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Abstract: In this paper, the concept of generalized contraction mappings has been used in proving fixed point
theorems. We establish some new common fixed point theorems in complete dislocated quasi metric spaces
using contraction mappings. The presented results extend and complement some known existence results from

the literature.
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1. Introduction

P.Hitzler et al., introduced the notation of dislocated metric spaces in which self distance of a
point need not be equal to zero. They also generalized the famous Banach contraction
principle in this space, and satisfying certain contractive conditions has been at the center of
vigorous research activity. Dislocated metric space plays very important role in topology,
logical programming and in electronics engineering. Zeyada et al. (4) initiated the concept of
dislocated quasi-metric space and generalized the result of Hitzler and Seda in dislocated
qusi-metric spaces. Results on fixed points in dislocated and dislocated quasi-metric spaces
followed by Isufati (1) and Aage and Salunke (3), and recently by Shrivastava, Ansari and

Sharma(7). Our result generalizes some results of fixed points.
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2. Preliminaries
Definition 2.1: Let X be a nonempty set, let d: X xX — [0, ) be a function satisfying

following conditions.

() d(x,y)=d(y,x) =0 impliesx=y.

(i) d(x,y) < d(x,z)+d(z,y) forall x,y,ze X.

Then d is called a dislocated quasi metric spaces or dq - metric on X.

Definition 2.2 : A sequence { X} in dg-metric space ( X, d) is said to be a Cauchy

sequence if for given €>0 , there exists nge N such that for all m , n > ng, implies
d(x,,X,)<e .

Definition 2.3: A sequence { X, } in dg-metric space ( X, d) is said to be a convergent to
x if limd(x,,x)=0.

Definition 2. 4: A dg-metric space ( X, d) is said to be a Complete if every Cauchy
sequence in convergent in X .

Definition 2. 5: Let (X,d) be a dg-metric space . A mapping f: X — X is called contraction
if there exists 0< A <1 such that d [f (x), f (y)] < Ad(xy)for all x,yeX.

Lemma 2.6: dg-limits in a dg-metric space are unique.

Theorem 2.7: Let (X,d) be complete dg-metric space and let f : X— X be a continuous

contraction function then f has a unique fixed point.

3. Main Results

Theorem 3.1: Let ( X, d ) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

d(y, Ty)[1+d(x,TX)] d(y, Tx)+d(x,Ty)
1+d(x, y) d(x,y)+d(y,Ty)
+S[d(TX)+d (Y, Ty) [+ 4[d(x,Ty) +d (y, TX)]..... (1)

d(Tx,Ty)) <«

+ Bd(x, y)+y{ jd(y,Ty)
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forall xy eX, a,8,7,0,u>0 and a+f+y+25+2u <1. Then T has a unique fixed

point.
Proof: Let { x,} be a sequence in X , defined as follows

Let Xge X, TXg = X1, TX1 = X» , TXn = Xnet

................

Consider

d (X, X ) = d(TX, 1, TX,)
< ad (%, Tx,) [ 1+d(x,_ 1,Txn_l)]
1+d (X, X, )

”( d(xn,Txn1)+d(xn1,Tx)n)Jd(Xn'TXn)

d(xnfl,xn)+d(xn,Txn

+4d (%4, %,)

+ O d (%, 0, Tx, ) +d (%, T, ) ]+ e[ d (% TX) +d (%, T, )],

ad (X, %, ) [1+d (%, 5. %,) |
1+d (X, X,)

+7(d( %) +d (% M)Jd(xn,xm)

d(Xn 1’X )+d( n? n+1)

+,Bd( -1 )

+5[d(xn_1,xn)+d( n X ]+/U d (X, 1s Xp0) +d (X, n)]

L+o+u
d(x,, < d (X,
(Xn Xn+1) (l—a—y—é—,uj (an Xn)

P+o+u
d(x,, <hd X N 2 h h= 1
(01 %0a) O ky).oor-(2) - where (1—a—7—5—ﬂj<

In the same way, wehaved (x,_,,X,)<h d(x,,,X, ).

By (2), we get d(X,,X,,,)<h?d(x,,,X,,) Continue this process , we get in general

d (X, X, ) <h" d(X,%). Since 0<h<las n—o,h” —>0.Hence {x, }

is a dg-
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cauchy sequence in X . Thus { x,} dislocated quasi converges to some u in X . Since T is

continuous we have T(u) = lim T(X ) = lim X,+; =u .Thus u is a fixed point T.

Uniqueness: Let x e X is a fixed point. Then by (1),

d(x,x)<

ad(x,x)[1+d(x,x)] d(x,x)+d(x,X)
1+d(x.x) +ﬁd(x’x)+y(d(x,x)+d(x,x)jd(x’x)

+8 [d(x, %) +d (%,X) ]+ 2 [d(x, %) +d (%, X)]
d(x,x)<(a+pB+y+25+2u)d(X,Xx)

Which is true only if d (x,x)=0,since 0 <(a+f+y+25+2u)<land d(x,x)>0.
Thus d(x, x) =0 if x is fixed point of T.
Let x, y be fixed point, (i.e.) Tx=x,Ty=Yy,

Then by condition (1), we have,

ad(y,y)[1+d(xX)]
[1+d (%))
d(y,x)+d(xy) q
{d(x,y)+d(y,y)} ()
+6[d (x,x)+d(y,y)]+y[d(x, y)+d (v,%)]
d(x,y) <B d(xy)+u[d(x,y)+d(y,x)]

d(x,y)=d (Tx,Ty)<

+4d(x,y)

similarly
d(y,x) <B d(y,x)+u[d(y,x)+d(x,y)]

Hence |d(x,y)—d(y,x)|<pld(x,y)—d(y,x),
which implies d(x,y) =d(y,X).

Since 0 <f<1.

Again by condition (1) , we have,

d(x,y) <(B+2u)d(xy) which gives , d(x,y)=0.Since 0 <f+2u<1,



GENERALIZED FIXED POINT THEOREMS
further d(x,y) =d(y,x)=0 = x=Yy.
This proves the uniqueness. This completes the proof.

Corollary 3.2: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y, Ty)[1+d(x,TX)]
1+d(x,y)

d(y,Tx)+d(x,Ty)
d(x,y)+d(y,Ty)

forall xy € X, a,8,7>0 and a+f+y <1.ThenT has a unique fixed point.

d(Tx,Ty)) <

+pd(x,y)+ 7(

Proof: Put & =x =0 in the above theorem 3.1, it can be easily proved.

Corollary 3.3: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y,T(y))[1+d(x,TX)]

1+d(xy) HAAY)

d(T (x),T(y)) <

forallxy € X, a, >0 and a+f <1. Then T has a unique fixed point.
Proof: Put y =6 = =0 in the above theorem 3.1, it can be easily proved.

Theorem 3.4: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

d(TX’Ty))Sad(y,Ty)[l+d(x,Tx)] d(xTy) d(y,Ty)]

1+d(x,y) d(x,y)+d(y,Ty)
+8[d(x,TX)+d (y,Ty) |+ #[d(x, Ty) +d(y, TX)]....)

+pd(x y)+ 7[

forall xy eX, a,8,7,0,u>0 and a+f+y+25+2u <1. Then T has a unique fixed
point.

Proof: Let { x,} be a sequence in X, defined as follows

Let Xoe X, TXo = X1, TX1 = X3

................

Consider



6 A.MURALIRAJ AND R.JAHIR HUSSAIN

d (X, Xy ) = d(TX, 4, TX,)
. ad (X,,Tx,) [1+d (X, l,Txn_l)]
1+d( 1 Xy )

+d (X1 %)

d (X, TX,) d (X, Tx,)
H/( d(X,_y, %,)+d(x,,Tx,) J

+ 6 d (X, TX) +d (%, T ) |+ 2 [d (%, TX) +d (%, TX, )]

ad Xn1 [1+d n-1’ n):l
1+d( 0 Xy)

+8d (X1 %)

+7( A (Xya0 Xges) A (X, xnﬂ)J

d(Xn 1’X )+d( n? n+1)

+ 6] d (%10 %) +d (X X)) [+ £2[d (X, 4, %0) + (%, %,)]

Lp+o+u
d(x,, < d (X,
(Xn Xn+1) (1-(1-7-5-#) (an Xn)

L+o+u
d(x,, <hd VX Beeens 2 h h= 1
(Xns Xa1) (Xogs X Joeen(2) - Where (l—a—y—é‘—y}<

In the same way, we have d (X, X,)<h d(x,_, X,,).

By (2), we get d(X,,X,,,)<h?d(x,,,X,,) Continue this process , we get in general

n? n+l

d(X,,%,,)<h" d(x,%). Since 0<h<las n—o,h"—>0.Hence { x, } is a dg-

Cauchy sequence in X . Thus { xn} dislocated quasi converges to some u in X . Since T is

continuous we have
T(U)=limT(x,)=lim Xp+1 =u.Thus u is a fixed point T.

Uniqueness: Let x e X is a fixed point. Then by (1),

d(x,x)<

ad(x,x)[1+d(x,x)]+ﬂd(x’x)+y( d(x,x)d(x,x)}
1+d(x,x) d(x,x)+d(x,x)

+8 [d(x, %) +.d (%,%) ]+ [d(x, %) +d (x,%)].
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d(x,x)s(a+ﬂ+§+2§+2ujd(x,x)

Which is true only if d (x,x) =0, since Os(a+ﬂ+?7+25+2yJ<land d(x,x)>0.

Thus d(x, x) =0 if x is fixed point of T.
Let x,y be fixed point, (i.e.) Tx=x,Ty=y,

Then by condition (1), we have,

ad(y,y)[1+d(xx)]
[1+d(xy)]
+7{ d(x,y)d(y.y) }
d(x,y)+d(y.y)
+5[d (x,x)+d(y, y)]+y[d (x,y)+d (y,X)]
d(x,y) <B d(xy)+u[d(x y)+d(y,x)]

d(x,y)=d (Tx,Ty)< +4d(xy)

similarly
d(y,x) <A d(y,x)+u[d(y,x)+d(xy)]

Hence |d(x,y)—d(y,x)|<pld(x,y)—d(y,x),
which implies d (x,y) =d (v, X).

Since 0 <p<1.

Again by condition (1) , we have,

d(x,y) <(B+2u)d(xy) which gives , d(x,y)=0.Since 0 <f+2u<1,
further d(x,y) =d(y,x)=0 = x=Yy.

This proves the uniqueness. This completes the proof.

Corollary 3.5: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition
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ad(y, Ty)[1+d(x,TX)] d(y, Tx)d(y,Ty)
d(Tx,Ty)) < Trd(xy) +p4d(x,y)+ ?{d(x, y)+d(y,Ty) ....... @

forall xy € X, o, 8,7>0 and a+ B+y <1.ThenT has a unique fixed point.
Proof: Put & = =0 in the above theorem 3.1, it can be easily proved.

Corollary 3.6: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y,T(y))[1+d(x,TX)]
1+d(x,y)

d(T (), T(y))< +pd(x,y)

forallxy € X, ¢, >0 and o+ <1. Then T has a unique fixed point.
Proof: Put y =6 = =0 in the above theorem 3.1, it can be easily proved.

Theorem 3.7: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y,Ty)d(x,TX) d(y.Tx)+d(x.Ty)
d(xy) d(x,y)+d(y,Ty)
+S[d(XTX)+d (y, Ty) [+ [d (% Ty) +d (¥, TX)].....Q1)

d(Tx,Ty)) <

+4d(x, y)+y[ Jd(y,Ty)

forall xy eX, a,8,7,6,u>0 and a+f+y+25+2u <1. Then T has a unique fixed

point.
Proof: Let { x,} be a sequence in X, defined as follows

Let Xoe X, TXg=X1, TX1 =Xz

................

Consider

d (Xn’ Xn+l) =d (Txn—l’TX”)
. ad (X, Tx,)d (%, TX, ;)
d(X, 4. %,)

n-1'"n

+4d (X, 4. X,)

d (%, Xy ) +d (X1, T, )
+7{ d(X, 1, %,)+d(x,,Tx,) Jd(x TX,)
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+ [ d (X, T, ) +d (%, T ) [+ 2[d (%, TX) +d (%, T, )]

o d (% %) d (%00 %) |
TENEN +Bd (X1 %,)

+7(d<xn ) (x, m},(x )

d(Xn 11 n)+d( n? n+1) o

+5|:d(x -1 n)+d n? n+l :|+ﬂ d(x—l’ n+1)+d(xn’ n)]

(1= y—5—p)d (%, %, <(B+5+u) d(X_1.%,)

p+o+u
d(x,, < d (X,
(Xn Xn+1) (l—a—7—5—,uj (an Xn)

L+O+u
d(x, <hd (X, ;X Joene 2 h h= 1
(%) O ky).oor-(2) - where (1—a—7—5—ﬂj<

In the same way, we have d (X, ;,%,)<h d (X, ;. %, ).

By (2), we get d(X,,X,,)<h?d(x,,,X,,) Continue this process, we get in general

d (X, X,p ) <h" d(%,%). Since 0<h<las n—o,h”—>0.Hence { x, } is a dg-

n?! n+l
cauchy sequence in X . Thus{ x,} dislocated quasi converges to some u in X . Since T is

continuous we have T(u) =lim T(X ) = lim X,+; =u .Thus u is a fixed point T.

Uniqueness: Let x e X is a fixed point. Then by (1),

d(X,X)Sad(X’X)d(X’X) d(x’x))er(X’X))Jd(x,x)

d(x.x) +ﬂd(x’x)+7£ d(x %) +d(x x)
+6 [d(%,%)+d (%,X) |+ z [d(x,x)+d(x,%)].
d(x,x)<(a+pf+y+26+2u)d(X,X)

Which is true only if d (x,x)=0,since 0 <(a+f+y+25+2u)<land d(x,x)>0.

Thus d(x, x) =0 if x is fixed point of T.
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Let x,y be fixed point, (i.e.)) Tx=x,Ty=y,

Then by condition (1), we have,

_ ad(y,y)d(xx) d(y,x)+d(x )
d(x,y)=d (Tx,Ty)< 3(%.y) +pd(x,y)+ 7{d(x,y)+d(y,y)}d(y’y)

+5[d () +d(y,y) ]+ u[d(xy)+d (v.%)]
d(xy) <B d(xy)+u[d(xy)+d(y,x)]

similarly

d(y,x) <A d(y,x)+u[d(y,x)+d(x,Y)]

Hence [d(x,y) —d(y,x)|<Bld(x,y)—d(y,x)|, which implies d(x,y) =d(y,X).
Since 0 <f<1.

Again by condition (1), we have,

d(x,y) <(B+2u)d(xy) which gives , d(x,y)=0.Since 0 <f+2u<1,
further d(x,y) =d(y,x)=0 = x=Yy.

This proves the uniqueness. This completes the proof.

Corollary 3.8: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

d(y,Ty) d(x,Tx)
d(x,y)

d(y, Tx)+d(x,Ty)
d(x,y)+d(y.Ty)

d(Tx,Ty)) <« + 4d(x,y)+ 7/[

forall x,y € X, a,8,7>0 and a+ +y <1.Then T has a unique fixed point.
Proof: Put 6 =x =0 in the above theorem 3.1, it can be easily proved.

Corollary 3.9: Let ( X, d) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y, T(y))d(x,Tx)
d(x,y)

d(T (), T(y))< +pd(x,y)
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forallxy € X, a,fe [0,1] and a+ f <1. Then T has a unique fixed point.

Proof: Put y =6 = =0 in the above theorem 3.1, it can be easily proved.

Theorem 3.10: Let ( X, d ) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

d(Tx,Ty)) <«

d(y,Ty) d(x,Tx) d(xTy) d(y,Ty)j
d(x,y) d(x,y)+d(y.,Ty)
+8[d(x,T))+.d (Y, Ty) |+ x[d(x,Ty) +d (Y, TX)].....(2)

+pd(x y)+ 7{

forall xy eX, a,8,7,06,u>0 and a+f+y+25+2u <1. Then T has a unique fixed

point.

Proof: Let { x,} be a sequence in X, defined as follows

LetXoe X, TXo=Xy, TX¢=Xo, ... , TXn = Xne1
Consider
d (X, Xy ) = d(TX,1, TX,)
ad (X, 7%, ) d (X, 4, TX, )
S n n n n d ’
d(anl,Xn) ﬁ ( n-1 n)

R )

d(x )+d(xn,Txn)
+ 5[d (X0 TXy0) +.d (X, TX, )] +u[d (X, TX,) +d (X, TX, ) |-

nl’n

d(Xn,Xml)d(Xn 1'Xn)+
d (X, %) Ak %)

n-1'"n

+7(d<xn 1 40) 8 (%% >}

d(X -1 n)+d(xn’ n+1)
+5|:d(xn 1 n)+d ns n+1 ]+ﬂ[d(xn —11 n+1)+d(xn’ n)]

+0+

X, }(2)  where h:( protu J<1
l-a—-y—-06—-u

d (X, Xy ) <h d (X,

n? “n+l

In the same way, we have d (X, %,)<h d (X, ,,X,,).
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By (2), we get d(X,,X,,)<h?d(x,,,X,,) Continue this process, we get in general
d(X,,%,,)<h"d(x,%). Since 0<h<las n—o,h"—>0.Hence { x, } is a dg-

cauchy sequence in X . Thus { x,} dislocated quasi converges to some u in X . Since T is

continuous we have T(u) =lim T( X ) = lim X,+1 = u .Thus u is a fixed point T.

Uniqueness: Let xe X s a fixed point. Then by (1),

d(x,x)gad(x’x)d(x’x) d(x, x)d (x, X) j

d(x, ) +ﬂd(x’x)+7/(d(x,x)+d(x,x)
+6 [d(x,x)+.d (%,%) |+ z [d(x,x)+d(x,%)].

d(x,x)S(a+ﬂ+%+25+2yjd(x,x)

Which is true only if d (x,x) =0, since 03(a+ﬂ+%+25+2y}<1and d(x,x)>0.

Thus d(x, x) =0 if x is fixed point of T.
Let x,y be fixed point, (i.e.) Tx=x,Ty=y,

Then by condition (1), we have,

d(xy) = d (TxTy) < 240 xX) d(xy)d(y.y) }

d(x,

dxy) P y)”{d(x,ywd(y,y)
+8[d (xx)+d(y,y) |+ u[d(xy)+d (y,%)]
d(xy) <B d(xy)+u[d(xy)+d(y,x)]

similarly

d(y,x) <g d(y,x)+u[d(y,x)+d(x,Y)]

Hence [d(x,y)—d(y,x)|<p|d(x,y)—d(y,x)|, which implies d(x,y) =d(y,X).
Since 0 <p<1.

Again by condition (1), we have,

d(x,y) <(B+2u)d(xy) which gives , d(x,y)=0.Since 0 <f+2u<1,
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further d(x,y) =d(y,x)=0 = x=Yy.
This proves the uniqueness. This completes the proof.

Corollary 3.11: Let ( X, d ) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y,Ty)d(x,Tx) d(y,Tx)d(y,Ty)
d(Tx,Ty)) < a(xy) +4d(x,y)+ y(d(x, y)+d(y,Ty) ....... @

forall x,y € X, a,B,7>0 and a+ B+y <1.ThenT has a unique fixed point.
Proof: Put & = =0 in the above theorem 3.1, it can be easily proved.

Corollary 3.12: Let ( X, d ) be a complete dislocated quasi metric space .Let T be a

continuous mapping from X to X satisfying the following condition

ad(y, T(y))d(x,Tx)
d(x,y)

d(T (), T(y))< +pd(x,y)

forallxy € X, a,fe [0,1] and a+ f <1. Then T has a unique fixed point.

Proof: Put y =6 = =0 in the above theorem 3.1, it can be easily proved.
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