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1. Introduction
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If ,9>0, p>1 ++¢=1 O<pr(x)dx<w and O<ng(x)dx<w, then
0

q
0

f ; 1/p © . 1/q
(1.1) ” (X)g(y)dxd M(jf (X)dxj ug (X)dx] ,

where the constant factor zlsin(z/ p) is the best possible. Inequality (1.1) is called

Hardy-Hilbert’s integral inequality (see [1]) is important in analysis and applications (cf.
Mitrinovic et al. [2] ). Hardy- et al.[1] gave an inequality similar to (1.1) as :

(1.2) TTL?((ydxdy < pqﬁf"(t)dt} [qu(t)dtJ ,

where the constant factor pq is the best possible.

Other mathematicians present generalizations or new kinds of (1.2) as follows :
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Theorem 1.1 [3]. If 2>0, p>1, %+% =1 f,g>0 such that
0 <jtP*Hf P(t)dt< oo, O <Itq*ng(t)dt< w0,
0 0

then one has

(1.3) II f(X)g(y) dxdy pq(jtpllfp(t)dtj p(thllgq(t)dtj q’

max ix* y

Pq .

where the constant factor — is the best possible.

Theorem 1.2 [4]. Suppose f,g >0, 0<J.f2(X)dX<OO,0<J92(X)dx<w.
0 0

Then

(1.4) ﬁ f(x)g(y) }dxdySC(Tfz(x)degz(x)dxj ,

X+ Y +max{x, y

where ¢ = \/E(ﬂ _2arctan \/5) ~1.7408.

The Beta function denoted by B(p,q), is defined, by

(15) B(p,q) = :[tpl(l—t)qldt - I(lﬂ_)lpw dt, p>0,q>0.
2. Main Results
Lemma2.l. Let p>0,g>0. Then
o b
(2.1) B(p,q) = J —_

Proof . The proof follows by putting x =1/t in (1.5).
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The following is our main result

Theorem 2.2. Assume that f, g, h >0, h is homogeneous of degree >0, y >0,

©

\
P
o~

+%=l, a,b>0. Then

o f(x)a(y)
2.2 dxd
(22) Mh(x, y)lamin{x, y}+bmax{x, y}|’ d

- 1/p o 1/q
< [C J’ tEACD £ 0 () dtj (K J‘ tEAED7 g9 () dt ] ,
0 0

provided the integrals on the R.H.S do exist, where

C=b7C,+a’C,, K=a7K,+b7K,,

1 ﬂ, -1 © tl -1 1 l -1
C. =] dt, C,=] dt, K=
o h(Lt)[L+at/b" 1 h(Lt)[L+bt/a o h(tD[1+at /b
© A1
and K, =I dt.
1 h(tD[L+bt/a]
Proof
” f(x)g(y) dxdly
20 h(x, y)lamin{x, y}+bmax{x, y ||
PRI
_ TT fxy °
o (-1t l 1

x  "h?(x,y)lamin{x, y}+bmax{x, y}|p

(A—l%
x Fx)x dxdy

11

yu_ opa (x, y)lamin{x, y}+bmax{x, y}|g



56 A NOTE ON HARDY-HILBERT'S INTEGRAL INEQUALITY

1/p

dxdy | x

<
0

T Fre)y™
o, 0P . ¥
x  “h(x, y)lamin{x, y}+bmax{x, y}

1/q

g% (y)x**

dx dy

|

O 3 8

(-3

y  Ph(x,y)amin{x, y}+bmax{x,y}"

Upp\ U
=MYPNYI,

We first consider

dx dy

O ey 8

T Frogy*
0 Eh(x y)aminix, y§+bmaxi{x, yj’

=JAX(H)“”1) fP(x) (M, +M,)dx,
0

where, for x>0,

M, = I - dy,
o h(x, y)lamin{x, y}+bmax{x, y}’

o ,1—1
M= dy.
% h(x, y)lamin{x, y}+bmax Xy
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1
=b* x* du u=y/x).
!h(l,u)|1+ au/b|’ ( )

=b7Cx™.

Also, via similar steps,

=a’C,x7,

and hence
M :CTX‘”)(“” f P (x)dx.
0

Similarly,

o0

N =K J‘ y &A@ ga y) dy.

0

Collecting the above estimates, we obtain

TT f()g(y) dxdy
20 h(x, y)lamin{x, y}+bmax{x, y ||

1/q

o0 u p o0
< [C J tEA (D7 § P(t) dt] (K I t(l—z)(q—l)—ygq (t) dtJ
0 0

The proof is complete.

3. Applications

Corollary 3.1. Assume that f, g, h >0, h is homogeneous of degree 1,
0<A<1/2, p>1 ++¢=L1 Then
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il fF)9(y)
3.1 dxd
G J.;!,.|x—y|i|min{x, y}+max{x, y}" “

w Up /oy 1/q
< C[It(”)(“”fp(t)dt] Ut(u)(ql)ygq(t)dtJ ,

0 0

provided the integrals on the R.H.S do exist, where
C =2B(4,1-24).

Proof. The proof follows from theorem 2.2 via lemma 2.1 by putting
a=b=1y=A4

Corollary 3.2. Assume that f, g, h >0, h is homogeneous of degree A,
0<A<1/2, p>1 ++¢=L1 Then

(3.2) ” f(x) g(y) ~~dxdy

© 1/p o 1/q
< CUt(u)(pl)yf P (t)dt] ( J‘t(”)(ql”gq(t)dt] ,

0 0

provided the integrals on the R.H.S do exist, where
C=B(1,1).

Proof. The proof follows from theorem 2.2 by putting
a=b=1y=A
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Corollary 3.3. Assume that f, g, h >0, h is homogeneous of degree A,
1<ﬂ<2,p>1,%+%:1.ﬂmn

i f(x)a(y) dxd
(33) '([z[‘x‘ —y‘“min{x, y}+ max{x, y}|ﬁ d

© 1/p o 1/q
< C( I APV § 0 (p) dt) ( J‘ A D7 g dt] ,
0 0
provided the integrals on the R.H.S do exist, where

C<iB(A/21-A12)+1B(A/4,1-112).

Proof. The proof follows from theorem 2.2 by putting
h(x,y)=|x* -y*| .a=b=1y=24/2,

as follows :
] 1 1 1
Since 1< A <2, then -y <1 t< a t)m , and hence, we have
j. A1 ] j_ A1 ; j -1
K. =C, = t< t=
1 1 . (1_tl)(1+t)i/2 0 (1_t)/1/2 (1+t)l/2 : (1 t )/1/2
1 t/il2—1
:%J(l o d=1B(1/2,1-1/2).
0
© l—l 1 ],/2—1 1 1/2—1
K.=C.,= dt= dt
2 !(tﬂ—l)(ut)m !(1 t)(1+t)’”2 !(1 )42 (1+1)*'2

Al2-1
t

1
_ dt=1B(1/4,1-A/2).
_([(1 t )1/2 2
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