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Abstract. In this paper, we extend and improve the condition of contraction of results of Azam et al. for two
single-valued mappings on a closed ball in complex valued metric spaces.
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1. Introduction

Azam et al. [1] introduced the concept of complex-valued metric spaces and obtained
sufficient conditions for the existence of common fixed points of a pair of contractive type
mappings involving rational expressions. Subsequently, several authors have studied the
existence and uniqueness of the fixed points and common fixed points of self-mappings

in view of contrasting contractive conditions.

In [2], Bhaskar and Lakshmikantham introduced the concept of coupled fixed points for a
given partially ordered set X. Recently Samet et al. [3, 4] proved that most of the coupled
fixed point theorems (on ordered metric spaces) are in fact immediate consequences of well-
known fixed point theorems in the literature. In this paper, we deal with the corresponding
definition of coupled fixed point for mappings on a complex-valued metric space along with
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generalized contraction involving rational expressions. Our results extend and improve

several fixed point theorems in closed ball.

2. Preliminaries

Let C the set of complex numbers and z;, z; € C. We define a partial order < on C as follows:
21X zz if and only if Re (z1) <Re (z2) and Im (z1) < Im (zp)

that is z;< z, if one of the following holds

Cl:Re(z1))=Re(zz)and Im (z1) = Im (zz) C2:Re (z1) <Re(z) and Im (z1) = Im (z,)
C3:Re(z1))=Re(z)and Im (z1) <Im(z;)  C4:Re (z1) <Re (z2) and Im (z1) < Im (z2)

In particular, we will write ;5 z, if z;# z, and one of (C2), (C3), and (C4) is satisfied and we
will write z;< z; if only (C4) is satisfied.

Definition 2: Let X be a non empty set. A mapping d:X X X — C is called a complex
valued matrix on X if the following conditions are satisfied:

(CM1) 0<d(x,y) forall x,y € Xand d(x,y) =0ifand only if x = y;

(CM2) d(x, y) = d(y, x) for all x, ye X;

(CM3) d(x,y) <d(x,z) +d(z,y), forall x,y,z € X.

Then d is called a complex valued metric space.

Definition 3: Let (X, d) be a complex valued metric space.

1. A point x € X is called interior point of set A € X whenever there exist 0 < r € C such that
B(x, r) :=={ye X | d(x,y) <r} < A, Where B(X, r) is an open Ball.

Then B(x, )={y € X | d(x, y) < r} is a closed ball.

2. A point x € X is called a limit of A whenever for every 0 < r € C,

We have B(x, r) n (A\ {x}) # @.

3. A subset A € X is called open whenever each element A is an interior point of A.

4. A sub set B € X is called closed whenever each limit point of B belongs to B.

(V) A sub-basis for a Hausdorff topology t on X is a family F = {B(x, r) | x € Xand 0 < r}.
Definition 4: Let (x, d) be a complex valued metric space, {X,} be a sequence in X and x€ X.
(i) If for every ce C, with 0 < c there is Ne N such that for all n> N, d (X, X) < c, then {X,}
is said to be convergent, {x,} converges to x and x is the limit point of {x,}, we denote this by
lim,,_,, x, = x (or) {X,} »xasn— oo,

(i) If for every ce C, with 0 < c there is Ne N such that for all n> N, d(Xn, Xn+m) < ¢, Where

m € N, then {x,} is said to be Cauchy sequence.
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(iii) If for every Cauchy sequence in X is convergent, then (X, d) is said to be a complete
complex valued metric space.

Lemma 5: [1] Let (X, d) be a complex valued metric space and let {x,} be a sequence in X.
Then {x,} converges to x if and only if | d (xn,x)| > 0, as n— oo.

Lemma 6: [1] Let (X, d) be a complex valued metric space and, let {x,} be a sequence in X.
Then {x,} is a Cauchy sequence if and only if d (X, Xn+m) | = 0, as n— oo, where m € N.
Remark 7: We obtain the following statements hold.

(1) If ;<K 2z and 2, zz then 23 z3. (i) If z € C, 3, b€ R, and a <b, then az < bz.

(iii) If 0 < z1< 2,, then |z | < | 22| .

Definition 8: [2]Let (X, d) be a complex valued metric space. Then an element (x,y) € X X

X is said to be a common coupled fixed point of S, T: X X X - X if = S(x,y) = T(x,y),
y=Syx) =T(,x).
Example 9: Let X =Rand S,T: X X X — X defined as S(x,y) = x (yT_l) and T(x,y) =

X @) ,for all x,y € X. Then (0, 0) and (1, 3) are common coupled fixed pointof Sand T

3. Main Results

In this section, we discuss the existence of common coupled fixed-point theorems for the
generalized contractive mappings on the closed ball in complex valued metric spaces.
Theorem 10: Let (X, d) be a complete complex vale metric space, and let the mappings

S,T: X x X = X satisfying the following condition

d(S(x, v), T (u, v))
Bd(x,S(x,¥)d(w,T(w,v)) Cd(u,S(x, y))d(x, T(wv)

< Ad(x,
Ad(x,u) + T+dow 1+ d(x, )

(D

for all x, y,u, v € B(x,, r)where A, B, C are nonnegative with A+B+C< 1.

|d(xo, S(x0,¥0) + d(x0, T (o, X0)| < (1 —A)|r| where A = ﬁ. Then S and T have a

unique common coupled fixed point.

Proof: Let X, and Y be arbitrary in B(x,, r).

Define Xake1 = S(Xak , Yok )»  Yaker = S(Yak » Xok)

Xok+2 = T(Xok+1, Yoke1), Yoke2 = T(Yoks1, Xok+1), for all k =0.

We will prove that x,,, y, € B(x,, ) for all n € N, by the mathematical induction.
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Using inequality (2) and the fact that, where A = < 1, we have |d(xq, S(xg, ¥o) +

[ -B]
d(xo, T (Yo, x0)| < |7].

It implies that x;,y; € B(x,, 1), Let x5 x5 ...x; € B(xo,r)and ,let y, ys ...y; € B(xo,1) ,
forsomej € N. Ifj=2k+ 1, where k =0,1,2, ... ... ... j_Tlorj = 2k + 2 where

k =0,1,2,..—, we obtain by using inequality (1)

d(Xok+1, X2k42) = A(S Xk, Yor)s T (X215 Yar+1))
Bd (x21, S (X210 V21)) A (%2pc41, T (Kakr 1, Yarst))
1+ d(xok X2p4+1)

Cd(x2k+1:S(ka:ka))d(XZk' T(x2k+1:J’2k+1))
1+ d(xap, X2p41)

< Ad(Xpp, Xap41) T+

d(Xzp41) X2p42) X Ad Xk, X2p041)

Bd (x5, Xok+1)d(Xak41, Xok+2)  CA(Xap1, X2k+1)d(Xop, X2k42)
1+ d(xop, X2k41) 1+ d(xap, X2p41)

Bd (x5, X2k +1)d (X241, X2k +2)
1+ d(X2p, X2k41)

Bld (x5, X2+ 1) | d (X2 1) X2k 42) |
|1+ d(xok, X2k41)
|d X2k X2p4+1) |
|1+ d(x2p, X2p4+1)]

(2

d(Xok+1, Xok+2) < Ad(Xop, Xop41) +

|d (X241, X2k 4+2)| < Ald(Xop, X2 41) | +

..(3)

= Ald(xzp, X2k+1)| + Bld (X2k41, X2k42) |

|d(X2k+1, X2k+2) | < Ald(X2p, Xok+1) | + Bld (Xop41, X2k+2) |
|d(X2k+1, X20042)[1 — B] < Ad(x2k:x2k+1)|

it follows that  |d(xzx41, X2k42) | < |d(x2k.xzk+1)| e (4)

Similarly, ld(Vak+1, Vak+2) | < [1-5] ——dVar Yor41)| e e e e (5)

d(Xok+2) X2k43) = A(T (X2k+1, Yor+1)r S (X2k42) Vor+2))
= d(S(Xak+2 Vak+2)s T (X2kt15 Var+1))

Bd(Xar42, S(X2k42: Yak+2)) (X241, T(Xo2ks1, Var+1))
1+ d(xX2k42, X2k41)
Cd(x2k+1, S(Xak+2 Yark+2)) AXoks2r T (Xoks1, Yaks1))
1+ d(x2k42) X2k41)
Bd(xox12, Xak43) A(Xoks1, X2k42)
1+ d(Xok42, X2k41)

Cd(Xak+1, X2k+3) A(X2p42, X2p42)
1 + d(x2k+2, x2k+1) Er sas owas owas (6)

< Ad(Xop42) X241) +

< Ad(Xk42) X2k41) +
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Bld(x2k12, X2k+3)11d (ot 1, Xop42)
11+ d (k42 Xoks1)l

|d(X2k 41, X2k42)]
|1+ d(x2k+2, Xops1)l

(D)

|d(X2k42, X2k+3) | < Ald (X242, Xop+1) | +

= Ald(X2k+2, X2+1) | + Bld(X2p42) X250 43) |

|d (x2k+2) Xo+3) | < Ald (Xop42, X2k 1) | + Bld (X212, X2k4+3) |
|d (x2k+2) X2k+3) [1 — B] < Ad (X402, Xok41) |

. A
It fOIIOWS that |d(x2k+2, ka+3)| < m |d(ka+2, x2k+1)| e ans was wans (8)

A4
[1-B]

Similarly |d(V2k42, Yare3)| < |[d(V2ks2 Vo) | oo v e (9)

Adding (4)-(9), we get

A
|d (k41 X2k+2) | T 1dV2k+1) Yars2)| < [ |d ok, X2k 4+ 1) | + =3 1d(V2r, Var+ 1)

1-B] [1—B]
|d X2k 42, X2k+3) | + 1dV2k+2) Yor+3)|
A
< =B ld(X2x+2, X2k +1)| + =B8] ld(Vak+2, Yokt 1) | e e e e (10)
IfA= [1143] < 1, then from (10), we get

|d(xn, %1 )| + A (¥, ynea )| < A(|d(xnes, %0 )| + [d (1, 30 )])
Now if |d(xn, Xn+1 )| + |d(yn, Vn+1 )| = 0, then
Op S A0, 1 < S AM0g v e (1)
Now |d (%o, Xn+1 )| + [d (o, Y1 )|

< (d(xo, x1 )| + [d(yo, 1 )[) + -+ (|4 (e, xnsa )| + |[dOm, yme )])

< (|d(xo, %1 )| + |[d(vo, y1)|) + -+ + 2*(|d(x0, x1 )| + |d (0, ¥1)|), forall n € N
(l—ln_l
|T

= (ld(xo, x| + [d(yo, v )DIL+ -+ 27 4 2" < (1 = DI 552 < r

gives x,,1 € B(xo, ). Hence x,, € B(x,,r) forall n € N and
|4 Cn, X )]+ |d(m, Y )| < A7(|d(x0, 21)[ + |d(v0, 71)])

for all n € N. Without loss of generality, we take m > n, then

|d(xn. xm)| + |d(3’n. Ym)l S (ld(xn,xnﬂ)l + |d(yn, yﬂ+1)|) +
+(|d(xm—1. xm)l + |d(3’m—1,3’m)|)

< [A"0p + A"y + - +< A0 < [ATH A+ + A6,

m—

1 9i
ey A0y — 0,as m,n — oo.
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This implies that the sequence {x,} and {y,} are Cauchy in B(x,,1). Since B(x,,r) is
complete, there exists X, y € B(x,, r) such that x,, = x and y,, > y as n = +oo.

We now show that x = S(x,y)and y = S(y,x). We suppose on the contrary that x #
S(x,y)and y # S(y,x),sothat 0 < d(x,S(x,y)) = land 0 < d(y,S(y,x)) = I,

L =d(x,S(x,y)) < d(x, xzp42) + d(X2r42, S(x, )

< d(x, xax42) + (T (k1 Yars1), S(x, ¥))

Bd (%2141, T (X241, Yar+1))d(x, S(x, ¥))
1+ d(xzx41,%)
+ Cd(x, T (Xak+1, Yar+1))dXok41, S (X, ¥))
14 d(xzk41,%)
Bd(xzk41, X2r41)d(x, S(x,¥))
1+ d(xzp41,%)
Cd(x, Xpr42)d(X2k+1,S(X, )
1+ d(xz41,%)
Bld (k41 X2+ 1d(x, S(x, ¥))
11+ d(x2x41, )|
Cld(x, Xap42)11d(xap41, S(x, ¥))|
11+ d(x2x41, X)|

By taking k — +oo, we get |d(x, S(x,y))| = 0 which is contradiction so that x = S(x, y).

< d(x, Xap42) + Ad (x40, %) +

= d(x,X242) + Ad(Xpp 41, %) +

+

So that || < [d(x, xax42)| + Ald(X2k 41, 2)| +

+

Similarly one can prove that y = S(x, y). It follows that similarly that x = T'(x, y) and

y = T(x,y). So we have prove that (X, y) is a common fixed point of S and T. We now show
that S and T have a unique common coupled fixed point.

For this, assume that (x*, y*) € B(x,,r) is a second common coupled fixed point of S and T.
Then

Bd(x,S(x,y))d(x", T(x",y"))
1+d(x,x*)
4 Gale T, y))d(x, S(x, y))
1+d(x,x*)
Bd(x, x)d(x*, x*)
1+d(x, x*)
Cd(x, x*)d(x*, x))

+ 1+d(x, x*)
d(x*, x))
1+d(x, x*)

d(e,x*) =d(S(x,v), T(x*y")) < Ad(x,x*) +

d(x,x*) < Ad(x,x*) +

|dCx, x*)| < Ald(x, x*)| + Cld (x, x7)] < Ald(x, x| + Cld(x, x7)

|d(x,x*)| < [A+ C]ld(x, x*)|, which is a contradiction because A+B+C<1. Thus we get
x* = x and y* = y, which is prove the uniqueness of common coupled fixed point of S and
T.
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Corollary 11: Let (X, d) be a complete complex vale metric space, and let the mapping

T:X x X — X satisfying the following condition
d(T(x, ), T(w,v)) < Ad(x,w)
N Bd(x,T(x,y))d(u, T (u,v)) N cd(u, T(x,¥))d(x, T (u,v)

1+d(x,u) 1+d(x,u)
for all x, y,u, v € B(x,, r)where A, B, C are nonnegative with A+B+C< 1.
ld (xo, S (x0, ¥0) + d(x0, T(Vo, Xo)| < (1 = A)|r|, where A = [:B]. Then T has a unique

coupled fixed point.
Corollary 12: Let (X, d) be a complete complex vale metric space, and let the mapping
T:X x X — X satisfying the following condition
d(T™(x,y), T"(u,v)) < Ad(x,u)
N Bd(x, T™(x, y))d(u, T™(u, v)) N Cd(u,T”(x, y))d(x, T"(u,v)
1+d(x,u) 1+d(x,u)

forall x, y,u, v € B(x,, r)where A, B, C are nonnegative with A+B+C< 1.

A
[1-B]

|d (x, S (%0, ¥0) + d(x0, T (Yo, x0)| < (1 = D)|r|, Where 4 =

Then T has a unique coupled fixed point.
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