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Abstract: The purpose of this paper is to present a common unique fixed-point theorem for six self mappings in
complete metric space using weaker condition such as weakly compatible and associated sequence in place of
compatible mappings and completeness of the metric space. More over the condition of continuity of any one of
mapping is being dropped. Our result generalizes the results of Singh and Chouhan [19], Fisher [4], Lohani and
Badshah [13], Sharma, Badshah and Gupta [18].
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1. Introduction

Jungck [6], proved a common fixed point theorem for commuting mappings in 1976, that
generalizes the Banach’s [1] fixed point theorem in a complete metric space. This result was
generalized and extended in various ways by Iseki and Singh [5], Park [15], Das and Naik [2],
Singh [20], Singh and Singh [21], Fisher [3], Park and Bae [16]. Recently, some common fixed
point theorems of three and four commuting mappings were proved by Fisher [3], Khan and
Imdad [12], Kang and Kim [10] and Lohani and Badshah [13].The result of Jungck [6] has so
many applications but it requires the continuity of mappings. Sessa [17], introduced the concept
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of weak commutativity and proved a common fixed point theorem for weakly commuting maps.
Further Jungck [7], introduced more generalized commutativity; known as compatibility, which
is weaker than weakly commuting maps. Since various authors proved a common fixed point
theorem for compatible mappings satisfying contractive type conditions and continuity of one of

the mapping is required.

In 1968 ,kannan [11] ,proved that there exists maps that have a discontinuity in the domain
but which have fixed points, moreover the maps involved in every case were continuous at the
fixed point. In 1979, Jungck and Rhodes [9] introduced the weaker condition; known as weakly
compatible and showed that compatible maps are weakly compatible but the converse is not true

in general.

In1998, Pant [14] introduced the notion of reciprocal continuity and used it to prove common
fixed point theorems for contraction type self mappings. Also showed that if two mappings are
continuous then they are obviously reciprocally continuous but the converse is not true.
Moreover, in the setting of common fixed point theorems for compatible maps
satisfying contractive conditions, continuity of one the two mappings implies their reciprocal

continuity but not conversely.

The purpose of this paper is to generalize results of Sharma, Badshah and Gupta [18] for six self
mappings in complete metric space using weaker condition such as weakly compatible and
associated sequence in place of compatible mappings and completeness of the metric space.
More over the condition of continuity of any one of mapping is being dropped. Our result
extends results of Fisher [4], Jungck [7, 8] Singh and Chouhan [19], Lohani and Badshah [13].

To illustrate our main theorems, an example is also given.

2. Preliminaries

Definition 2.1 Two mapping S and T from a metric space (X, d) into itself, are called

commuting on X, if d (STx,TSx) =0 thatis STx=TSxfor all x in X.
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Definition 2.2 Two mapping S and T from a metric space (X, d) into itself, are called weakly

commuting on X, if d (STx,TSx)<d (Sx,Tx)for all x in X.

Clearly, commuting mappings are weakly commuting, but converse is not necessarily true, given
by following example :

Example2.1

Let X = [0, 1] with the Euclidean metric d. Define Sand T : X — X by

Sx:L and Tx:5 forall x in X.
7—X 7

Then for any x in X,

x x|
49-x 49-7x|

d (ST, TSx) :I

—6x°
(49—-x)(49-7x)

X2

<
49-7x

X X

7T—-x 7

=d(Sx,Tx)
i.e.d(STx,TSx) < d(Sx,Tx) forall xinX.

Thus S and T are weakly commuting mappings on X, but they are not commuting on X, because

STx= X X =TSx forany x # 0 in X.
49—-x 49-7x

i.e. STx<TSx forany x #0 in X.

Definition 2.3. If Two mapping S and T from a metric space (X, d) into itself, are called

compatible mappings on X, if lim d (STx,,,TSx, )=0, when there is a sequence {x,} is in X such

that lim Sx, = lim Tx = x for some x in X.

m—oo m-—oo
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Clearly Two mapping S and T from a metric space (X, d) into itself, are called compatible

mappings on X, then d(STx,TSx)=0when d(Sx,Tx) =0 for some x in X . Note that weakly

commuting mappings are compatible, but the converse is not necessarily true.
Example2.2 [18]
Let X = [0, 1] with the Euclidean metric d. Define Sand T : X — X by

Sx=x and Tx=L for all xin X.
X+1

Then for any x in X,

STX:S(TX):S(LJ:L
Xx+1 X+1
X
TSx=T(Sx)=T =—
KT (80 =T (x) =
2
d(Sx,Tx)= x— || X
Xx+1 [x+1
Thus we have
d(STx,TSx) = X X
Xx+1 x+1
2
=0< forall xinX.
X+1
=d(Sx,Tx)

i.e.d(STx,TSx) < d(Sx,Tx) forall xinX.

Thus S and T are weakly commuting mappings on X, and then obviously S and T are compatible
mappings on X.

Example2.3 [18]

Let X = R with the Euclidean metric d. Define Sand T : X — X by

2 and Tx=2x> forall x in X.

Sx=X
Then for any x in X,
STx=S(Tx)=5(2x")=4x"

TSx=T (Sx) =T (x*)=2x" are compatible mappings on X , because
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d(Sx,Tx)z‘x2 —2x2‘=‘—x2‘—>0 as x>0
Then
d (STx,TSx) = [4x* —2x‘| = 2|x*| >0 as x>0
But d (STx,TSx) < d(Sx,Tx) is not true for all x in X.

Thus S and T are not weakly commuting mappings on X.

Hence all weakly commuting mappings are compatible, but converse is not true.

Definition 2.4 If Two mapping S and T from a metric space (X, d) into itself, are called

Weakly compatible mappings on X, if they commute at their coincidence point i.e. if Su =Tu
for some uin X ,then STu = TSu.

Example2.4

Let X = [0, 1] with the usual metricd(x, y) =|x—y|.

DefineSand T: X — X by
1
X when 0<x<=
Sx= L 2
1 when =<x<1

2
Tx= 1-x forall xin X.

Then clearly % is coincidence point of Sand T, because S (%j=T (ij =%.

2
Also  sT[L]=siT[L =s{1_1}=s(1j=1
2 2 2 2) 2
TS 1 =T!S lj :T{l}zl_lzl
2 2 2 2 2
Hence (S,T) is weakly compatible on X , because they commutes at their coincidence point % :

But (S,T) is not compatible on X, for this take a sequence X, :%—1 ,N=>2.
n

nN—o0 n—oo N—o0

Then  lim Sx, :% , nI|_r)n TX, :% Also lim TSx, = IimT(———j: lim (—+lj:%.
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But lim STx, = lim S(l-i-lj: lim (1)=1 sothat lim (TSx,,STx,) # 0.
n—o0 n—o0 2 N—00

n n—oo

Hence (S,T) is not compatible on X. Note that compatible mappings are weakly compatible, but

the converse is not necessarily true.

Definition 2.5 If Two mapping S and T from a metric space (X, d) into itself, are called
reciprocally continuous mappings on X, if rI]im STx, =Su and rI]im TSx, =Tu whenever {xn} is
a sequence in X such that rI]im SX,, :rllim Tx, =u forsomeu in X.

Example 2.5
Let X = [2, 15] with the Euclidean metric d.
DefineSand T: X — X by

Sx=7 when x €[2,15]

Txo 8 when x<4 and >12
B 3+x when 4<x<12

Take a sequence xn:4+1 ,n>1 inX.
n

Then lim Sx, = lim S(4+1)=7 , lim Tx, = lim T[4+1j= lim (3+4+£j=7

n—o0 n—oo n n—oo n—o0 n n—o n

Also lim TSx, = IimT{S(4+1j}: limT(7)=3+7=10=T(7).

nN—o0 n n—oo
. . 1 i 1 . 1
But lim STx, = lim S(4+—j: lim S(4+—j: lim (7+—j:7:8(7).
n—oo n—oo n N—o0 n N—o0 n

Hence S and T are Reciprocally continuous mappings on X, but S and T are not continuous on X.
Hence if S and T both continuous then they are obviously reciprocally continuous but converse is

not true converse is not necessarily true.

Singh and Chouhan [19] proved the following theorem.
Theorem 2.1 Let A, B, S and T be mappings from a complete metric space (X, d) into itself
satisfying the following conditions:

A(X)cT(X) and B(X )< S(X) (3.1)
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One of P, Q, Sand T is continuous,

[d(AX, By)]2 <k, [d(Ax, Sx)d(By,Ty) +d (By, Sx)d (Ax, Ty)] (3.2)
+k, [d(AX, Sx)d (Ax, Ty) +d (By,Ty)d (By, Sx)]
for all x, y € X, where ki, k2 >0 and 0 <k + k> < 1.
The pairs (A, S) and (B, T) are compatible on X, then A, B, S and T have a unique
common fixed point in X.
Sharma, Badshah and Gupta [18] proved the following theorem.

Theorem 2.2 Let P, Q, S and T be mappings from a complete metric space (X, d) into itself

satisfying the conditions

S(X)= Q(X), T(X)<= P(X) (3.3)
d(Sx, Px)
d(Sx,Ty) < {05 +ﬂm}dﬁmy) (3.4)

forall x,y € X, where g, f>0and a + f < 1.

Suppose that

(i) One of P, Q, S and T is continuous,

(ii) Pairs (S, P) and (T, Q) are compatible on X.

Then P, Q, Sand T have a unique common fixed point in X.

Now we generalize the theorem 2.2 for six self mappings by using weaker condition weakly
compatible in place of compatible mapping also the condition that one of the mappings should be
continuous also dropped.

Associated Sequence. Suppose A, B, P, Q, S and T be self mappings from a complete metric

space (X, d) into itself satisfying the conditions:

S(X)c AB(X) and T (X )< PQ(X) (3.5)
d(Sx, PQx)
d(SX’Ty)S{a+ﬂ1+d(PQx,ABy)}d (Ty, ABy) (3.6)

forall x,y € X, where o, f>0and a + f < 1.
Then for an arbitrary point xoin X, by (3.5) we choose a point x; in X such that Sxo = ABx: and

for this point x1, there exists a point x> in X such that Tx; = PQx2 and so on. Proceeding in the

similar manner, we can define a sequence {y,,} in X such that
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Yom+1 = ABXom+1 = SXom form >0 and yom = PQXom = Txom-1  form >1 (3.7)
we shall call this sequence as an “Associated sequence of X,” relative to six self mappings A, B,
P,Q,SandT.

Lemma 2.1. Let A, B, P, Q, S and T be mappings from a complete metric space (X, d) into

itself satisfying the conditions (3.5) and (3.6). Then the Associated sequence {ym} relative to six

self mappings A, B, P, Q, Sand T defined in (3.7) is a Cauchy sequence in X.
Proof. By definition (3.6) we have

d (y2m+l7 y2m) =d (SXZm 7TX2m 1)

< 0{+ﬁ d(SX2m1 PQXZm)
B 1+d(PQX,,, ABX,, )

}d (MXom-10 ABXyp, )

2m?

d(Yamir: Yom)
< + m+ m d ’
{a ﬁ1+ d (yZm ! y2m—1) (yzm yzm_l)

<ad (ygm’ y2m71) +ﬁd (y2m+l’ yZm)

i.e d(y2m+l1y2m)—1 'Bd(yvayzm )

Hence d(y2m+1, y2m) <hd (y2m7 y2m—1)

Where h = 1L<1

Similarly we can show that

d(Yomas Yom) <7 d (Y, Yp)

For k > m , we have

k
d(ym+k’ ym) < Zd(ym—l’ yn+| 1)

i=1
k

<2 h" (YY)

i=1

n

. h
e, d(Y, . Y) S(

1_hjd(yl,yo)—>0 as Nn— oo

Since h<1,h" -0 asn-—>oo, sothatd(y,, Y,.) —>0. This Show that the sequence {y,} is a

Cauchy’s sequence in X. and since X is a complete metric space, it converges to a limit, say u in
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X. The converse of the lemma is not true, that is A, B, P, Q, S and T satisfying (3.5) and (3.6) ,

even if for xoin X and the Associated sequence of xo converges, the metric space (X, d) need

not be complete. The following example establishes this.

Example 2.6
Let X = (-1, 1) with usual metric d (X, y) =|x-y]|

1if—1<x<E E if—1<x<E
sx=Tx={ ? . AX=Px=xif -1<x<1 , Bx=4 4 5
1 .. 1 2 L 1
= if =<x<1 ——x if =<x<1
5 5 5 5
l if —1<x<l 11
Qx = 4 > Then S(X):T(X):{—,—} while A(X)=P(X)=(-11) ,
5x+4 ., 1 45
if =<x<«l1
25 5
1 1 -3 1 1 9
AB(X)=<=-U|= — PO(X)=<=U|= — Clearl S(X AB(X and
(X) {4U[5 Sj} Q(X) {4U[5 25]} y (X)< AB(X)

T(X)c PQ(X) are satisfied. Also inequality (3.6) can be easily verified with appropriate

Tx

2n+11 "t

values of a and p. Also the sequence Sx,,Tx,SX,,TX,,...SX converges to

2n?

% if %s x<1.But (X, d) isnotacomplete metric space.

3. Main Result

Theorem 3.1 Let A, B, P, Q, S and T be mappings from a complete metric space (X, d) into
itself satisfying the conditions (3.5) and (3.6). Suppose that the pair (S,PQ) is reciprocally

continuous and compatible and (T, AB) is weakly compatible on X. Also AB = BA, PQ = QP,

QS = SQ, TA = AT. Further the associated sequence relative to four self mappings A, B, P, Q, S
and T such that Sxo, TX1, SX2, TX3,..., SXom, TXom +1 CONvVerges to u in Xasn — o .Then A, B, P,
Q, Sand T have a unique common fixed point u in X.
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Proof. Let {y,,} be the associated sequence in X defined by (3.7). By lemma, Associated {y,, }
is a Cauchy sequence in X and hence it converges to some point u in X. Consequently, the
subsequences {SX,, } , {PQxXypin}s {ABXyp., b and {Tx,,, ,} of {y,} also converges to u.

Since S(X)c AB(X) then there exists ve X such thatu = ABv. Also from the condition
T(X)c PQ(X) implies that there exists v e X in such that PQV' =u. since (S,PQ) is
reciprocally continuous S(PQ)x,,, — Su and Also (S, PQ) is compatible,

lim d (S(PQ)X,,,, (PQ)SX,,, ) =0 then d (Su,PQu ) =0implies that Su = PQu.

To prove Su =u,putx=u,y=x,., in(3.6), we obtain

m+1

d(Su, PQu)
1+d(PQu, ABX,,..,)

d(SU, Tpp,) < {OHﬁ }d(T Xoms1s ABXom.a)

Letting m—oo we get

d(Su,u) < {a+ﬂ%}d(u,u)

d(Su,u) <0
So that u =Su.Therefore u =Su = PQu.
To prove Tv =u,putx=u,y =V in (3.6), we obtain

d(Su, PQu)
1+d(PQu, ABv)

d(u,u)
{a"f‘ﬂm}d(TV,U)

d(Su,Tv) < {a+,8 }d(Tv, ABV)

d(u,Tv)

IA

(I-a)du,Tv) < 0
d(u,Tv) <0.So that u =Tv.
Since (T,AB) is weakly compatible and ABv =Tv=u, then (AB)Tv =T (AB)v therefore
ABu =Tu.

To prove Tu =u, put Xx=X,,, y=u in(3.6), we obtain
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d (SXZm’ PQXZm) }d (TU, ABU)

4(S%n. TU) < {a+ﬂ1+d(PQx ABU)

Letting m—oo we get

d(u,Tu) < {a+ﬁ%}dﬂ'uﬁu)

d(u,Tu)<0
So that u =Tu.Therefore u =Tu = ABuU.

To prove Au =u,putx=u,y=Au in (3.6), we obtain

{a+/3 d(Su, PQu) }d(TAu,ABAu)

IA

d(Su, TA
(Su, TAU) 1+d(PQu, ABAu)

d(u, ATu) < {a+ﬂ d(Su, PQu) }d(ATu,ABAu)
1+ d(PQu, ABAU)

d(u,u)
d(U,AU) < {a+ﬁm}d(Au,AU)
d(u,Au) < 0

So that u =Au.Now ABuU=uU= BAu=u=Bu=u. Hence u= Au=Bu.
To prove Qu =u,putx=Qu,y=u in (3.6), we obtain

{a+ﬂ d(SQu, PQQuU) }d(l’u,ABu)

d(SQu.Tu) = 1+d (PQQu, ABu)
d(Qu,Qu)
d(QU,U) < {a-ﬁ-ﬂm}da—u,-ﬂ])
d(u,u)
d(U,AU) < {a+ﬁm}d(Au,AU)
d(Qu,u) < 0

So that u =Qu.Now PQu =uthen Pu=u. Thus u= Au=Bu=Pu=Qu=Su=Tu. Hence u is

common fixed point of A, B, P, Q, Sand T.
For unigueness of u , suppose u and z , u # z , are common fixed points of A, B, P, Q, S

and T. Then by (3.6), we obtain
d(u,z) =d(Su,Tz)
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o4 pdOWPQY Ly apy
B 1+d(PQu, ABz) '

S{a+ﬂm}dﬁz,Az)

1+d(Pu, Az)
d(u,u)
S{a+ﬁm}d(z,2)
<0
le. d(u,z) <0

which is a contradiction .Hence u = z. Hence u is unique common fixed point of A, B, P, Q, S and

T.
This completes the proof.

Remark 3.1 From the example 2.6 given above , clearly the pair (S,PQ) is reciprocally

continuous and compatible and (T, AB) is weakly compatible on X as they commute at their

coincidence point %.But the pairs (T,AB) is not compatible on X ,for this take a sequence

xn=1+l,n22.
5 n

Then lim ABx, = lim AB(E+EJ: lim (E_l_lj:l , lim Tx,, = lim T(LLEJ:E

N—o0 n—o 5 n n->o{ 5 5§ n 5 noowx N—0 5 n 5

Also lim (AB)Tx, = lim AB{T (Llj}: lim AB(EJJ-
n—co n—oo 5 n n—00 5 5

But lim T (AB)x, = lim T{AB(E+EJ}= lim T(l—ijzi. so that
N—»o0 n—o 5 n noo \ 5 n 4
lim (T (AB) Xy, (AB)Tx, ) = 0.

Hence (T, AB) is not compatible on X. Also note that none of the mappings are continuous and

the rational inequality holds for appropriate value of «, f with @, >0 and o + f < 1. Clearly é

is the unique common fixed point of P, Q, Sand T.
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Conclusion:- The conclusion of this paper that we shown a unique common fixed point theorem
with generalize the result of Sharma, Badshah and Gupta [18] for six mappings, using weaker

condition weakly compatible, instead of compatible mappings.
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