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1. INTRODUCTION

In this paper, we are concerned with the idea of two basic concepts of convergence of se-
quences and continuity of functions. Bakhtin [1] introduced the b-metric space in 1989 as a
generalization of metric space (see also [11]). Kamran et al. [2] introduced the concept of an
extended b-metric space and presented the Banach principle of contraction mapping. In 2014,
Hussain et al. [3] introduced the concept of parametric space. Again, in 2015, Hussain et al.
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[4] introduced the concept of parametric b-metric space as a generalization of parametric metric
space. Mahendra and Khan [5] introduced the concept of parametric (b, 6)-metric space as an
extended form of parametric b-metric space and proved some fixed point results dealing with
general contractive conditions involving rational-type expressions.

Throughout the chapter, we shall use N to denote the set of natural numbers and R to denote

the set of real numbers.

Definition 1.1. [1] The pair (X, d}) is called a b-metric space if dj, : X x X — [0,0) is a b-metric
on X satisfying the following conditions, for all u,v,w € X

(B1) dp(u,v) =0iffu=v;

(B2) dp(u,v) = dp(v,u)

(B3) dp(u,v) < bldp(u,w) +dp(w,v)], where b > 1 is a real number.

If b =1, it becomes a metric space. Hence, every b-metric space is a metric space, but the

converse 1s not true.

Example 1.1. Let (X,d) be a metric space, where X # 0 and dp,(u,v) = [d(u,v)]", forall u,v € X.
Then (X,dp) is a b-metric space with b = 27=1 where r > 1 is a real number, but d, is not a

metric on X.

Definition 1.2. [2] The pair (X,dp) is called an extended b-metric space, if X # 0 is an arbitrary
set, 0 : X x X — [1,0), and dj, : X X X — [0,00) is an extended b-metric on X satisfying the
following conditions, for all u,v,w € X,
(E1) do(u,v) =0iffu=v;
(EZ) dg (Lt, V) =dy (V7 u);
(E3) do (Lt, V) < 9(”7 V) [de (l/l, W) +dp (Wv V)] :
If O(u,v) = b > 1, then the extended b-metric space becomes a b-metric space. Therefore,

every metric space is a b-metric space and every b-metric space is an extended b-metric space,

but the converse need not be true in general.
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Example 1.2. Consider X = R and define dg : X x X — [0,00) as dg(u,v) = |u|+ |v| #0,u = v,
where 0(u,v) = 1+ |u| + |v|, for all u,v € X. Then (X,dg) is an extended b-metric space.
However, for u,v € R\{0},u # v, we have

dg (u,v)
dg(u,0)+dg(0,v)

<1 Jul + v] = B(u,v).

If sup,, ,cx 0(u,v) = oo, it is impossible to find a finite b = 6 (u,v) > 1 satisfying (B3). Therefore,

(X,dg) is not a b-metric space. But every finite extended b-metric space is a b-metric space.

Definition 1.3. [3] The pair (X, P) is called a parametric metric space if X # 0 is a set, and P :
X2 x (0,00) — [0,0) is a parametric metric satisfying the following conditions, for all u,v,w € X
and for all ¢ > 0,

(P)P(u,v,0) =0iff u =v;

(Pz)P(I/t, Vy G) - P(V7 u, 6)7

(P3)P(u,v,0) < P(u,w,0) + P(w,v,0).
Example 1.3. [3] Suppose X # 0 is a set containing all continuous functions u : (0,00) — R
and define P : X2 x (0,00) — (0,%0) by P(u,v,0) = o|u(t) —v(t)|,¥o > 0. Then (X,P) is a

parametric metric space.

Example 1.4. [3] Suppose X = [0,%) and define P : X? x (0,00) — (0,00) by P(u,v,0) =

omax{u,v},u#vand P(u,v,6) =0,u =v,Yo > 0. Then (X, P) is a parametric metric space.

Definition 1.4. [4] The pair (X, P,) is called a parametric b-metric space if X £ @ isaset, b > 1
is a real number and P, : X2 x (0,00) — [0,00) is a parametric b-metric satisfying the following

conditions, for all #,v € X and for all ¢ > 0,
(Py1) Py(u,v,0) =0iffu=v;
(Py2) Py(u,v,0) = Py(v,u,0);
(Py3) Py(u,v,0) < b[Py(u,w, )+ Py(w,v,0)]
If b =1, then it becomes a parametric metric space, and hence every parametric metric space is

a parametric b-metric space, but the converse need not be true. Note that a parametric b-metric

space, for b > 1, may not be continuous.
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Example 1.5. [5] Let X = NU {0} and let P : X? x (0,00) — R be defined by

0, ifm=n

G|%—%|, if m,n are even or mn = oo ,
P(m,n,c) = <

30, if m and n are odd and m # n,

20, otherwise.

But for all m,n,p € X, we get P(m,n,c) < %(P(m,p7 o)+ P(p,n,o)). Thus, (X,P) is a para-
metric b-metric space with b = % We need to show that P is not a continuous function. Suppose

u, = 2n and v, = 1, then we have u,, — oo, v,, — 1. Also,

P(2n,00,G) = 23 -0,
n

and
P(up,vy,0) =0—0.
On the other hand,
P(up,vn,0) = P(u,,1,0) =20,
and P(e0,1,0) = 1. Hence, ,}EI;P(””’V”’ ) # P(u,v,0). So P is not continuous.

Example 1.6. [3] Suppose X = [0,e) and define P,(u,v,0) = o|lu—v|?, for all u,v € X, and

for all o > 0. Then (X, P,) is a parametric b-metric space with constant b = 27, where p > 1.

Example 1.7. Suppose X = [0,00) and define P(u,v,0) = o max{u,v} u # v and P(u,v,0) =

0, u =v, for all 6 > 0. Then (X, P) is a parametric metric space.

Motivated by the works of Kamran et al. [2], Mahendra and Khan [5] introduced the concept

of parametric (b, 0)-metric space.

Definition 1.5. [5] The pair (X, Py) is called a parametric (b, 6)-metric space if X # 0 is a set,
6 : X% x (0,00) — [1,00) and Py : X% x (0,00) — [0,00) is a parametric (b, 8)-metric satisfying

the following conditions, for all u,v,w € X and for all > 0
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(P@l) PQ(M,V,G) =0iffu=v;
(Pg2) Pg(u,v,0) = Pg(v,u,0);

(Pg3) Pg(u,v,0) < 0(u,v,0)[Py(u,w,0)+ Py(v,w,0)].

If 6(u,v,0) =b > 1, then Py becomes P,. Note that every parametric metric space and every
parametric b-metric space is a Py metric space. Note that Py with » > 1 is not a continuous

function, so it is Pg.

Example 1.8. Suppose X = R and let 8 : X2 x (0,00) — [1,0) be defined by 8 (u,v,0) = 1+
o(|u| + |v]),Yu,v € X and Yo > 0. Let Py : X x (0,00) — [0,00) be given by Pg(u,v,0) =
o(|ul?+|v|?),u#vand Py(u,v,0) =0,u=vVo >0, where p > 1. Then (X, Py) is a parametric

(b, 8)-metric space.

Example 1.9. Let 0 : X2 x (0,00) — [1,00), where X = [0,1], be a function defined by

6 (u,v,0) =272 4y 1y > 0, and 6(0,0,6) = 1,Y6 > 0. Define Py : X2 x (0,00) — [0, 00)

as
(o}
P9<u7v36) = _7vu7v E (07 1]7”#‘};
uy
Py(u,v,0) =0,u=v;
PQ(M,O,G) :P9(07u,6)

o
=—,uc(0,1],0 >0.
u
Clearly, (Py1) and (Pg2) are hold. For (Pg3), we have the following cases:
(i) For u,v,w € (0,1],Yo > 0, we have

Py(u,v,0) < 0(u,v,0)[Py(u,w,0)+ Py(w,v,0)]

N 2[1+G(u+v)]0'(u+v)
v (u+v) wo

IN

<o <2[l+ou+v).

(ii) For u,v € (0,1] and w = 0,Vo > 0, we have
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Py(u,v,0) < 0(u,v,0)[Pg(u,0,0)+ Py(0,v,0)]

IN

u v

&1 <2[1+0(u+v)].
(iii) For u,w € (0,1] and v =0,Vo > 0, we have
Po(,0,0) < 8(u,0,0) [Po (1, w,0) + Py(,0,0)]

=

IN

[ 2(1+Gu) ( o 0'>

u uw w

S uw <2(1+ou)(1+u).

It shows that (Py3) is satisfied. Thus, (X, Py) is a parametric (b, 8)-metric space.

Definition 1.6. [5] Let (X, Py) be a parametric (b, 0)-metric space and {u,} be a sequence in

X, then

(i) the sequence {u,} is said to be convergent to u € X and symbolically, we write u,, — u
asn — o iff Vo > 0, Py (uy,u,0) — 0 as n — oo;
(ii) the sequence {u, } is said to be a Cauchy in X iff Vo > 0, Py (4, uy, ) — 0 as m,n — oo;

(iii) (X, Py) is said to be complete iff every Cauchy sequence {u, } in X is convergent.

Definition 1.7. [5] Let (X, Py) be a parametric (b, 6)-metric space and 7 : X — X be a mapping.
Then we say that T is continuous at u € X if for any sequence {u,} in X such that u, — u as

n — oo, we have Tu,, — Tu as n — oo,

Example 1.10. Let X = [0,1] and define Py (u,v,0) = o(|u|’ + |v|?),u # v, and Py(u,v,0) =
0,u = v, where 0(u,v,0) =1+ o(|u|+|v|),Vu,v € X and for all 6 > 0. Let T : X — X be
a mapping defined by Tu = §,Vu € X. For any up € X, we define a sequence {uy},en in
X such that u, = T"up = (1)"ug. Clearly, u, — 0 as n — oo and Tu, = (1)"lug — T0 =0 as
n— oo, ie., JEIEOPQ (Tu,,T0,0) =0, whenever }iilgoPg (t,0,0) = 0. Therefore, T is continuous

at 0.

Definition 1.8. [8] A mapping T : X — X is said to be a-admissible if u,v € X, ot(u,v) > 1 =
o(Tu,Tv) > 1.
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Example 1.11. Let X = R. Define f: X — X and o : X x X — [0,0) by

Inul, ifu#0
fu) =
2, otherwise.
and
2, ifu>v
o(u,v) =

0, otherwise
Case(i)u#0andu >v
o(f(u), f(v)) = a(ln|ul,In|v])
=2>1.
Case(i) f u=0and u>v
o(f(u), f(v)) = a(2,2)
=2>1.

Therefore, in all possible cases, f is a-admissible.

Definition 1.9. [9] A mapping 7 : X — X is said to be t-orbital admissible if u € X, a(u, Tu) >

1= o(Tu,T?u) > 1.

Example 1.12. Let X = {0, 1,2} with usual metric d(u,v) = |u—v|. Define T : X — X and o :
XxX—RasT0=0,T1=2,T2=1and ot(u,v) = 1,if (u,v) € {(0,1),(0,2)} and a(u,v) =0,
otherwise. Note that T is a-admissible as a(0,1) = ¢(0,2) = 1,a(70,T1) = «(70,72) = 1.
But there does not exist @ € X such that a(u,v) = a(T"®,T" ' @) = 1,n € NU{0}. So, T is

not an o-orbital admissible mapping.

Definition 1.10. [5] A mapping 7 : X — X is said to be parametric ¢¢-admissible if u,v €
X,a(u,v,0) > 1= o(Tu,Tv,0) > 1,Vo > 0. In addition, we say that T is a parametric o/*-

admissible if for all u,v € Fix(T) # 0, o(u,v,0) > 1,Yo > 0.

Example 1.13. [5] Let X = [0,00) and T : X — X be a mapping defined by Tu = %,‘v’u €
X. Define o : X% x (0,00) — R as o(u,v,06) = 1+ o(u+v),Yu,v € [0,2] and a(u,v,0) =0
otherwise, for all ¢ > 0. Note that Fix(T) = {0,2}. Then T is a parametric @-admissible and

parametric ¢*-admissible.
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Definition 1.11. [10] A continuous function ¢ : R™ — R™ is called an altering distance if it is

non-decreasing and ¢ (r) = 0 iff » = 0, and ® denotes the set of all altering distance functions.

Example 1.14. [5] Let ¢; : R™ — R™, where i = 1,2 be defined by

(1) ¢1(u)=e€"+mu—1;
(i) ¢»(u) = mu® + In(nu+ 1), where m,n > 0.

Then ¢ («) and ¢, (u) are altering distance functions.

Definition 1.12. [14] A function ¥ : RT™ — R™ is said to be a comparison function if it is
monotonically increasing and lgrl y"(r) = 0 for all r > 0. The symbol ¥ denotes the set of all
n—so0

the comparison functions.
Lemma 1.1. [14] Let y € W. Then, y(r) < r for all > 0 and y(0) = 0.
Lemma 1.2. [5] Let (X, Py) be a parametric (b, 0)-metric space and {u, } be any sequence in

X. If y € ¥ satisfies

ny¥n, " P 9 9
lim 6 (un, um, o) Y" (Po(uo,u1,0))

<1
m,n—soo l[/nfl(PG(UO;ul;G))

and
0< P@(”Fl;unfly G) S W(Pe(unflauna G))

for any m > n > 1,m,n € N and for all ¢ > 0, then the sequence {u,} is a Cauchy sequence in

X.

Lemma 1.3. [5] Let (X, Py) be a parametric (b, 6)-metric space and {u, } be any sequence in
X such that

0 < Py(up,upy1,0)
S kPQ (unflauna 6)

1
and lim O(u,,uy,0) < A

n,m—oo

where k € [0, 1), for any m > n > 1 and for all ¢ > 0, then {u,} is a Cauchy sequence in X.
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2. FIXED POINTS OF RATIONAL TYPE CONTRACTIONS

Let (X,Pg) be a parametric (b, 0)-metric space with the continuous functional Py, and T :

X — X be a mapping. For u,v € X, we denote

Py(v,Tv,0)Py(u,Tu,0)

%(u7v7 G) = maX{Pe (u’v’ G), P9(”7V7G) ’

Py (u,Tu,0)[1+Py(v,Tv,6)] Py(v,Tv,0)[1+Pg(u,Tu,0)] }
1+Py (u,v,0) ’ 1+Pg (u,,0) ’

Po(u,Tu,0)Py(u,Tv,0)+Pg(v,Tv,0)Py(v,Tu,0)
max{Py(u,Tv,0),Py(v,Tu,0)} ’
Po(u,Tu,0)Py(v,Tv,0)+ Py(u,Tv,0)Py(v,Tu,o)
max{Py(v,Tv,0),Py(v,Tu,0)} b
We establish theorems on the existence and uniqueness of fixed points for a class of parametric

YV (u,v,0) = max{Py(u,v,0),

o-admissible mappings in rational-type contractions in the setting of a parametric (b, 8)-metric

space and extend our result to a parametric (b, 0)-metric space endowed with partial order.

Theorem 2.1. Let (X,Py) be a complete parametric (b, 0)-metric space and 7 : X — X is a
continuous mapping on X. Assume that there exist & : X? x (0,00) = R, ¢ € ® and y € ¥ such

that ¢(r) > r > y(r), for r > 0 satisfying
(1 a(u,v,0)9(Py(Tu,Tv,0)) < w(% (u,v,0))

for all u,v € X and for all o > 0. If

(1) T is a parametric o-orbitally admissible;

(ii) there exists ug € X such that o(ug, Tug,0) > 1, for all o > 0;

M 9(”"7”’"70-)1!]”([)9(”0714176))
1il) lim
( ) mm%oo V,n7] (Pg (M(),M] 76))

Then there exists w € X such that Tw = w, i.e., Fix(T) # 0.

< 1, where u,, = T"ug,m >n>1, forallc > 0.

Proof. According to the condition (ii), there exists ug € X such that & (ug, Tug,c) > 1, for all
o > 0. Let us consider a sequence {u,} in X such that u,, = T"ug, foralln € N. If uy_; = uy, =
Tuy_1, and hence u;_; is a fixed point of 7.

Without loss of generality, we suppose that u,, | # u,, for all u € N, then Py (uy,uy41,0) > 0,
for all o > 0. Using condition (i), T is a parametric o-orbitally admissible, o (ug,u;,0) =

o(ug, Tug,0) > 1 implies
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a(uy,uz,0) = a(Tug, T*uy,c) > 1 for all ¢ > 0. Similarly, ot(uy,up,0) = a(Tug, T?ug, c) >

1, a(up,us,0) = (X(Tzuo,T3u0,G) > 1, and so on. Then, we obtain that ot(u,—1,u,,0) > 1,

where n € N, and for all o > 0. By the inequality, we get

¢(P9(un7”n+17 G)) - ¢(P9(TMH*I>TM7HG))

where

%(un—lyum G)

Consequently, we obtain

S (X(unfl,un,G)(])(PQ(TMn,l,TMn, G))

< W(%(un—launa G))7

Py (un; Tuy, G)PB (un—l yTug 1, G)

maX{P@(un—bun?G)’ Pg(u 1,U G)
n—1y%n,

PB(”n—laTun—la G)[l +P6(un7Tun76)]
1+P9(un—17un76)

Py (ttn, Tuy, o)1 +P9(”n—laT”n—laG)]}
1+P9(un—l7un76)

P@ (I/tn, Un+1, G)PQ (unflauna G)
PQ(Mn_l,l/tn, G)

Y

maX{PQ (un—l yUn, G)a

P@(un*hunv G)[l +P9(un7un+la G)]
1+P9(un717”n76)

P@(unaun+17 O-)[l +P9(un*17un7 O-)] }
1+P9(Mn*1auna6)

max{Py(ty—1,un,0),Po(Un,tty+1,0),

Y

Po(un—1,un,0)[1 + Py (ttn,ttn+1,0)]
1 +P9(un—1aun76)

maX{PO (un—lyum G)7P9 (una Up+1, 6)7

}.

7P9(un;un+176)}

Pﬂ(unflauna G)[l +P9(un7un+la G)]
1+P9(un71>”n>6)

¢(P9 (Mnaun+176)) < W(maX{PG (un—launa 6)7P9 (l/tn,l/trH_l,G),

2)

We prove that

Po(up—1,un,0)[1 4 Po(ttp,upt1,0)]
1+P9(un*17unac)

)

(3) 0<P9(u,,,un+1,6) < I[/(Pg(un,l,un,O')),VnEN.

?
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We finish the proof via three cases.
() If % (uy—1,un,0) = Py(uy—1,uy,0) then by (1), it follows that
0 < Po(utn, tny1,0) < Y(Py(utn—1,n, 0)).
(i) If % (up—1,uy,0) = Py(up,un+1,0), then by (1), we have

0 < Py(up,upi1,0) < W(Py(up,un+1,0)) < Py(up,unyi1,0), which is a contradiction.

(iii) If % (up_1,un,0) = Pe(”"—liﬁ“}f;zyfﬁ(””c’;"’“ )] , then by (2), it is clear that

Po(up—1,up,0)[1 + Py (tty,Uny1,0)]
1 +P9(un71aun76)

(4) maX{Pg(un,l,un,G),Pg(un,un+1,6)} S

In this case, we discuss it with two sub-cases,

(i) If max{Py(un—1,un,0),Po(tn,utp+1,0)} = Po(uy_1,u,,0), then

(5) Pe(un_l,un,d) >P9(un,un+1,6).

P n—1, YHG 1+P ny"n 76
By (4), we have Py (u,_1,up,0) < o lliPeanqiSfd? £1.9)

i.e., Py(uy—1,un,0) < Py(tty,unt1,0). This contradicts (5).

(i) If maX{Pe(un—laun; G)vpe(umun-l-hc)} = P@(un;un+176)7 then

(6) Pe(un,un+170) >P0(un—laun76)'

Py (unfl ,un.,d)[H—Pe (unvuVHrl 76)]

1Py (g1 ,1n,0) This shows that

By (4)7 we get P@(unuun+176) S

Po(up,upt10) < Py(uy—1,u,,0). This contradicts (6).

If Po(up—1,un,0) < Pg(upn,tyt1,0), then from (2), we get

¢(P9(un7un+176)) < W(PG(”MMIH-I?G)) < ¢(P9(”n7”n+176))

This is a contradiction, and hence Py (uy, uy11,0) < Py(up—1,up, o), for all
n € N. Therefore from (1) with ¢(r) > r > y(r),r > 0, we obtain 0 < @ (Pg(uy,up+1,0)) <

111 1 1 g(un7un17c)llln(P9 (M(),Ml,o))
Y (Pg(uy—1,upn,0)), for all ¢ > 0. Also from (iii), we obtain n}}gm TPy (ugt1.0))

for all ¢ > 0, where m > n > 1. By Lemma 1.2, the sequence {u,} is a Cauchy sequence

<1

in X. Since (X,Py) is complete, there exists w € X such that u, — w as n — oo, ie.,

lim Py(u,,w,0) =0, for all & > 0. Suppose that T is continuous on X, then Tu, — Tw
n,m—»co

as n — oo, but Tu, = u,1 — w as n — oo, Therefore Tw = w. [
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Example 2.1. LetX = [0,00) and Py : X? x (0,00) be a parametric (b, )-metric defined as
Py(u,v,0) = o|u —v|?, where 8(u,v,0) =2+ o(u+v), for all u,v € X and 6 > 0. Let
T : X — X is a continuous mapping defined by Tu = %u,u € [0,1] and Tu = 2u — %,u > 1.
Define & : X? x (0,00) — R as a(u,v,0) = 1, where u,v € [0,1] and a(u, v, 5) = 0, otherwise,
for all 6 > 0. So T is parametric o.-admissible. Also, setting y(r) = kr and ¢ (r) = r, where

k= %, then ¢ (r) > r > y(r), for r > 0. Actually, for all u,v € X and for all 6 > 0, we get

o (u,v,0)0(Py(Tu,Tv,0)) = o|Tu—Tv|?

- éG\u—v!z — kPy(1,v,6) < W(U (u,v,0)).

As T is parametric ¢t-orbitally admissible, sequence {u,} in X such that
o (ttp, tpi1,0) = (T ug, T" " 'ug, 6) > 1, forall ¢ > 0.

Since o(up,un+1,0) > 1,Vn € NU{0}, so u, € [0,1],Vn € NU{0}. In fact, u, = T"up =

(%)"uo —0asn—oand lim O(T"uy, T"up,0) =2 < %
n,m—yoo

Hence, T satisfies all the conditions of Theorem (2.1), and hence Fix(T) # 0.

Theorem 2.2. Let (X,Py) be a complete parametric (b, 0)-metric space and 7 : X — X be a
mapping on X. Assume that there exists & : X% x (0,00) — R, ¢ € ® and y € ¥ such that
o(r) >r > y(r), r> 0 satisfying ot(u,v,0)¢(Pg(Tu,Tv,0)) < y(% (u,v,0)),Yu,v € X and
Vo > 0. If

(1) T is a parametric o-orbitally admissible;

(ii) there exists ug € X such that a(ug, Tug,0) > 1,Vo > 0;

: e(um”nuo')wn(PB(anul76))
i) lim
( ) n,m—yoo Wnil(Pﬂ (u()vul?G))

(iv) {u,} is a sequence in X such that a(u,,u,+1,0) > 1 and u, — & € X as n — oo, then

< 1, where u, = T"ug,m >n > 1,YVo > 0;

there exists a sub-sequence {uy, } of {u,} such that &t(u, ,&,0) > 1,Vo > 0, where

ng > ng > 1.

Then there exists & € X such that TE =&, i.e., Fix(T) # 0.

Proof. As in Theorem (2.1), one can show that the sequence {u,} is a Cauchy sequence in X.

Since (X, Py) is complete, there exists & € X such that u,, — & as n — co. From (iv), we obtain
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o(un,,&,0) > 1,ux > up > 1,Yo > 0. Taking u = u,, and v =&,Vo > 0, we obtain

Now,

(P(Pe(unk—O—l»TéaG)) = (p(P@(Tunk’ T&,G))

U (un,, §,0)

< &(utn, §,0)¢(Po(Tup,, TE,0))
< W(%(unkaévc))

< (% (un,,§,0)).-

PB(unkaTun/@G)PG(éng’G)
PB(”nkaéac) ’
Pe(unkaTunkaG)[l +P9(57T§76)]
1—|—P9(unk,é,6) ’
P9(§,T§;G)[1+P9(unkaT”nk70)]}
1+P9(unk,§,6)
Pg(unk,unk+|,G)Pg(é,T&,G)
Pe(unwé?(y) ’
Pe(unk;’/lnk+176>[1+P9(§7T§JG)]
I—I—Pg(unk,é,G) ’
P@(é,T&,G)[l+P9(unk,unk+1,6)]}
L+ Po(utn,, &, 0) ‘

maX{PB (unk, 5 ) G);

maX{PB (unk7 é ) G)a

Suppose k — o and continuity of ¢, we obtain

6(Po(E.T€,0)) < 9( lim % (1y,:&.0))

= (P(P@(gaTé?G))

which is a contradiction. Then, we can say that Py(&,T&,0) =0, and hence TE =&, i.e.,

Fix(T) # 0.

O

Theorem 2.3. In addition to all the conditions of Theorems (2.1) and (2.2), suppose that T is

parametric o*-orbitally admissible. Then, T possesses a unique fixed point & € X.

Proof. Following Theorem (2.1)(respectively Theorem (2.2)),Tpossesses a fixed point

in X.Thus,Fix(T) # 0.Assume that Tis o*-orbitally admissiblejthen «(§,§*,0) =
o(TE,TE*,0) > 1,for all £,E* € Fix(T) and for allo > 0, if & # £* for all 0 > 0, we ob-

tain
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¢(Po(S,87,0)) =9 (Py(TE,TE",0))
< a(§7§*70-)¢<P9(T§7T§*7G))
< y(Py(§,67,0))

< ¢(Py(E,E7,0)), which is a contradiction.

Therefore, T possesses a unique fixed point in X. U

Corollary 2.1. Let T be a continuous self-mapping on a complete parametric (b, 6)-metric
space such that Py (Tu,Tv,0) < k% (u,v,0),Yu,v € X and Vo > 0,u # v, where k € [0, 1). That
is, T is a rational-type contraction. In addition, suppose that Vug € X, lim 0 (uy,u;,0) < %

n,m—soo

where u, = T"ug and 0 < k < 1,Vo > 0. Then T has a unique fixed point.

Theorem 2.4. Let (X,Py) be a complete parametric (b, 0)-metric space and 7 : X — X be a
mapping on X. Suppose that there exist @ : X x X — R, ¢ € ® and y € ¥ such that ¢(r) > r >

y(r), for r > 0 satisfying
@) o(u,v,0)9(Py(Tu,Tv,0)) < w(¥(u,v,0)), Yu,v € X and Vo > 0.

If

(i) T is parametric o-orbitally admissible;

(ii) there exists up € X and a(ug, Tup,0) > 1;

l//n(PG (”07u170))
v 1(Py(uo,u1,0))

(iv) T is continuous, the sequence {u, } is in X such that &(uy,,u,41,0) > landu, - § € X

(iii) lim < 1, where u,, = T"uy;
n—oo
as n — oo, then there exists a sub-sequence {uy, } of {u,} such that at(u,,,&,0) > 1,

where u; > ng > 1.

Then there exists & € X such that TE =&, i.e.,Fix(T) # 0.

Proof. By (ii), we define a sequence {u,} in X such that u, | = Tu, = T" uy,vn € NU{0}.
Since T is parametric a-orbitally admissible, then a(ug,u;,o) = o(ug, Tug, o) > 1 implies
a(uy,uy,0) = a(Tug, T?ug, o) > 1. Repeating this process, we obtain that o(u,,u,1,0) >

1,Vn e NU{0}.
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From equation (7), we get
¢ (Po (tn+1,Un+2,0)) < O(tn, tnt1,0)9 (Po(un, tns1,0))
< y(7 (un,un11,0)),

where

V(l/ln,l/l,H,],G) = maX{PQ(un7un+17G)7

Py (un, Tu,, G)Pg (un, Tun+1,6) + Py (un+1,Tun+1,G)P9 (u,H_l,Tun, G)
maX{PG (um Tun—H ’ G)7P9 (un—H ) Tunv G)}

Y

PG (una Tun: G)Pﬂ (un-i-l 5 Tun-i-l 5 G) +P9 (l/tn, T”n—H ) G>P9 (un-H ) Tunv G)
max{Py(uns1,Tuns1,06),Po(Uni1,Tuy, )}

= max{Py(un,un+1,0),

}

Po (un, uni1,0) Py (n, Uni2,0) + Po(Un+1,Uni2,0) Po (Uni1, tnt1,0)
max{ Py (un,Un12,0),Po(Un+1,Unt1,0)}

Py (un,unt1,0)Po(Un+1,Uni2,0) + Po(un,Uni2,0)Po(ttnt1,Uni1,0) }
max{Pg(Up11,Un+2,0),Po(Uns1,Uns1,0)}

- P@(unaun+176)'

Y

Consequently,

() ¢(P9(Mn,un+1,6)) < W(Pe(unaunJrlaG))

= O (Po(tn,ttn+1,0)) < Y(Py(ttn,ttnt1,0)) < @(Py(ttn,un+1,0)). This is a contradiction and
Po (i, tn11,0) < Po(utp—1,un, 0).

From (8), it follows that
© ¢ (Po(un; tn11,0)) < Y(Po(utn—1,n, 0))
since ¢(r) > r > y(r) for r > 0, we get
(10) 0 < P (un, Unt1,0) < ¢(Po(tn, Un+1,0)) < Y(Po(Un—1,un,0))
Consequently, we get
0 < Py(up,uns1,0)

< y(Po(up—1,un,0))
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(11 < y"(Py(ug,u1,0))

From (11), using the triangular inequality, taking with r = Py (ug,u;,0), for p > 1 and n € N,
we get

(12)
Pﬂ(un7un+pa G) < PO(”na”n—}—l ; 6) +P9(“n+1aun+2> G) + e +P9(un+p—l,un+pa G)

< y"(Py(ug,u1,0)) + " (Po(ug,u1,0)) + -+ WP~ (Po(ug,uy, 5))

n+p—1

= L v

n+p—1 n

=) V-
=1 i

1=

-1
v'(r)
=1

From (iii), we obtain

i Y Peluo,ur,0)) ()

— <1.
n—veo Y=L (Py(ug,uy,0))  n—e y=1(r)

By the Ratio test, Y° | y'(r) is convergent. Let . =Y, y'(r) and .%, = YL, ¥'(r), ac-
cording by partial sum, the equation (12) becomes Py (utn, Up+p,0) < [ Fpgp—1 —Fp—1],¥Vn €N
and p > 1. As n — o, we get r}i_r)gloPe(un,unH,G) = 0. Thus, the sequence {u;} is a Cauchy
sequence in X. Since (X,Py) is complete, so the sequence {u,} converges to & € X so that

TE =&, ie., Fix(T) #0. O

Theorem 2.5. In addition to Theorem 2.4, suppose that T is o*-orbitally admissible. Then T

has a unique fixed point y € X.

Proof. By Theorem 2.4, T possesses a fixed point in X, i.e., Fix(T) # 0. For unique-
ness, suppose ¥,Y" € Fix(T) such that y # y* a*-orbital admissibility of 7, we have
o*(y,y,0)>1,V 0o >0.

Theorem 2.5 divides the proof into two cases.

Case (i): Let wus assume that max{Py(y,Ty",0),P(v",Ty,0)} # 0 and
maX{PQ(V*?Tr}ﬁuG)JPQ(YkaT’}GG)}7&0'
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From (7), we get
Py(y,7",0) =Po(TY,TY",0)
< a(y,Y,0)P(TY,TY", 0)
<y(7(r.v",0))

where,

V(r,v',0) = max{Ps(7,Y",0),
Po(y,Ty,0)Pe(v,TY",0)+Po(y", TY",0)Pe(y",TY,0)
max{Py (¥, TY*,0),Pe(v*,TY,0)}
Po(y,TY,0)Po(Y",TY",0)+Po(y,TY",0)Pe(Y*,TY,0)

b

max{Py(y*,TY*,0), Po(Y",T7,0)} }
= Po(1.7",0).
Therefore Py (y,Y*,0) < w(Py(7v,7*,0)) < Py(y,7",0), which is a contradiction.
Case (ii): Assume that max{Py(y,Ty*,0),Py(y*,TYy,0)} =0
or max{Py(y*,Ty",0),Pe(y",Ty,0)} =0. Consequently, y=Ty* =Ty= 7"
Thus, T possesses a unique fixed point in X. 0

Suppose (X, =) is a partially ordered set. Then a mapping 7 : X — X is a monotonic non-

decreasing mapping if u,v € X, u < vimplies Tu < Tv.

Definition 2.1. Let (X, Py, <) be a parametric (b, 6)-metric space endowed with a partial order
<. If for every monotonic non-decreasing sequence {u,} C X, which converges to u € X, there

exists a sub-sequence {u,, } of {u,} satisfying u,, =< u, then (X, Py, =) is said to be regular.

Theorem 2.6. Suppose (X, <) is a partially ordered set, and such that there exists a complete
parametric (b, 0)-metric space. Let T : X — X be a monotonic non-decreasing self-mapping

w.r.t. < and there exist ¢ € ® and y € ¥, ¢(r) > r > y(r), for r > 0 satisfying
¢ (Po(Tu,Tv,0)) < y(% (u,v,0)),Yu,v € X with u < v and Vo > 0.

It

(1) there exists uy € X such that ug < Tup;



18 N. BIMOLCHANDRA SINGH, Y. MAHENDRA SINGH, TH. BIMOL SINGH

(i)

ny¥m, " P I )
lim 6 (un, um, o) Y" (Py(uo,u1,0))

<1
nm=eo Y 1(P(ug,u1,0)) ’
(iii) T is continuous, or {u,} is a non-decreasing sequence in X such that u, — & as n — oo,

then there exists a sub-sequence {uy, } of {u,} such that u, <&, where n; > ny.

Then Fix(T) # 0. Furthermore, if every pair of elements &,E* € Fix(T) is comparable, then T

has a unique fixed point.

Proof. Let a mapping o : X? x (0,00) — [0,00) be defined as o (u,v,6) =1, u < v orv < u and
o(u,v,0) = 0, otherwise, Vo > 0. Then, o(u,v,0) ¢(Pg(Tu,Tv,0)) < ¢(% (u,v,0)), Yu,v €
X with u < v and Vo > 0, but T is non-decreasing mapping w.r.t. =<, so 7" is parametric -
admissible, in fact if u,v € X such that o((u,v,0) > 1, Vo > 0, then u < v, or v < u. Because, T
is monotonic non-decreasing mapping w.r.t. <, we get Tu < Tv, or Tv < Tu, and which gives
o(Tu,Tv,0) > 1,¥Yo > 0. From (iii), if T is continuous, then all the hypotheses of Theorem 2.4
are satisfied. And in the second part of (iii), suppose that {u,} is a monotonic non-decreasing
sequence in X such that u, — & as n — oo, then there is a sub-sequence {u,, } of {u,} such that
un, = &,ny > ng. Therefore, a(up,,5,0) > 1,Yo > 0.

Hence all the hypotheses of Theorem 2.4 are satisfied. Consequently, T possesses a fixed
pointin X, i.e., Fix(T) # 0

Next, assume that every pair of elements &,&E* € Fix(T) are comparable, then & <
E*, or £* < &, which is also a(§,E%,0) > 1,Vo > 0. So, T is a parametric a*-admissible.

Thus, all the hypotheses of Theorem 2.5 are satisfied, and hence 7 has a unique fixed point. [

3. APPLICATION

Let X = % (a,b) be the set of all real-valued continuous functions on [a,b]. Define two map-
pings 6 : X2 x (0,00) — [1,00) and Py : X* x (0,00) — [0,00) by 8(x,y,0) =271 + o (|x(¢)| +
¥(t)| and Py(x,y,0) = sup,c(, ;) O|x(¢) — y(t)|” respectively, where p > 1 is a constant. Then,
(X, Py) is a complete parametric (b, 0)-metric space.

Define a Fredholm integral equation by

(1) = n(t) + A / 1t 5.x(s))ds,
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wheret € [a,b],|A| >0and:[a,b] x [a,b] x X — R and 1 : [a,b] — R are continuous functions.

Let T : X — X be an integral operator defined by
b

(13) Tx(t) = (1) + A / 1(t,5,x(s))ds
a

Theorem 3.1. Let 7 : X — X be an integral operator defined in (13). Suppose that the following
conditions hold:
1
(i) forany xo € X, lim 6(T"xp,T"x0,0) < —, where k = zi,,,
1,m—c0 k

(ii) for any x,y € X, x #y, it satisfies

(14) [1(2,5,x(s) = 1(2,5,5(s)| < & (2,5)|x(s) —y(s)];

where (z,s5) € [a,b] X [a,b] and & : [a,b] x [a,b] — R is a continuous function satisfying

b 1
(15) su P(t,s)ds <
te[a%] a =s) 20|AP(b—a)p~!

Then, the integral operator T has a unique solution in X.
Proof. Let xp € X and define a sequence {x,} in X by x, = T"xp,n > 1. From (13), we obtain

Xpt1 = Tx,(t) = —f—?L/ 1,8,Xn(s

Let g > 1 be a constant with %4— i 1. Making full use of (14) and Holder’s inequality, we

speculate that
p

T2() Ty = ] [ 05505~ 105,56} s
< ([ iiesxto) - <rsy<>>|ds)p

< ([ ras)’ ((/ 1(t,5,5()) — I(t,5, (s >>|Pds)’l’>p

b
= -t ([ st —1<r,s,y<s>>rf’ds)
b
(16) < APE-a ! [ & Es)ls) x| ds
Making the most of (16) and (15), we deduce that

Py(Tx,Ty,0) = sup o|Tx(t) —Ty(t)[”
t€la,b)
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< AP(b-a)P " sup [/ £7(0.5)4(5) - 3(6) s

t€la,b]
< APB—a)P" sup [x(s) = y(s)|” | sup / EP(1,5)ds
t€la,b] t€la,b]

1
< z—p?/(x,y, o).
Setting k = zi,,, we obtain that
Po(Tx,Ty,0) < k% (x,y,0).

Thus, all the conditions of Corollary 2.1 are satisfied, and hence 7 possesses a unique fixed

point in X. U
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