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Abstract. In this paper, we discuss the concept of n-norm and n-normed spaces. Further we prove the equality
of seven formulae of n-norms on a Hilbert space and eight formulae of n-norms on a separable Hilbert space. An
alternative formula of n-norm on the dual of an n-normed space is introduced. Also, we show its equality with two

alternative formulae.

Keywords: Hilbert space; dual space; inner product; n-norm; separable space.

2010 AMS Subject Classification: 46B20, 46C05, 46C15.

1. Introduction

Let X be a real vector space with dim X > n , where n is a positive integer. A real valued

function ||.,...,.|| : X" — R is called an n-norm on X if the following conditions hold:
(1) [|x1y.-e, %5 ||=0 iff x1, ..., x,, are linearly dependent.

(2) ||x1, ..., Xxp|| is invariant under permutations of xi, ..., x,.

(3) [|oexy,x2, - xn|| = || || X1, ..., X || for any a € R.

(4) [|x0 +x1,2%2, ooy Xn || < ||%0y ey X || + || 215 -y X0 ]| for all xp,xy,...,x, € X.
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The pair (X, ||.,...,.||) is called an n-normed space. An n-norm is always non-negative. The
combination of conditions (3) and (4) above gives the non-negativity of an n-norm. If X is an

n-normed space with dual X’ the following formula (as formulated by Gihler[2])

filxr) o fulxr)
Ix1,..x0]|C = Sup
fiex| <1
il (xn) R (Xn>
defines an n-norm on X.
If X is equipped with an inner product (.,.), we can define the standard n-norm on X by
%1, -, %> = y/det [(x;,x;)]. Note that the value of ||x{,...,x,||* represents the volume of n-
dimensional parallelepiped spanned by xi,...,x,.Let X be a Hilbert space with dual X " Then

Gaéhlers formula on X becomes

[t all® = Sup  det [(xi,y;)]
yi€X [|yil| <1
Also the function
<x17yl> <xl7yn>
215020 |P = Sup
ijXvH)’l,~~-7ynHS§1
o y1) o (s yn)
defines an n-norm on a Hilbert space X .Then ||.,...,.||“ and ||., ..., .|[are identical on a Hilbert

space X [6]. If X is a separable Hilbert space and {e], e, ...} is a complete orthonormal set in X,
1

2
we can define an n-norm on X by ||x1, ..., x|, = [%Z - Y |det [etij, ] ’2] Where o;; = (x;,e;)
J1 Jn
[51.[6].

Further, the function

Ly o (oL n)

[EZPE Sup
YiEX [yt mynlP=1
() Gl
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defines an n-norm on a Hilbert space and the function

filxr) - fulxr)

fi (xn) o fu (xn)

defines an n-norm on a normed space X with dual X’ , Singh and Meitei [10]. If X is a Hilbert

space , |[|.,...,||" becomes

%1, x| = Sup  det[(x;,yj)].

Yi€X,|y][=1
The function
<X1,y1> <x1;yn>
F <xn7)’1> <xnayn>
X1, .y xn||” = Sup S
YiEX Iy 15yl S0 Y1553

defines an n-norm on a Hilbert space X [11].

Then ||, ooy |2 oo I oo I o G UL ooy 2] and ., ..., .|| are identical on a Hilbert

space and they are identical with ||., ...,.||, on a separable Hilbert space [10],[11]. Also,

fi(x) - fu(n)
”fl?"'aan/ = Sup . . .

XEX ||X1,eyxn ]| <1

Ji(am) o fu(xn)
and
filx) o fu(xn)
I, ful'y = Sup : :
Sr(en) o fa(xn)
are identical n-norms on X’,the dual of an n-normed space X [10].
The theory of 2-normed spaces and n-normed spaces were initially developed by Géhler [1]-
[4] in the 1960s.Recent works and related works can be found in [5]-[9].The most recent work
can be seen in Singh and Meitei [10],[11]. Our interest here is to study alternative formulae of

n-norms especially in a Hilbert space. The alternative formulae are identical with the n-norms
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mentioned above. In the last part we study the equality of three n-norms defined on the dual

space of an n-normed space.

2. n-Norms And Their Identicalness

Proposition 2.1. Let X be a normed space with dual X’. Then the function

filxr) - falxr)

H ||H fl(xn) fn(xn)
X1,y X = sup
el TATTAT- 7

defines an n-norm on X.

Proof. (i) xy,...,x, are linearly dependent.

& rows of the matrix [f; (x;)] are linearly dependent.

det[fj(xi)] . ) ;. .
© TAMATIAT = O[fo ]E X'with || f;| # 0.
det fj(xi) .
& sup e AT = 0
fiex!|| 1] #0
ey |2 =0,

(i1) By the properties of determinants and definition of supremum, ||, ...,. HH remains invariant

under permutations of xp,...,x,.

(iii) Vo € R,

filaxy) - fu(ox)

o= sup LT Jnlo)

pexrlplo TATIET-TF
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Siler) o fulxr)

o

i) o fulxn)
= su
P A TV

filxr) o fuxr)

o i) o fa(xn)
= su
pexilpzo MITATTA]

= || ||x1, .|

(iv) By linearity of f;’s and properties of determinants ,we have

filo+x1) - falxo+x)| |filxo) -+ fu(xo)| [frlx1) - Sfulx1)

f1 (xn) Jn (xn) Ji() o fu(xn) fr() o fu(xn)

LA 1l B LA 1Al

filxo) - falxo)| i) oo falo)

B Ji(a) o fu(xn) +f1(xn) o (n)
—lATTAD 1A AT [ £l

Taking supremums of both sides over f; € X’ with|| f JH =# 0, we have

e 01,22, ey 2|7 < 0,02, s | [0 22|

This completes the proof.

Proposition 2.2: Let X be a normed space with dual X' Then, ||.,...,.|"and |, .., .|| are identi-

cal.
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Proof.
f] (X]) fn(xl)
bty oos | = Sﬁpn L :
fiex! || £i]]=1
fi(xa) o fu(xn)
and
filx) o fulx)
Hxl,---,anH: sup fl (xn) fn(xn)

pexelplio IATIATA]

Clearly, ||x1, ... x| < |17

Conversely, we choose g; = ﬁ for j=1,2,....n. Now,
J

Sil) e fuG)l AT ) (1 fall 8n (xr)

Srla) - faGa)| (il Gea) o (]l 80 ()

LALLM LAl A2 - 1] £l
gr(x1) - gulx)
A2l
B g1(xn) gn(xn)
N Al 1Sl
gi(x1) - gn(x1)
gl(xn) gn(xn)
gi(x1) - gn(x1)
<  Sup :
gi€X" ||)][=1
gl(xn) gn(xn)

=[xt ooV fj € X with || f]| # 0
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This completes the proof.

Note On a Hilbert space X with dual X',]|.,...,.|” becomes

Ly o L)

H <Xn,y1> <xn7yn>
X1,y x| = sup
yiexyiflzo vzl llyal

It can be proved by using Riesz-representation theorem.

Proposition 2.3. On a Hilbert space X,

iy o eLm)

H <.Xn,y1> <xn7yn>
1,y x| = sup
yiex 2o Iyl llal

and

Ly L)

X1, e x|l = sup
yieX.||y;||=1
<xna)’1> <xn7yn>

are identical.

Clearly, [|x1, ... x| < ||Ix1,.or ]| 7.

Conversely, we choose z; = Hi—jna HyJH 7 0.
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Gy o G| (s lnllzn) o G llallza)
G yi) o oy [ llyillzn o G vl 2e)
Now, =
My Mly2l---TTyall MyilTly2TT--Tyal
<xlaZ1> <xlazn>
[yl - 1yall
<xn7Z1> <xnazn>
[yl Lyl
(cr,z1) 0 (xLzn)
<xn7zl> <xn7zn>
<xlazl> <xlazn>
< Sup
X [z =1
<xn7Z1> <—xnaZn>
= |[x1, ..., %al|"V y; € X with ||yj]| #0
= sl <2ty xall” ey eoes I & |, .o, || are identical on a Hilbert space X. This

completes the proof.

ey and ||., ..., .||° are identical.

Proposition 2.4. On a Hilbert space X,

Proof. ||.,...,.| and ||., ..., .||° are identical [10].But, ||, ...,.||" & |.,...,.||"’ are identical [propo-

sition 2.2].80, |.,...,.|” and ||.,...,.||* are identical.

G
Corollary 2.1 ||, [|” 1oy N5 s eees I oo N Mo I s )
and ||.,...,.]|" are identical on a Hilbert space X.
: D E F
Corollary 2.2.0n a separable Hilbert space X,||.,...,.||” ,||-sco, || slls ooyl s

H

ey ooy NG s eoes ey o 15 Uy oons ]IS @nd || ..., || are identical.




IDENTICALNESS OF N-NORMS 9

3. EQUALITY OF THREE n-NORMS ON A DUAL SPACE

Proposition 3.1. Let (X,]|.,...,.|) be an n-normed space. Then, the function |.,...,.||," :

filer) - fa(xy)

fl (xn) fn(xn)

defines an n-norm on X'.
115 0|

(X')" — R given by || f1,..., full,’=  sup
1 |20

Proof. (i) It is easy to show that fi, f3,...., f, are linearly dependent iff || fi, ..., fu||,’ = 0.

(ii) By properties of determinant and definition of supremum, || f1, ..., f,||,’ is invariant under

permutations of f1, f>,..., fu.

afi(x1) -+ fulx)

afi(xn) -+ fu(xn)

Hxl,...,an

(iii) For any o € R, Hafl,...,anz/: sup
|15+ s%0]| O

Siler) o fulxr)

o
Ji(e) o fu ()
= sup
[ (R
filxr) - fa(x1)
fl(xn) fn(xn)
=|a| sup
120 [ESp|

=l fi, s full2-
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(fo+/f1)(x1) - fulx1)

(iv) For any fo_fi, ... fu € X', (f0+f1>(|j:l7)wx;l“. Jn (xn)

fotx1) - fulx))] |filxr) - fulxr)
. ST R .

Jo(xn) - fu(xn) Ji(a) o fu(xn)

[ESPReA|

folx) - )l filv) - fa(r)

Jo() o fa()| |f1(a) o S ()

= +
11, - X (11, -y X |
fo(xr) - fulxr) filxr) - fulx)
Jo(xn) - fu(xn) fr(e) o fu(xn)
< sup +  sup
%1 5+ %0 || 0 Hx17""x”|| |1 -0 || 0 Hxl,...,an

= ||f0a"'7fn||2/+ ||f17-"afn||2/ vxi GX& ||x1""7'xn|| 7é 0

Hf() +f17'“7fn||2/ S Hf()w"aanZ/_l_ ”fl?"';anZ/' This Completes the prOOf’

Proposition 3.2. Let (X,||.,...,.||) be an n-normed space. Then, the n-norms ||.,...,.||"; and

|,--,]|,” defined on the dual X’ are identical.

f17"'7an/l S ||f1>"’7fn||2/'

Proof. Clearly,



IDENTICALNESS OF N-NORMS 11

Conversely, we choose y; = m = a=/||x1,.... x| #O.
LARRE (]

filx1) - fax)|  (filayr) -+ falayr)

fl(xn) fn(xn) fl(ayn) fn(ayn)

o ||ay1,...,ayn|\

Now,

[1X1 5+ Xn |

A1) - faln)

Jilm) o fa(on)
a" ||y17"'ayn||

O o )

Jin) - fu(yn)

01 o fubn)

< sup
Yi€X,|Iy15-ynll=1

S ()’n) o (yn)

= |1y full Vi € X with |1, ..., x| # 0.

= Hfla"’:fl’lHZ/ S ||f17"'7fn||/l'
*|l--ey-|/"yand|., ..., .||," are identical. This completes the proof.

Corollary 3.1. Let (X, |-, ..., .||) be an n-normed space. Then,||.,...,.||", [|-,---,-]|; and ||, ..., ||’

are identical on X’.
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