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Abstract. Fixed point theory in quasilinear metric spaces plays an important role in programming and data sci-

ence. However, determining the existence and approximation of fixed points becomes particularly challenging

when dealing with set-valued mappings. In this article, we introduce the use of swarm intelligence algorithms

as an alternative approach for approximating fixed points in quasilinear metric spaces (Rn). To evaluate their ef-

fectiveness, five promising swarm intelligence algorithms are employed and analyzed. The results indicate that

swarm intelligence provides a robust and competitive framework for fixed point approximation in quasilinear met-

ric spaces.
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1. INTRODUCTION

Fixed point theorems have been a central topic in mathematical research for several decades.

Many mathematical problems from various branches of mathematics can be formulated as fixed

point problems. This theory is particularly useful for addressing existence and uniqueness issues

of solutions in nonlinear differential and integral equations [17]. Moreover, fixed point theory
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plays an important role in data science by providing a natural framework for advanced convex

optimization methods as well as modern nonlinear techniques [4].

The existence of fixed point theorem was first introduced by the mathematician L. E. J.

Brouwer in 1912 [3]. Brouwer’s contribution not only laid the foundation for the development

of fixed point theory but also influenced many other fields, such as game theory, economics, and

dynamical systems[2, 8]. For instance, in economics, this theorem is used to prove the existence

of market equilibrium, where prices and quantities converge to a stable fixed point.

Despite its significant impact, Brouwer’s fixed point theorem has several limitations. One ma-

jor limitation is that it applies only to finite-dimensional spaces Rn. These limitations motivated

mathematicians to seek broader generalizations of fixed point theorems that could be applied to

infinite-dimensional spaces. This effort culminated in the 1930s when Juliusz Schauder estab-

lished a fixed point theorem valid in infinite-dimensional spaces [12]. This result, known as the

Schauder fixed point theorem, marked an important step toward extending fixed point theory to

more complex settings.

The study of fixed points for set-valued mappings originated from the seminal work of

Shizuo Kakutani, who extended Brouwer’s fixed point theorem to collections of sets in finite-

dimensional spaces [10]. This generalization marked a fundamental advancement in fixed point

theory by allowing mappings to assign sets rather than single points. However, Kakutani’s the-

orem has an important limitation, as it cannot, in general, be applied to infinite-dimensional

spaces due to the increased structural complexity of such spaces, which complicates the appli-

cation of classical fixed point principles [10].

Subsequent research further broadened the scope of fixed point theory for set-valued map-

pings. In particular, Nadler [9] introduces the existence of fixed point theorem for set-valued

mappings in metric spaces. In Nadler’s theorem, the contraction condition is extended to ap-

ply to the set-valued images of the mapping using Hausdorff metric. This result opened new

avenues for investigating the existence of fixed points in a more general framework, as it is no

longer restricted to single-valued mappings.

Set-valued mappings have attracted considerable attention due to their greater generality

compared to single-valued functions and their wide applicability in fields such as economics,
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optimization, and data processing in programming [5]. Despite this progress, existing stud-

ies have not yet fully explored an even more general framework, such as quasilinear metric

spaces[1], which naturally accommodate both single-valued and set-valued mappings. Quasi-

linear metric spaces are frequently employed in various aspects of programming, particularly

for improving algorithmic efficiency by exploiting their structural properties [19]. Moreover,

fixed point theorems in such spaces play a crucial role in ensuring the convergence of iterative

algorithms and accelerating model training processes [4].

Finding fixed points in quasilinear metric spaces is highly challenging due to their complex-

ity and nonlinear characteristics. Conventional analytical methods are often considered insuf-

ficient, making numerical and heuristic approaches more suitable. Swarm intelligence, which

mimics the collective behavior of natural systems such as bird flocks or ant colonies, offers flex-

ible solutions for optimization problems [14]. Algorithms such as Particle Swarm Optimization

(PSO) and Ant Colony Optimization (ACO) have proven effective in exploring search spaces

without relying on derivatives or strict mathematical conditions [20]. Consequently, swarm-

intelligence-based approaches provide innovative and adaptive solutions to the challenges of

fixed point approximation in quasilinear metric spaces.

In this study, we investigate the existence of fixed points for mappings defined on quasilinear

metric spaces and explore the approximation of fixed points using swarm intelligence meth-

ods. The primary focus is on advancing fixed point theory within the framework of quasilinear

metric spaces, representing a significant contribution to applied mathematics. The primary con-

tributions of this study are as follows:

(1) To propose of new fixed point and contraction concepts for set-valued mappings in

quasilinear metric spaces, together with corresponding existence results.

(2) To derive of sufficient conditions guaranteeing the existence of fixed points in quasilin-

ear metric spaces for set-valued functions.

(3) To develop of a swarm intelligence–based algorithm for approximating fixed points of

set-valued functions in quasilinear metric spaces.

(4) To evaluate of the proposed approach through three representative numerical examples.
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The remainder of this article is organized as follows. After the introduction, the second

section presents the theoretical background required for the analysis, including fundamental

concepts of fixed point theory in quasilinear metric spaces and the formulation of fixed point

problems for set-valued mappings. This section establishes the analytical foundation for the

subsequent results.

The third section introduces swarm intelligence–based optimization methods for fixed point

approximation and describes the implementation of five different algorithms within a unified

framework. Rather than focusing on a single method, this section emphasizes the comparative

aspects of the algorithms and outlines the common adaptation strategy employed to address

fixed point problems in quasilinear metric spaces.

The fourth section presents the results, in which a new fixed point theorem for the considered

space is introduced. This section also discusses three illustrative examples. For each exam-

ple, the proposed fixed point theorem is first established theoretically, and the corresponding

fixed points are then approximated using swarm intelligence algorithms. Numerical results are

provided to demonstrate the effectiveness of the proposed theorem and to evaluate the perfor-

mance of the swarm intelligence methods in terms of convergence behavior and approximation

accuracy.

2. PRELIMINARIES

In this section, we discuss the theoretical foundations that support the results presented in the

subsequent sections.

Definition 2.1: [18] Let T : (X ,d)→ (X ,d) be a mapping. The mapping T is said to be Lipschitz

if there exists a constant c > 0, called the Lipschitz constant of T , such that

d(T (u),T (v))≤ cd(u,v), ∀u,v ∈ X .

If c < 1, then the Lipschitz mapping T is called a contraction.

This notion of contraction plays a central role in Banach’s approach to fixed point theory

and is used to establish the existence and uniqueness of fixed points. We recall the Banach

Contraction Principle below.
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Theorem 2.2: [18] Let X be a metric space and let T : X → X be a contraction mapping. Then

T has exactly one fixed point.

After discussing the fixed point principle for single-valued mappings, we now turn to the

set-valued case. To this end, we first introduce distance notions between sets, which will serve

as essential tools in the subsequent analysis.

In what follows,P0(X) denotes the collection of all nonempty subsets of X .

Definition 2.3: [6] Let (X ,d) be a metric space. The distance function H with

H : P0(X)×P0(X)→ R,

is defined as follows. For all A,B ∈P0(X), the function

H+(A,B) = sup
x∈B

d(x,A) = sup
x∈B

inf
y∈A

d(x,y)

is called the upper Hausdorff distance, and

H−(A,B) = sup
x∈A

d(x,B) = sup
x∈A

inf
y∈B

d(x,y)

is called the lower Hausdorff distance. The Hausdorff distance between A and B is defined by

H (A,B) = max{H+(A,B),H−(A,B)}.

Proposition 2.4: Let (X ,d) be a metric space and let C B(X) denote the collection of all

nonempty closed bounded subsets of X. Then the Hausdorff distance H on C B(X) is a metric.

Proof. Let A,B,C ∈ C B(X). We verify that H (A,B) satisfies the axioms of a metric.

(1) Non-negativity. Since d(x,y)≥ 0 for all x,y ∈ X , it follows that

H+(A,B)≥ 0 and H−(A,B)≥ 0.

Hence,

H (A,B) = max{H+(A,B),H−(A,B)} ≥ 0.

(2) Identity of indiscernibles. If A = B, then

H+(A,B) = sup
x∈B

d(x,A) = 0 and H−(A,B) = sup
x∈A

d(x,B) = 0.
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Therefore,

H (A,B) = 0.

Conversely, if H (A,B) = 0, then every point of A lies arbitrarily close to B and vice

versa, which implies A = B since both sets are compact.

(3) Symmetry. By definition,

H+(A,B) = sup
x∈B

d(x,A) = H−(B,A),

and

H−(A,B) = sup
x∈A

d(x,B) = H+(B,A).

Thus,

H (A,B) = H (B,A).

(4) Triangle inequality. By the triangle inequality of d, for all a ∈ A, b ∈ B, and c ∈C,

d(a,b)≤ d(a,c)+d(c,b).

Hence,

inf
b∈B

d(a,b)≤ d(a,c)+ inf
b∈B

d(c,b)≤ d(a,c)+H+(C,B).

Taking the infimum over c ∈C and then the supremum over a ∈ A, we obtain

H+(A,B)≤H+(A,C)+H+(C,B).

Similarly,

H−(A,B)≤H−(A,C)+H−(C,B).

Therefore,

H (A,B)≤H (A,C)+H (C,B).

Thus, H satisfies all metric axioms and is a metric on C B(X). �

Theorem 2.5: If the metric space (X ,d) is complete, then the metric space (C B(X),H ) is

also complete.
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We now consider fixed point results for set-valued mappings. In particular, we focus on the

fixed point theorem introduced by Nadler[9]. Prior to presenting the theorem, we introduce the

notion of a fixed point for set-valued functions.

Definition 2.6: [9] Let (X ,d) be a metric space and let F : X → C B(X), x is a fixed point of

F(x) if x ∈ F(x).

Definition 2.7: [9] Let (X ,d) be metric spaces and E ⊂ X. The set-valued function F : E →

C B(X) is a lipschitz if

H (F(x),F(y))≤ αd(x,y),∀x,y ∈ E,

where α > 0 is a lipschitz constant. If α < 1 than F is a contraction.

Example 2.8: let I = [0,1]⊂ R and let f : I→ I be a mapping defined by

f (x) =


1
2

x+
1
2
, 0≤ x≤ 1

2
,

−1
2

x+1,
1
2
< x≤ 1.

Define a set-valued mapping F : I→P0(I) by

F(x) = {0}∪{ f (x)}.

Take arbitrary x,y ∈ I such that

F(x) = {0}∪{ f (x)}= {0, f (x)} and F(y) = {0}∪{ f (y)}= {0, f (y)}.

Then we obtain

H+(F(x),F(y)) = sup
a∈F(y)

inf
b∈F(x)

d(a,b)

= sup{0, | f (x)− f (y)|}= | f (x)− f (y)|,

and

H−(F(y),F(x)) = sup
a∈F(x)

inf
b∈F(y)

d(a,b)

= sup{0, | f (x)− f (y)|}= | f (x)− f (y)|.

Hence,

H (F(x),F(y)) = max{H+(F(x),F(y)),H−(F(x),F(y))}= | f (x)− f (y)|.
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Next, we determine the Lipschitz constant.

If x,y ∈
[

0,
1
2

]
, then

| f (x)− f (y)|=
∣∣∣∣12x+

1
2
−
(

1
2

y+
1
2

)∣∣∣∣= 1
2
|x− y|.

If x,y ∈
(

1
2
,1
]

, then

| f (x)− f (y)|=
∣∣∣∣−1

2
x+1−

(
−1

2
y+1

)∣∣∣∣= 1
2
|x− y|.

If x ∈
[

0,
1
2

]
and y ∈

(
1
2
,1
]

, then

| f (x)− f (y)|=
∣∣∣∣12x+

1
2
−
(
−1

2
y+1

)∣∣∣∣≤ 1
2
|x+ y−1| ≤ 1

2
|x− y|.

If x ∈
(

1
2
,1
]

and y ∈
[

0,
1
2

]
, then

| f (x)− f (y)|=
∣∣∣∣−1

2
x+1−

(
1
2

y+
1
2

)∣∣∣∣≤ 1
2
|1− x− y| ≤ 1

2
|x− y|.

From all four possible cases, it follows that

| f (x)− f (y)| ≤ 1
2
|x− y|,

and therefore

H (F(x),F(y)) = | f (x)− f (y)| ≤ 1
2
|x− y|.

Thus, the Lipschitz constant is α =
1
2

, and hence the mapping F is a contraction.

Theorem 2.9: [9] Let (X ,d) be a complete metric space and let F : X→C B(X) be a set-valued

contraction. Then F has a fixed point.

3. METHODOLOGY

In this section, we describe the main problem addressed in this study and the methodolog-

ical framework adopted to solve it. We begin by formulating the fixed point problem for a

set-valued mapping, where a point x is said to be a fixed point if x ∈ F(x). Although this def-

inition is mathematically well established, directly verifying or computing such fixed points

is challenging from a computational perspective, particularly when using optimization-based
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algorithms. The main difficulty arises from the set-valued nature of F(x), which prevents a

straightforward evaluation of equality or residual error as in single-valued fixed point problems.

To address this issue, we reformulate the fixed point problem as an optimization problem.

Instead of directly enforcing the condition x∈F(x), we define an objective function based on the

distance between x and the elements of the set F(x). For each candidate solution x, the minimum

distance between x and the members of F(x) is computed, and the optimization process seeks to

minimize this distance. In this formulation, a fixed point is approximated by a point for which

the distance value approaches zero. This transformation enables the fixed point problem for

set-valued mappings to be effectively handled using population-based optimization algorithms.

A more detailed construction of the objective function and its practical implementation are

presented in the Results section through three representative examples.

In this methodology, several metaheuristic optimization algorithms are employed, Seagull

Optimization Algorithm (SOA), Nu Modified Seagull Optimization Algorithm (SOA), Parti-

cle Swarm optimization Algorithm (PSO), Whale Optimization Algorithm (WOA), Grey Wolf

Optimization Algorithm (GWO). However, this section does not aim to provide a detailed de-

scription of each algorithm. Instead, we briefly introduce these algorithms and cite the relevant

literature, focusing on their role as optimization tools for minimizing the proposed distance-

based objective function.

To evaluate the performance of the proposed approach and the comparative algorithms, the

Mean Squared Error (MSE) is adopted as the primary evaluation metric. The MSE provides

a quantitative measure of the discrepancy between the candidate solutions and the fixed point

condition induced by the set-valued mapping, allowing for a consistent and fair comparison

across all experiments.

To provide a concise overview of the experimental procedure, a flowchart summarizing the

main stages of the study is presented in Figure 1. The flowchart illustrates the sequential steps of

the experimental workflow, beginning with the definition of the objective and fitness functions,

followed by the selection of optimization algorithms and parameter settings. The algorithms

are then executed under a uniform termination condition defined by a maximum number of

iterations. Finally, the generated solutions are evaluated using the MSE metric, and the process
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is repeated over multiple trials to ensure robustness. This visualization clarifies the overall

experimental pipeline and complements the methodological details presented in this section.

FIGURE 1. Research Steps

3.1. Seagull Optimization Algorithm. The Seagull Optimization Algorithm (SOA), pro-

posed by Dhiman and Kumar [7], is a population-based metaheuristic inspired by the migra-

tory and hunting behaviors of seagulls. SOA balances exploration and exploitation through two

main phases: diversification (migration) and intensification (attack).

During the diversification phase, collision avoidance and movement toward the best solution

are modeled as

(1) ~Zs = M ·~Ys(t),

where

(2) M = frc− t · frc

Maxiter
.

The direction toward the best seagull is defined by

(3) ~Ds = E · (~Y f s−~Ys(t)), E = 2M2 ·Rand.

Seagulls adjust their proximity based on the best position:

(4) ~Ps = |~Zs +~Ds|



FIXED POINTS OF SET-VALUED MAPPINGS IN QUASILINEAR METRIC SPACES 11

In the intensification phase, seagulls follow a spiral attack pattern:

(5) x = r cosθ , y = r sinθ , z = rθ ,

with

(6) r = νeωsθ .

The velocity of each seagull ~Vs is updated using:

(7) ~Vs(t +1) = ~Ps · x · y · z

The position update rule is given by

(8) ~Ys(t +1) = ~Ps · xyz+~Yf s(t).

The main variables used in SOA are:

• ~Ys(t): position of the s-th seagull at iteration t.

• ~Ys(t +1): updated position of the s-th seagull.

• ~Ps: proximity vector combining collision avoidance and movement toward the best seag-

ull.

• ~Zs: intermediate position vector after collision avoidance.

• ~Ds: direction vector toward the best seagull.

• ~Yf s: position of the best-performing seagull.

• M: motion coefficient for collision avoidance.

• E: coefficient controlling movement toward the best seagull.

• frc: initial motion coefficient used in computing M.

• Maxiter: maximum number of iterations.

• t: current iteration.

• Rand: uniformly distributed random number in [0,1].

• x,y,z: coordinates for the spiral attack.

• θ : control parameter for spiral movement.

• r: spiral radius.

• ν : spiral scaling parameter; dynamically updated in NuM-SOA.
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• ωs: constant controlling spiral expansion.

• ~Vs: velocity of the s-th seagull.

3.2. Nu Modified Seagull Optimization Algorithm. The modification of the Seagull Op-

timization Algorithm employed in this study follows our previously developed Nu-modified

Seagull Optimization Algorithm (NuM-SOA), which has been submitted for publication,

preprint [13]. In this work, the algorithm is adopted without redefining its core structure, and

only its implementation details are summarized for completeness. As introduced in [13], the

control parameter ν is updated dynamically to improve convergence:

(9) νt = ν

(
1− t

Maxiter

)
.

The overall procedure of the NuM-SOA is summarized in Algorithm 1.

3.3. Whale Optimization Algorithm (WOA). WOA [15] uses encircling or spiral updating:
~XW (t +1) = ~X∗(t)−A~DW if pran < 0,5

~XW (t +1) = ~D′W eb` · cos(2π`)+~X∗(t) if pran ≥ 0,5
(10)

where

~DW = |C~X∗(t)−~XW (t)|,A = 2ar−a,C = 2r

and

D′W = |~X∗W (t)−~XW (t)|

The main variables used are:

• ~XW : position of the W -th whale in the search space.

• ~X∗W : the best solution (whale) found so far.

• A, C: coefficient vectors controlling the movement and encircling behavior.

• b: spiral parameter controlling the shape of the logarithmic spiral.

• `: random number in [−1,1] used in the spiral updating.

• a: a number linearly decreased from 2 to 0 over the course of iterations

• pran: probability parameter used to switch between the encircling and spiral updating

mechanisms, randomly generated in the interval [0,1]. .
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Algorithm 1 Nu Modified in Seagull Optimization Algorithm (NuM-SOA)

1: Input: Population of seagulls Ȳs, s = 1, . . . ,n; Maximum iterations Maxitr

2: Output: Global best seagull position Ȳf s

3: Initialize population of n seagulls Ȳs

4: Initialize control parameters M and E

5: Set fc← 2, ν ← 0.03, w← 0.02

6: for t← 1 to Maxitr do

7: Evaluate fitness value of each seagull

8: Find the best seagull Ȳ f s based on fitness

9: for each seagull s do

10: Generate control parameter θ ∈ [0,2π]

11: Compute νt using Eq. (9)

12: Generate spiral behavior using Eq. (6)

13: Compute distance D̄s using Eq. (3)

14: Update speed using Eq. (7)

15: Update position using Eq. (8)

16: end for

17: Recalculate fitness of all seagulls

18: Update Ȳs based on best fitness

19: end for

20: return Ȳf s

3.4. Grey Wolf Optimizer (GWO). GWO [16] updates positions based on alpha (~Xα ), beta

(~Xβ ), and delta (~Xδ ) wolves:

Ai = 2ai · r1−ai, Ci = 2 · r2,(11)

~Dα = |C1 ·~Xα −~Xi|, ~Xa = ~Xα −A1 ·~Dα ,(12)

~Dβ = |C2 ·~Xβ −~Xi|, ~Xb = ~Xβ −A2 ·~Dβ ,(13)

~Dδ = |C3 ·~Xδ −~Xi|, ~Xc = ~Xδ −A3 ·~Dδ ,(14)
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~XG(t +1) =
~Xa +~Xb +~Xc

3
.(15)

The main variables in GWO are:

• ~XG: position of the G-th grey wolf.

• ~Xα ,~Xβ ,~Xδ : positions of the three best wolves guiding the rest.

• Ai,Ci with i = 1,2,3: coefficient vectors controlling exploration and exploitation.

• ~Xa,~Xb,~Xc: intermediate positions computed relative to alpha, beta, and delta wolves.

3.5. Particle Swarm Optimization (PSO). PSO [11] updates velocity and position as:

~VP(t +1) = ωρ
~VP(t)+ c1r1(~X

p
P −~XP(t))+ c2r2(~G−~XP(t))(16)

~XP(t +1) = ~XP(t)+~VP(t +1).(17)

The main variables in PSO are:

• ~XP: position of the P-th particle in the search space.

• ~VP: velocity of the P-th particle.

• ~X p
P : personal best position of the P-th particle.

• ~X∗: global best position found by the swarm.

• ωρ : inertia weight controlling exploration/exploitation.

• c1,c2: acceleration coefficients for personal and social influence.

• r1,r2: random numbers in [0,1].

3.6. Cross Validation and Parameter Selection. To maximize the performance of all algo-

rithms, each algorithm was subjected to a cross-validation procedure. The parameters consid-

ered in this process are listed in Table 1. All possible combinations of these parameters were

evaluated, and each configuration was executed five independent times to reduce the influence

of stochastic effects inherent in metaheuristic algorithms. The mean squared error (MSE) ob-

tained from these runs was calculated and used as the performance indicator, providing a more

reliable and representative assessment of each parameter setting.

The evaluation was carried out using three example problems, where for each example, the

existence of a fixed point was first established before computing an approximate fixed point us-

ing the algorithms. After selecting the optimal parameters from cross-validation, all algorithms
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were subsequently run using 2500 iterations for the final evaluation, ensuring a consistent and

fair comparison across all methods. For Problem 2, both the MSE and the number of iterations

required to reach zero error were recorded to provide additional insight into the convergence

behavior of each algorithm.

Algorithm Parameters value

SOA

ν 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1

ωs 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1

Num of seagulls(s) 10,20, 30, 40, 50

Num-SOA

ν 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1

ωs 0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1

Num of seagulls(s) 10,20, 30, 40, 50

WOA Num of whales(W) 10, 20, 30, 40, 50,60,70,80

GWO Num of wolfs(G) 10, 20, 30, 40, 50,60,70,80

PSO

ωρ 0.2, 0.4, 0.6, 0.8

c1 1,1.5,2

c2 1,1.5,2

Particle values(P) 10,20,30,40,50

TABLE 1. List of Parameters

4. MAIN RESULTS

In this section, we discuss and analyze the results of the experiments conducted on the three

fixed-point problems. We begin by exploring the optimal parameter settings for both the orig-

inal SOA and the modified NuM-SOA across different problem instances. Finally, we present

a comparative analysis of the proposed algorithm against competitive fixed-point methods, in-

cluding state-of-the-art approaches, the Bat Algorithm as a representative of swarm intelligence

techniques, and the original SOA.

4.1. Fixed Points in Quasilinear Metric Spaces. The following definition of fixed points is

focused on collections of convex, closed, and compact sets over vector spaces.
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Definition 4.1: Let K C (Rn) denote the collection of nonempty, convex, compact, and closed

subsets of the Euclidean space Rn. Define a set-valued mapping F : Rn→K C (Rn). A point

x ∈ Rn is called a fixed point of F if

x ∈ F(x).

The set of all fixed points of F is denoted by

Fix(F) = {x ∈ Rn | x is a fixed point of F}.

4.2. Properties of Fixed Points in Quasilinear Metric Spaces. To adapt to the space con-

sidered in this study, a new notion of contraction is introduced.

Definition 4.2: Let K C (Rn) be the collection of nonempty, convex, compact, and closed sub-

sets of Rn. A mapping F : Rn→K C (Rn) is called a set-valued Lipschitz mapping if

H (F(x),F(y))≤ β‖x− y‖, ∀x,y ∈ Rn.

The constant β is called the Lipschitz constant. If β < 1, then F is called a set-valued contrac-

tion mapping.

The following theorem provides a sufficient condition for the existence of a fixed point of

a set-valued mapping in a quasilinear metric space. Since Rn is complete, it follows that

(K C (Rn),H ) is also a complete metric space.

Theorem 4.3: Let (K C (Rn),H ) be a quasilinear metric space and let F : Rn→K C (Rn).

If F is a contraction, then F has a fixed point.

Proof. Take an arbitrary point x0 ∈ X . Since F(x0) is bounded and nonempty, the quantity

d(x0,F(x0)) is also bounded. Let 0≤ k < 1 be the contraction constant of F . Choose r > 0 such

that

d(x0,F(x0))< (1− k)r.

Construct a sequence (xn) ⊂ Rn with xn ∈ F(xn−1). We will show that this sequence lies in

the closed ball B(x0,r). Choose x1 ∈ F(x0) such that

‖x1− x0‖< (1− k)r.
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By induction, select xn ∈ F(xn−1). Since F is a contraction,

H (F(xn),F(xn−1))≤ k‖xn− xn−1‖,

there exists xn+1 ∈ F(xn) such that

‖xn+1− xn‖< k‖xn− xn−1‖.

From the pattern obtained starting with x1, we have

‖xn+1− xn‖< kn(1− k)r for all n≥ 0.

Hence,

‖xn− x0‖ ≤ ‖x1− x0‖+
n−1

∑
i=1
‖xi+1− xi‖

< (1− k)r+
n−1

∑
i=1

ki(1− k)r

= (1− k)r(1+ k+ · · ·+ kn−1)

= (1− k)r
(

1− kn

1− k

)
= r(1− kn)< r.

By Definition, it follows that xn ∈ B(x0,r), and thus the sequence (xn) is bounded.

Next, we show that (xn) is a Cauchy sequence. For m > n, we obtain

‖xm− xn‖ ≤
m−1

∑
i=n
‖xi+1− xi‖<

∞

∑
i=n

ki(1− k)r = kn(1− k)r
∞

∑
j=0

k j = knr.

Since 0≤ k < 1, we have knr→ 0 as n→ ∞, and hence (xn) is a Cauchy sequence.

Because X is complete, the sequence (xn) converges to some x ∈ X . Since x ∈ B(x0,r), we

obtain

H (F(xn),F(x))≤ k‖xn− x‖→ 0.

For each n, we have xn+1 ∈ F(xn), which implies

d(xn+1,F(x))≤H (F(xn),F(x))→ 0.

Since xn+1→ x and F(x) is closed, it follows that x ∈ F(x), i.e.,

d(x,F(x)) = 0.
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Therefore, x is a fixed point of F . �

5. EXAMPLES OF FIXED POINTS IN QUASILINEAR METRIC SPACES

5.1. Example 1. Let F : [−5,5]→K C (R) be defined by

F(x) =
{

x2

50

}
∪{cos(x)+1}=

{
p,q|p =

x2

50
and q = cos(x)+1

}
.

for each x ∈ [−5,5]. We first show that the mapping F admits a fixed point. To prove the

existence of a fixed point, we verify whether F is a contraction. Let x,y ∈ [−5,5]. Then we

obtain

H+(F(x),F(y)) = sup
a∈F(y)

inf
b∈F(x)

‖a−b‖

= sup
{

inf
{
|y2− x2|

50
,

∣∣∣∣ y2

50
− cos(x)−1

∣∣∣∣} ,

inf
{∣∣∣∣cos(y)+1− x2

50

∣∣∣∣ , |cos(y)− cos(x)|
}}

≤ |y
2− x2|
50

=
|x+ y||x− y|

50
≤ 10

50
|x− y|= 1

5
|x− y|.

Similarly,

H−(F(x),F(y)) = sup
a∈F(x)

inf
b∈F(y)

‖a−b‖

≤ |x
2− y2|
50

=
|x+ y||x− y|

50
≤ 1

5
|x− y|.

Hence,

H (F(x),F(y))≤ 1
5
|x− y|.

By Definition 4.2, the mapping F is a contraction with Lipschitz constant 1
5 . Therefore, by

Theorem 4.3, the mapping F has a fixed point.

After establishing the existence of a fixed point, we proceed to approximate the fixed point

using swarm intelligence methods. As illustrated in Figure 2, the set-valued mapping F(x)

contains two elements, denoted by a and b.

According to the definition of a fixed point for a set-valued function, a point x is a fixed point

if x ∈ F(x). Therefore, a candidate solution must be sufficiently close to at least one element of
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the set F(x). Based on this observation, the fitness function is defined as the minimum distance

between x and the elements of F(x):

(18) ffit = min{|x−a|, |x−b|} .

FIGURE 2. Problem 1

In this problem, all algorithms are evaluated using cross-validation. The corresponding re-

sults are summarized in Figure 5. Darker colors indicate better solution quality for the cor-

responding parameter settings, while white regions correspond to parameter combinations for

which the algorithm achieves zero error. Based on the cross-validation results, the optimal

parameter values are reported in Table 2.

From Figure 5, SOA, Num-SOA, and PSO show better performance when using a larger

population size. This behavior is expected, as a larger number of particles improves population

diversity and enhances the balance between exploration and exploitation, reducing the risk of

premature convergence.

SOA shows better performance when the parameter ν is in the range of 0.4–0.7 and when

ωs is small. A moderate value of ν allows SOA to maintain sufficient exploration while still

converging effectively, whereas a smaller ωs reduces excessive oscillatory movements, leading

to more stable convergence toward optimal solutions.
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Num-SOA outperforms SOA and achieves better performance when ν is larger and ωs is

smaller. The numerical enhancement in Num-SOA improves search precision, enabling the al-

gorithm to benefit from stronger exploration (larger ν) while maintaining convergence stability

through a reduced step size controlled by ωs.

PSO exhibits better performance when the inertia weight ωρ is small, with c1 = 1.5 and

c2 = 1. A smaller inertia weight encourages exploitation by limiting particle velocity, while the

chosen acceleration coefficients provide a balanced influence between personal experience and

global best information.

WOA and GWO generally perform better with a larger number of particles due to increased

search coverage of the solution space. However, this improvement is not strictly monotonic.

WOA achieves better performance with 70 particles than with 80 particles, which may be at-

tributed to excessive exploration causing slower convergence. In contrast, GWO continues to

benefit from increased population size, as its hierarchical leadership mechanism can effectively

manage larger populations and guide the search process more efficiently. From Table 3, all

Algorithm Parameters value

SOA

ν 0.5

ωs 0.1

Num of seagulls(s) 50

Num-SOA

ν 0.3

ωs 0.4

Num of seagulls(s) 50

WOA Num of whales(W) 70

GWO Num of wolfs(G) 80

PSO

ωρ 0.2

c1 1.5

c2 1

Particle values(P) 50

TABLE 2. Chosen Parameter for Problem 1
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algorithms successfully identify all fixed points of Problem 1, indicating that each method is

capable of solving the problem effectively. As expected, Num-SOA demonstrates better perfor-

mance than SOA, WOA, and GWO, achieving significantly smaller best error and MSE values.

Among the latter three algorithms, WOA performs slightly better than GWO and SOA, while

GWO and SOA exhibit comparable performance, indicating similar convergence accuracy.

The highest overall performance is achieved by PSO. Although its best error is only

marginally better than that of Num-SOA, PSO exhibits a substantially lower MSE, reflecting

a more stable and consistent convergence behavior across multiple runs. This stability can be

attributed to the velocity update mechanism in PSO, which effectively balances exploration and

exploitation, leading to reduced variability in the obtained solutions. In contrast, while Num-

SOA attains very high accuracy in terms of best error, its slightly higher MSE suggests greater

sensitivity to stochastic variations during the search process.

Algorithm Best x F(x) Best Error MSE

SOA
0.0000 {0.000,2.000} 0.000 0.000

1.283 {0.0329,1.283} 1.33 ·10−6 5.597 ·10−10

Num-SOA
0.0000 {0.000,2.000} 0.000 0.000

1.283 {0.0329,1.283} 1.33 ·10−15 5.139 ·10−27

WOA
0.0000 {0.000,2.000} 0.000 0.000

1.283 {0.0329,1.283} 2.75 ·10−10 1.983 ·10−17

GWO
0.0000 {0.000,2.000} 0.000 0.000

1.283 {0.0329,1.283} 1.25 ·10−9 1.629 ·10−12

PSO
0.0000 {0.000,2.000} 0.000 0.000

1.283 {0.0329,1.283} 2.22 ·10−16 4.930 ·10−32

TABLE 3. Performance comparison of different algorithms on Problem 1

5.2. Example 2. Let F : [1
2 ,

3
2 ]→K C (R) be defined by

F(x) = [sin(x),cos(x)].
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for each x ∈ [1
2 ,

3
2 ]. We first prove the existence of a fixed point by showing that F is a contrac-

tion. Let x,y ∈ [1
2 ,

3
2 ]. Then

H+(F(x),F(y)) = sup
a∈F(x)

inf
b∈F(y)

‖a−b‖

≤ sup{|sin(x)− sin(y)|, |cos(x)− cos(y)|}

= sup
{∣∣2sin

(x−y
2

)
cos
(x+y

2

)∣∣ , ∣∣2sin
(x−y

2

)
sin
(x+y

2

)∣∣} .
Since sin

(x+y
2

)
and cos

(x+y
2

)
are strictly less than 1 on the interval x,y ∈ [1

2 ,
3
2 ], there exists

a constant k < 1 such that

sin
(x+y

2

)
,cos

(x+y
2

)
≤ k.

Using the inequality sin t < t for t > 0, we obtain

H+(F(x),F(y))< k|x− y|.

By a similar argument,

H−(F(x),F(y))< k|x− y|.

Thus,

H (F(x),F(y))< k|x− y|, k < 1,

which shows that F is a contraction. Therefore, by Theorem 4.3, the mapping F admits a fixed

point.

FIGURE 3. Problem 2
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Based on Figure 3, the fixed point in this problem is very many. Since F(x) is in interval, to

acommodate the definition of fixed point of set-valued function, the fitness function is defined

as

(19) f f it =


0, if x≤ b or x≥ a

|x−b|, if x≥ b

|x−a|, if x≤ a

Since the set of all fixed points forms an interval, the objective in this problem is to determine

the bounds of that interval. In this case, the error-based metric is no longer appropriate, as

many candidate solutions immediately yield zero error. Therefore, a different evaluation cri-

terion is introduced based on the number of iterations required for convergence. This metric

allows us to assess and compare the convergence speed of the algorithms, identifying which

method reaches the fixed-point interval more efficiently. As in the previous experiment, all

Algorithm Parameters value

SOA

ν 0.4

ωs 0.1

Num of seagulls(s) 50

Num-SOA

ν 0.9

ωs 0.7

Num of seagulls(s) 50

WOA Num of whales(W) 80

GWO Num of wolfs(G) 80

PSO

ωρ 0.2

c1 1

c2 1

Particle values(P) 40

TABLE 4. Chosen Parameter for Problem 2

algorithms are evaluated using cross-validation. As shown in Figure 6, SOA achieves better
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performance when ν = 0.4 and ωs takes smaller values, whereas the opposite trend is observed

for NuM-SOA, which performs better with larger values of both ν and ωs. PSO favors smaller

parameter values, while both WOA and GWO require larger population sizes to achieve optimal

performance.

All algorithms are able to identify the boundary of the fixed-point interval, albeit with dif-

ferent convergence times. PSO exhibits the fastest convergence, achieving a very low average

number of iterations. This behavior can be attributed to PSO’s velocity–position update mech-

anism, which allows particles to move directly toward promising regions using both personal

and global best information, resulting in rapid boundary detection.

In contrast, the remaining algorithms require more than 2000 iterations on average, with

WOA converging the fastest among them, followed by SOA, GWO, and NuM-SOA. These al-

gorithms rely more heavily on encircling, leader-following, or spiral-based movements, which

tend to introduce oscillatory behavior near the boundary of the fixed-point interval. Con-

sequently, additional iterations are required to stabilize the solution. Overall, these results

demonstrate that PSO converges significantly faster than WOA, SOA, GWO, and NuM-SOA

for boundary detection in interval-valued fixed-point problems.

Algorithm Best x F(x) Minimum Iteration Iteration Average

SOA
0.500 [0.479,0.878] 2 2

0.7390 [0.674,0.739] 1006 2176.20

Num-SOA
0.500 [0.479,0.878] 2 2

0.7390 [0.674,0.739] 2447 2495.55

WOA
0.500 [0.479,0.878] 1 1

0.7390 [0.674,0.739] 1783 2211.25

GWO
0.500 [0.479,0.878] 1 1

0.7390 [0.674,0.739] 176 2248.9

PSO
0.500 [0.479,0.878] 1 2.1

0.7390 [0.674,0.739] 41 43.25

TABLE 5. Performance comparison of different algorithms on Problem 2
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FIGURE 4. Problem 3

5.3. Example 3. Let F : [0,1]→K C (R) be defined by

F(x) =


[3

4 −
x
2 , 1
]
, 0≤ x≤ 1

2 ,[
0, 3

4 −
x
2

]
, 1

2 < x≤ 1.

for each x ∈ [0,1]. We show that F has a fixed point by verifying that it is a contraction.

For both cases, let x,y ∈ [0,1]. Direct computation yields

H+(F(x),F(y))≤ 1
2
|x− y|, H−(F(x),F(y))≤ 1

2
|x− y|.

Hence,

H (F(x),F(y))≤ 1
2
|x− y|.

By Definition 4.2, the mapping F is a contraction with Lipschitz constant 1
2 < 1. Therefore, by

Theorem 4.3, the mapping F has a fixed point.

Based on Figure 4, the mapping F(x) is interval-valued. Therefore, a new fitness function

must be constructed. Since the definition of a fixed point for a set-valued function is given by

x ∈ F(x), it is sufficient to verify that x lies within the corresponding interval. If we assume that

F(x) = [a,b], then the optimization problem can be formulated using Equation 20.
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(20) f f it =


0, if x≤ b or x≥ a

|x−b|, if x≥ b

|x−a|, if x≤ a

In this problem, all algorithms are evaluated using cross-validation. The corresponding results

are summarized in Figure 7. From this we choose the best parameter listed on Table 6. SOA and

Num-SOA both show better performance when ν and ωs is the smallest valued as possible with

the biggest number of seagulls show best performance. PSO perform best when the particle

number is 50 and with ωρ ,r1,r2 as small as possible. Both WOA and GWO best perform when

the number of population is 60 and 80.

Algorithm Parameters value

SOA

ν 0.1

ωs 0.1

Num of seagulls(s) 50

Num-SOA

ν 0.1

ωs 0.1

Num of seagulls(s) 50

WOA Num of whales(W) 60

GWO Num of wolfs(G) 80

PSO

ωρ 0.2

c1 1

c2 1

Particle values(P) 50

TABLE 6. Chosen Parameter for Problem 3

All algorithms successfully converge to a single fixed point. Overall, NuM-SOA outperforms

SOA, WOA, and GWO. SOA exhibits slightly better performance than WOA and GWO, while

WOA and GWO show comparable results. PSO achieves the best performance, attaining zero

error consistently. Although NuM-SOA is also able to reach zero error, PSO demonstrates
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higher consistency across runs. The superior performance of PSO can be attributed to its di-

rect velocity–position update mechanism, which enables particles to rapidly converge toward

the feasible region defined by the fixed-point condition x ∈ F(x). In this problem, the objec-

tive landscape is simple and well-structured, allowing PSO to exploit global and personal best

information efficiently, resulting in zero error with high consistency.

NuM-SOA outperforms the original SOA due to the introduction of the decay-based param-

eter ν , which improves the balance between exploration and exploitation. This mechanism

allows NuM-SOA to avoid premature convergence and refine solutions more effectively near

the fixed point, enabling it to also reach zero error, albeit with slightly lower consistency than

PSO. SOA, WOA, and GWO rely more heavily on stochastic position-updating strategies and

Algorithm Best x F(x) Best Error MSE

SOA 0.500 [0.500,1.000] 7.13 ·10−10 5.436 ·10−15

Num-SOA 0.500 [0.500,1.000] 0.000 5.547 ·10−33

WOA 0.500 [0.500,1.000] 9.91 ·10−9 1.569 ·10−12

GWO 0.500 [0.500,1.000] 1.64 ·10−8 1.471 ·10−13

PSO 0.500 [0.500,1.000] 0.000 0.000

TABLE 7. Performance comparison of different algorithms on Problem 3

collective behaviors, which can introduce small oscillations around the fixed point. While SOA

benefits from directional movement and therefore performs better than WOA and GWO, the

latter two exhibit similar performance due to their comparable encircling and leader-following

dynamics, resulting in comparable error levels.

6. CONCLUSION

This study presented a unified analytical and computational framework for approximating

fixed points of set-valued mappings in quasilinear metric spaces. From the analytical perspec-

tive, sufficient conditions for the existence of fixed points were established using set-valued

contraction mappings under the Hausdorff metric. The completeness of the underlying metric



28 MAHARANI, MUSLIKH, ALGHOFARI

space ensures the applicability of classical fixed-point arguments, providing a rigorous theoret-

ical foundation for the numerical approximation procedures employed in this work.

On the computational side, swarm intelligence algorithms were systematically adapted to

approximate fixed points by reformulating the fixed-point condition x∈ F(x) as an optimization

problem. The design of the fitness functions was guided directly by analytical considerations.

For mappings with isolated fixed points, error-based metrics derived from the distance to the set

F(x) were used, whereas for interval-valued fixed-point sets, convergence speed and boundary

detection were adopted as evaluation criteria. This problem-dependent formulation ensures that

the numerical objectives remain consistent with the underlying analytical structure of the fixed-

point problem.

Three representative examples were investigated to illustrate the interaction between analyt-

ical properties and algorithmic behavior. In all cases, the contraction conditions were analyt-

ically verified, guaranteeing the existence of fixed points and explaining the observed conver-

gence patterns. The numerical results demonstrate that all considered algorithms are capable of

approximating the analytically guaranteed fixed points, while exhibiting different levels of accu-

racy, stability, and convergence speed depending on both algorithmic mechanisms and problem

characteristics.

Among the tested methods, PSO consistently achieved the fastest convergence and the high-

est stability across different problem settings, particularly in interval-valued fixed-point prob-

lems. The proposed NuM-SOA showed clear improvements over the original SOA, indicating

that the decay-based modification enhances the balance between exploration and exploitation,

especially near analytically defined fixed-point regions. While SOA, WOA, and GWO also

successfully converged, their reliance on collective stochastic movements resulted in slower

convergence and higher variability in some cases.

Overall, the results confirm that swarm intelligence algorithms, when supported by appropri-

ate analytical assumptions, provide a robust and flexible approach for fixed-point approximation

in quasilinear metric spaces. This work highlights the importance of integrating analytical fixed-

point theory with computational optimization techniques, offering a practical methodology for

problems where classical iterative schemes are difficult to apply. Future research may focus on
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extending this framework to non-contractive mappings, higher-dimensional set-valued opera-

tors, and adaptive swarm strategies, further strengthening the connection between theory and

computation.

(A) SOA (B) NuM-SOA

(C) PSO

(D) WOA (E) GWO

FIGURE 5. Cross-validation results for all algorithms on Problem 1.
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(A) SOA (B) NuM-SOA

(C) PSO

(D) WOA (E) GWO

FIGURE 6. Cross-validation results for all algorithms on Problem 2.
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(A) SOA (B) NuM-SOA

(C) PSO

(D) WOA (E) GWO

FIGURE 7. Cross-validation results for all algorithms on Problem 3.
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