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Abstract. In this paper, we obtain conditions for the best refinement of Wallis’ inequality of order m, and verify it

for m = 2,3 and 4. An open problem is proposed.
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1. Introduction

The Gamma function I": (0,00) — R is defined by the relation
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The Gamma function has the following well known properties (see [1],[2]):

(1.1) [(1)=1, T'x+1)=xI'(x) (T(n+1)=nlneN)
(= k mol 1 e
(1.2) [ITGx+=)=(2r) 2 m>™T(mx) (Gauss multiplication formula)
k=0 m
F’(x) Foo o=t _ o=t

1. = =— _ = Euler’

(1.3) y(x) ) }/—l—/o = dt (x> 0,y = Euler’s canstant)
_T(x+a) (a—b)(a+b—1) 1 .

1.4 bra =1 - formul
(1.4) S (D) + o —1—0(x2) (asymptotic formula)
(1.5) im |(b—a) 2D Z1 (4 heR) (Wendel's limit

' x—o0 L(x+b)| ’

1 1
(1.6) y(x) :lnx—ﬂ—l—O(;)

We need the following Lemma regarding to I' and y functions.

Lemma 1.1. (Convolution theorem of Laplace transform) Let f and g be piecewise continuous
for t > 0 on any given finite interval and there exist two constants M > 0 and C > 0 such that

|£(2)] < Me“, then we have

/0+00 {/Osf(u)g(t - u)du} e Sdt = 0+°°f(u)e—sudu /0+oog(v)e‘svdv.

For proof see [2].
The authors in [3], [4], and [5] proved the following theorem by different methods.

Theorem 1.2. For all integers n > 1, we have

1 __(n)! 1
— (n!)222” <

(1.7)
m(n+2—1)

The constants % —1and 41_1 are best possible.

In a recent paper[7], anong other things, we obtained Wallis’ inequality of order m and

showed that the Wallis’ inequality of order 2 is the classic Wallis’ inequality:

m—1 x
" kI;IO ) < (mn)! vm

AN SRR
k=1
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In this paper we claim that we can refine the Wallis’ inequality of order m by the following

(mn)!

(1.8) A

<U

where

and

U— 6m?
@) Tpm=2(m2 — 1 + 6mn)

and we show that it holds if

2(x) = /0 +°° ( /0 2h(s)h(t —s) — h(t))ds> e i > 0

where
nr) = me ™ +me(l =)t - (m—2)e' —m—2
2(1—em)(ef —1)

In theorem 2.5 we obtain some properties of 4. In Corollary 2.7 we show that for m = 2,3 and

4, g(x) > 0. Finally we propose an open problem.

2. Main Results

Theorem 2.1. Let the sequence
F2m—2 1
On = m_](n+ ) —n (meNandm > 2)
=2 1] T2 (n+ n%)
k=1

be strictly decreasing. Then the following inequalities hold.

(mn)!

L< (n|)mmmn

<U

where
1

\/ nm—2 (2717)"1_1 (nm—l _ nm—2)

L=

22 (m )2 T m
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and
U— 6m?
| @r)mlpm=2(m2 — 14 6mn)
Proof. First we show that r}l_{rolo 0, = %. We have
Q . FZm—2<n+1) . nlfm r2m 2(1’l+1) »
n m—1 o m—
nm=1 T T2 (n+ L) I1 2 (n+£)
i k=1 k=1
=n inm—’"—l(n—i—l) —1 inm—m_l(n+l) +1
| ek T1'rn+4)
n+ - n+--
- k:l n - k:1 "
(2.1 =n nﬁnrﬁ_l—r(n—i—]) —1 nﬁnrﬁ_l—r(n—i_l) +1
| k=1 T(n+ %) | k=1 n+x

Using the asymptotic formula we deduce that

m—1 _kyk m—1 _kyk
ann[H <1+%+0(%)) —1] [ <1+%+0(%)) 1

k=1 k=1
Hence
m—1 m—1 m—1 7,2
k. k k k
lim Q, = (1——)(—)2= ~ -
1 mm=1) 1 m(m—1)(2m—1) m*—1
m 2 m? 6 6
Since @, is strictly decreasing, we have
lim Qn < Qn < Ql
n—soo
SO
m? —1 2" =2(n+1) 1 1
6 = _m TS BT G e T
w2 I T2 (n+ %) 1 2(n+ L)
k=1 k=1
ﬂ)mflnm72
multiplying both side of inequalities by ———, we get
m
(2n)m—1nm—2(m2 o 1) _ (27r)m—1(1—~<n_|_ 1))2m—2 B (27T)m_1nm_1 _ nm—z B (2n)m—1nm—2
6m? m—1 m m2=2m((m—1)!)? m

m I:[ I2(n+ %)
k=1
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Hence

(Zn)m—lnm—Z(mZ - 1) N (27‘[)”’_11’1’"_1 _ (27r)m—1$1—~(n_'_ 1))2m—2

6m? m—
" " m ] T2(n+£)
k=1
_ nmfZ (zn)mflnmfZ (Zn)mflnmfl
m2=2m((m—1)!)2 m m
Thus
(2.2)
m—1
2 k
1 _ mkglr <n+m) _ 6m2
nm72 N (2n)m71(nm71 _ nm72) (27’[)’"_ (F(I’l-i— 1))2m—2 (zﬂ)m—lnm—Z(mZ —1 _|_6mn)
m2=2m((m —1)!)2 m
On the other hand by formula (1.2) we have
m—1 r X
() )Ty _ ) L0
(n|)mmmn - (n!)mmmn _ (2%)%4m%_mn(n!)mmmn
m—1 K m—1 X
(mn)Tn) TITn+-4) i 11T+ )

m—1

(2m) "7 m2 =ty (27)"7 (D + 1))

So, the inequalities (2.2) are equivalat to

1 (mn)! \?
nm—2 (27’[)’"—1 (nm—l o nm—Z) < ((ny)mmmn>

m2=2n((m—1)!) m

< (2m)"=tnm=2(m? — 1 4+ 6mn)

Thus
OJ
Theorem 2.2. Letm e N, m > 2 and
f) = — 0D s

m—1
w2 [Tt )
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Then f is strictly decreasing on (0,), if

2(x) = /0 +°° ( /O h(s)h(t —s) — h(t))a’s) et > 0

where

Proof. Differentiation f(x) gives us

F2m72 1 m—1 k 1
7= ) om 2yt 1) 2 Yyt ) -2t
a2 I T2(x+ ) k=0
k=1 "
SO
/ 2m—2
(2.3) S(x)+1 _ r (x+1)

2m—2Dyx+1)—2"Y vt Ly _ (m—2)1L w2 T2 (et ky
k=1

k=1

By differentiating f’(x), we obtain

2m—2 m—1
fx) = Fm_l (x+1) ((zm—z)y/(x—i—l)—z Y 1,,(”%)_
2 T 2+ 5y | k=1
k=1
2m—2 i m—1
b)) oy -2 T v £+
=2 H 1"2(x+§) i =1 m
k=1
SO
1’*2m—2 (X + 1) m—1 k
f//(x): 1 2m—2)y(x+1)-2 Z W<X+E)_
=2 T T2 (x+ &) k=1
k=1

m_l k. m—2
+<(2m—2)\;f’(x+1)—22 vi(x+—=)+ ]
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By (2.3) we have

or

m—1 m— m—1 m— 2
§(x) = (v/<x+1) - 1//’(x+£)) +22 42 [Z (Wlr+ 1)~y ) - 2]

= m 2x

m—1
(m=Dylx+1) - ¥ W+ x) - 22
1+ f'(x)

f'(x) =g(x)

m—1 m—1
(m=Dyx+1)— ¥ wx+E-22  x2 []T(x+4)
k=1 _ k=1 >0
[+ /(%) T2 2(x 1 1)

By (2.5) we see that f”(x) and g(x) have the same sign. If g(x) > 0 then f”(x) > 0. So f’(x) is

strictly increasing on (0, +cc). We have

m—1

2m—2 X
r (x+1) 2 Z ((l]/(x-l—l)—l//(x-l—né)) —(m—2)] —1

flx) =

k=1

m—1
!l I Pty

(e ) [ - kY
_<kI;IIF(x——l—H%)X 1> [22x((W(X+1) l[/(x+%)> (m 2)] 1
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since by (1.6) and (1.4),

x (w(x+ 1) — wix+ %)) —x [ln(x+ 1)— 2(; Fo((x+1)72)

x+1)
k 1 k
—In(x+—)+— —o((x+—) 2
() iy o))
x+1 X X 5 k.
=x|ln — + +o((x+1 —o((x+—
| e D el
and
r 1
tim i LD
e (4 5)

we conclude that
SO

Hence f is strictly decreasing on (0, o).
So if g(x) > 0, then f is striclly decreasing.

Now we show that

g(x) = /0+°o (/Ot(Zh(s)h(t —5)— h(t))ds) e dt

since
—+oo e—t _ e—tx +oo te—tx
l//()C) —/0 1——Wdt -7 and W(X) —/) 1 _eftdt
we have
k too ot () _ p—t(x+1)
1) — 2=
par )y = | e
and
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SO

s :’"i <Wx+ D= "’/(”%)) +2 242 ”il (w(x+ 1) - ‘I/(x+£)) _m=2

2
= 2x = 2x
2
m=l pfoeo o=ty _ o=t m— m—le—f%—e*’ m—2
= |- te ™dt 2 — e "Mdt—
,;1/0 1—e! ¢ + 2x2 + I;I 1—e! 2x
since
m—1 ptoo ,—t:.  —t
/ ¢ j —dt
k=170 I—e
400 —tx m—1
= ¢ — (eit%—eft> dt
o l=e"\3
too  ,—tx m—1
= ¢ — e’%—(m—l)e*t dt
o I=e"\/3
400 —tx 1— *m771t
= ¢ — e i — - —(m—l)e_t) dt
0 1—e l—e m
doo  ,—1X —-£_ —t
:/ ¢ — ¢ et —(m—1)e t>dt
o l—e l—e™m
_/+°° e (m—1)e”IFn) femm —me tdt
B 0 l—et’ 1—e ;i:
[ et
0 (l—em)(e—1)
Hence

(1—e m)(e! —1) 2x?

t 2
+2 /+°°(’" Demtel™nl—m .~ m—2
0 (l—e m)(et—l) 2x

By easy calculation we see that

- = / e dt(x>0) and — = / te dt (x>0)
x Jo 0
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SO
g2(x) :/ —t (m = De ,+e L
: (I—ehe—1 2
t 2
0 (I—eme—1) 2
since
(m—1)e tell=w) —m m—2 B me = +me(1=m)t — (m—2)e —m—2
(1—e m)(e! —1) 2 2(1—e m)(ef —1)
It follows that
it 1
0 2(l—e m)(ef —1)
t 2
42 /+°° me~ i +me(l =)t - (m—2)e —m—Ze_Ith
0 2(l—e m)(ef —1)
set
t 1
nr) = me = +mell=n) — (m—2)e' —m—2
2(1—e m)(e —1)
Then

2

o(x) = — /O T h()edr 42 [ /O +°°h(t)e’xczt]

= _/O+D° (/Oth(t)e_txds) dr+2 {/(:wh(t)e_’xdt] 2

Finally by using the convolution theorem (Lemma 1.1), We obtain

g(x):—/+°° (/lh(t fxczs)dz+2/+°°/ h(t —5)ds) e d1
_ / - < / Va(r —s) — h(t))ds) e dt

Notice that the function 4 holds in conditions of lemma 1.1, by theorem 2.5. U

Corollary 2.3. Let g(x) = [;" ( [y (2h(s)h(t — s) — h(t)ds) e"*dt > 0 (x > 0). Then the follow-

ing inequalities hold
(mn)!

<U

The proof is obvious by theorems 2.1 and 2.2
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Definition 2.4. Let

B me ™ +me(l=m) — (m—2)e —m—2
2(1—e m)(e —1)
~ m+me' — (m—2)em) — (m+2)en

= ) (0 <1< +oo)
2(em —1)(ef —1)

h(r)

we define

m-+mb™ — (m—2)b" ! — (m+2)b
2(b—1)(bm—1)

H(b) = h(mlnb) = (1<b<w)

Theorem 2.5. Let

m+mb" — (m—2)b" — (m+2)b
H(b) = 2b—1) (" —1)

(1 <b <)

Then
. . _ 1 . o
(i) [11_>1’I}H(b) =3 andbll_r>r;H(b) =1-7,
(i) H is strictly decreasing on (1,00) and 1 —% < H(b) < 3,
(iii) h is striclly decreasing on (0,00) and 1 —% < h(t) < 3.

Proof. (i) It is obvious that lim H(b) = 1 — 5. By L’Hospital’s rule we have

b—roo

| m-+mb™ — (m—2)b" — (m+2)b

b—1 bl —p—bm 41

lmmzbm_l —(m=2)(m+1)b" — (m+2)

b—1 (m+1)b" —1—mbm—1

lim m?(m—1)b""2 —m(m—2)(m+1)b"™*! 1 | 1
b—1  m(m+ 1)1 —m(m—1)bm—2 27 2

(i1) By easy calculations we obtain

—mb™(b—1)—m(b—1)+2b(b" —1)  —m(b—1)(b"+1) +2b(b" — 1)

H(b) = =
() 20— 1)(b"—1) 2(b—1)(b"—1)
mb"+1 b
Hb) = =5 1t 51
So
_ _2 m—1 1 2pm—1 1 2 ... m—1\2
H'(b) — m —2mb m=b (I+b+b"+---+b") <0

2 12 (b—1)2 (" —1)?
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Because the geometric mean of positive numbers 1,5, ...,5" ! is not greater than the arithmetic

mean of its, that is

1 b . bm_l m m/|  m(m— m—
A Rh LA _ o, mlo) !
m
or, (1+b+--+b" 12 > m?pm1,
Thus H is strictly decreasing on (1,0).

(iii) By the relation between /& and H the assertion is clear. 0]

Lemma 2.6. Let 2H(a)H(2) —H(b) >0 (b > a > 1). Then

a(x) = /0 +°° ( /0 h(s)h(t —s) — h(t))a’s) i > 0

Proof. By change of variable s = mIna and setting t = mInb we get

/ h(s)h(t — 5) — h(t))ds = / Rh(mina)h(minb — mina) — h(minb)] "4
0 1 a

—/ 2h mlna)h(mlnb) h(minb)] "%
a a

—m / 2H(a H(b)]%“.

The rest of proof is obvious. ]

Now we want show that for m = 2,3 and 4, g(x) > 0. There are several ways for m = 2
(see [3].[4] and [5]). If we use in a similar way for m = 3 and 4 we would have very long and
complicated calculations. Notice that by theorem 2.5, H may be negative for m > 3. So we

prefer straight forwardly calculaling.

Corollary 2.7. For m =2,3, and 4, 2H(a )H(é) —H(b) >0, (b>a>1). Inthe other words
the inequality (1.8) hold for m = 2,3 and 4.

m-+ma™ — (m—2)a"t — (m+2)a

Proof. Since H(a) = 20a— )@ —1)

.Form=2,H(a) = % Hence

b 2 a I (a=1)(b—a)

2H@HQ) —HO) = 0% bv 1 @t D@t o)+
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3+a—a?
For m = 3, H((l) = m Hence
b 34+a—a* 3a®+ab—b? 3+b—b?
2H(a)H(Z) — H(b) = . — > 0.
(@WH ) —H ) = T 3 tabtd® 225+ 1)

Because
(B4+a—a®)(3a> +ab—b*) (B> +b+1)— (B3+b—b*)(a®>+a+1)(b* +ab+d?)

= —2(a—1)(a—b)(a*b* + ab® +2a*b + 2ab* 4 b* 4 3> + 6ab + 2b* +3a+3b) > 0
F 4, H(a) 24+a—ad’ S
or = = . (0]

e T S rar 1

. 2+4a-d’ 2a3 +ba* — b? 2+b-b° .
S Td+atta+ 1B +batbat+ad bPAb2+b+1

2H(a)H(§) —H(b) 0.

Because

2Q24a—-a*) 2> +ba* ) (B} +0*+b+1)— 2+b—b) P +d*+a+1)

(b +b*a+ba* +a®) = —(a—1)(a—b)(3a*b> + 4a°b* + 3d°D° + 4a*b?

+8a°b® 4 8a?b* + 4ab’ + 5a*b + 12a°b? + 124%b> + 8ab™ + 3b°

+6a* + 16a°b +22a*b* 4 12ab® + 4b* + 84> + 17a>b + 16ab? + 5b° + 6a* + 8ab + 6b*) > 0.

O

Remark 2.8. In fact we have proved the following inequalities:

1 - (2n)! - 1
rn+ o1 (P22 S
1 (3n)! 1
<
\/4%2’12_1_”(% B 4%2) (n!)333n %nz-i—%n
1 (4n)! 1

<
\/2713113 +n2(28 — 273) (n!)444n \/27r3n3+§7t3n2

These inequalities are the best refinement of Wallis’ inequality of order m = 2,3 and 4.

Lastly we propose the following open problem:
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open problem: Let

E () 2o
h(t):m+me (m, )e (m+2)e (t>0,meNm>2).
2(em —1)(ef —1)

Prove or disprove the following inequality

2(x) = /O +°° ( /O h(s)h(t —s) — h(t))ds) A >0 (x> 0).
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