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1. Introduction

The notion of I-convergence of real valued sequence was studied at the initial stage by
Kostyrko, Salat and Wilczynski [4] which generalizes and unifies different notions of
convergence of sequences. The notion was further studied by Salat, Tripathy and Ziman [11].

The notion of fuzzy sets was introduced by Zadeh [25]. After that many authors have
studied and generalized this notion in many ways, due to the potential of the introduced
notion. Also it has wide range of applications in almost all the branches of studied in
particular science, where mathematics is used. It attracted many workers to introduce different

types of fuzzy sequence spaces.
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Bounded and convergent sequences of fuzzy numbers were studied by Matloka [7].
Later on sequences of fuzzy numbers have been studied by Kaleva and Seikkala [1], Tripathy
and Sarma ([20] and many others.
An Orlicz function is a function M: [0, o) — [0, o), which is continuous, non-decreasing and
convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo as Xx— oo. If the convexity of M is replaced by
M(x +y) < M(x) + M(y)
then this function is called the modulus function.
Remark 1. It is well known if M is an Orlicz function, then M(Ax) < AM(X) for all A with
0<21<l.
Lindenstrauss and Tzafriri [6] used the idea of Orlicz function to construct the sequence

space

. :{XEWZZM (M)@o,forsomer > 0}

k=1 r

The space /,, becomes a Banach space, with the norm
x| =inf {r >0:3'M (MJ Sl}
k=L r

2. Definitions and Background

Let X be a non-empty set, then a non-void class | = 2* (power set of X ) is called an ideal if |
is additive (i.e. A, B € | = AuUBel) and hereditary (i.e. Acl and Bc A= Bel). Anideal | =2* is

said to be non-trivial if 1= 2*. A non-trivial ideal | is said to be admissible if I contains every finite
subset of N. A non-trivial ideal | is said to be maximal if there does not exist any non-trivial ideal J =

I containing | as a subset.

Let X be a non-empty set, then a non-void class F =2 is said to be a filter in X if ¢
¢F; ABeF=AnBeFand AcF, Ac B = BeF. Forany ideal I, there is a filter ()
corresponding to I, given by

() ={Kc N:N\K el }.

Example. (a) Let 1 = |, the class of all finite subsets of N. Then |, is a non-trivial admissible ideal.

(b) LetAcN. If 5(A) = IimEZXA(k) exists, then the class |5 of all Ac N with §
n—o0 n K1

(A) =0 forms a non-trivial admissible ideal.
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n

N A k
(c)LetAcN and s = , forall neN. Ifd (A) = |Im—ZZA—() exists, then the

n—oo Sn k=1

x| =

k=1

class I, ofall AcNwithd(A) =0 forms a non-trivial admissible ideal.
(d) The uniform density of a set Ac N is defined as follows. For integerst >0 and s >1,

letA(t+1,t+s)=card{ne A:t+1<n<t+s} Put Bszlirtnian(t+1,t+s), B° =limsup

tooo

A(t+1,t+5s). If Iim& and IimB— both exist and Iim& = IimB— (= u(A), say), thenu(A) is

S—® S S— S S— S S
called the uniform density of A. The class |, of all A< N with u(A) = 0 forms a non-trivial ideal.

Let D denote the set of all closed and bounded intervals X = [&,,b, ] on the real line R. For X =

[a,,b,]Je DandY =[a,,b,]e D, define d( X,Y) by
d(X,Y)=max (| a,- b, [a,-b,[).

It is known that (D, d ) is a complete metric space.

A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R — L(= [0,1] ) associating each
real number t with its grade of membership X(t).

The a- level set [ X]* set of a fuzzy real number X for 0 <o <1, defined as
X“={teR:X({)>a}.

A fuzzy real number X is called convex, if X(t) = X(s) A X(r) = min ( X(s), X(r) ), wheres<t<r.

If there exists t, € R such that X(t,) = 1, then the fuzzy real number X is called normal.

A fuzzy real number X is said to be upper semi- continuous if for each £> 0, X ([0, a + ¢)),
forall a € L is open in the usual topology of R.
The set of all upper semi-continuous, normal, convex fuzzy number is denoted by L (R).
The absolute value |X| of X € L(R) is defined as (see for instance Kaleva and Seikkala [1] )
IX| (t) = max { X(t), X(-t)} , if t>0
=0 , if t<0.
Let d : L(R) x L(R) > R be defined by
d(X,Y)=sup d(X*Y%).

0<a<l

Then d defines a metric on L(R).
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A sequence (X) of fuzzy real numbers is said to be convergent to the fuzzy real number X, if
for every ¢>0, there exists ny e Nsuch that d (X, , X,)< ¢ forall k> k,.

A fuzzy real valued sequence space E© is said to be solid if (Y,)eE F whenever (X) € E" and
[Yil <| X, |, forallk e N.

A sequence X = (X,) of fuzzy numbers is said to be I- convergent if there exists a fuzzy number
X, such that for all £>0, the set {neN: d (X Xo) 2 e}el. Wewrite I-lim X, = X,.

A sequence (Xi) of fuzzy numbers is said to be I"- convergent to X, (I"-lim X, = X,) if there

isaset{ kj<k,<----- }e ¥ (I) suchthat lim X, =X,.

A sequence (Xy) of fuzzy numbers is said to be I- bounded if there exists a real number p such
that the set {keN: d (X, 0) > p}el.

If1=1,,then I, convergence coincides with the usual convergence of fuzzy sequences. If | =
I4(l5), then I, (15) convergence coincides with statistical convergence (logarithmic convergence)

of fuzzy sequences. If 1=1,, I, convergence is said to be uniform convergence of fuzzy sequences.

Throughout ¢'™, ¢! and ¢! denote the spaces of fuzzy real-valued 1- convergent, I-null

and |- bounded sequences respectively.

It is clear from the definitions that ¢,™) < ¢'® < ¢! and the inclusions are proper.
It can be easily shown that ﬁ'w(F) is complete with respect to the metric p defined by f(X,Y)

=supd (X, Y,) ,where X = (X, Y= (Y e (',

Lemma 1. A sequence space E" is solid implies EF is monotone.

Lemma2. If 1< 2" is amaximal ideal, then for each A = N we have either Acl or N\ A e I.
The notion of I-convergent of double sequence A was introduced by Tripathy and Tripathy
[24] . In this section, we shall denote the ideals of 2V by I and that of 2V*N by |,

A double sequence (X} ,;) of fuzzy numbers is said to be convergent in Pringsheim

sence or P- convergent to a fuzzy real number X, if for each £>0 there exist kg, [, € N
such that
d(Xi1,Xo) > ¢ forall k=ky,l =1, Wewrite P — limX,; = X,.
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A double sequence (X, ;) of fuzzy numbers is said to be null in Pringsheim sence
or P-nullif P —limX;, =0.

A double sequence (X ;) of fuzzy numbers is said to be bounded in Pringsheim
sence or P- bounded if  supy ;d(X).;, Xo) < .

Let I, be an ideal of 2V*N A double sequence (X ) of fuzzy numbers is said to be I-
convergent in Pringsheim sence if for each £>0 such that
{(k,) EN X N:d(Xy.1, Xo) =€} € I
For X, = 0, itis called I-null in Pringsheim sence.

Let I, be an ideal of 2¥*N and I be an ideal of 2¥. A double sequence (X ) of
fuzzy numbers is said to be regularly I- convergent to a fuzzy number X, if it is I-convergent
in Pringsheim sence and for each ¢ >0 the followings hold:

For each [ € N there exists L, € L(R) suchthat {k € N : d(X,,, L;) = ¢} € I, and for each
KE N there exists M, € L(R) suchthat {{ € N : d(X,;, M) =€} € I.
If L, = M, = 0forall,l € N, the sequence (X;,) is said to be regularly I-null.

A double sequence (X}, ;) of fuzzy numbers is said to be I- Cauchy if for each £>0
there exists s = s(¢),t = t(g) € N such that {(k,)) € N x N: d(Xy,;, Xsc) = e} € I, .

A double sequence (X, ;) of fuzzy numbers is said to be I- bounded if there exists a
real number M>0 such that {(k,1) € N x N:d(X;,0) =M} € I,.

Let A denote a four dimensional summability method that maps the complex double
sequences X into the double sequence Ax where the mn-th term of Ax is as follows:
(Ax)m,n = ZOS, Ak Xl
k,1=11

A two dimensional matrix transformation is said to be regular if it maps every
convergent sequence into a convergent sequence with the same limit. Robison, in 1926
presented a four dimensional analog of regularity for double sequences in which he added an
additional assumption of boundedness. This assumption was made because a double sequence
which is P-convergent is not necessarily bounded. The definition of the regularity for four
dimensional matrices will be stated next, followed by the Robison-Hamilton characterization

of the regularity of four dimensional matrices.
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The four dimensional matrix A is said to be RH-regular if it maps every bounded P-
convergent sequence into a P-convergent sequence with the same P-limit.
Theorem 2.1: The four dimensional matrix A is RH-regular if and only if
RHi: P — limy; ap, i, = 0 for each m,n.
RHo: P — limy; Yov=11 Gmnir = 1
RH3: P — limy,; Yon—1 |@mnx:| =0 foreachn
RHs: P — limy Yoy |@mnii| =0 foreachm
RHs: Yo |amn| is P-convergent
RHe: there exist positive number X and Y such that ¥y jsy|@mnii] < X -
Let M = (M,,,;) be a double sequence of Orlicz functions and A = (amnk,) be infinite

matrix. We now present the following set of spaces:

WO (AM,p)

- Pi.1
e d(X,,, X |
=X =(X )€ W :Ve>0,4(mn)eNxN: > a ., {Mk, [MH >erel,
K= P

W7 (AM, p)

— - Pt
m d(X,,,0) ||
=X =(X,,)e W :Ve>0,4(mn)eNxN: > amn‘k'[Mk, [Mﬂ >erel,
Y2,

k=11

WP (A M, p)

— —= Pt
=X =(X, )€ W :VK>0,5(mn)eNxN: f I {Mkvl (Mﬂ >Krel,
k=11 P
Lemma2.1: If d is translation invariant then
@) d(Xg; + Y1, 0) < d(Xp-0) + d(Yy1, 0)
(b) d(aXy,0) < lald(Xy,;.0) ,lal >1.
Lemma2.2: Let (a;) and (By) be sequences of real or complex numbers and (py) be a
bounded sequence of positive real numbers , then
lay + Bic|Pe < C(Jag|Px + | Bi]P*)
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and |A|Pe < max(1,]1|%)

where C=max(1,|A|¢"1),G = supp, , A is any real or complex number .
Some special cases:

a. Ifwetake A = (C,1,1), the above spaces becomes ,

2Wl(F) (M, p)

— Pt
o d(X X)) |
=X =(X, )€ W :Ve>0,{(mn)eNxN: Z{MM(MH >¢grel,
K11 P

o (M, p)

— - Pi.1
e d(X,,.0) ]|
=X =(X,,)e W :Ve>0,{(mn)eNxN: Z{Mk,[wﬂ >¢rel,
Y2,

k,1=11

;W (M, p)

— - Pt
e d(X,,, 0|
=X =(X, )€ W VK >0,(mn)eNxN: Z{MM[%H >Ktel,

k,1=11

b. If M, ,(x) =x for k,I € N, then we can obtain,

2Wl(F) (A, p)

={X =(X,)e W :Vg>0,{(m,n)e NxN : Oi R [a(xk,,,xo)]““ Zs}e Iz}

k,1=1,1

W' (A p)

:{X = (X)€W :v5>0,{(m,n)e NxN : f B [H(kal,ﬁ)]pk" 28}6 Iz}

k,1=1,1

2Wl(F) (A, p)

:{x =(Xyy) € W VK > 0,{(m,n) eNxN: f 2, [a(xk,,,a)]"“ > K} = |2}
k=11

C.If ppy =1forallk, € N,wehave,

WO (AM)
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=X =(X, )€ W :Vg>0,{(m,n)e NxN: f i [Mkvl (Mﬂ>g}e 1,

KI=11 P

W (AM)

=X =(X )€ W :Vg>0,{(m,n)e NxN: f TN {Mkyl (M]]>g}e 1,
Y2,

k=11

W (AM)

=X =(X,, )€ W VK >O,{(m,n)e NxN: f i [Mk’, (MH> K}e l,
Yo

k,1=11

d. If we take

Qi =-if kel =[i-h+Lilandlel;=[j—4+1j]

ij

= 0 otherwise.
where A; j by Aju; . Let A=(4;) and p = (u;) be two non decreasing sequences of positive real numbers
such that each tendstowand A;,1 <4;+1,4, =1
and pjpq<pj+1,uy=1.
Then our spaces become:

W (2,M, p)
d(X, . %) )|
=X =(X,, )€ W :Ve>0, (i,j)eNxN:% > {M“L#H >erel,
i,j (kDel;
Mo (4, M, p)

=X =(X,, )€ W :Ve>0, (i,j)eNxN:i > {Mk,,(wﬂ s el,
Y2

i,j (kDelj

W (4 M, p)
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r - — Pic1

d(X,,,0 )|

=X =(X,,)e W VK >0, (i,j)eNxN:i > IM, X O el,
' A (keti ;| ' P
r - Pi.1

d(X,,, X

W (A, M, p) = X:(XKVI)EZWF:P—”ILTOOL 3 |y, [ L Xo) > ”J] 0
' T A (kelij |

i, jowow 4 P

i, (ke |

ZWOF(/LM,D)= xz(xk’I)EZWF:P— lim 1 Z Mk{wﬂ | =0

— - i1
W (M, p) =X =(X,,)e W :_s_upi > {Mk‘, MH <o
ikl A kivel P
e. A double sequence 6, = (a,,fBs) is said to be double lacunary if there exists sequences
(a,) and (Bs) of integers such that
Vp =Qp —Qp_q >0 as r—->o, a;=0
Vs = fs—Ps—1 > as s>, =0
Let v, = vv;,0,5isobtainby I, s = { (x,y) : @y <x < a,and fs_1 <y < fs}
If we take,

1 .
Ar skl = f lf (k1) € Ir,s

=0, otherwise
Then we have,

W (6,M, p)

=X =(X,, )€ W V>0, (r,s)eNxN:_l > {Mkl[mﬂ | >erel,
Y2,

Vrs (kDel,

W' (6. M, p)

=X =(X,,)e W :Ve>0, (r,s)eNxN:_1 > {MK’I(MJ] se el,
Yo,

Vrs (kDel,

MW7 (6,M,p)
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Vs (kl)el,

=X =(X,, )€ W VK >0, (r,s)eNxN:_1 > {MKI(MH | >Kbel,

W (0,M,p) =1 X =(X,,)e W :P— lim 2 > IM, MH Y:o

WPV s | r
. [ (A0 ™
ZWOF(Q’M’p)z X=(Xk|)52WF3P_-“m = Z M, ¢H =0
. R It VIR (k,Del, s ’ P

W, (6,M, p) = X=(ka|)62WFisup_1 3 |:Mk,| Mﬂ | o

18k Vs (kDel,

f.If I = I, then we can obtain,

B - Pi.i
- X, X
W (AM,p) = X=(Xk,.)62WF:P— lim > a0l M, d(Xei: Xo) O)H =0

MN=%.% 1211 P

r — - Py.1
o d(X,,,0
2W('): (A’M’ p): X :(Xk,l)e ZWF :P_ Ilm z am,n,k,l Mkl MH :O

m,n—o,00 Kio11 p

mn k=11 P

— — Px.1
0. d(Xx,,,0
ZWOIO(F) (A, M, IO) =1X = (Xk,l ) € ZWF - sup Z A nkl [Mk,l (MH <o

g. If I =I5 an admissible ideal, then we can obtain

W (AM,Dp)

— Pt
o d(X,, X)) ||
= X:(Xkyl)esz:V5>0, (m'n)ENXN:kélam'n'k{Mk{$H >grel;

W, (A M, p)

k,1=11

— - Pic.1
. d(X,,,0) )|
=X =(X, )€ W :Ve>0,4(mn)eNxN: > a [Mk, [%J] >erel

WP (A M, p)
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k,1=1,1

— — Pi1
e d(X,,,0) )|
=X =(X,,)e W VK >0,4(mn)eNxN: Zam,nk,{mk,(%ﬂ >Ktiel,

3. Main results
Theorem 3.1 : Let (p, ;) be a bounded sequence . Then the classes of sequence spaces
ZWOI(F)(A, M,p), ZWI(F)(A, M,p) and 2W°°I(F)(A, M, p) are linear spaces.
Proof: We shall give the prove for the space 2Wo!® (A,M,p) . The others are similar.
LetX = (Xi,;) and Y = (Y,,) be two elements in 2Wo!® (A,M,p) . Then there exists p; > 0 and

p> > 0 such that —

00,00

d(X,,;,0
A = {(‘m, n) € N XN: Z Amnlk [Mk,l (M)

ki=1,1 P1

Pkl

> 5/2} €l

and

00,00

' d(X,,;,0
B, = {(m, n) € N X N: Z Amnik [Mk,l (M)

ki=1,1 P2

Dk,

> 5/2} €l,

By continuity of M = (M,.;) and for scalars a and b, we have,

— — Pt

o0 d(ax,, +bY,;.0) ]|
| M ’ :
k"z:;l "L adal+ bl

— — Px.1
0,0 d{Xx.,,0
SC Z am,n,k,l |a| Mk,l ( - )
KI=11 P |a| + 0, |b| A1

— — Px.1

o [ p o, (A

+C a - M - 7
2 B | M|

Pi.1

s d(X,,.0)
KI=11 P

Pyt
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Where D =max {1, |a| , |b| }
pl|a|+p2|b| p1|a|+p2|b|

This relation implies that:

Pr.1

d(ax,, +bY,,.0)

(mn)eNxN: a | M : : > ¢
22| Ml =R
— — Pr.1
oo d(Xy,.0) .
<{(mn)eNxN:CD > a, | M| —— >
Kia Y P 2
— — Px.1
e d(¥,,.0) .
U<(mn)eNxN:CD > a,, . |M,, | — >
K=l o 2
This completes the proof.
Theorem3.2: If 0 <infpyx; <px; <1 then,
@ 27" "4, M,p) c 2" (4, M)
(b) 2% 74, M, p) = 2%' 7 (4, M)

Proof : (a) Let X = (Xx,) € w!®

d(X,1 Xo) (X, %) )™
Kl Mk m,n,k,l '
k;mam’n' ’ { ! L P J} <k;1a { [ P H

So that

{(m,n) eNxN: f cCHE. {Mky, LMH > g}
Kl=11 P

cq(mn)eNxN: fam’n'k’,[Mk’,[Mﬂ | >e¢rel,

KI=L1 P

(A,M, ) . Since 0 < infpkl S Pr1 < 1, we have,
p ) ,

This follows that,

2w A, M,p) < 297 (4, M)
(b) Similar proof as part (a)
Theorem 3.3 : If 1 < py,; < suppy,; < « , then

@ 2"'C M) < 2" ° 4, M, p)
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I(F) Wyl

(b) 2" (A4, M) 2 (A, M, p)

Proof : (a) LetX = (Xy,) € 27" P4, M) . Since 1 < py; < suppy,; < oo, then for

each 0 < e <1 there exist a positive integer n, such that,

k=11

2z d(x,,,X
Z A i liMk,I [%H <g<l forall m,n =n,.

This implies,

q Pt _
0,00 d X y X 00,00 d X ’ X
Z am,n,k.l{Mk.l {MH < E am,n,k,l|:Mk,| {MH
=t P KJ=11 P
Therefore,

(mn)eNxN: f am,nk[Mkl (MH | > g

K111 P
X d(X, X
c4(mn)eNxN: > a .| M, 90X Xo) >grel,
K ' P
Hence,
2w P amy < 2% 7 4,M,p) .

(b) Similar proof as part (a)
Corollary 3.1 : Let A= (C,1,1) i.e the Cesaro matrix M = (M, ;) be sequence of Orlicz
fuctions,
(@) If 0 <infpg; <pr; <1 then,
1.2 (M, p) < 27" (m)

I(F)

2. 2% (M, p) < 2% (M)

(0) If 1 <py; < suppy,; < o ,then

12" M) < 27" (M, p)

I(F)

2. 2w P (M) < 2% (M, p)

wlE)

Theorem 3.4 : The spaces 2w ® (A,M,p) and 2 (A, M, p) are solid .

Proof : We shall give the prove for the space 2Wo!® (A, M,p).
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LetX = (X,) € 2wo"™ (4 M, p) and Y = (Yi;) such that
|Yie1| < |Xiy| forall k,1eN.

Then for each € > 0,

— = Pr.1
2 d(X,,,0
A={(mn)eNxN: Zamn’k{Mkl[Mﬂ >¢rel,; for some p > 0.
P

k,1=11

Since M is non decreasing, we have:

k,1=11

— —= Pt
£ d(Y,,,0
B—(mm)eNxN:EZQWM{M“[—LH—2J| > ¢+ A; for some p > 0.
Y2,

I(F)

Thus B cAandsoY € 2" " (4, M,p) . This completes the proof.

I(F)

Theorem 3.5 : The spaces 2WI(F)(A,M,p), 2o (A, M, p) , and 2W°°I(F)(A,M,p) are

linear topological spaces under the paranorm ‘ h’ defined by

d(X,,.0)
h(X)=inf ,o Zamnk, ol ———=
KI=11 P

Pr.1 %

<1

wherep>0;mneNand P= max{l,sup P } .
k1

Proof : Obviously h(X) = h(—X) and h(6) = 0 where 6 = (6, 5) a double lacunary sequence.

Let X = (X,;) € 2%="7 (4, M, p) and Y = (¥;.,) € 2%="" (4, M, p).

Then,
— — Pi.1 }’/3
| s d(X,,.0)
A=1p>0: Z ot | M| —— <1

KI=L1 0
— —\ N\ TPk %
d(¥,,.0)

=1p>0: zamnkl K, <1
KI=11 P

Take, p; € A; ,p; € A, and p = p; + p,, We can obtain:
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00 |s_a_f§ 40,0
k’lz:l“’lamﬂky' {MH ( P ﬂ - Pt P, [k;lam,n,k,l |:MkYI L P J:U
P N M a(Yk’I ,6)}
+p1 +p2 {klleamnk,ll: k,IL ,0

- a(xkn(_))
kI Mkl ' <1
Z[ %% ﬂ<

Pmn
X +Y) = inf (o +p2) P 5 p1 € A1y € A

Hence,

Also,

< inf{(Pl)mem 1 p1 €A } + inf{(Pz)meﬁ ‘P2 € Az}

=h(X) + h(Y)
Let yi, >y and h(XL,—Xy;) > 0 as i > . Toprove h( vk XL, —vXy,;) = 0as i > oo.
We have,
d(x,,.0))|"
A =1p,>0: Z Aokt | My | —— <1
KI=11 Pkl
and
| o a()(kYI 16) Pt
A, =4p >0: z it | My | ——— <1
Ki=11 P
By continuity of M = (M) , we have
d 7' X! —;/X,(_) a;/iXi -rX 0 ain —;/X,a
Mkvl i( kI ,) < Mkvl (I kI kI : ) n Mk‘l i( kI ')
' =P+l 0% ¥ =] + 17100 ¥ =] o + 17100

‘7/i_7‘pk,| M., H(X;J,(—))

1 -rea e P

|}/| a(xli(,l _Xk,l16)

R — M, :
' =7 o+ P

It follows that,

15
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Pr.1

2 d(7'Xy, -7X.0)
M -
1<,I§1,1am'n'kyI k’l ‘7/' _7‘pk,| +|7|p|i,|

and consequently,

pm,n

h(viiXi) — ¥Xi1) = inf {(h/lic,l - Y|pk,l +1Vlok') P i pry € Az pry/ € Ag

Pmn

< max {m, |y|T} h(XE) — Xi))

Itis noted that  h(X") < h(X) + h(X' —X) forall i €N

Therefore by our assumption, h(y,‘;,le,l - ka,l) — 0 as i — oo. This completes the proof.
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