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1. Introduction

The Gronwall type integral inequalities provide a necessary tool for the study of the theory of
differential equations,integral equations and inequalities of the various types (please, see
Gronwall [7] and Guiliano [8]).

Closely related to the foregoing first-order ordinary differential operators is the following result
of Bellman [5]:

Lemmal: If the functions g(t)and u(t) are nonnegative for t > 0, and if ¢ > 0, then the inequality

t
u(t)£c+jg(s)u(s)ds, t>0
0
t
Implies that u(t) <cexp jg(s)ds, t>0
0
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In analysing the dynamics of a physical system governed by certain differential and integral
equations, one often needs some new kinds of inequalities[1-10].Green[6] proved the following
interesting inequality, which can be used in the analysis of various problems in the theory of

certain systems of simultaneous differential and integral equations.

Let k,,k,and x be nonnegative constants and let f,gand h, ,(1,2,3,4)be nonnegative continuous

functions defined for t € R, with h, bounded such that

f(t) <k, +jh1 (s) f (s)ds+je“sh2 (s)g(s)ds

g(t) <k, + je“’s h,(s) f(s)ds + j h,(s)g(s)ds

For all t € R, .Then there exists constants c,,c,and M,, M, such that

ct ct
fysMel, g(t) < M,e 2

Forall teR, .

2. Main Results:

Theorem 2.1:Let f,g,a,b, pand h, ,(1,2,3,4)be nonnegative continuous functions defined for

t € R, with h; bounded such that

ft)<a(t)+ p(t)ﬁ h,(s) f (s)ds + je PBR, (s)g(s)ds} (1)
g(t) <b(t)+ p(t)[}e‘p” hy(s) f (s)ds + j h, (s)g(s)ds} (2)
Forall t € R, .where x be nonnegative constantand p >1. Then
f(t) <eP“Qq, g(t) <Q(t)
Where Q) =m(t) + p(t)j'h(s)m(s) expﬁh(@) p(a)da}ds 3)

In which m(t) = a(t) + b(t)and h(t) = max{h, (t) + h,(®)] [n, ) + h, ()]} forallt e R, .

Proof: Multiplying both sides of (1) bye_'O“t ,we get
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e PAts ) <a(t)e P4t + p(t)ﬁe_p“ *h,(s) f (s)ds +th (s)g(s)ds} (4)

0
Since t and u are positive, we observe that e P4t <1 For 0<s<t , 0> —pus>—put So

e P45 > e7PHY Therefore (4) can be rewritten as

e Pty <a(t) + p(t)ﬁe_p” Sh,(s) f (s)ds + j h, (s)g(s)ds} (5)
Now define
V() =e P“ ) +g() (6)

By substituting from (2) and (5) in (6),we have

V() < m(t) + p(t)jh(s)v (s)ds ©)

Where m(t) = a(t) +b(t)and h(t) = max{h, (t) + h, ®)] [h, ©) + h, ®)]}.
Now an application of Lemmal in (7) with suitable modifications, yields

Z(t) < j h(s)m(s) expﬁ h(0) IO(@)d@}OlS (8)
Since V/(t) < Z(t), therefore from (7) and (8), we get

V(t) <m(t) + p(t)j h(s)m(s) expﬁ h(9) |0(5)0|<3}0|S (9)
Substituting the value of V (t) in the right side of (9) takes the form

e P () + g(t) <m(t)+ p(t)jh(s)m(s) eXp[jh(ﬁ) p(a)dﬁ}ds (10)

By comparing both sides of (10), we have

f(t) <eP*tQ(t) and  g(t)<Q()
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Where Q(t) is defined as in (3).

Theorem 2.2: Let k;,k,and u be nonnegative constants and let f,gand h,,(1,2,3,4)be

nonnegative continuous functions defined for t € R, with h, bounded such that

f(t) <k +Jt'h1(s) f (s)ds+je Ph (s)g P (s)ds (11)

t t
g(t) <k, + j e P%h, (s) f (s)ds + j h,(s)g P (s)ds (12)
0 0
Forall te R, .and p >1, then there exists constants a,,a,and N, N,such that
at at
ft)<Nel, g(t) < N,e 2
1
where N, =k, +k,and N, =(k, +k,)».Also a, = pu+R, a, LA h(s).
P
Proof: Multiplying both sides of (11) bye P! we get
t t
e PULf (1) <ke PH 4 [e P“Shy(s)i(s)ds + [, (s)g P (s) (13)
0 0
Since t and  are positive, we observe that e P4l <1 Foro<s<t, 0> —pis = —put SO

e PHS > o PHY Therefore (13) can be rewritten as

e PUL(t) <k, + je_ PHSH (s)f(s)ds + j h,(s)g P (s) (14)
Now define
Vi) =e P ) +gP ) (15)

By substituting from (12) and (14) in (15),we have

V(t) < N, +jh(s)v (s)ds (16)
Where N, =k, +k,and h(t) = max{[h, (t) + h,(®)][h, (t) + h, (©)]}.

Now an application of Lemmal in (16) with suitable modifications, yields

Z(t) <N, expﬁ' h(s)ds} a7
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Since V(t) < Z(t), therefore from(15), (16) and (17),we get

e PAY ity +gP ) < N, expﬁh(s)ds } (18)

By comparing both sides of (18), we have

at at
f(t)<Nel, g(t)<N,e 2

1
where N, =k, +k,and N, =(k, +k,)».Also a, = pu+R, a, _R R=h(s).
Y
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