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Abstract. In this paper new refinements of classical Jensen’s inequality are obtained by using some refinements of
discrete Jensen’s inequality. To apply our refinements, new quasi-arithmetic means are introduced, the properties
of these means are studied, and refinements of the left hand side of the Hermite-Hadamard inequality are given.
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1. Introduction

Jensen’s inequality is one of the most important inequality in mathematics. The key to this
inequality is convexity: the real function f defined on a convex subset C of a real vector space

V is called convex if

flax+(1-a)y) <af(x)+(1-a)f(y), xyeC, O0<a<l
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The measure theoretical setting of Jensens inequality:

Theorem A. (classical Jensen’s inequality, see [6]) Let g be an integrable function on a proba-

bility space (X, </ , L) taking values in an interval [ C R. Then / gdu liesin 1. If fis a convex
X

function on I such that f o g is integrable, then

(1) 7 [edu | < [£osau

X X
The discrete version of Jensen’s inequality:

Theorem B. (discrete Jensen’s inequality, see [6]) Let C be a convex subset of a real vector
space V, and let f : C — R be a convex function. If py,...,p, are nonnegative numbers with

n
Zpi: 1, and vy,...,v, € C, then
i=1

N

pif (vi).
1

) f (me) <
i=1 i

In recent years, many papers dealing with refinements of discrete Jensen’s inequality have
appeared in the literature, see the recent monograph by Horvéth, Khuram Ali Khan and Pecari¢
[6], where further references are given. However, refinements of classical Jensen’s inequali-
ty have been much less extensively studied, results are quite rare, see Horvath [3] and [5]. A
natural and interesting problem is whether we can construct refinements of classical Jensen’s
inequality by using some refinements of discrete Jensen’s inequality. The next result in this
direction is obtained by Brneti¢, Pearce and Pecari¢ [1] (the existence of all integrals are sup-

posed):

Theorem 1. Suppose I C R is an interval. Let f : I — R be a convex function, g : [a,b] — I,

n
and w : [a,b] — R a positive function. Let pi,...,p, be positive numbers with Z pi =1, and
i=1

b
W= /w (x)dx. Further, let
a
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Zplj xl/

) sz,/ /(Hw xh> = dx, .. .dx,.

1< <...<ig<nr=1
Zplj
Jj=1

Then

b
== [w@ (g

The previous result is based on the following well-known refinements of discrete Jensen’s

inequality (see Pecari¢ [8] and Horvéth and Pecari¢ [4]):

Theorem 2. Let C be a convex subset of a real vector space V, and let f : C — R be a convex
n

function. If x1,...,x, € C, p1,...,pn are positive numbers with Zp,- =1, and
i=1

1 k Zpl‘s-xix
Fk,k:(n_l) Z (Zpis>f % , k=1,...,n

k—1) 1<ii<..<ix<n \s=1
2P
s=1

then

n
(Zprxr> nn <...< Fk,k < kal,kfl <...< Fl,l = Zprf(xr)-
r=1

In this paper, among others, we obtain new refinements of classical Jensen’s inequality by
using an essential extension of Theorem 2 by Horvéath and Pecari¢ [4]. The methods and results
are somewhat similar to those of Brnetié, Pearce and Pecari¢ [1], but there are key differences.
To apply our refinements, new quasi-arithmetic means are introduced, the properties of these
means are studied, and refinements of the left hand side of the Hermite-Hadamard inequality

are given.
2. New refinements of the classical Jensen’s inequality

First, we recall some of the essential basic tools from [4] needed in the rest of the paper.
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Let X be a set. The power set of X is denoted by P(X). |X| means the number of elements in
X. The usual symbol N is used for the set of natural numbers (including 0). Letu > 1 and v > 2

be fixed integers. Define the functions

S {1, u} = {1, u T 1<w<y,

Sv:{1,...,u}v%P({l,...,u}vil),

and
T,: P({1,...,u}") —>P<{l,...,u}v_1>
by
Sv7w(i1,...,l'v) = (1,02, oy b Ty b 1y e e s ly)y, 1 <w <y,
Vv
Sy (it yiv) == | {Sww (i1, -,iv)},
w=1
and
0, it 1=0,
L) = U Solit,. i), if I#0.
(i1..siv) €l
Next, let the function
3) oyt {l,...,u}l =N, 1<i<u,
be given by: o, (ii,...,i,) means the number of occurrences of i in the sequence (iy,...,i,).
Foreach I € P({1,...,u}") let
o= Z Otv’i(il,...,iv), 1<i<u.

(il 7"'ail’)61
The following hypothesis plays an important rule in the generalization of Theorem 2.

(Hy) Let n > 1 and k > 2 be fixed integers, and let I; be a subset of {1, ... ,n}k such that
ogi>1, 1<i<n
Starting from I, we introduce the sets I; C {1,...,n}' (k—1>1> 1) inductively by

Il—l I:TI(I[), kZlZZ
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Obviously, I; = {1,...,n}, by (3), and this insures that o7, ; =1 (1 < i < n). From (3) again, we
have that oy, ; > 1 (k—1>1>1,1<i<n). Forany k > [ > 2 and for any (ji,...,ji—1) € I,

let
HI] (jl,---7jl—1)
= {((i1,...,ip),m) € x {1,..., 1} | Spmlit, - -vit) = (i, ondio1) }-

Using these sets we define the functions #;, ; : [; — N (k > [ > 1) inductively by

tIk,k(i17"'7ik) =1, (i17~"7ik>€Ik;

-1t ji-1) = ) tr 1 (ins.-501)
(it )€ 1)

We use some special expressions, which we now describe. Associate to each k > [ > 1 the

number

Ak,l :Ak,l (Ik7x1>~--;xnapla--~>l9n)

l
Pig ..
Z:1 A is i

l
: . . Di s=
= i (el — | f| —
(I—1)! Z)EII 1 )<Zalk,is>

[
) (i17“'>il s=1 Z Pis
_la’kﬁis

§=

Now, we are in a position to formulate the main result in [4] which is an essential generaliza-

tion of Theorem 2 (see the examples of this paper).

Theorem 3. Assume (Hy). Let C be a convex subset of a real vector space V, and let f : C — R

n
be a convex function. If x1,...,x, € C, p1,..., pn are positive numbers with Zpi =1, then

i=1
(a)

n n
“4) f (Zprxr> SApk SApg—1 < S Agp <A = Y pef (%),

r=1 r=1

(b) Suppose |Hy, (j1,- .., ji—1)| = Bi—1 for any (ji,...,ji—1) € -1 (k>12>2). Then

l
l Zpis'xis
n -
Akt = 7777 Y <Zpi_v>f S’t , (k>1>1).

[ (i ; =1
17"’7”)611 s Z
pis
s=1
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We list further hypotheses that will be used to derive our main results.
n
(Hy) Let (X, %, 1) be a probability space, and let py, ..., p, be positive numbers with Z pi=
i=1
(H3) Let g be an integrable function on X taking values in an interval I C R.

(Hy) Let f be a convex function on [ such that f o g is integrable.

Let [ > 2 be a fixed integer. The o-algebra in X’ generated by the projection mappings pry, :
XX (m=1,...,])
Prm (X1,...,X1) = Xp
is denoted by #'. u! means the product measure on %': this measure is uniquely (i is o-finite)
specified by

w (Byx...xB)):=u(By)...u(B)), BncB, m=1,...1

To establish a new refinement of the classical Jensen’s inequality, we begin with the intro-
duction of some expressions and a function: under the hypotheses (H;)-(Hy), assign to each

k > [ > 1 the number

ey = ) (I, .8, 1,15 -, Pn) i= (l—l)‘. )N IGIN )

RUNSRAIS

l . Z al;,fisg (xif)
v '(ZP—“.> [ S CAC IR
Is xn

and define the function Hy on [0, 1] by

k .
Hk<t):Hk(tvlkvf;gvl'l'?pla"‘?pn) = Z (Z %" )

(i17~-~7ik)€lk s:lalk,is

(©) Jr | =) [ o).
J X
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Remark 4. (a) It follows from Lemma 2.1 (b) in | 3] that the integrals in (5) exist and finite (there
are at most n different between the variables x;,, ... ,x; for everyk >1>1). Letl € {1,...,k},

and let (iy,...,i;) € I; be fixed. If i1, ... i are all different (in this case n > 1 > 1), then

Pi
10":isg( )
=
xn Pig
aIk.lb
§=
l
Pis
l—a,k_i_yg( ) l
s=
:/f / d.u (xi1a"'7-xi1)7
! Pis
X alk,lg
s=1

while if there are identical members, then similar integral can be obtained after contraction.
For the sake of lucidity, we use integrals over X".

(b) If W is a finite measure on A such that i (X) # 0, then % is a probability measure on
B, and we can therefore extend our results to finite measures on .

(c) Slight modification of the proof of Lemma 2.1 (b) in [3] shows that the integrals in (6)

exist and finite for every t € [0, 1].
First of all, some important properties of the function Hy are derived in the next result.

Theorem 5. Assume (H)-(Hy). Then
(a) Hy is convex.

(b)

min Hy (1) = H; (0) = f /gdu ,
1€[0,1] J

max Hy (1) = Hy (1) = k.
t€[0,1]

(c) Hy is increasing.

After these preparations we can present the following new refinements of the classical Jensen’s

inequality.
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Theorem 6. Assume (Hy)-(Hy).
(a) Then for everyt € [0,1]

£ fean ) <HW) < Au< s <o S o < = [ Fogan
X X

(b) Suppose |Hy, (j1,...,ji—1)| = Bi—1 for any (j1,...,ji—1) € -1 (k>1>2).
Then forany k > 1> 1

n szg g (xi,)
)= %,l:m Z (ZP;S>/ — |du" (x1,..., %),
Xn

(i1,-si1)EL Z
Pi
s=1

n
k|Ik|(i17 oig) €l
k

szég(xzé)
/f r‘zl (1—1) /gdu du’ (x1,...,x), te[0,1].

Xn Z pi, X

It will be seen in the next section that the previous result is a significant sharpening of Theo-

and

rem 1.
3. Examples in special cases

First, we give some special cases of Theorem 6.

Proposition 7. Let
I = {(il,...,ik) e{1,...n¥ i <... <ik}, 1 <k<n,

and assume (Hy)-(Hy). Then

f /gdu < H, (1) <
X

< Ayrp1 S <y < i = /fogdu, re0,1],
X
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where for everyn > 12> 1

/

; Y pig(x;)
) (ZPQ) /f A (),
Xl

(7_11)1<i1< <ij<n \s=1 !
1) 1<ii<<i< Yo
s=1

o =

and for each t € [0,1]

Hn(t):/f ;ilpsg@s)ﬂl—t)/gdu A" (x1,. . ).
Xxn 5=

X

Proof We deduce this from Theorem 6 by using Example 2 in [4].

By considering Remark 4 (b), it follows that Theorem 1 is a special case of the previous

result.

Proposition 8. Let

Ik::{(il,...,ik)E{l,...,n}k|i1 g...gik}, k>,

and assume (Hp)-(Hy). Then
(a)

f /gd.u S..-S«Qfl,zﬁﬁfl—l,l—lS.-.S«%,zﬁefzfl.,l:/fogdu,
X b'¢
where for every | > 1

l

| l Y pig(x)

o= (n+l——1) Z (ZP;’S> /f =t au" (xi,...,x,).
sn

/
1—1 ) 1< L..<in \s=1
). Pi
s=1

(b) For every fixed k > 1

1 k
f /gd‘u S n+k—1 ) Z ) Pi;
( — ) 1§11§-~~§1k§n s=1

X =

k
Y pig(x)
/f ts_l—-l—(l—l)/gdﬂ ap" (x1,...,x,) < Sy, t€]0,1].
X

' k
Xn Zpis
s=1
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Proof. It can be obtained from Theorem 6 by using Example 3 in [4].

Proposition 9. Let

Lo={1,....n}", k>1,
and assume (Hy)-(Hy). Then
(a)

f /gdli S---Sﬂfl,léﬂfl1,11§---§%,2§ﬂ71,1=/f08du,
X X
where for every [ > 1

l
| , S_leisg(xis)
di=—n X (L) [r] | ).
Xn

, — =1 l
nt—1l
ieni)€{1,..n} \s=1 Z .
(llv 7ll)e{> 7”} pls
s=1

(b) For every fixed k > 1

i fean) < X (fp)

X (i17"'7ik)€{1""7n}k SZI

k

Y pig(xi,)
./f t“k——i—(l—t)/gd,u dp" (31, ) < g, 1€[0,1].
xr Zpis X

s=1

Proof. It follows from Theorem 6 by using Example 4 in [4].

n

Proposition 10. Let ¢; > 1 be an integer (i = 1,...,n), let k := Zci, and let Iy = P€1»Cn
i=1

consist of all sequences (iy,...,i;) in which the number of occurrences of i € {1,...,n} is ¢;

(i=1,...,n). Assume (H)-(Hy). Then

f /gdu sdk.,k_lsffogdu,
X X

where

. Y prg(x) — Bg(x:)
Q/k,k—lzjz,(ci_l’i)/f = 1— &

xn Ci

du” (xi,...,x).
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Proof. This is a consequence of Theorem 6 and Example 5 in [4].
4. New quasi-arithmetic means

In this section some new quasi-arithmetic means are introduced. The conditions (H3) and
(Hy4) will be changed:
(Hz) Let g be a measurable function on X taking values in an interval / C R.

(A4) Let @, w : I — R be continuous and strictly monotone functions.

Definition 11. Assume (H;)-(H,) and (H3)-(Ha).

(a) For k > | > 1, we define quasi-arithmetic means with respect to (5) by

=1 .
Mq/,(p(lk,g,[l,l) =y ! <((l_1))| Z tlk.,l(lla...ﬂl)
' (il,...,il)EI[
l .
l az;l; ¢ (g(xi,))
7 Pi ) = du"
(7 ) Zal . (WO(p ) 1 H (x17"'7xn> ’
s=1 kols n Pig
X o s

if the integrals exist and finite.
(b) Fort € [0, 1], different kind of quasi-arithmetic means can be defined with respect to (6)

by

k )
8) My o (t, I, g, 1) ==y~ ! ( ) (Zp—)
(i1eensd =

_Dig
X
Z Ot[k ,S 15

/(llfogo_l) - —|—(1—t)/(pogdu A’ (x1, .. 3n)
xn Z:I% X

if the integrals exist and finite.

My o (Ix, 8, 1,1) and My o (t,1x, g, ) really define means, since it follows from the proof of
Lemma 9 in [4] that

(k—1)! N
9) (i, ni) [ Y2 ) =1, k>1>1.
(1—1)! ( Z)Glz . Z Oy

(i1 ey s=1
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If ¢ o g and yo g are integrable on X, and yo ¢! is either convex or concave, then the integrals
in (7) exist and finite (see Remark 4).

Based on the results of [3], quasi-arithmetic means like (7) have been obtained in the work
Khuram Ali Khan and Pecari¢ [7]. Their construction involves not just one but finitely many

probability spaces. However, they use only the set (see Proposition 7)

and just consider the mean My ¢ (1,8, 1L, 1).
To investigate the monotonicity of the introduced means, some other means are also needed.
Assume (H3), and let 2 : I — R be a continuous and strictly monotone function such that ho g

is integrable on X. Define the mean

Mi(g.p)=h" | [ogdu
X

Theorem 12. Assume (H,)-(H), (Hz)-(Hs), and assume that @ og and y o g are integrable on
X.Then
(a)
Mo (g, 1) <My o (2, 1k, 8, 1) < My o(Ik,8: 1, k)

<. < Myp(l,8 1, 1) =My (g,1), t€0,1],
if either wo @~ is convex and  is increasing or wo @~ is concave and y is decreasing.
(b)
My (g, 1) > My o (t, 1,8 1) > My o(Ix, g, 1, k)

Z---ZMW,(p(I]mguu?l):MW(g?u)7 tG[O,l],

1

if either wo @~ is convex and y is decreasing or wo @~ is concave and y is increasing.

Proof. Theorem 6 (a) can be applied to the pair of functions yo ¢@~! and @ og (¢ (I) is an
interval), if wo ¢! is convex, and to the pair of functions —yo¢@ ! and @og, if wo!is

concave, then upon taking y~!, we get (a) and (b).

5. Refinements of the left hand side of the Hermite-Hadamard inequality
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The set of Borel subsets of [a,b] C R is denoted by Z. A means the Lebesgue measure on 4.
The classical Hermite-Hadamard inequality (see [2]) says: if f : [a,b] — R is a convex function,

then

f(a+b)_b_ /fd)L< +f()

We can obtain the following refinements of the left hand side of the Hermite-Hadamard in-

equality:

Theorem 13. Assume (H,), let [a,b] C R (a < b), and let py,..., py be positive numbers with

n
Zpi = 1. If f : [a,b] = R is a convex function, then
i=1

b
1
<Y S Ay S Sy Sy = [, 1eo.1],
a
where for every k > 1> 1
1 (k—1)!
%Sl = Z 17, 1 (ll .. il)
, — ' sl PR
(b ) (1=1)! (i1, €L
!
Dis
[ . ap is— "
( Of?) /f : 11 dA" (xy, )
s=1 Ikals [a b]n Dig
’ Oy i
=
and for eacht € [0,1]
HE (1) ! ) i Pi;
k = n
(b—a) (i1, i) €L \5=1 iy
ko
Pis_y.
= Hels +b
| |- [dn )
[a,b]" Y a
s—1 k7
Proof. Theorem 6 (a) can be applied with X = [a,b], 4 = (bITa)QL and g (x) =x (x € [a,D]).

If (see Proposition 7)

Ik::{(il,...,ik)e{l,...,n}"|i1 <...<ik}, | <k<n,
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then the main results in the paper Yang and Wang [9] contain

b
a+b S S A 1
f( 5 )SH/{O)S%’/(SJZ//{J(_lSE/fdAa t€[0,1],

which is a very special case of the previous theorem.
6. Proofs of Theorem S and 6

Proof. [Proof of Theorem 5](a) Since the function

Dig
= (X]k_[sg (xls)
Lt —— +(1—t)/gdu, 0,1]
Z Dig X
s=1 Hs
is linear for each (iy,...,i) € Iy and for all x; ,...,x; € X, the convexity of f and the mono-

tonicity of the integral yield that the function

k o
;Wléu ( lv)
(- [£ | #(-0) [edu | dp (eom), €01
xn _Pis X
o i
§=
is convex for every (iy,...,ix) € I. The result follows from this, because the sum of convex

functions is also convex.

(b) By the classical Jensen’s inequality

k
He(t)> ), (Z )
Vel =1 Ikvls

(ll N >lk

Zpls i

a[kls Ls

v ‘k—+(1—t)/gdu a1, )
Xn Z o X

k
= Z <Z ) /gdu—l— (1—1) /gdu
(ila ol )Elk =1 IkJJ
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L Pi
aw - ¥ (r2)s /gdu /gdu = H(0), 1€0,1].
o i
(lla 7lk)61k . ksts

(9) for [ = k was used in (10).

It follows from this and from (a) that
Hy (1) < tHy (0)+ (1= 1) H (1) < tHy (1) + (1 =) Hy (1) = He (1), 1 €[0,1],

(c) Suppose 0 <1} < t; < 1. The convexity of Hy, and Hy (1) > H; (0) (¢ € [0, 1]) imply that

H, (tz) — H; (Z‘l) > H; (l‘z) —H;, (0)
h—h - 1)

>0

Y

and thus

Hk (tz) Z Hk ([1) .

The proof is complete.

Proof. [Proof of Theorem 6](a) The proof is divided into four parts.

First, we prove that

7 [ean ) < on
X
By Lemma 2.1 (a) in [3]

f gd.u ((/Zpsg Xs d.u X], -y X ) )

and therefore the classical Jensen’s inequality and the first inequality in (4) yield

/gdu /f(AZpsg xs)du X1y 5%n)

X

(i1yik) Elx

Now, we show that

(11) ey < g1, k>1>2.
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Letl € {2,...k}. It comes from Theorem 3 (a) that for every fixed xy,...,x, € X

Pis

[
1 l . Z, alkis g (Xix)
— tk7 (i P ,l. ) ( lS ) f S_l
(k — 1) .. l Z) Il Il 1 / E 1

) (i17“'>il s=1 aIk7iS

l

2 Pis
or i
s=1 fets

1

. . © P
SEU.a-n, = ”kv“(”"“’””(Za]k,i)

(i1ymii—1) €l s=1

thus (11) can be obtained by integrating over X" both sides of the inequality.
Next, we prove that
= [ ogdn.

b'e
By applying Lemma 9 in [4], it follows that

1 i i
i = e () - X/ (8 () dp" (31, x2) = X/ fogdu.

i=1

Finally, the task of confirming

f /gdu SH (1) < g, t€[0,1]
X

remains. We can derive it from Theorem 5 (b) and (c).

(b) Theorem 3 (b) insures it.

The proof is complete.
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