above, it follows that:

1
Gb (AZ,BW, Bt) me (CZ Dw Dl)

All conditions of the theorem are satisfied with A = %, and O is the unique common fixed

point of A, B,C,D.
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