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Abstract. In this paper, we introduce an iterative algorithm that approximates a common solution of a constrained
minimization problem of convex function, a generalized equilibrium problem involving averaged mapping, and
fixed point problem of a directed nonexpansive mapping. We prove the strong convergence of the proposed iter-
ative algorithm to a common solution that satisfies a variational inequality under some suitable conditions on the
parameters. It generalizes the familiar gradient-projection algorithm for convex minimization problem. This result
improves and extends some recent results in the literature.
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1. INTRODUCTION
Let H be a real Hilbert space and C be a nonempty closed convex subset of H. A mapping
T : C — C s said to be L—Lipschitzian mapping if for some L > 0,

(1.1) |Tx—Ty|| <L||x—y]||, forallx,y€C.
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If L=11in(1.1), we say that T is a nonexpansive mapping, and if 0 < L < 1 in (1.1), we say that
T is a contraction mapping. We say that T is firmly nonexpansive if 27 — I is nonexpansive, or

equivalently,
(1.2) (x=y,Tx—Ty) > [|Tx—Ty|]* Vx,y € C.

We say that T is a-averaged mapping for some o € (0, 1) (see Tian and Liu [25]), if there is a
nonexpansive mapping S : C — C such that T = (1 — o) + aS. We denote the fixed point set of
T by Fix(T); thatis, Fix(T) ={x € C: Tx = x}.

Definition 1.1. (see Xu [30], Browder and Petryshyn [7]) A mapping T : C — C is said to be

monotone if
(1.3) (x—=y,Tx—Ty) >0 forall x,y € C;
and is called v-inverse strongly monotone (for short, v-ism) for some v > 0, if

(1.4) (x—y,Tx—Ty) 2v||Tx—Ty||2 forall x,y € C.

The monotone operators have been widely used to solve practical problems in various fields
such as optimization problems, traffic assignment problems, equilibrium problems, radiation
therapy, and so on (see Browder [6], Byrne [9], Combettees and Hirstoaga [12], Han and Lo
[14], Moudafi and Thera [17], Xu [27, 28, 30], Yazdi [31, 32, 33], Yazdi and Sababe[34, 35]
and the references therein).

Let us discuss about the problems that motivated us to develop approximation techniques.
Let ¢ : C x C — R be a bi-function. In 1994, Blum and Oettli [3] introduced an equilibrium

problem (EP) as the problem of finding u € C such that
(1.5) ¢(u,v) >0forallveC.

The set of solutions of (1.5) is denoted by EP(¢). An equilibrium problem theory has moti-
vated the study of problems which arise from image restoration, computer tomography, radia-
tion therapy treatment planning, economics, optimization, etc. In some systems, solutions of
equilibrium problems are also solutions of the fixed point problems of a nonlinear mapping.

Many researchers looked for common solutions to the equilibrium and fixed point problems
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of a system. Several authors have studied existence and approximation of common solutions
of equilibrium and fixed point problems based on different relaxed monotonicity notions and
various compactness assumptions. To mention some, see Blum and Oettli[3], Bnouhachem [4],
Byrne[8, 9], Censor and Elfving [11], Moudafi[ 18], Sangago et al. [24], Zegeye et al. [36], and
the references therein.

Many researchers considered a generalized equilibrium problem (GEP) of finding z € C such

that
(1.6) 0(z,y)+(Az,y—z) >0forally € C,

where A : C — H is a monotone mapping. The set of solutions of (1.6) is denoted by EP(¢,A);
that is, EP(¢,A) = {z € C: ¢(z,y) + (Az,y —z) > 0 Vy € C}. In the case when A = 0, GEP
reduces to EP. Numerous problems in physics, variational inequalities, optimization, minimax
problems, the Nash equilibrium problem in non-cooperative games and economics reduce to
finding a solution of the GEP (1.6) (See Moudafi and Thera [17], Moudafi [18, 19], Xu [30],
Yazdi [31], Yazdi and Sababe [35], and the references therein).

The second problem of our interest is a constrained convex minimization problem which is

given by
(1.7) min{g(x) : x € C},

where g : C — R is a convex function. We denote the set of solutions of the problem (1.7) by U.
The widely considered approximation method to solve these problems is the gradient projection
algorithm(GPA). If g is (Frechet) differentiable, then the GPA generates a sequence {x, } via the

following recursive formula:
(1.8) Xnt+1 = Pe(x, —AVg(xy)) foralln > 0,
or more generally,

Xpt+1 = Po(xp, — A, Vg(x,)) for all n > 0,

where x( € C is an arbitrarily initial guess and the parameters A or A,,, n =1,2,3,---, are pos-
itive real numbers satisfying certain conditions. The convergence of algorithm in (1.8) depends

on the behavior of the gradient Vg.
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In 2010, Xu [29] proved the following:

Theorem 1.2. [f g : C — R is a continuously differentiable convex function such that the gra-

dient Vg is Lipschitz continuous with Lipschitz constant L > 0, and if the constrained convex
2

minimization problem is consistent, then for each A € (0, Z), the sequence {x,} generated by

the gradient-projection algorithm (1.8) converges weakly to a solution of (1.7).

In 2011, Xu [30] proposed an explicit operator-oriented approach to the algorithm (1.8) using
the concept of an averaged mapping. He proved weak convergence of his averaged mapping

approach to the GPA (1.8) and the relaxed gradient-projection algorithm given by
X1 = (1= oty)xy + 0 Po(xn — A, Vg(x,)) n=0,1,2,--,

where the sequences of parameters {c,} and {4,} satisfy some mild conditions. Moreover,
he constructed a counter example which showed that the algorithm (1.8) does not converge in
norm in an infinite-dimensional space and also presented two modifications of GPA which were
shown to have strong convergence (see Xu [27, 28, 30]).

Many mathematicians in the field discussed approximation of a common solution for the
three problems: fixed point problem for nonlinear mappings, generalized equilibrium problem,
and constrained convex minimization problems. Some of them considered approximation of
a common solution for combination of any two of them. Also many authors tried to develop
approximation techniques for individual problems by studying the characteristics of each prob-
lem (See Combettes and Hiristoaga [12], Jung [15], Peng and Yao [21], Plubtieg and Punpaeng
[22], Razani and Yazdi [23], Wang et al. [26], Yazdi [31], and their citations).

Let us discuss some of these results that are in line with our point of interest in this paper.
In 2007, Plibtieng and Punpaneng [22] introduced an iterative scheme for finding a common
element of the set of solutions of (1.5) and the set of fixed points of a nonexpansive mapping in

a Hilbert space as follows:
(
X1 €H,

1
(1.9) O (tn,y) + —(y—tp,up —x,) >0, forally € H,

n

(Xnt1 = o YVf (xn) + (I — 0,A)Suy, n > 1,
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where ¢ : H x H — R is a bi-function, A is strongly positive bounded linear operator on H, S is
a nonexpansive self-mapping of H such that Fix(S) NEP(¢) # 0, f is a contraction, ¥y > 0 is a
constant, {a,} C [0,1] and {r,} C (0,00). They proved that the sequence {x,} defined in (1.9)
converges strongly to the unique solution of a certain variational inequality problem. In 2010,
Wang et al. [26] introduced the following composite iterative Scheme:

.
X1 €H,

1
O (tn,y) +—(y —tp,ty —xn) > 0, forally € H,
(1.10) ¢ n

Yn = Y f(xn) + (I — 0, A) Tu,

kxn+1 = (1 _ﬁn)yn +ﬁnTnyna n>1,

where ¢ : H x H — R is a bi-function, A is strongly positive bounded linear operator on H,
foois a contraction, {7} is a countable family of nonexpansive self-mappings of H such that
ﬂ Fix(T,)NEP(¢) # 0, y > 0is some constant, x; € H, {0, },{B,} C[0,1] and {r,} C (0,00).
nB:yl imposing some strict conditions on the parametsrs, they proved that the sequence {x,}

generated by (1.10) converges strongly to a point in ﬂ Fix(T,)NEP(¢9) # 0.
n=1

Let ¢ : C x C — R be a bi-function. Let g : C — R be a convex function such that Vg is

an L-Lipschitzian mapping with L > 0. Assume that UNEP(¢) # @ and let f: C — C be a

contraction. Let {o;,} C (0,1), {rn} C (0,00), Pc(I—A,Vg) = spI + (1 —5p) Ty, 5 = 1

2
and {A,} C (072).
In 2012, Tian and Liu [25] studied the following explicit composite iterative schemes by the
viscosity approximation method to find a common solution of an equilibrium problem and a

constrained convex minimization problem:

(

x|€C,

1
(L.11) O (un,y) + —(y—up,up—x,) >0, forally € C,
4

n

[ Xnt1 = O f (xn) + (1 — 04) Tyt > 1,

and proved that the sequences {u,} and {x,} defined in (1.11) converge strongly to a point in

U NEP(¢) by imposing some mild conditions on the parameters.
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In 2020, Yazdi [32] introduced the following explicit composite iterative method for finding
the common solution of a generalized equilibrium problem and a constrained convex minimiza-
tion problem:

(

x1 €C,
1
(1.12) ¢)(un;y)+r_<y_”n7un_xn>+<Axnay_un> >0 forallyeC,
| Xn+1 = 0 f (xn) + (1 — &) Tyuy, n>1,

The author proved that the sequences {x,} and {u,} generated by (1.12) converge strongly to
g € UNEP(¢,A) under certain conditions, and showed that g solves a variational inequality
problem.

In 2024, Yazdi and Sababe [35] proposed the two-layer iteration process defined as

(

x1 €C,

1
(1.13) ¢(un,y)+r—<y—un,un—xn)>20, forall y € C,

n

Xnt1 = O f(xn) + (1 — ) Tup, n>1,

where T : C — C is an a—strongly quasi-nonexpansive mapping such that / — 7" is demiclosed
at zero, and Fix(T) NEP(¢) # 0. They proved that the sequences {x,} and {u,} generated by
(1.13) converge strongly to g € Fix(T) N EP(¢) under certain conditions on the parameters.

In 2025, Sangago et al. [24] proposed the following viscosity iterative algorithm to ap-
proximate a common solution of a constrained convex minimization problem, a generalized
equilbrium problem, and fixed point problem of directed nonexpansive mapping:

x1 €C,

1
(P(unay) +_<y_un7un _xn> + <y_unann> >0forally € C,
(1.14) n

Vi = Oy + (1 — ) Thuy

G Buf (xn) + (1 = B)Svn, n > 1.

where § : C — C is a directed nonexpansive mapping, B:CxC — Risan a—ism, f : C — Cis

a contraction. The authors proved that the sequences {x,}, {v,}, and {u,} generated by (1.14)
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converge strongly to g € Fix(S) NEP(¢,B)NU, where U = {p € C: g(p) = Ecneigg(x)}, under
mild conditions on the parameters.

Motivated and inspired by the above results, we propose a viscosity iterative scheme to ap-
proximate a common solution of fixed point problem of directed nonexpansive mappings, a
generalized equilibrium problem and a constrained convex minimization problem. Then, we

prove a strong convergence theorem which improves and extends recent results in the literature.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product and norm denoted by (.,.) and ||-||, respec-
tively. Weak and strong convergences are denoted by — and —, respectively. We have the

following well known facts from the definition of norm and inner product on Hilbert spaces:

Lemma 2.1 (Khamsi and Kirk [16]). Let H be a real Hilbert space. Then for every x,y € H
and A € (0,1)

2.1 Ix = y|I* = ||1x[|* = [[y]|* = 2(x = »,¥).
(2.2) [Ax+ (L= )y[|* = Allx||>+ (1= A)|[y]|* = A (1= A)|lx —y|*.
(2.3) x4+ yII* < [|x]|* + 20, x+).

Let C be a nonempty closed convex subset of H. For any x € H, there exists a unique nearest

point in C, denoted by Pc(x), satisfying
2.4) lx = Pe(x)[| = inf{[lx —y[| : y € C}.

We say that P is a metric projection of H onto C. Some of the useful properties of projections

are gathered in the lemma below.

Lemma 2.2 (Khamsi and Kirk [16], Cai et al. [10]). Let C be a nonempty closed convex subset
of H and Pc : H — C be the metric projection. Then

(a) Forx € H and z € C,

z=Pe(x) <= (x—z,z—y) >0forally e C.
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(b) Pc is a firmly nonexpansive mapping; that is, for all x,y € H,
1Pe(x) = Pe() 1 < (Pe(x) = Pe(v),x ).
(c) Forall xe H, yeC,
o= Pe@)I* < [lx=yI1* = ly = B>
Sangago et al.[24] introduced the following definition.

Definition 2.3 (Sangago et al. [24]). Let C be a nonempty closed convex subset of a real Hilbert
space H. A mapping T : C — C is said to be a directed nonexpansive mapping if it satisfies the
following three conditions:
(i) T is a nonexpansive mapping;
(ii) Fix(T) # 0; and
(iii) | Tx— p||* < |lx— p||* = ||x = Tx||* for every x € C, for every p € Fix(T).

Obviously, every firmly nonexpansive mapping with nonempty fixed point set is a directed
nonexpansive mapping. There are nonexpansive mappings that are not directed nonexpansive.
For instance the mapping T : By — By (where By = {x € H : ||x|| < 1}) defined by Tx = —x
is nonexpansive, but not directed nonexpansive mapping. Lemma 2.2 implies that the metric
projection Fc is a directed nonexpansive mapping.

The following lemmas are key in proving our main results.

Lemma 2.4 (Goebel and Kirk [13]). Let H be a real Hilbert space, C be a closed convex subset
of Hand T : C — C be a nonexpansive mapping with F(T) # 0. If {x,,} is a sequence in C that

converges weakly to x, and if {x, — Tx,} converges strongly to 'y, then (I — T )x = y.

Definition 2.5 (Blum and Oettli [3]). Let C be a nonempty closed convex subset of H. A bi-
function ¢ : C x C — R is said to satisfy "Condition A" if the following four conditions hold:
(A1) ¢(x,x) =0forallx €C;
(A2) @ is monotone; that is, ¢(x,y)+ ¢(y,x) <0 for all x,y € C;
(A3) for each x,y,z € C,

Egmm+0—ﬂmw§¢wmﬁ
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(Ag) foreach x € C,y+— ¢(x,y) is convex and weakly lower semi continuous.

Lemma 2.6 (Blum and Oettli [3]). Let C be a nonempty closed convex subset of H and ¢ :
C X C — R be a bi-function satisfying Condition A. Let r > 0 and x € H. Then, there exists
z € C such that

1

(2.5) ¢(z,y)+;<y—z,z—x>ZOforaﬂyec.

Lemma 2.7 (Combettes and Hirstoaga[12]). Assume that ¢ : C x C — R satisfies Condition A.

Forr > 0and x € H, define a mapping Q, : H — C as follows:

Qi ={2€C:9(zy)+~y—2,2-x) >0 forall ye C}.

-
Then, the following hold:
(1) Qy is single-valued;

(i1) Q, is firmly nonexpansive; that is, for all x,y € H
Her_ erH2 < <er_ ervx—y>;

(i) F(Q,) = EP(9);
(iv) EP(¢9) is closed and convex.

Lemma 2.8 (Brezis [5], Byrne [9], Xu [30]). Let S,T,V,T1,T, : H — H be given mappings.
(1) T is nonexpansive if and only if [ — T is %—ism.
(11) If T is v-ism, then for every ¥y > 0, yT is ;—ism.
(ii1) T is averaged if and only if I — T is v-ism for some vV > % In fact, for a € (0,1), T is
a-averaged if and only if [ — T is %-ism.
) If T = (1 — )S+ aV for some a € (0,1), S is averaged and V is nonexpansive , then
T is averaged.
(v) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.
i) If T = (1 — a)S+ &V for some o € (0,1), S is firmly nonexpansive and V is nonexpan-
sive, then T is averaged.
(vii) If Ty is ay-averaged, and T, is 0p-averaged, where o, 0 € (0, 1), then the composite

T'T, is a-averaged, where o = Q1 + 0y — 04 0.
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Lemma 2.9 (Xu [29]). Let C be a nonempty closed convex subset of a real Hilbert space H.
Assume that g : H — R is a convex function whose gradient Vg is an L-Lipschitzian mapping
with L > 0. Assume that the constrained convex minimization problem in (1.7) is consistent.

Then
: : 1. . 1,
(i) Vgisan Z—mverse strongly monotone mapping (shortly Z—lsm).

AL
(ii) For A > 0, the mapping [ — AVg is T—averaged.
24+AL

4
(iv) x* € C solves the minimization problem (1.7) if and only if x* € C solves the fixed point

2
(iii) The composite Pc(I —AVg) is ( )-avereged for 0 < A < A
equation

x*=Pc(I—AVg)x™,

where A > 0 is any fixed positive number.

Lemma 2.10 (Yazdi [32]). Suppose C is a nonempty closed convex subset of a real Hilbert
space H, B is an a-inverse-strongly monotone mapping on C and 0 < r < 2. Then, [ —rB is a

nonexpansive mapping.

Lemma 2.11. (Yazdi [32]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let ¢ : C x C — R be bi-function satisfying the conditions Condition A and B be an o-inverse-
strongly monotone mapping. Suppose {x,} is a bounded sequence in C and {r,} C [a,b] C

(0,2a) is a real sequence. If u, = Qy, (x, — rpBxy), then
1 — ttn|| < [|Xn11 —Xn|| +M|ray1 —ral,
1

where M = sup{||Bx,|| + ;Hun“ — (Xp+1 — rns1Bxps1)|| : n € N}

Lemma 2.12 (Aoyama et al. [1]). Assume that {a,} C [0,%), {}»} € [0,1], {u,} C [0,0) and
{v,} C R such that

ap+1 < (1 - 'Yn)an + Y Un + Up.

Then the conditions Z Y, = oo, limsup v, <0, and Z Up < oo, imply

n=1 n—eo n=1

lim a, = 0.
n—oo
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Lemma 2.13 (Naidu and Sangago [20]). Let C be a nonempty closed convex subset of a real
Hilbert space H, let I1c denote the family of all contraction self mappings of C and suppose
T : C — C is a nonexpansive mapping with Fix(T) # 0. Then there is a unique mapping /\ :
Il — Fix(T) such that

limsup((1 — f)A(f), A(f) —xa) <0,

n—soo

for any given f € Il¢ and a bounded approximate fixed point sequence {x,} of T in C.

3. MAIN RESULTS

Throughout this section we use the following assumptions.

(B1) Let H be a real Hilbert space and let C be a nonempty closed convex subset of H.
(B2) Assume that g : C — R is a real-valued convex function whose Vg is a Lipschitzian
mapping with Lipschitz constant L > 0. The solution set of the minimization problem

min{g(x) : x € C} is denoted by U that is,

(3.1) U={z€C: g(z) =ming(y)}.
yeC

2
Let {A4,} be a sequence of real numbers in (0, Z) such that

(3.2) Pe(I—2A,Vg) =Yl + (1 — 1) T,

where 7, : C — C is nonexpansive, and 7y, = . Assume that lim 9, = 0 and
n—o0

Z Y1 — Y| <oo.
n=1

(B3) Let B:C — C be an o-ism mapping for some a > 0. Let ¢ : C x C — R be a bi-function
satisfying Condition A. The solution set of the generalized equilibrium problem is de-

noted by EP(¢,B); that is,
(3.3) EP(¢,B) ={z€C:¢(z,y)+(y—z,Bz) >0VyeC}.

(B4) Let f: C — C be a contraction mapping with contraction constant k € [0, 1).
(BS) Let S : C — C be a directed nonexpansive mapping with fixed point set Fix(S).
(B6) Assume that X = U NEP(¢,B) NFix(S) # 0.
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Now, we introduce a mixed Mann-type viscosity approximation scheme to approximate a com-
mon solution of the fixed point problem of directed nonexpansive mapping S, the generalized

equilibrium problem (3.3) and the constrained convex minimization problem (3.1) as follows:
x1€C ,

1
(P(Znay) + _<y_vazn _xn> + <y_Znann> >0forally € C,
(3.4) < 'n

Wi = Oy + (1 — 04,) P (20 — A VEg(2n))

\anrl = an(xn) + (1 _ﬁn)SWna n>1.

Now we state and prove a strong convergence theorem with some mild conditions on the

parameters.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
0, g, Vg, f, B, T, and S be as defined in the assumptions (BI)-(B6). Suppose {a,}, {B.}

and {r,} are real sequences satisfying the following conditions:

(3.5) {ow} € (0,1], lim o, =0, ,Z‘l a, = oo and n; Qi1 — O] < 005
n=1 n=1
(3.7) {ra} Cla,b] C (0,20t) and Y |rpy1 —ra| <oo.
n=1

Then the sequences {x,}, {wn} and {z,} defined by (3.4) converge strongly to q = Psf(q),

which solves the variational inequality:

(3.8) (g—f(q),y—q) >0, forally € C.

Proof. Borrowing the notation in Lemma 2.7, we have
in = an(xn —rBx,) forn=1,2,---.

For p € X, we note that

1

o (p,y) +;<y—p,p— (I —=rB)(p)) = ¢(p,y)+{y—p,Bp) >0, Vy € C;
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so that Q,, (p —r,Bp) = p for each n = 1,2,3,--- . We also observe that Pc(I — 4,Vg)p = p,
T,p = p, and Sp = p. Now we prove the theorem by partitioning into the following steps.
Step 1. The sequences {x,}, {wy}, and {z,} are bounded.
Let p € X. Then, for each n € N, it follows from (3.4), Lemma 2.2 and Lemma 2.7 that
lwn =pll = ll06xn + (1 = ) Pe(2n — 2aVe(2n)) = pll
< X —pll+ (1 — @) |Pc(zn — AnVg(zn)) — P

= O ||x,, _PH +(1— o) HPC(I_Aankn _PC(I_)‘an)PH

< O llxn—pll+ (1 —0n) [|zn = pll
< 0 lxn = pll+ (1 = &) | Or, (%0 — raBxa) — Or, (P — raBp) ||
< O [l = pll 4 (1= o) [lxn = pll

(3.9) < fn—rpll-

It follows from (3.4), (3.9) and triangle inequality that

X1 = pll = 11Baf (n) + (1= Ba)Swn — pll
= [1Ba(f () = £ () + Bu(f(P) — P) + (1 = Bu) (Swn — p)|
Bullf(xn) = F (P + Bullf () = Il 4 (1 = Ba) [|Swn — pl|

kB |lxn = pll + Ba [l £ (p) = pll 4 (1 = Ba) lwn — pll

IN

IN

< kBullxn—pll+Ballf(p) — Pl + (1= Bu) lxa — Pl
= (= (=0 o= pl+ (10, [P
(3.10) < max (||xn— I 1/ (p )kPH)_
By induction on , it follows from (3.10) that
G.11) X, —pl| < max (Hxl— I, L#(p )kp“) Vn € N.

Hence {x,} is bounded, and as a consequence both sequences {w,}, {z,}, {f(xn)}, {Sx.},
{Swn}, {Szu}, {Pc(I — A, Vg)x,} and {Pc(I — A,Vg)z,} are bounded.
STEP 2. We prove that lgn |Xpe1 —xn|| =0
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Without loss of generality assume that a real number M is an upper bound of each of the bounded

sequences such as {[| f(xa) (|}, {[1Sxa[l}, {lwnll}, {llzall}; {IiSwall}, {1Pc(7 = 2xVg)za||} and so
on. For each n € N, it follows from (3.4) that

X2 = X1l = Bas1f (onst) + (1= Bur1)SWars = Buf () — (1= Bu)Swa|
< (L= Bt ) [1SWns1 = Swall [ Bar = Bal £ (xn)
+[But1 = Bal 1Swall + Bas1 [Lf (ng1) = f (x|
< (L=Bus1) W1 = wall +2M|Bui1 — Bl

(3.12) kBt a1 —
On the other hand, for each n € N it follows from (3.4) that
Wit =wall - < Ot X1 — xul| 4O — 0] [|xal]
+(1 = 1) [[Pe(I = A1V ) zns1 — PeI — AnVg)zal|

+| 01 — | [|Pc(I — AV g)zn]|

< Ot [[Xng1 — Xal + 2M[ 01 — O]
+(1 = 1) [Pe(I = An41V8) 2041 — Po(I = Aa V) za |
< Ot X1 — X || +2M |0y 1 — Ot
+(1 = 1) (I ¥nr12001 + (1= Yot 1) Tus12Zns1 — YZn — (1 = V) Tuzal|)
< Ot [[Xn1 — Xall +2M[ 01 — O]
(1= 0 )Vt Izt = 2all + (1= Y1) | Tos1 201 — Tozall}
+(1 = 0 ){[Yor1 = Wl llznll + %01 = Wl [ Tazal[}
< Ot X1 =Xl +2M | Q1 — O] +2M [ Y1 — Yo
+(1 = 1) {1 [|zn41 — zall + (1= Y1) | Tnt1 2041 — Tzl
< Qutt X1 — Xl +2M | Q1 — 0|+ 2M [ Y1 — Yo

+(1 - an+l)7n+l Hzn—i-l _ZnH + (1 - ’Yn—i-l) HTn—HZn—i-l - Tn—HZnH

+(1 = us1) | T 120 — Tnza|
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< Ot [[Xng 1 — x| +2M| Q1 — O +2M | Y1 — Vil
(1= O ){ W41 [|zn1 =zl + (1 = Y1) Iz — 2}
+(1 = 1) (| Tat 120 — Tnza||
< Gt [ =Xl 4 (1= 1) llzng1 — 2al
+2M |01 — O]+ 2M | Y1 — Tal
(3.13) +(1 = 01 | Tt 120 — Tnza| -

It follows from (3.2) and the proof in Sangago et al. [24] that

Pe(l = Au1Vg) — Yn+11Z P-4, Vg) —
1— Yat1 " 1- T
APc(I =M1 Vg)  4Rc(l — A Vg)
H 24 Al " 24AL "
2 Al 2— AL
H 24 At L 2+ AL
_ H 42+ AL)Pc(I = A1V 8)zn — 42+ Ayt L) Pe(I — 20 Vg)zn

HTrH-lZn - Tn”nH =

@+ A1 D)2+ L)
4LM’n+l_)Ln‘ || ”
2+ AiL) 2+ L) "
AL Aps1 — M |Pc(I — A1 V)| AL Aps1 — M| 2l
= T 2t AnD Al 2+ I D@+ 2L)
L ACH A L) [P = Ani1V8)zn — Pell = 2n V)|
@+ I iL) 2+ 2l
< A1 — Aal[LI[Pe(I = A1 V) zn || +4 (Vg (zn) || + L [|zall]
(3.14) < (2L+4)M|)Ln+l_ln|'

It follows from Lemma 2.11 that
(3.15) Zn1 = zall < Xne1 —Xnl| + M [rap1 —ral .
It follows from (3.13), (3.14) and (3.15) that

Warr =wall - < Ot [bonsr =2l + (1= g t) (on 1 = 2nl| + Mlrngs = 1ral)

+2M|an+1 - O‘n| +2M|Yn+l _Yn|
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+QRLA+4M (1 = 0pi1) [ Aps1 — A

< Xt = Xn || FM(1 = Q1) g1 — 7
+2M |ty s | — O |+ 2M | i1 — Y
+(1 = Oy 1) CL+4)M| A1 — A
< %1 = xall + Mlrnsr = ra
+2M |0y 41 — Q| +2M | Vo1 — Yol
(3.16) +(2L+4)M| Ayt — M.

We get from (3.12) and (3.16) that

%2 —=Xns1ll < (1= Bur1) [[Wat1 = wall +2M[But1 — Bal +kBn1 [1Xn11 — Xn||
< (I=(1=k)But1) X1 —xull +2M|Byi1 — Bal
+2M (1 = Bus1) [| @t 1 — Ol + Y1 — Y]
+M (1= Bus1) [|Ans1 — Al + g1 — 1al]

(3.17) < (1=6y) ||xns1 — Xnl| + Onlhn + Vi,
where

6, = (1=k)Bu1,

2M 1
o = = (1o = Ol i = 1+ (L 2 =l i 1],
Vo = 2M|an+1_an|+2M|ﬁn+1_Bn|+2M|Yn+1_Yn|

—|—(2L—|—4)M|)~n+1 — )un‘ +M‘rn+1 - rnl-
It follows from (3.5), (3.6), (3.7) and Assumption B2 that

(3.18) (i) i 0, = (1—k) i [ p—— (i) i Vo <oo  (iii) lim p, <O0.
n=1 n=1 n=1

n—oo

Moreover, letting a, = ||x,+1 — Xu]|, (3.17) is re-written as

(3.19) ani1 < (1= 6,)an + Oully + V.
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Then it follows from (3.18), (3.19), and Lemma 2.12 that
(3.20) 1im [, 1 =] = 0.

STEP 3. We prove that li_r>n ||%n — zn|| = 0.
n—soo
Let p € X. Because Q,, is nonexpansive and B is o¢—ism, we have
[ —p”2 = O, (xn — ruBxn) _PH2
= ||Qr, (%0 — ruBxn) — Or,(p — raBp) ||2
2
< || = p) = ru(Bxa — Bp)||
< |xa—pl*+ 77 |Bxn — Bpl|* = 21 (x, — p, Bx, — Bp)
(3.21) < o= pl> 4 ralrn — 200) || Bx, — Bpl|*.
We get from (3.4), Lemma 2.1, and (3.21) that
[[wn _pH2 = ||on(xn — p) + (1 — @) (Pc(zn — 2 Vg(2n)) _P)Hz

= Oy ||xn_l7||2+(1 — Oty) ||PC<I_Aan)Zn_P”2

— (1= ) |20 — Pe(I — 2,V 8) 2

< 0l —plP+ (1= a) [z — plII?
— 0y (1— ) [ — Pe(I — 4V g)za
< Jxa—pI? + (1= 0)ru(ra — 20) || Bx — Bp|?
(3.22) — (1= ) |3 — Pe(I — 2 Vg) 2>

It follows from (3.4), Lemma 2.1, and (3.22) that

st =PI = 1B (e — p) + (1= Ba) (Swa— )|
Bull £(xa) = pI* + (1= Ba) [ — pII?
—Bu(1 = Ba) [|f (xa) — Sw |
W = pIP + Ball £ () = pII°

—Ba(1=Ba) | f (x) — Swi?

IA

IN
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< pon = pl>+ (1= @) ra(ra — 20) || Bx, — Bp|
— 0 (1= ay) [|xn — Pe(I — ang)ZnHZ
(323) B 1 (n) =PI = B = Ba) 1 () — Sl
Thus we get from (3.23) that
(1= a)ra(20—r,) [Bxa = Bp|* < xa—pl* = xus1 = plI>
(1= ) [0 = Pel = 2V e)zu

+B |1 £ (xa) — pII?
—Bn(1 = Bu) [ f (xn) _SWnH2

IA

(lxn = Pl + om0 = Pl [t — Xl

—Otn(l - (Xn) Hxn _PC(I_Aan)Znnz

+Ba || £ (xa) — P
(3.24) —Bu(1 = Ba) [1.£ (xn) — Swal |-

It follows from Step 1, (3.5), (3.6), (3.7), (3.20), and (3.24) that
(3.25) lim ||Bx, — Bp|| = 0.

n—o0
By Lemma 2.1 and Lemma 2.7 we get

2
lzn=pI* =11y, (in = ruBxa) — s, (p — ruBp)||

IN

<Zn - D (xn - "ann) - (P - ’”an)>

= <Zn_paxn_p> _rn<Zn_pann —Bp>

IN

1 2 2 2
3 zn = PII” 4+ %0 = PlI” = |20 — xal|

(3.26) ~rn{zn — p,Bxn — Bp).
It follows from (3.26) that

(3.27) 20— PII* < 1% — pII* = llzn — Xn||* = 27 (20 — p, Bx, — Bp).
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On the other hand, from the calculations in (3.22) and using (3.27) we get that

lwa—=pI* < o —plI> = (1= @) 2w — 2>
—2(1— o4y)rn(zn — p,Bx, — Bp)

(3.28) —aty (1= 0ty) ||xp — Pe(I — A, VE)za )
Now, it follows from (3.23) and (3.28) that

a1 =Pl < fwa—pI+ Bullf () — pII?
—Bn(1 = Bu) [ f (xn) _SWnH2

||xn _PH2 —(1—op) ||Zn _an2

IN

—2(1 = 04)ry(zn — p,Bxy — Bp)
— 0 (1= ay) [|xn — Pe(I — ang)ZnHZ
(3.29) +Ballf (5n) =PI = Ba(1 = Ba) [ £ (x) = Swal >
(3.29) implies that
(1= o) lzn—xal®> < Ja = plI* = i1 = pII?
—2(1 = 04)ra(zn — p,Bxy — Bp)
— (1= ) [0 = Pe(I = 4 Vg)zul

+Bu £ (n) = PII> = Bu(1 = Ba) L.f (xn) = Swal

IN

(1122 = Il [Ixnc1 = 2l 1 — x|
_2(1 - an)rn<zn — p,Bxy —Bp>
— (1 — ) |0 — Pe(I — 2,V 8) 2>

(3.30) +Ba 1 (%) = PII* = Ba(1 = Ba) [1f (%) — Swal*.

Thus, we get from Step 1, (3.5), (3.6), (3.7), (3.20), (3.25) and (3.30) that

3.31) lim ||zx — xa|| = 0.
n—yoo

19
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STEP 4. We show that lim ||w, — Sw,|| = 0.
n—oo

Because S is a directed nonexpansive mapping, we have

2 2 2
Fonsr = pl* = [[Swa—pII* + B 1 (xn) — Swal

—2B,(Swn — p, f(xn) — Swy)

IN

2 2 2
1w = pII* = [Iwn — Swall* + B 1 (xa) — Swal|

(3.32) —2B,(Swy — p, f(xn) — Swy).

Closely looking at (3.22) we have ||w, — p[| < [|x, — p||, and hence it follows from (3.32) that

||xn+1 _PH2 < ||xn _P||2 - Hwn _SWnHZ"'ﬁn2 Hf(xn) _SWn||2

(3.33) —2Bu(Swp — p, f(xn) — Swn).

Thus we get from (3.33) that

2 2 2 2
Iwa = Swall® < e = pII" = xns1 = pII* + By 1.f (xa) — Swal

_ZBH <Swn - paf(xn) - Swn>

IA

(en = Pl + w41 = Pl [0 = X1

(3.34) B2 (xn) — Swall* — 2B (Swn — p, f(x0) — Swp).
It follows from (3.6), Step 1, (3.20) and (3.34) that
(3.35) lim ||w, — Swy|| = 0.

n—soo

STEP 5. Because P f is a contraction mapping, there exists a unique g € X such that g = P f(q)

(see Banach [2]). We prove here that the sequences {x,}, {w,} and {z,} converge strongly to

q=Fef(q)-
From the conditions (3.5), (3.6) and (3.7) on the parameters, and by the boundedness of involved

sequences by Step 1, we have

(3.36) ,}g{}oﬂwn _PC<I_)Lan)Zn|| = ,}g‘}oa” ||xn _PC(I_)Lan)ZnH =0, and

(3.37) lm [|x,41 — Swy|| = lim B, f(xx) — Swy|| = 0.
n—oo n—oo
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Repeatedly applying the triangle inequality we get

120 = Pe(I = AV e)zall < [lzn = Xull + [t = X1 [| 4 [[n 1 — S
(3.38) +[1Swn —wall + [[wn — Pe(I = 2a V)2l -
We get from Step 1, Step 2, Step 3, Step 4, (3.36), (3.37) and (3.38) that
(3.39) lim ||z — Pe(I = 2,Y8) ]| = 0.

‘We note that

2 2
‘ Pe(I - ZVg)zn -zl < ||Pe(I— ng)zn —Pc(I—A,Vg)zn
+ ||PC(I_ ang)Zn _Zn“
2
(3.40) < (Z — /ln) Vg (zn)ll + [|Pc(I — 2V g)zn — zu| -

We conclude from Assumption B2, (3.39) and (3.40) that

(3.41) lim

n—oo

2

Let {z,;} be a subsequence of {z,} such that z,, — u for some u € C and

(3.42) limsup(qg — £(q),q—z,) = }E{;(q —1(q),q—n;)-

n—oo

1 2
We note that it follows from Step 3 that x,; — u as j — . Since Vg is Z-ism, Pc(I— ZVg) is

a nonexpansive self mapping on C. Therefore, from (3.42) and Lemma 2.4, we obtain

2
=P-([—-=V
u C( L g)”?

and hence u € U by Lemma 2.9. Because z, = Oy, (x,, — r,Bx,), we can write

1
O (zn,y) + —(V—2n,2n — Xn) + (Bxn,y — z,) > O for all y € C.

T'n
Because ¢ satisfies Condition A, we get

1
(an,y—zn> + r_<y_znazn _xn> > ‘P(yvzn) forally € C.

n
In particular for the subsequence {z,, }, we have for each j =1,2,3,---

1
(3.43) <anj7y_znj> + r_<y_an7an _xf’lj> > ¢(y7zf’lj) forally € C.

nj
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Fort € (0,1] and y € C, set y, =ty + (1 —t)u. We obtain from (3.43) that

<yt_an,Byt> 2 <)’z—an;Byt>_<anj7Yt—an>

Znj — Xn;

_<yt_an7 >+¢(yt>an)

nj
= <yl_anaByt_Ban>+<yt_an7Ban_anj>

Znj — Xn;

(3.44) — (v —zu,

> + (p(ylaan)'

nj

On the other hand, from inverse strong monotonicity of the mapping B and Step 3, we get that

(3.45) lim ||Bz,; — Bx,,|| =0, and
Jree ‘ ‘
(3.46) (V¢ — znj, Byt — Bzn;) > O forall j =1,2,3,---.

Using (3.45) and (3.46), and letting j — oo in (3.44), we get

(3.47) (ye —u,By) > ¢ (yr,u).
It follows from Condition A and (3.47) that
0 = o0ny) <10(y,y) + (1 =1)9(yr,u)

< 19 (yi,y)+ (1 =1)(y —u,By:)
(3.48) = 1¢(v,y)+ (1 =1)t(y —u,By:).
Simplifying (3.48) we get
(3.49) 0<@(e,y)+ (1 =1)(y—u,By).
Using Condition A and letting + — 0 in (3.50), we have
(3.50) 0<¢(u,y)+ (y—u,Bu).
Since y is an arbitrary element of C in (3.50), we conclude that
(3.51) O(u,y)+ (y—u,Bu) >0forall y € C;

and thus u € EP(9,B).
Moreover, z,, — u and x,, — u imply that w,, — u as i — . By Lemma 2.4 and from (3.35),

we conclude that u € Fix(S). Therefore, u € ¥.
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Since P f(q) = g, by Lemma 2.2

(3.52) (fla) —qu—q) <0.

It follows from (3.42) and (3.52) that

(3.53) limsup(f(q) —q,2n —q) = }g(f(Q) —q,2m;—q) = (f(q) —q,u—q) <0.

n—soo

Finally, it follows from (3.4) and Lemma 2.1 that

a1 =l = [1Ba(f (xa) = (@) + Bu(F(@) — @) + (1= Bu) (Swu — ) ||
B () = F(@)IP + (1= Ba) [I1Swn — g

+2Bu(f (@) = @, xnt1 — ) — B |1 (@) — gl

Bk xa = all” + (1= Bo)? [lxn — gl

+2B,(f (@) = ¢, %n11 — ) — B |1 (@) — gl

(1= Ba(1=K)) [0 = gll* +2Bu(f (@) — @, %1 — ).

IN

IN

(3.54)

IN

2
Put a, = ||x, — ¢, v» = m(f(q) — ¢,Xn+1 —q) and &, = B,(1 — k). Then for each n =

1,2,3,---,(3.54) is re-written as
(3.55) ant1 < (1—=235p)an+ 8, vy
We note that

(f(@) = ;%01 — ) = (f(@) — @ X011 — 2ng1) +{f(@) — @ 2041 — @)

Since lim ||x,+1 — zp41]|| = 0, it follows from (3.6) and (3.53) that limsupv, <0, lim §, =0
n—yoo 300 n—yoo

and Op = oo. We get from Lemma 2.12 and (3.55) that
n=1
(3.56) 1im [}, — g|| = 0.

It follows from (3.56) that

(3.57) lim ||z, —¢|| = 0.
n—oo
(3.58) lim ||w, —q¢|| = 0.

n—yeo
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This completes the proof. U

Remark 3.2. g = Prf(q) is the unique fixed point of the mapping Ps f. Moreover, ¢ = /\(f) sat-

isfies Lemma 2.13 for the nonexpansive mapping S and for the approximate fixed point sequence

{oxn}-
4. CONCLUSION

In this article, we have proposed an algorithm for approximating a common solution of a
generalized equilibrium problem involving ox—averaged mapping, fixed point problem of a di-
rected nonexpansive mapping and a constrained minimization problem of convex function in
the Hilbert space setting. We also proved strong convergence of the proposed algorithm by im-
posing some mild conditions on the parameters involved. The main result in this article modifies

the results of Sangago et al. [24], Xu [30], Yazdi [31], Yazdi and Sababe [35].
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