Available online at http://scik.org
Adv. Fixed Point Theory, 2026, 16:13
https://doi.org/10.28919/afpt/9598
ISSN: 1927-6303

ON THE CONVERGENCE AND EFFICIENCY OF A NEW CONTRACTION
PRINCIPLE IN FUZZY METRIC SPACES

J. RAVINDER, A. BERNICK RAJ*, C. D. NANDAKUMAR

Department of Mathematics and Actuarial Science, B. S. Abdur Rahman Crescent Institute of Science and
Technology, Chennai, Tamil Nadu, 600048, India
Copyright © 2026 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we introduce a new contraction principle that guarantees the existence and uniqueness of
a fixed point in a complete fuzzy metric space. The efficiency of the proposed contraction is examined through the
estimation of both prior and posterior errors, and its rate of convergence is illustrated with numerical examples.
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1. INTRODUCTION

Fixed point theory is a fundamental tool in mathematical analysis with broad applications
across scientific and engineering disciplines. When uncertainty and imprecision arise, classical
approaches become insufficient, leading to the development of fuzzy fixed point theory as a
more suitable analytical framework.

The formal development of fuzzy mathematics began with Zadeh’s introduction of fuzzy set
theory in 1965 [11]. Subsequently, Kramosil and Michalek [6] extended the notion of distance

by proposing fuzzy metric spaces. This concept was later refined by George and Veeramani [1],
*Corresponding author

E-mail address: ravinder.maths @ gmail.com

Received September 13, 2025



2 J. RAVINDER, A. BERNICK RAJ, C. D. NANDAKUMAR
whose formulation ensured compatibility with classical topological structures and has since
become the standard model for fuzzy metric spaces.

A significant advancement in this area was made by Grabiec [3], who extended the Banach
contraction principle to fuzzy metric spaces. Since then, considerable attention has been de-
voted to the development of new types of contraction mappings and admissibility conditions,
together with studies on their convergence properties. Various generalizations have been pro-
posed in different settings, such as the uniform structure of metric spaces [4], M-complete non-
Archimedean metric spaces [7], generalized fuzzy contractions [9], iterated contractions [10],
and contractions involving strictly increasing functions [5]. These approaches aim to broaden
the class of mappings for which fixed point results can be established. More recently, Gopal and
Vetro [2] introduced the notion of o and B admissible self-mappings in fuzzy metric spaces,
thereby providing greater flexibility and extending the scope of contraction mappings in fixed
point theory. These contributions have significantly enhanced the development and applicability
of fuzzy fixed point methods.

Despite the substantial literature in this area, comparatively limited attention has been de-
voted to the convergence analysis and error estimation of contractive mappings. This obser-
vation motivates the present study, whose objective is to establish fixed point results for the
proposed contraction and to investigate its effectiveness through both theoretical and numerical
convergence analysis and error estimation. The necessary definitions and preliminary results

are presented in the following section.

2. PRELIMINARIES

For the remainder of this paper, the notation IN represents the set of positive integers, INg

denotes the set of non-negative integers, R™ = (0,0), and I = [0, 1], unless stated otherwise.

Definition 1. [8] A binary operation x : I X I — I is said to be continuous t-norm (triangular
norm), if (I,%) is an abelian topological monoid. That is, x holds the following conditions;
(t-1) * is associative. That is, (axb)xc =ax* (bxc) forall a,b,c € I.
(t-2) = is commutative. That is, axb =bxa forall a,b € I.

(t-3) Foranyacl,ax1 =a.
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(t-4) Forany a,b,c,d € [ witha<bandc<d,axc < bxd.

(t-5) = is continuous.

For example, a*b = min{a,b}, axb=ab and axb = max{a+b— 1,0} are some continuous
f-norms.

In this paper fuzzy metric space refers to the GV-Fuzzy Metric Space.

Definition 2. [1] The 3-tuple (X,M,x) is said to be a fuzzy metric space (referred to as GV-
Fuzzy Metric Space), if X is an arbitrary non-empty set, x is a continuous t-norm and M is a
fuzzy set defined on X* x R satisfying the following conditions;

(GV-1) M(x,y,t) >0 forall x,y € X.

(GV-2) Foranyt € R", M(x,y,t) =1 ifand only if x = y.

(GV-3) M(x,y,t) = M(y,x,t) foranyt € R and x,y € X.

(GV-4) M(x,z,t+5) > M(x,y,t) *M(y,z,s) forall x,y,z € X and t,s € R™.

(GV-5) M(x,y,") : RT — I is continuous.

Lemma 1. [3] Forall x,y € X, M(x,y,") is non-decreasing.

Remarks: 1. [1] For any r € (0,1), whenever M(x,y,t) > 1 —r for x,y € X andt € R", there
exists ty € (0,t) such that M(x,y,t9) > 1 —r.
2. For any r| > ry, there exists r3 such that ry xr3 > ry, and for any rq, we can find a rs such

that rs *rs > rq, where ri,ry,r3,r4,15 € (0,1).

Definition 3. Let (X, M, ) be a fuzzy metric space.
(i) For everyt € R, B(x,r,t) = {y € X : M(x,y,t) > 1 —r} is an open ball centered at

x € X with radius r € (0,1).

(ii) A sequence {x,} convergestox € X, if forevery & € (0,1) andt > 0, there exists ny € N
such that M (x,,x,t) > 1 — 0 for all n > ng. Moreover JEQOM(X”’X’Z) =1.

(iii) A sequence {x,} is said to be a Cauchy, if for every € > 0 and t € R, there exists
ng € N such that M(xy,,x,,t) > 1 — € for allm > n > ny.

(iv) A fuzzy metric space in which every Cauchy sequence converges is called a complete

Jfuzzy metric space.
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(V) A sequence {t,} is said to be s-increasing, if there exists no € IN such that t, +1 < t,,1

forall n > ny.

Definition 4. [2] Let (X,M,x) be a fuzzy metric space. A mapping T : X — X is said to be
an a-admissible, if there exists a function o : X*> x R* — [0,00) such that a(Tx,Ty,t) > 1,

whenever o(x,y,t) > 1 forall x,y € X and t > 0.

Definition 5. [2] Let (X,M,*) be a fuzzy metric space. A mapping T : X — X is said to be a
B-admissible, if there exists a function B : X*> x R* — R* such that B(Tx,Ty,t) < 1, whenever

B(x,y,t) <1 forallx,y € X andt > 0.

3. MAIN RESULT

Motivated by the approach of Gregori and Sapena [4], we formulate and prove the following

lemma, which plays a crucial role in establishing our main results.

Lemma 2. Let (X,M,*) be a complete fuzzy metric space, and & : X*> x RT — [0,00) be a
function defined by o.(x,y,t) = 1 if x =y, otherwise a(x,y,t) > 1 for all t > 0. Now, let 3 :
X% x Rt = R7 be a function defined as B(x,y,t) = 1 if x =y, otherwise B(x,y,t) < 1 for all
t > 0. For every ay,by,cy € [0,00) with ay + by + ¢, < 1 and ay + by < ¢y, if{ak(oc(x,,k,ynk,t) +
ﬁ(xnk,ynk,t)) + bk(oc(xnk,ynkH,t) + B (X, Yy ,t)) + Ck} is an s-increasing sequence, then for
every € > 0 andt > 0, there exists N € N such that

m
H [ak(a(xnk7ynk7t) +B(xnk7ynk7t)) +bk(a(xnka}’nk+1at) +ﬁ(xnk7ynk+17t)) +Ck] > 1_87
k=1

foralln > N. Moreover
m
Wlll—IEoH [ak(a(xnkaynkat) +B(xi’lk7ynk?t)) +bk<a(xﬂk7ynk+1 >t) +ﬁ(xnk7yﬂk+1 J)) +Ck} = 1
k=1

Proof: Since (X, M, x) is a complete fuzzy metric space, for some x,y € X let {x,},{v,} C X
be any two sequences such that x, — x and y,, — y as n — oo.

Foranys >0and k <m € NN, let

(1) Sﬂ(k> :ak(a<xi’lk7ynk7t) +ﬁ<xi’lk7ynk7t)) +bk(a<xnk7ynk+lvt) +ﬁ(xnk7ynk+17t)) +Ck
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and

m

Pn(m) = H [ak<a(xnk7)’nk»t) +ﬁ(xnk7ynk7t)) +bk<a(xnk7ynk+17t) +ﬁ(xnk7ynk+17t)) —f—Ck}
k=1

m

(2) Pn(m) = HSn(k>'

=1

bl

For any x,,,yn, € X with x,, # y,,, we have a(x,,yn,,t) > 1, B(Xy,,¥n,t) < 1. There exists

ag, by, c € [0,00) and N € IN such that
3) ar+br+cr < Sp(k) <1

for all n > N, where a; + by +c; < 1 and a; + by < cy.

Now, from equation (2), we get

m

4) 0 < Py(m)=J]Salk) <1.
=1

=~

Since S, (k) is an s-increasing sequence and from equation (3), it is bounded above by 1, there-

fore S, (k) converges to a limit L. That is,

5) lim (k) = Ly < 1.

n—soo

For ¢ < % from equations (1) and (5), as n — oo,

Sn(k) —>ak(1+ 1)+bk(1+ 1)+Ck :2(ak+bk)+ck <3¢, <1,
— 1im S, (k) = Ly = 1.

n—oo

Now, from equation (2),

©) =Y logS,(k)

For every k, S, (k) — 1 as n — oo.
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=—=P,(m) — 1.

That is, lim B,(m) = 1.

n—soo

Hence for every € > 0 and # > 0, there exists N € IN such that P,(m) < 1 — ¢ forall n > N.
It is clear that, for any k < m € IN, we have n < n+k < n+m, this implies that n +m — oo as

n — oo. Therefore, lim P,(m)=1.
m, n—oo

m
= lim H [ak<a(xnk7)’nk»t) +B(xnk7ynk7t)) +bk<a(xnk7ynk+17t) +B<xnk7ynk+17t)) +Ck} = 1.
k=1

m-—yoo

Now we can state the main result of the paper.

Theorem 1. Let (X,M,*) be a complete fuzzy metric space with axb = ab for all a,b € I and
T :X — X be a and B admissible mapping such that
M(Tx,Ty,1) Za(o(x,y,t) + B(x,y,1))M(x,y,1)
+b(a(x,Ty,t) + B (x,Ty,t))M(x,Ty,1)
(7 +clM(x,y,1) = M(x, Ty, )],
where a,b,c >0 witha+b+c<landa+b <c, forall x,y € X andt > 0. Then

(i) T has a unique fixed point 7 in X .

(ii) the prior error estimation:

n

M(xn,2,1) > []Ill(ak+bk)<a(xnk,z,t)+ ﬁ<xn,k,z,t))}M(xo,z,z).

(iii) the posterior error:
M1, 2 [(a0-+bo) ((x0,2,0) + B(xo,2.0) )| Mo, 2.1).
(iv) the rate of convergence:
M(xi1,21) 2 (+5) (@, 20) + Bl r) )M (3, 2.1).

Proof: Let xop € X be such that o (xo, Txo,7) > 1 and B(xg,Txo,¢) < 1, and {x,} C X be se-
quence defined by x,, 1 = Tx, for all n € INg. If there exists n € INg such that x, = x,,11 = Tx;,,

then x, is a fixed point of 7, and the proof is completed. So, assume that x,, # x,+1 = Tx,
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for all n € INy. And, we have o (xg, Txo,t) = ot(xg,x1,¢) > 1 and B (xo, Txo,1) = B(x0,x1,1) <
1. By continuing this process, we get a(x,,Tx,,t) = Q(X;,Xy+1,¢) > 1 and B(x,, Tx,,t) =
B (xp,xn+1,¢) <1 for all n € Ng and ¢ > 0. This implies that T is o and  admissible. Since
(X,M, %) is complete fuzzy metric space, for some x € X, x,, — x as n — oo. That is, for
given 6 € (0,1) and 7 > O there exists N € Ny such that M(x,,x,t) > 1 — 0. This implies that
r}glgoM(xn,x,t) =1, r}i_r}goa(xn,x,t) =1, and ,}E}(}OB(X”’X’I) = 1. Now, let T holds the contrac-
tive condition (7), that is there exists a,b,c > 0 witha+b+c < 1 and a+ b < ¢, satisfying the

Equation (7). Now, by taking x = x,, and y = x,,1 in the Equation (7), and for any m € N,

M(xn—l—m—l—l y Xn+m+25 t) :M(Txn+ma TxXntm+1, 1)
Za(a(xn+maxn+m+l ) t) + ﬁ (xn+m7xn+m+1 ) t))M(xn—l-maanrerl ) t)
+ b (0 (X ms TXntmi151) + B Xntoms Txnsmr158) )M X, T ymo1,1)

+ c|M(xn+m,xn+m+1,t) —M(Xn+m, Txn—i—m—i—l 7t)|

Now, by the triangular inequality and the remark (2), for every r > 0, we get

M (Xntmt1,%n+mt2:1) =M(TXppmy TXngms1,1)
> [a(a(xn+m7xn+m+l ) t) +B (xn+m7xn+m+l ) l))
+b (a(xn+m7xn+m+27 t) +B (xn+maxn+m+27t))M(xn+m+l 1 Xn+m+2, t)

+ C(l _M(xn+m+17xn+m+27t))}M(xn+m7xn+m+l7t)

There exists by, ¢y, € (0,1) such that b, = DM (Xt mt1,Xn+m+2,t) and

cm = c(1 =M (Xptm+1,%n+m+2,1)). And by taking a = a,,, we have

M (Xn-tm+1s Xntm+251) =M (T Xptm, TXnym+1,1)
Z [am (a(xn+m7xn+m+1 ;t) + ﬁ (xn+maxn+m+1 ) t))
+bm (O‘(er—m:xn—i—m—i—Za 1) + B (Xntms Xntm+2, t))

+ Cm} M(xn+maxn+m+1 ) t)
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Similarly,
M (Xpm> Xntms1,t) =M (TXppm—1,TXpym,t)
> am—1(C(Xntm—1,%n1ms 1) + B Xnym—1,%n1m;1))
+Dbm—1 (a(xn+m—l;xn+m+lat) + B (Xn4m—1 7xn+m+17t))
+ cm_l]M(xn+m_1 s Xntmy1).

By continuing this we have,

M(TXnims TXnsm+151) =M (Xntm+1, Xntm+2,1)
m
> H [ak(a(xn—l-kuxn-i—k-i-l 1) + B (Xnkr Xntkr1 ,t))
k=0

+ bi (O (X Xnsk+251) + B (ks Xnper2: 1)) + i) M (X, X 1,1).

By the Lemma (2), for given € > 0 and t > 0 there exists N € IN such that M (x4, Xptm+1,1) >
1 — € for all n,m > N. This implies that Tx, = x,,+1 1s a Cauchy. Since X is a complete
metric space, there exists z € X such that r}grolo M(xp,z,t) = 1. That is r}l_rgolo X, = z. Now, we
claim that z is a fixed point of 7. It is easy to verify that Tz = z. From the given contrac-
tion, we have M(Tz,z,t) = M(Tz,Tz,t) > a(a(z,z,t)+ B(z,2,t)) +b(a(z, Tz,t) + B(z,Tz,1)) +
c|M(z,z,t) —M(z,Tz,t)| = a(l +1)+b(1+1)+¢(0) = 2(a+b) = 1. Hence Tz = z. Now,
to prove the uniqueness suppose that 7z* = z* for some z* € X. Then from the contrac-
tion, we have M(z,z*,t) = M(Tz,Tz*,t) > a(o(z,z*,t)+ B (z,2%,1) )M (z,2",t) +b(a(z, T7*,1) +
B(z,Tz",t)) + c|M(z,z*,t) — M(z,Tz*,t)| > (a + b)(a(z,z*,1) + B(z,2%,1))M(z,2",t). Since
X, — z and x, — Z* as n — o, and o is bounded below by 1, also, 8 is bounded above by
1. This implies that ,}er;a(x"’z*’t) =1=a(z,z",t) and I}ilgoﬁ(xn,z*,t) =1=B(z,2",1). Now,
we get M(z,z",t) > 2(a+ b)M(z,7*,t) = M(z,z*,t) > M(z,z",t). It is a contradiction, and
hence it concludes the uniqueness.

(i) Prior error estimation: For n € IN,
M (xp,z,t) =M (Tx,—1,Tz,t)
Zan(a(-xn—l ,Z,l) + ﬁ(-xn—l 7Z7t))M(xn—1 7Z7t)

+bn(a(-xn—l7TZ7t) —|—/3(Xn_1,TZ,I))M(xn_I,TZ,Z)
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+ cn|M(xp—1,2,8) — M (x3-1,Tz,1)]
M(-xnaZ7t) Z(an +bl’l>(a('xl’l*17z7t) +ﬁ('xn*17z7t))M(xn71’Z7t)

M(xn,z,1) > [(an +bn)(a(xn—1,2,1) +B(xn_1,z,t))]
[an—1(0t(xn—2,2,1) + B (Xp—2,2,8) )M (xn—2,2,1)
+b,-1 (OC(xn_z, TZ,I) +ﬁ(xn_2, TZ,I))M(xn_z, TZ,Z‘)

+Cn—1 |M(Xn_2,Z,t) _M(xn—27 TZJ)H

M (xn,2,1) >[(an+bn) (t(xp—1,2,1) + B (Xn—1,2,1))]
[(an—l +bn—1)(a(xn—2;zat) + B(xn—Z,Z;t))}M(xn—LZ,f)

n

MG 20 [ T e b0) @o1,20) +Bloi1.2.0) | Mo

Hence, this establish an upper bound for the iterations, and provides a crude approximation of
how far the current iteration is from the actual fixed point.
(iii) Posterior error estimation: For n € N, we have M(x,,z,t) > M(x,_1,2,t) >

M(x,—2,z,t) > ... > M(xo,2,t). And, by using contraction (7) recursively, we have
M(x1,z,t) >(a; +by)(0t(x0,2,t) + B(x0,2,1) )M (x0,2,1)
M(x2,2,t) >(az+bo)(0t(x1,2,1) + B (x1,2,1) )M (x1,2,1)
> ((an +b1) (a0, 20) + Bx0,2.0) M0,
M(x3,z,t) >(az +b3)(0(x2,z,t) + B(x2,2,1) )M (x2,2,1)

3
> ((ar+b1)(@(x0,2,0) + Blxo,2.1)) ) M(xo,2,1)

M(xn;Z,t) Z(Gn +bn)(a(xn—1 ,Z,t) +B<xn—l ,Z,t))M(xn—I,Z,l)

> (@ +b1) (@x0,2,0) +Blx0.2.1)) ) M(xo,2.0)
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This concludes the posterior error estimation, also it helps to track the error dynamically.

(iv) Rate of convergence: For n € IN, and by contraction (7), we have
M(-er—lyZat) :M(T-xm TZ t) (arH—l + bn-l—l)(a(xnazvt) + ﬁ(xi’lazat))M(meat)

It is clear that, for any positive real numbers a,t1,b,4+1 with a,+1 + by < %, 0 < (ans+1+

bny1)(0(xn,z,t) + B(xn,2,1)) < 1. There exists p > 0, such that
M(X,H_],Z,t) %p(an—kl +bn+1)(a(xnvz7t) —|—ﬁ(xn,z,t))M(xn,z,t).

This implies that, M(x,i1,z,¢) ~ gM(xp,z,t), where g = p(ant1 + but1)(0(xn,2,1) +
B(xn,z,1)). Hence the contraction principle order of convergence is first-order (linear), and

hence
M(XyH_l,Z,t) ~ qM(me?t) 2 (an—H +bn+l)(a(xnaz7t) —{—B(xn,z,t))M(xn,z,t).

The following example illustrates the above Theorem 1.

Example 1. Let X = [0, 1] be a complete fuzzy metric space under the fuzzy metric M (x,y,t) =
kz+\x 3 for all x,y € X and t > 0, and the continuous t-norm defined by p x q = pq for all
p,q€l.And, let T : X — X be o and B admissible mapping defined by T (x) = 1 —e™* for all
x € X. Where o : X?> x RT — [0,0) defined as a(x,y,t) = 1 + Pct;y'forallx,y €Xandt>0.

And B : X?> x RY — R* defined as B(x,y,t) =1 — @forallx,yEX andt > 0.

(a): @ & B Functions (b): Convergence of Contraction Principle
12 0.859 /_ J— — —
115 [———— ugya
11
— Ax.y.0) 0589
105 —— LHS = M(Tx. Ty. H)
1 0284
RHS
095 0579
058
0574
0.85
08 T T T T T T T T T T T e s e 0263
I T L T N N T N T
SEARFARINBASS anm 40w ARS8 FEDdYEIEEERHBEERAEERES
ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ ST TN D6~
Iteration (n) Iteration (n)

(€): Convergence of Tx,

mmmmmmmmmmmmmmmmmmmmm

Iteration (1)

FIGURE 1. The Existence of Fixed Point.
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The
Treration X, Xy =T, M(Tx,.Tx, .0 RHS Prior Error Posterior Error | COMVergence of
() e [eﬂ) M(Tx,.z.t)
1 1.00000000 | 0.63212056 0.07539972 0.07320293 0.02912621 0.02912621 0.02912621
2 0.63212056 | 0.46853639 0.15497135 0.14988950 0.02912621 0.00084834 0.04530897
3 046853639 | 037408231 024105275 0.23303700 0.02912621 0.00002471 0.06017615
50 0.03837667 | 0.03764962 097633831 097416383 0.02912621 0.00000000 043874614
51 0.03764962 | 0.03694968 0.97720076 0.97510052 0.02912621 0.00000000 0.44346150
52 0.03694968 | 0.03627537 097801715 097598749 0.02912621 0.00000000 0.44809774
9994 | 0.00020004 | 0.00020002 0.99999933 0.99999927 0.02912621 0.00000000 0.99337603
9995 | 0.00020002 | 0.00020000 0.99999933 0.99999927 0.02912621 0.00000000 0.99337668
9996 | 0.00020000 | 0.00019998 0.99999933 0.99999927 0.02912621 0.00000000 099337734
n—w |x,»0=2z|Tx, >0=Tz |M(Tx,.Tx,,.1} »1| RHS =1 |PriErr. — Constant | Post.Err. >0 |M(Tx,.z.1)—1

FIGURE 2. Table of Computation of Fixed Point for t = 2,k = 0.015,a =
0.2,b = 0.3 and ¢ = 0.5, where RHS = a(a(x,y,t) + B(x,y,t))M(x,y,t) +
b(a(x,Ty,t) + B (x, Ty,t))M(x,Ty,t) +c[M(x,y,t) — M(x,Ty,1)].

From the graph in the Figure 1(a), it is clear that a(x,y,t) > 1 and B(x,y,t) < 1, that is,
o(x,y,t) is bounded below by 1 and B(x,y,t) is bounded above by 1. Also, it is noticed that as
the number of iterations increases Q.(x,y,t) and B(x,y,t) converges to 1. And, it is clear that,
for everyt >0 and x,y € X with x #y, T is a and B admissible. The graph illustrated in the
Figure 1(b), shows that the self mapping T satisfies the contraction principle (7) for all x,y € X
and t > 0. Hence by the theorem (1), T has a unique fixed point z =0 in X. The Figure I(c)
illustrates the existence of fixed point of T, and its convergence. However, varying the value of
t influences the number of iterations required to approach the fixed point.

To verify the above calculations, the reader is referred to the computational data up to eight
places of decimals for t =2,k = 0.015,a = 0.2,b = 0.3 and ¢ = 0.5 presented in the Table,
which is shown in Figure 2. It is easy to verify that for every n, the contraction (7) holds,
Tx, — 0 as n — o and T(0) = 0. Also, it is noticed that for every iteration n, the posterior
error is constant, and the prior error converges to 0, as n — oo. For every n, from the posterior
error estimation we get |e,+1| ~ Aley,|, where A = 0.029126213592233. This concludes that the

contraction principle order of convergence is first-order (linear).
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4. CONCLUSION

Motivated by Gopal and Vetro [2], we established a new fixed point theorem by introducing
a novel a-f-admissible contraction principle in a complete fuzzy metric space (GV), which
works for large classes of mappings. The efficiency of the proposed contraction was demon-
strated through the estimation of prior error, posterior error and the analysis of its convergence
rate using numerical examples. Interpreting the admissible mappings « and f3 as uncertainty
and reliability factors, respectively, the developed principle offers potential applications of fuzzy

fixed point theory in forecasting and other uncertainty-based modeling contexts.
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