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1. INTRODUCTION

In this paper, we are concerned with the idea of two basic concepts of convergence of se-

quences and continuity of functions. Bakhtin [1] introduced the b-metric space in 1989 as a

generalization of metric space (see also [11]). Kamran et al. [2] introduced the concept of an

extended b-metric space and presented the Banach principle of contraction mapping. In 2014,

Hussain et al. [3] introduced the concept of parametric space. Again, in 2015, Hussain et al.
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[4] introduced the concept of parametric b-metric space as a generalization of parametric metric

space. Mahendra and Khan [5] introduced the concept of parametric (b,θ)-metric space as an

extended form of parametric b-metric space and proved some fixed point results dealing with

general contractive conditions involving rational-type expressions.

Throughout the chapter, we shall use N to denote the set of natural numbers and R to denote

the set of real numbers.

Definition 1.1. [1] The pair (X ,db) is called a b-metric space if db : X×X→ [0,∞) is a b-metric

on X satisfying the following conditions, for all u,v,w ∈ X

(B1) db(u,v) = 0 iff u = v;

(B2) db(u,v) = db(v,u)

(B3) db(u,v)≤ b[db(u,w)+db(w,v)], where b≥ 1 is a real number.

If b = 1, it becomes a metric space. Hence, every b-metric space is a metric space, but the

converse is not true.

Example 1.1. Let (X ,d) be a metric space, where X 6= /0 and db(u,v)= [d(u,v)]r, for all u,v∈X .

Then (X ,db) is a b-metric space with b = 2r−1, where r > 1 is a real number, but db is not a

metric on X .

Definition 1.2. [2] The pair (X ,dθ ) is called an extended b-metric space, if X 6= /0 is an arbitrary

set, θ : X ×X → [1,∞), and db : X ×X → [0,∞) is an extended b-metric on X satisfying the

following conditions, for all u,v,w ∈ X ,

(E1) dθ (u,v) = 0 iff u = v;

(E2) dθ (u,v) = dθ (v,u);

(E3) dθ (u,v)≤ θ(u,v)[dθ (u,w)+dθ (w,v)].

If θ(u,v) = b > 1, then the extended b-metric space becomes a b-metric space. Therefore,

every metric space is a b-metric space and every b-metric space is an extended b-metric space,

but the converse need not be true in general.
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Example 1.2. Consider X =R and define dθ : X×X → [0,∞) as dθ (u,v) = |u|+ |v| 6= 0,u = v,

where θ(u,v) = 1 + |u|+ |v|, for all u,v ∈ X . Then (X ,dθ ) is an extended b-metric space.

However, for u,v ∈ R\{0},u 6= v, we have

dθ (u,v)
dθ (u,0)+dθ (0,v)

≤ 1+ |u|+ |v|= θ(u,v).

If supu,v∈X θ(u,v)=∞, it is impossible to find a finite b= θ(u,v)≥ 1 satisfying (B3). Therefore,

(X ,dθ ) is not a b-metric space. But every finite extended b-metric space is a b-metric space.

Definition 1.3. [3] The pair (X ,P) is called a parametric metric space if X 6= /0 is a set, and P :

X2×(0,∞)→ [0,∞) is a parametric metric satisfying the following conditions, for all u,v,w∈X

and for all σ > 0,

(P1)P(u,v,σ) = 0 iff u = v;

(P2)P(u,v,σ) = P(v,u,σ);

(P3)P(u,v,σ)≤ P(u,w,σ)+P(w,v,σ).

Example 1.3. [3] Suppose X 6= /0 is a set containing all continuous functions u : (0,∞)→ R

and define P : X2× (0,∞)→ (0,∞) by P(u,v,σ) = σ |u(t)− v(t)|,∀σ > 0. Then (X ,P) is a

parametric metric space.

Example 1.4. [3] Suppose X = [0,∞) and define P : X2 × (0,∞) → (0,∞) by P(u,v,σ) =

σ max{u,v},u 6= v and P(u,v,σ) = 0,u = v,∀σ > 0. Then (X ,P) is a parametric metric space.

Definition 1.4. [4] The pair (X ,Pb) is called a parametric b-metric space if X 6= /0 is a set, b≥ 1

is a real number and Pb : X2× (0,∞)→ [0,∞) is a parametric b-metric satisfying the following

conditions, for all u,v ∈ X and for all σ > 0,

(Pb1) Pb(u,v,σ) = 0 iff u = v;

(Pb2) Pb(u,v,σ) = Pb(v,u,σ);

(Pb3) Pb(u,v,σ)≤ b[Pb(u,w,σ)+Pb(w,v,σ)]

If b = 1, then it becomes a parametric metric space, and hence every parametric metric space is

a parametric b-metric space, but the converse need not be true. Note that a parametric b-metric

space, for b > 1, may not be continuous.
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Example 1.5. [5] Let X = N∪{∞} and let P : X2× (0,∞)→ R be defined by

P(m,n,σ) =



0, if m = n

σ | 1m −
1
n |, if m,n are even or mn = ∞ ,

3σ , if m and n are odd and m 6= n,

2σ , otherwise.

But for all m,n, p ∈ X , we get P(m,n,σ) ≤ 3
2(P(m, p,σ)+P(p,n,σ)). Thus, (X ,P) is a para-

metric b-metric space with b = 3
2 . We need to show that P is not a continuous function. Suppose

un = 2n and vn = 1, then we have un→ ∞,vn→ 1. Also,

P(2n,∞,σ) =
σ

2n
→ 0,

and

P(un,vn,σ) = 0→ 0.

On the other hand,

P(un,vn,σ) = P(un,1,σ) = 2σ ,

and P(∞,1,σ) = 1. Hence, lim
n→∞

P(un,vn,∞) 6= P(u,v,σ). So P is not continuous.

Example 1.6. [3] Suppose X = [0,∞) and define Pb(u,v,σ) = σ |u− v|p, for all u,v ∈ X , and

for all σ > 0. Then (X ,Pb) is a parametric b-metric space with constant b = 2p, where p≥ 1.

Example 1.7. Suppose X = [0,∞) and define P(u,v,σ) = σ max{u,v} u 6= v and P(u,v,σ) =

0, u = v, for all σ > 0. Then (X ,P) is a parametric metric space.

Motivated by the works of Kamran et al. [2], Mahendra and Khan [5] introduced the concept

of parametric (b,θ)-metric space.

Definition 1.5. [5] The pair (X ,Pθ ) is called a parametric (b,θ)-metric space if X 6= /0 is a set,

θ : X2× (0,∞)→ [1,∞) and Pθ : X2× (0,∞)→ [0,∞) is a parametric (b,θ)-metric satisfying

the following conditions, for all u,v,w ∈ X and for all σ > 0
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(Pθ 1) Pθ (u,v,σ) = 0 iff u = v;

(Pθ 2) Pθ (u,v,σ) = Pθ (v,u,σ);

(Pθ 3) Pθ (u,v,σ)≤ θ(u,v,σ)[Pθ (u,w,σ)+Pθ (v,w,σ)].

If θ(u,v,σ) = b≥ 1, then Pθ becomes Pb. Note that every parametric metric space and every

parametric b-metric space is a Pθ metric space. Note that Pθ with b > 1 is not a continuous

function, so it is Pθ .

Example 1.8. Suppose X = R and let θ : X2× (0,∞)→ [1,∞) be defined by θ(u,v,σ) = 1+

σ(|u|+ |v|),∀u,v ∈ X and ∀σ > 0. Let Pθ : X2× (0,∞)→ [0,∞) be given by Pθ (u,v,σ) =

σ(|u|p+ |v|p),u 6= v and Pθ (u,v,σ)= 0,u= v ∀σ > 0, where p≥ 1. Then (X ,Pθ ) is a parametric

(b,θ)-metric space.

Example 1.9. Let θ : X2 × (0,∞) → [1,∞), where X = [0,1], be a function defined by

θ(u,v,σ) = 2[1+σ(u+v)
u+v ],u+v > 0, and θ(0,0,σ) = 1,∀σ > 0. Define Pθ : X2×(0,∞)→ [0,∞)

as

Pθ (u,v,σ) =
σ

uv
,∀u,v ∈ (0,1],u 6= v;

Pθ (u,v,σ) = 0,u = v;

Pθ (u,0,σ) = Pθ (0,u,σ)

=
σ

u
,u ∈ (0,1],σ > 0.

Clearly, (Pθ 1) and (Pθ 2) are hold. For (Pθ 3), we have the following cases:

(i) For u,v,w ∈ (0,1],∀σ > 0, we have

Pθ (u,v,σ)≤ θ(u,v,σ)[Pθ (u,w,σ)+Pθ (w,v,σ)]

⇔ σ

uv
≤ 2

[1+σ(u+ v)]
(u+ v)

σ(u+ v)
uvσ

.

⇔ σ ≤ 2[1+σ(u+ v)].

(ii) For u,v ∈ (0,1] and w = 0,∀σ > 0, we have
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Pθ (u,v,σ)≤ θ(u,v,σ)[Pθ (u,0,σ)+Pθ (0,v,σ)]

⇔ σ

uv
≤ 2

[1+σ(u+ v)]
u+ v

(
σ

u
+

σ

v

)
⇔ 1≤ 2[1+σ(u+ v)].

(iii) For u,w ∈ (0,1] and v = 0,∀σ > 0, we have

Pθ (u,0,σ)≤ θ(u,0,σ)[Pθ (u,w,σ)+Pθ (w,0,σ)]

⇔ σ

u
≤ 2

(1+σu)
u

(
σ

uw
+

σ

w

)
⇔ uw≤ 2(1+σu)(1+u).

It shows that (Pθ 3) is satisfied. Thus, (X ,Pθ ) is a parametric (b,θ)-metric space.

Definition 1.6. [5] Let (X ,Pθ ) be a parametric (b,θ)-metric space and {un} be a sequence in

X , then

(i) the sequence {un} is said to be convergent to u ∈ X and symbolically, we write un→ u

as n→ ∞ iff ∀σ > 0,Pθ (un,u,σ)→ 0 as n→ ∞;

(ii) the sequence {un} is said to be a Cauchy in X iff ∀σ > 0,Pθ (um,un,σ)→ 0 as m,n→∞;

(iii) (X ,Pθ ) is said to be complete iff every Cauchy sequence {un} in X is convergent.

Definition 1.7. [5] Let (X ,Pθ ) be a parametric (b,θ)-metric space and T : X→ X be a mapping.

Then we say that T is continuous at u ∈ X if for any sequence {un} in X such that un→ u as

n→ ∞, we have Tun→ Tu as n→ ∞.

Example 1.10. Let X = [0,1] and define Pθ (u,v,σ) = σ(|u|p + |v|p),u 6= v , and Pθ (u,v,σ) =

0,u = v, where θ(u,v,σ) = 1+σ(|u|+ |v|),∀u,v ∈ X and for all σ > 0. Let T : X → X be

a mapping defined by Tu = u
5 ,∀u ∈ X . For any u0 ∈ X , we define a sequence {un}n∈N in

X such that un = T nu0 = (1
5)

nu0. Clearly, un→ 0 as n→ ∞ and Tun = (1
5)

n+1u0→ T 0 = 0 as

n→∞, i.e., lim
n→∞

Pθ (Tun,T 0,σ)= 0, whenever lim
n→∞

Pθ (un,0,σ)= 0. Therefore, T is continuous

at 0.

Definition 1.8. [8] A mapping T : X → X is said to be α-admissible if u,v ∈ X ,α(u,v)≥ 1⇒

α(Tu,T v)≥ 1.
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Example 1.11. Let X = R. Define f : X → X and α : X×X → [0,∞) by

f (u) =


ln|u|, if u 6= 0

2, otherwise.

and

α(u,v) =


2, if u≥ v

0, otherwise

Case(i) u 6= 0 and u≥ v
α( f (u), f (v)) = α(ln|u|, ln|v|)

= 2≥ 1.

Case(ii) If u = 0 and u≥ v
α( f (u), f (v)) = α(2,2)

= 2≥ 1.

Therefore, in all possible cases, f is α-admissible.

Definition 1.9. [9] A mapping T : X→ X is said to be α-orbital admissible if u∈ X ,α(u,Tu)≥

1⇒ α(Tu,T 2u)≥ 1.

Example 1.12. Let X = {0,1,2} with usual metric d(u,v) = |u− v|. Define T : X → X and α :

X×X→R as T 0= 0,T 1= 2,T 2= 1 and α(u,v) = 1, if (u,v)∈ {(0,1),(0,2)} and α(u,v) = 0,

otherwise. Note that T is α-admissible as α(0,1) = α(0,2) = 1,α(T 0,T 1) = α(T 0,T 2) = 1.

But there does not exist ω ∈ X such that α(u,v) = α(T nω,T n+1ω) = 1,n ∈ N∪{0}. So, T is

not an α-orbital admissible mapping.

Definition 1.10. [5] A mapping T : X → X is said to be parametric α-admissible if u,v ∈

X ,α(u,v,σ) ≥ 1⇒ α(Tu,T v,σ) ≥ 1,∀σ > 0. In addition, we say that T is a parametric α∗-

admissible if for all u,v ∈ Fix(T ) 6= /0, α(u,v,σ)≥ 1,∀σ > 0.

Example 1.13. [5] Let X = [0,∞) and T : X → X be a mapping defined by Tu = u2

2 ,∀u ∈

X . Define α : X2× (0,∞)→ R as α(u,v,σ) = 1+σ(u+ v),∀u,v ∈ [0,2] and α(u,v,σ) = 0

otherwise, for all σ > 0. Note that Fix(T ) = {0,2}. Then T is a parametric α-admissible and

parametric α∗-admissible.
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Definition 1.11. [10] A continuous function φ : R+→ R+ is called an altering distance if it is

non-decreasing and φ(r) = 0 iff r = 0, and Φ denotes the set of all altering distance functions.

Example 1.14. [5] Let φi : R+→ R+, where i = 1,2 be defined by

(i) φ1(u) = eu +mu−1;

(ii) φ2(u) = mu2 + ln(nu+1), where m,n > 0.

Then φ1(u) and φ2(u) are altering distance functions.

Definition 1.12. [14] A function ψ : R+ → R+ is said to be a comparison function if it is

monotonically increasing and lim
n→∞

ψn(r) = 0 for all r > 0. The symbol Ψ denotes the set of all

the comparison functions.

Lemma 1.1. [14] Let ψ ∈Ψ. Then, ψ(r)< r for all r > 0 and ψ(0) = 0.

Lemma 1.2. [5] Let (X ,Pθ ) be a parametric (b,θ)-metric space and {un} be any sequence in

X . If ψ ∈Ψ satisfies

lim
m,n→∞

θ(un,um,σ)ψn(Pθ (u0,u1,σ))

ψn−1(Pθ (u0,u1,σ))
< 1

and

0 < Pθ (un,un−1,σ)≤ ψ(Pθ (un−1,un,σ))

for any m > n≥ 1,m,n ∈ N and for all σ > 0, then the sequence {un} is a Cauchy sequence in

X .

Lemma 1.3. [5] Let (X ,Pθ ) be a parametric (b,θ)-metric space and {un} be any sequence in

X such that

0 < Pθ (un,un+1,σ)

≤ kPθ (un−1,un,σ)

and lim
n,m→∞

θ(un,um,σ)<
1
k
,

where k ∈ [0,1), for any m > n≥ 1 and for all σ > 0, then {un} is a Cauchy sequence in X .



SOME FIXED POINT RESULTS OF RATIONAL TYPE 9

2. FIXED POINTS OF RATIONAL TYPE CONTRACTIONS

Let (X ,Pθ ) be a parametric (b,θ)-metric space with the continuous functional Pθ , and T :

X → X be a mapping. For u,v ∈ X , we denote

U (u,v,σ) = max{Pθ (u,v,σ), Pθ (v,T v,σ)Pθ (u,Tu,σ)
Pθ (u,v,σ) ,

Pθ (u,Tu,σ)[1+Pθ (v,T v,σ)]
1+Pθ (u,v,σ) , Pθ (v,T v,σ)[1+Pθ (u,Tu,σ)]

1+Pθ (u,v,σ)

}
,

V (u,v,σ) = max{Pθ (u,v,σ),
Pθ (u,Tu,σ)Pθ (u,T v,σ)+Pθ (v,T v,σ)Pθ (v,Tu,σ)

max{Pθ (u,T v,σ),Pθ (v,Tu,σ)}
,

Pθ (u,Tu,σ)Pθ (v,T v,σ)+Pθ (u,T v,σ)Pθ (v,Tu,σ)

max{Pθ (v,T v,σ),Pθ (v,Tu,σ)}
}.

We establish theorems on the existence and uniqueness of fixed points for a class of parametric

α-admissible mappings in rational-type contractions in the setting of a parametric (b,θ)-metric

space and extend our result to a parametric (b,θ)-metric space endowed with partial order.

Theorem 2.1. Let (X ,Pθ ) be a complete parametric (b,θ)-metric space and T : X → X is a

continuous mapping on X. Assume that there exist α : X2×(0,∞)→R, φ ∈Φ and ψ ∈Ψ such

that φ(r)≥ r > ψ(r), for r > 0 satisfying

(1) α(u,v,σ)φ(Pθ (Tu,T v,σ))≤ ψ(U (u,v,σ))

for all u,v ∈ X and for all σ > 0. If

(i) T is a parametric α-orbitally admissible;

(ii) there exists u0 ∈ X such that α(u0,Tu0,σ)≥ 1, for all σ > 0;

(iii) lim
n,m→∞

θ(un,um,σ)ψn(Pθ (u0,u1,σ))
ψn−1(Pθ (u0,u1,σ))

< 1, where un = T nu0,m > n≥ 1, for all σ > 0 .

Then there exists w ∈ X such that Tw = w, i.e., Fix(T ) 6= /0.

Proof. According to the condition (ii), there exists u0 ∈ X such that α(u0,Tu0,σ) ≥ 1, for all

σ > 0. Let us consider a sequence {un} in X such that un = T nu0, for all n ∈ N. If uk−1 = uk =

Tuk−1, and hence uk−1 is a fixed point of T .

Without loss of generality, we suppose that un−1 6= un, for all u ∈ N, then Pθ (un,un+1,σ) > 0,

for all σ > 0. Using condition (i), T is a parametric α-orbitally admissible, α(u0,u1,σ) =

α(u0,Tu0,σ)≥ 1 implies
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α(u1,u2,σ) = α(Tu0,T 2u0,σ)≥ 1 for all σ > 0. Similarly, α(u1,u2,σ) = α(Tu0,T 2u0,σ)≥

1, α(u2,u3,σ) = α(T 2u0,T 3u0,σ) ≥ 1, and so on. Then, we obtain that α(un−1,un,σ) ≥ 1,

where n ∈ N, and for all σ > 0. By the inequality, we get

φ(Pθ (un,un+1,σ)) = φ(Pθ (Tun−1,Tun,σ))

≤ α(un−1,un,σ)φ(Pθ (Tun−1,Tun,σ))

≤ ψ(U (un−1,un,σ)),

where

U (un−1,un,σ) = max{Pθ (un−1,un,σ),
Pθ (un,Tun,σ)Pθ (un−1,Tun−1,σ)

Pθ (un−1,un,σ)
,

Pθ (un−1,Tun−1,σ)[1+Pθ (un,Tun,σ)]

1+Pθ (un−1,un,σ)
,

Pθ (un,Tun,σ)[1+Pθ (un−1,Tun−1,σ)]

1+Pθ (un−1,un,σ)
}

= max{Pθ (un−1,un,σ),
Pθ (un,un+1,σ)Pθ (un−1,un,σ)

Pθ (un−1,un,σ)
,

Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]

1+Pθ (un−1,un,σ)
,

Pθ (un,un+1,σ)[1+Pθ (un−1,un,σ)]

1+Pθ (un−1,un,σ)
}

= max{Pθ (un−1,un,σ),Pθ (un,un+1,σ),

Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]

1+Pθ (un−1,un,σ)
,Pθ (un,un+1,σ)}

= max{Pθ (un−1,un,σ),Pθ (un,un+1,σ),

Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]

1+Pθ (un−1,un,σ)
}.

Consequently, we obtain

φ(Pθ (un,un+1,σ)) ≤ ψ(max{Pθ (un−1,un,σ),Pθ (un,un+1,σ),

Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]

1+Pθ (un−1,un,σ)
})(2)

We prove that

(3) 0 < Pθ (un,un+1,σ)≤ ψ(Pθ (un−1,un,σ)),∀n ∈ N.
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We finish the proof via three cases.

(i) If U (un−1,un,σ) = Pθ (un−1,un,σ) then by (1), it follows that

0 < Pθ (un,un+1,σ)≤ ψ(Pθ (un−1,un,σ)).

(ii) If U (un−1,un,σ) = Pθ (un,un+1,σ), then by (1), we have

0 < Pθ (un,un+1,σ)≤ ψ(Pθ (un,un+1,σ))< Pθ (un,un+1,σ), which is a contradiction.

(iii) If U (un−1,un,σ) = Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]
1+Pθ (un−1,un,σ) , then by (2), it is clear that

(4) max{Pθ (un−1,un,σ),Pθ (un,un+1,σ)} ≤ Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]

1+Pθ (un−1,un,σ)

In this case, we discuss it with two sub-cases,

(i) If max{Pθ (un−1,un,σ),Pθ (un,un+1,σ)}= Pθ (un−1,un,σ), then

(5) Pθ (un−1,un,σ)> Pθ (un,un+1,σ).

By (4), we have Pθ (un−1,un,σ)≤ Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]
1+Pθ (un−1,un,σ) ,

i.e., Pθ (un−1,un,σ)≤ Pθ (un,un+1,σ). This contradicts (5).

(ii) If max{Pθ (un−1,un,σ),Pθ (un,un+1,σ)}= Pθ (un,un+1,σ), then

(6) Pθ (un,un+1,σ)> Pθ (un−1,un,σ).

By (4), we get Pθ (un,un+1,σ) ≤ Pθ (un−1,un,σ)[1+Pθ (un,un+1,σ)]
1+Pθ (un−1,un,σ) . This shows that

Pθ (un,un+1σ)≤ Pθ (un−1,un,σ). This contradicts (6).

If Pθ (un−1,un,σ)< Pθ (un,un+1,σ), then from (2), we get

φ(Pθ (un,un+1,σ))≤ ψ(Pθ (un,un+1,σ))< φ(Pθ (un,un+1,σ))

This is a contradiction, and hence Pθ (un,un+1,σ)≤ Pθ (un−1,un,σ), for all

n ∈ N. Therefore from (1) with φ(r) ≥ r > ψ(r),r > 0, we obtain 0 < φ(Pθ (un,un+1,σ)) ≤

ψ(Pθ (un−1,un,σ)), for all σ > 0. Also from (iii), we obtain lim
n,m→∞

θ(un,um,σ)ψn(Pθ (u0,u1,σ))
ψn−1(Pθ (u0,u1,σ))

< 1

for all σ > 0, where m > n ≥ 1. By Lemma 1.2, the sequence {un} is a Cauchy sequence

in X . Since (X ,Pθ ) is complete, there exists w ∈ X such that un → w as n → ∞, i.e.,

lim
n,m→∞

Pθ (un,w,σ) = 0, for all σ > 0. Suppose that T is continuous on X , then Tun → Tw

as n→ ∞, but Tun = un+1→ w as n→ ∞. Therefore Tw = w. �
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Example 2.1. LetX = [0,∞) and Pθ : X2 × (0,∞) be a parametric (b,θ)-metric defined as

Pθ (u,v,σ) = σ |u− v|2, where θ(u,v,σ) = 2 + σ(u + v), for all u,v ∈ X and σ > 0. Let

T : X → X is a continuous mapping defined by Tu = 1
3u,u ∈ [0,1] and Tu = 2u− 4

3 ,u > 1.

Define α : X2× (0,∞)→ R as α(u,v,σ) = 1, where u,v ∈ [0,1] and α(u,v,σ) = 0, otherwise,

for all σ > 0. So T is parametric α-admissible. Also, setting ψ(r) = kr and φ(r) = r, where

k = 1
9 , then φ(r)≥ r > ψ(r), for r > 0. Actually, for all u,v ∈ X and for all σ > 0, we get

α(u,v,σ)φ(Pθ (Tu,T v,σ)) = σ |Tu−T v|2

=
1
9

σ |u− v|2 = kPθ (u,v,σ)≤ ψ(U (u,v,σ)).

As T is parametric α-orbitally admissible, sequence {un} in X such that

α(un,un+1,σ) = α(T nu0,T n+1u0,σ)≥ 1, for all σ > 0.

Since α(un,un+1,σ) ≥ 1,∀n ∈ N∪ {0}, so un ∈ [0,1],∀n ∈ N∪ {0}. In fact, un = T nu0 =

(1
3)

nu0→ 0 as n→ ∞ and lim
n,m→∞

θ(T nu0,T mu0,σ) = 2 < 1
k .

Hence, T satisfies all the conditions of Theorem (2.1), and hence Fix(T ) 6= /0.

Theorem 2.2. Let (X ,Pθ ) be a complete parametric (b,θ)-metric space and T : X → X be a

mapping on X . Assume that there exists α : X2× (0,∞)→ R,φ ∈ Φ and ψ ∈ Ψ such that

φ(r) ≥ r > ψ(r), r > 0 satisfying α(u,v,σ)φ(Pθ (Tu,T v,σ)) ≤ ψ(U (u,v,σ)),∀u,v ∈ X and

∀σ > 0. If

(i) T is a parametric α-orbitally admissible;

(ii) there exists u0 ∈ X such that α(u0,Tu0,σ)≥ 1,∀σ > 0;

(iii) lim
n,m→∞

θ(un,um,σ)ψn(Pθ (u0,u1,σ))
ψn−1(Pθ (u0,u1,σ))

< 1, where un = T nu0,m > n≥ 1,∀σ > 0;

(iv) {un} is a sequence in X such that α(un,un+1,σ) ≥ 1 and un→ ξ ∈ X as n→ ∞, then

there exists a sub-sequence {unk} of {un} such that α(unk ,ξ ,σ) ≥ 1,∀σ > 0, where

nk ≥ n0 ≥ 1.

Then there exists ξ ∈ X such that T ξ = ξ , i.e., Fix(T ) 6= /0.

Proof. As in Theorem (2.1), one can show that the sequence {un} is a Cauchy sequence in X .

Since (X ,Pθ ) is complete, there exists ξ ∈ X such that un→ ξ as n→ ∞. From (iv), we obtain
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α(unk ,ξ ,σ)≥ 1,uk ≥ u0 ≥ 1,∀σ > 0. Taking u = unk and v = ξ ,∀σ > 0, we obtain

φ(Pθ (unk+1,Tξ ,σ)) = φ(Pθ (Tunk ,T ξ ,σ))

≤ α(unk ,ξ ,σ)φ(Pθ (Tunk ,T ξ ,σ))

≤ ψ(U (unk ,ξ ,σ))

< φ(U (unk ,ξ ,σ)).

Now,

U (unk ,ξ ,σ) = max{Pθ (unk ,ξ ,σ),
Pθ (unk ,Tunk ,σ)Pθ (ξ ,T ξ ,σ)

Pθ (unk ,ξ ,σ)
,

Pθ (unk ,Tunk ,σ)[1+Pθ (ξ ,T ξ ,σ)]

1+Pθ (unk ,ξ ,σ)
,

Pθ (ξ ,T ξ ,σ)[1+Pθ (unk ,Tunk ,σ)]

1+Pθ (unk ,ξ ,σ)
}

= max{Pθ (unk ,ξ ,σ),
Pθ (unk ,unk+1,σ)Pθ (ξ ,T ξ ,σ)

Pθ (unk ,ξ ,σ)
,

Pθ (unk ,unk+1,σ)[1+Pθ (ξ ,T ξ ,σ)]

1+Pθ (unk ,ξ ,σ)
,

Pθ (ξ ,T ξ ,σ)[1+Pθ (unk ,unk+1,σ)]

1+Pθ (unk ,ξ ,σ)
}.

Suppose k→ ∞ and continuity of φ , we obtain

φ(Pθ (ξ ,T ξ ,σ))< φ( lim
nk→∞

U (unk ,ξ ,σ))

= φ(Pθ (ξ ,T ξ ,σ))

which is a contradiction. Then, we can say that Pθ (ξ ,T ξ ,σ) = 0, and hence T ξ = ξ , i.e.,

Fix(T ) 6= /0. �

Theorem 2.3. In addition to all the conditions of Theorems (2.1) and (2.2), suppose that T is

parametric α∗-orbitally admissible. Then, T possesses a unique fixed point ξ ∈ X .

Proof. Following Theorem (2.1)(respectively Theorem (2.2)),T possesses a fixed point

in X .Thus,Fix(T ) 6= /0.Assume that T is α∗-orbitally admissible,then α(ξ ,ξ ∗,σ) =

α(T ξ ,T ξ ∗,σ) ≥ 1,for all ξ ,ξ ∗ ∈ Fix(T ) and for allσ > 0, if ξ 6= ξ ∗ for all σ > 0, we ob-

tain
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φ(Pθ (ξ ,ξ
∗,σ)) = φ(Pθ (T ξ ,T ξ

∗,σ))

≤ α(ξ ,ξ ∗,σ)φ(Pθ (T ξ ,T ξ
∗,σ))

≤ ψ(Pθ (ξ ,ξ
∗,σ))

< φ(Pθ (ξ ,ξ
∗,σ)), which is a contradiction.

Therefore, T possesses a unique fixed point in X . �

Corollary 2.1. Let T be a continuous self-mapping on a complete parametric (b,θ)-metric

space such that Pθ (Tu,T v,σ)≤ kU (u,v,σ),∀u,v∈ X and ∀σ > 0,u 6= v, where k ∈ [0,1). That

is, T is a rational-type contraction. In addition, suppose that ∀u0 ∈ X , lim
n,m→∞

θ(un,um,σ) < 1
k ,

where un = T nu0 and 0≤ k < 1,∀σ > 0. Then T has a unique fixed point.

Theorem 2.4. Let (X ,Pθ ) be a complete parametric (b,θ)-metric space and T : X → X be a

mapping on X . Suppose that there exist α : X×X→R, φ ∈Φ and ψ ∈Ψ such that φ(r)≥ r >

ψ(r), for r > 0 satisfying

(7) α(u,v,σ)φ(Pθ (Tu,T v,σ))≤ ψ(V (u,v,σ)), ∀u,v ∈ X and ∀σ > 0.

If

(i) T is parametric α-orbitally admissible;

(ii) there exists u0 ∈ X and α(u0,Tu0,σ)≥ 1;

(iii) lim
n→∞

ψn(Pθ (u0,u1,σ))
ψn−1(Pθ (u0,u1,σ))

< 1, where un = T nu0;

(iv) T is continuous, the sequence {un} is in X such that α(un,un+1,σ)≥ 1 and un→ ξ ∈ X

as n→ ∞, then there exists a sub-sequence {unk} of {un} such that α(unk ,ξ ,σ) ≥ 1,

where uk ≥ n0 ≥ 1.

Then there exists ξ ∈ X such that T ξ = ξ , i.e.,Fix(T ) 6= /0.

Proof. By (ii), we define a sequence {un} in X such that un+1 = Tun = T n+1u0,∀n ∈ N∪{0}.

Since T is parametric α-orbitally admissible, then α(u0,u1,σ) = α(u0,Tu0,σ) ≥ 1 implies

α(u1,u2,σ) = α(Tu0,T 2u0,σ) ≥ 1. Repeating this process, we obtain that α(un,un+1,σ) ≥

1,∀n ∈ N∪{0}.
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From equation (7), we get

φ(Pθ (un+1,un+2,σ))≤ α(un,un+1,σ)φ(Pθ (un,un+1,σ))

≤ ψ(V (un,un+1,σ)),

where

V (un,un+1,σ) = max{Pθ (un,un+1,σ),

Pθ (un,Tun,σ)Pθ (un,Tun+1,σ)+Pθ (un+1,Tun+1,σ)Pθ (un+1,Tun,σ)

max{Pθ (un,Tun+1,σ),Pθ (un+1,Tun,σ)}
,

Pθ (un,Tun,σ)Pθ (un+1,Tun+1,σ)+Pθ (un,Tun+1,σ)Pθ (un+1,Tun,σ)

max{Pθ (un+1,Tun+1,σ),Pθ (un+1,Tun,σ)}
}

= max{Pθ (un,un+1,σ),

Pθ (un,un+1,σ)Pθ (un,un+2,σ)+Pθ (un+1,un+2,σ)Pθ (un+1,un+1,σ)

max{Pθ (un,un+2,σ),Pθ (un+1,un+1,σ)}
,

Pθ (un,un+1,σ)Pθ (un+1,un+2,σ)+Pθ (un,un+2,σ)Pθ (un+1,un+1,σ)

max{Pθ (un+1,un+2,σ),Pθ (un+1,un+1,σ)}
}

= Pθ (un,un+1,σ).

Consequently,

(8) φ(Pθ (un,un+1,σ))≤ ψ(Pθ (un,un+1,σ))

=⇒ φ(Pθ (un,un+1,σ))≤ψ(Pθ (un,un+1,σ))< φ(Pθ (un,un+1,σ)). This is a contradiction and

Pθ (un,un+1,σ)≤ Pθ (un−1,un,σ).

From (8), it follows that

(9) φ(Pθ (un,un+1,σ))≤ ψ(Pθ (un−1,un,σ))

since φ(r)≥ r > ψ(r) for r > 0, we get

(10) 0 < Pθ (un,un+1,σ)≤ φ(Pθ (un,un+1,σ))≤ ψ(Pθ (un−1,un,σ))

Consequently, we get

0 < Pθ (un,un+1,σ)

≤ ψ(Pθ (un−1,un,σ))

...
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≤ ψ
n(Pθ (u0,u1,σ))(11)

From (11), using the triangular inequality, taking with r = Pθ (u0,u1,σ), for p ≥ 1 and n ∈ N,

we get

(12)
Pθ (un,un+p,σ)≤ Pθ (un,un+1,σ)+Pθ (un+1,un+2,σ)+ · · ·+Pθ (un+p−1,un+p,σ)

≤ ψ
n(Pθ (u0,u1,σ))+ψ

n+1(Pθ (u0,u1,σ))+ · · ·+ψ
n+p−1(Pθ (u0,u1,σ))

=
n+p−1

∑
i=n

ψ
i(r)

=
n+p−1

∑
i=1

ψ
i(r)−

n−1

∑
i=1

ψ
i(r)

From (iii), we obtain

lim
n→∞

ψn(Pθ (u0,u1,σ))

ψn−1(Pθ (u0,u1,σ))
= lim

n→∞

ψn(r)
ψn−1(r)

< 1.

By the Ratio test, ∑
∞
i=1 ψ i(r) is convergent. Let S = ∑

∞
i=1 ψ i(r) and Sn = ∑

n
i=1 ψ i(r), ac-

cording by partial sum, the equation (12) becomes Pθ (un,un+p,σ) ≤ [Sn+p−1−Sn−1],∀n ∈N

and p ≥ 1. As n→ ∞, we get lim
n→∞

Pθ (un,un+1,σ) = 0. Thus, the sequence {uk} is a Cauchy

sequence in X . Since (X ,Pθ ) is complete, so the sequence {un} converges to ξ ∈ X so that

T ξ = ξ , i.e., Fix(T ) 6= /0. �

Theorem 2.5. In addition to Theorem 2.4, suppose that T is α∗-orbitally admissible. Then T

has a unique fixed point γ ∈ X .

Proof. By Theorem 2.4, T possesses a fixed point in X , i.e., Fix(T ) 6= /0. For unique-

ness, suppose γ,γ∗ ∈ Fix(T ) such that γ 6= γ∗,α∗-orbital admissibility of T , we have

α∗(γ,γ∗,σ)≥ 1, ∀ σ > 0.

Theorem 2.5 divides the proof into two cases.

Case (i): Let us assume that max{Pθ (γ,T γ∗,σ),Pθ (γ
∗,T γ,σ)} 6= 0 and

max{Pθ (γ
∗,T γ∗,σ),Pθ (γ

∗,T γ,σ)} 6= 0.
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From (7), we get

Pθ (γ,γ
∗,σ) = Pθ (T γ,T γ

∗,σ)

≤ α(γ,γ∗,σ)Pθ (T γ,T γ
∗,σ)

≤ ψ(V (γ,γ∗,σ))

where,

V (γ,γ∗,σ) = max{Pθ (γ,γ
∗,σ),

Pθ (γ,T γ,σ)Pθ (γ,T γ∗,σ)+Pθ (γ
∗,T γ∗,σ)Pθ (γ

∗,T γ,σ)

max{Pθ (γ,T γ∗,σ),Pθ (γ∗,T γ,σ)}
,

Pθ (γ,T γ,σ)Pθ (γ
∗,T γ∗,σ)+Pθ (γ,T γ∗,σ)Pθ (γ

∗,T γ,σ)

max{Pθ (γ∗,T γ∗,σ),Pθ (γ∗,T γ,σ)}
}

= Pθ (γ,γ
∗,σ).

Therefore Pθ (γ,γ
∗,σ)≤ ψ(Pθ (γ,γ

∗,σ))< Pθ (γ,γ
∗,σ), which is a contradiction.

Case (ii): Assume that max{Pθ (γ,T γ∗,σ),Pθ (γ
∗,T γ,σ)}= 0

or max{Pθ (γ
∗,T γ∗,σ),Pθ (γ

∗,T γ,σ)}= 0. Consequently, γ = T γ∗ = T γ = γ∗.

Thus, T possesses a unique fixed point in X . �

Suppose (X ,�) is a partially ordered set. Then a mapping T : X → X is a monotonic non-

decreasing mapping if u,v ∈ X , u� v implies Tu� T v.

Definition 2.1. Let (X ,Pθ ,�) be a parametric (b,θ)-metric space endowed with a partial order

�. If for every monotonic non-decreasing sequence {un} ⊂ X , which converges to u ∈ X , there

exists a sub-sequence {unk} of {un} satisfying unk � u, then (X ,Pθ ,�) is said to be regular.

Theorem 2.6. Suppose (X ,�) is a partially ordered set, and such that there exists a complete

parametric (b,θ)-metric space. Let T : X → X be a monotonic non-decreasing self-mapping

w.r.t. � and there exist φ ∈Φ and ψ ∈Ψ,φ(r)≥ r > ψ(r), for r > 0 satisfying

φ(Pθ (Tu,T v,σ))≤ ψ(U (u,v,σ)),∀u,v ∈ X with u� v and ∀σ > 0.

If

(i) there exists u0 ∈ X such that u0 � Tu0;
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(ii)

lim
n,m→∞

θ(un,um,σ)ψn(Pθ (u0,u1,σ))

ψn−1(Pθ (u0,u1,σ))
< 1,

(iii) T is continuous, or {un} is a non-decreasing sequence in X such that un→ ξ as n→ ∞,

then there exists a sub-sequence {unk} of {un} such that unk � ξ , where nk > n0.

Then Fix(T ) 6= /0. Furthermore, if every pair of elements ξ ,ξ ∗ ∈ Fix(T ) is comparable, then T

has a unique fixed point.

Proof. Let a mapping α : X2× (0,∞)→ [0,∞) be defined as α(u,v,σ) = 1, u� v or v� u and

α(u,v,σ) = 0, otherwise, ∀σ > 0. Then, α(u,v,σ) φ(Pθ (Tu,T v,σ))≤ φ(U (u,v,σ)), ∀u,v ∈

X with u � v and ∀σ > 0, but T is non-decreasing mapping w.r.t. �, so T is parametric α-

admissible, in fact if u,v ∈ X such that α(u,v,σ)≥ 1, ∀σ > 0, then u� v, or v� u. Because, T

is monotonic non-decreasing mapping w.r.t. �, we get Tu � T v, or T v � Tu, and which gives

α(Tu,T v,σ)≥ 1,∀σ > 0. From (iii), if T is continuous, then all the hypotheses of Theorem 2.4

are satisfied. And in the second part of (iii), suppose that {un} is a monotonic non-decreasing

sequence in X such that un→ ξ as n→ ∞, then there is a sub-sequence {unk} of {un} such that

unk � ξ ,nk ≥ n0. Therefore, α(unk ,ξ ,σ)≥ 1,∀σ > 0.

Hence all the hypotheses of Theorem 2.4 are satisfied. Consequently, T possesses a fixed

point in X , i.e., Fix(T ) 6= /0

Next, assume that every pair of elements ξ ,ξ ∗ ∈ Fix(T ) are comparable, then ξ ≤

ξ ∗, or ξ ∗ ≤ ξ , which is also α(ξ ,ξ ∗,σ) ≥ 1,∀σ > 0. So, T is a parametric α∗-admissible.

Thus, all the hypotheses of Theorem 2.5 are satisfied, and hence T has a unique fixed point. �

3. APPLICATION

Let X = C (a,b) be the set of all real-valued continuous functions on [a,b]. Define two map-

pings θ : X2× (0,∞)→ [1,∞) and Pθ : X2× (0,∞)→ [0,∞) by θ(x,y,σ) = 2p−1 +σ(|x(t)|+

|y(t)| and Pθ (x,y,σ) = supt∈[a,b]σ |x(t)− y(t)|p respectively, where p > 1 is a constant. Then,

(X ,Pθ ) is a complete parametric (b,θ)-metric space.

Define a Fredholm integral equation by

x(t) = η(t)+λ

∫ b

a
I(t,s,x(s))ds,
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where t ∈ [a,b], |λ |> 0 and I : [a,b]× [a,b]×X→R and η : [a,b]→R are continuous functions.

Let T : X → X be an integral operator defined by

(13) T x(t) = η(t)+λ

∫ b

a
I(t,s,x(s))ds.

Theorem 3.1. Let T : X→ X be an integral operator defined in (13). Suppose that the following

conditions hold:

(i) for any x0 ∈ X , lim
n,m→∞

θ(T nx0,T mx0,σ)<
1
k

, where k = 1
2p ,

(ii) for any x,y ∈ X , x 6= y, it satisfies

(14) |I(t,s,x(s)− I(t,s,y(s)| ≤ ξ (t,s)|x(s)− y(s)|,

where (t,s) ∈ [a,b]× [a,b] and ξ : [a,b]× [a,b]→R is a continuous function satisfying

(15) sup
t∈[a,b]

∫ b

a
ξ

p(t,s)ds <
1

2p|λ |p(b−a)p−1 .

Then, the integral operator T has a unique solution in X .

Proof. Let x0 ∈ X and define a sequence {xn} in X by xn = T nx0,n≥ 1. From (13), we obtain

xn+1 = T xn(t) = η(t)+λ

∫ b

a
I(t,s,xn(s))ds.

Let q > 1 be a constant with 1
p +

1
q = 1. Making full use of (14) and Holder’s inequality, we

speculate that

|T x(t)−Ty(t)|p =

∣∣∣∣λ ∫ b

a
{I(t,s,x(s))− I(t,s,y(s))}ds

∣∣∣∣p
≤

(∫ b

a
|λ | |I(t,s,x(s))− I(t,s,y(s))|ds

)p

≤
(∫ b

a
|λ |qds

) p
q
((∫ b

a
|I(t,s,x(s))− I(t,s,y(s))|pds

) 1
p
)p

= |λ |p(b−a)p−1
(∫ b

a
|I(t,s,x(s))− I(t,s,y(s))|pds

)
≤ |λ |p(b−a)p−1

∫ b

a
ξ

p(t,s)|x(s)− y(s)|pds(16)

Making the most of (16) and (15), we deduce that

Pθ (T x,Ty,σ) = sup
t∈[a,b]

σ |T x(t)−Ty(t)|p
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≤ |λ |p(b−a)p−1 sup
t∈[a,b]

[∫ b

a
ξ

p(t,s)|x(s)− y(s)|pds
]

≤ |λ |p(b−a)p−1 sup
t∈[a,b]

|x(s)− y(s)|p
(

sup
t∈[a,b]

∫ b

a
ξ

p(t,s)ds

)

≤ 1
2p U (x,y,σ).

Setting k = 1
2p , we obtain that

Pθ (T x,Ty,σ)≤ kU (x,y,σ).

Thus, all the conditions of Corollary 2.1 are satisfied, and hence T possesses a unique fixed

point in X . �
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