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Abstract. Consider a two point boundary value problem for fractional difference equation.

—AFx(t) = f(t+p—Lx(t+p—1)),
x(u=2)=0,

x(p+b+1)=g(x),

where 7 € [0,b]n,=(0.1,..5) £ [ —1,...0 + b+ 1]y,_, xR — R is continuous function, g € C([u—2,u+
b+ I]Nu—z’R) is a functional and 1 < u < 2. For example, g(x) has the form g(x) = Y1, cix(t;), where t; €
[u—2,u+b+ 1]Nu—2 and each ¢; € R. Existence and uniqueness of the solutions of (1.1) are established using the

contraction mapping theorem and krasnosel’skii theorem. Examples are provided to illustrate the result.
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In recent years, fractional difference equations have been of great interest. The researchers
started doing research in the field of fractional difference equations motivated by the concepts
of fractional differential equations. Fractional difference equations have various applications in
the field of science and engneering. They are used in physics, chemistry, mechanics, control
theory, signals and electrical circuits.

In particular, fractional differential equations, fractional calculus and fractional difference
equations appear in the field of oncology, references there in [1,2,3].

In [4], Goodrich studied the following FBVP with non-local conditions,

—A%y(t) = f(t+v—Ly(t+v—1)),
y(v—=2)=g(x), y(v+b)=0.
In [5], Atici and Eloe solved the two-point boundary value problem for a finite fractional

difference equations (FBVP) of the form,

—AYy(t) = ft+v—1Ly(+v-1)),
Y(v=2)=0, y(v+b+1)=0,
where 1 <v <2.

In [6], Goodrich also derived first Green’s function for the three point nonlinear discrete

FBVP

—AVy(t) = f(t+v—Ly(t+v—1)),
y(v=2)=0, oay(v+k)=y(v+b),
where v e (1,2], ae€l0,1] ke[-1,b—1]|z.
Motivated by these papers and by refering the papers [7-12], the two-point boundary value

problem of fractional difference equations (FBVP) has been presented, which has the form,

4

—AMx(t) = f(t+pu—1Lx(t+p—1)),

x(n—2)=0, (1.2)

(X +b+1) = g(x),
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where t € [0,b]ny.—(0.1,...5)> £ [0 —2,... 0 + b+ 1]y, _, X R — R is continuous function, g €
C(lu—2,u+b+ I]N#,zaR) is a functional and 1 < u < 2. For example, g(x) has the form
g(x) =XYi cix(t;), where t; € [0 —2,u + b+ 1], _, and each ¢; € R.

Section 2 provids the basic definitions and Lemmas of fractional difference equations which
are useful in the following sequel.

Section 3 obtains the sufficient conditions for the uniqueness solutions of two-point boundary
value problem (1.1) using contraction mapping theorem.

Section 4 presents the sufficient conditions for the existence of positive solutions of (1.1)
using krasnosel’skii theorem.

Section 5 obtains the sufficient conditions for nonexistence of positive solutions of problem
(1.1).

In section 6, examples are given to illustrate the results of FBVP (1.1).

2. Preliminaries

Definition 1.1. [13] Define t* := i tS:LI)u) for any ¢ and u, for which the right-hand side is

defined. If t + 1 — u is a pole of the gamma function and # + 1 is not a pole, then t = 0.

Definition 1.2. [7] The u'” fractional sum of a function £, for y > 0, is defined by

AR f(t;a) = Zt—s B=Lp(s)

fort € {a+u,a+u+1,...} :==Nypy. Also define the u' fractional difference for u > 0 by
AH£(t) := ANAHN f(1), where t € Nyyy and p € Nis chosenso thato < N—1< u <N.

Lemma 1.3. [7] Let t and p be any numbers for which t* and t*~ are defined. Then At* =

urt=t,

Lemma 1.4. [13] Let 0 <N — 1 < u < N. Then A™*Ax(t) = x(t) +c1t* ' +epth 2 ...+

entt N for some ¢; € R, with 1 <i < N.

Lemma 1.5. [4] For t and s, for which both (t —s — 1)* and (t —s —2)" are defined, find that
Ag[(t —s—1H] = —p(t —s— 1)* L,

Lemma 1.6. [14] Ift < r, then t* < r* for any o > 0.
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Theorem 1.7. Leth: [u—1,...u+b-+ 1]Nu—1 — Rand g : RP3 — R be given. A function x is

a solution of the discrete FBVP

;

—AMx(t) =h(t+pu—1),

x(n—2)=0, (2.1)

| H(u b +1) =g(x),

wheret € [0,b]n,, if and only if x(t), t €[ —2,u+b+1]y,_, has the form,

b u—1
g(x)r=—

x(t)=) G(t,s)h(s+u—1)+ —

0= L0t u =)+ S

P (u4p—s)tL ( n—2

— = —(t—s—1)E= 0<s<r—u+2<bp,
where G(t,s) = ﬁ tu(‘f;;b:b] )#)#11

L —5)E—

T 0<t—pu+2<s<b.

Proof. Consider a function that is the general solution of (1.1),
x(t) = —APh(t4+p— 1) + ettt 4 oyt =2,
wheret € [u —2,u+b+ 1]Nu72- Now applying boundary condition x(¢t —2) = 0 implies that
x(U—=2) = A Fh(t)—po+er(u—2)E ey (u —2)H=2
x(L—2)=cp
c =0.
On the other hand, by applying boundary condition x(it + b+ 1) = g(x), one finds that

x(Ab+ 1) = [FA ROy 1 (B4 b+ D o+ b+ A

1 b
=—— Y (u+b—s)h(s+p—1)+c(u+b+1)*!
1—"us—O
b
ci(u+b+1HH Z (W+b—s)* h(s+u—1)+g(x)
1 b _ g(x)

— (W+b—s)* Th(s+u—1)+
(L+b+ 1)K 11““20"

c| =

(L+Db+1)H-!
Then we get, x(¢) as follows

1 g gt

b
x(t)=—— (t—s—l)”*lh(s+u—1)+(N+b+1)uf Z(u+b P h(s+u—1)+

w5 (Wt by DET
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Consequently, deduce that x(¢) has the form

b g(x)th!
= (L+b+1)H-T

Lemma 1.8. [8] The Green’s function G(t,s) satisfies the following conditions:

(i) G(t,s) >0 for (t,s)€[u—2,u+b+ I]Nu—z x [0,D].
(ii) MaXyefy 2 by, G(t,s)=G(s+u—1,s) for sec]0,b].

(lll) mintE[MTH],3(”:b)] G(I,S) Z %maXIE[u*3,M+b]NM71 G(I,S) = %G(S—}—‘LL - I,S) fOI’ sE [Oab]

3. Existence and uniqueness of solutions

Let us consider, x is a solution of (1.1), if and only if x is a fixed point of the operator

T : RPT3 5 ROH3 . where

T Ly 1)E=1h 1 !

( x)(t)—_ﬁ = (t—S— ) (S-{—[.L— )+Fu(u—|—b+l)ﬂ*1
Z_ZH( ot DA (s —1) 4 — 8
= # # (W+b+ 1)1

forteu—2,u+b+1]y,,.

Theorem 3.1. Assume that f(t,x) and g(x) are Lipschitz in x. If the condition

b

ajH] (“jjﬂ“gzﬁ;zhﬁa

hold then (1.1) has a unique solution.
Proof. Since f(z,x) and g(x) are Lipschitz in x. That is, there exists o, > 0 such that
|f(t,x1) — f(t,x2)| < a]|x; —x2|| whenever x1,x, € R, and |g(x1) — g(x2)| < B ||x; — x2|| when-

everx,x; € C([u—2,u+b+ 1]Nu,27R)~
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First we show that T is contraction mapping. Let us define ||x|| = max;c (2 jip11] [X(7)]

1 ot

6~ Tl < @y =] max o X s =1 oy x|
tefu—2,u+b+1], LI SZE)
e

t—p
+h—s)=l+ (31
te[ufz,ﬁlflil]%iz [I—“u(‘u +b+ 1);1—1 ;)(.u s) } (3.1)

- —
X1 — X2 max [ — ]
refu—2,utb+1]y, , L(u+b+1)E=L

Now taken the right hand side terms, and from lemma 1.3,

Y ] el —xfp 1 (-t
o ||x; — x2| [mZ(l‘—S—l)“ ! -~ _E(I_S)MLO
s=0 =

[(t+1) ]
t—p+1) T(u+1)
C(u+b+1) ]

C(b+1) T(u+1)

(3.2)

Again using the lemma, we get

l”_l b

||X1—X2H -1
ollx; —x +b— <og— +b—s)E—=
= MU SR B e MUSTED
o ||x; — x| 1 b+1
YT [ (,u—l-b—s-l—l)]szo
b+1
IJ+J
= ol x| JT (%),
j=1

Now, taking the third term in (3.1) and applying the lemma, we get

il
B l[x1 — x2] (b < B llx1 —x2]. (3.3)
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Substitute the equations (3.2), (3.3) in (3.1), we get
b+1

-T2 < {a ﬁ(“ ) rall (M) + B}l

{aﬁ<u+1>[ %]w}uxl—xzu

j=1
(o) 222 g

Hence equation (1.1) has a unique solution. This completes the proof.

Theorem 3.2. Suppose that there exists a constant K > 0 such that f(t,x) satisfies the inequality

K
max [f(t,x)| < (3.4)
(t)elu—2,u+b+2ly, _,x[~K.K] e 1
and g(x) satisfies the inequality
PO E— (3.5)
max X . .
xE =2 b+, < [~KK] ST e+ 1

Then (1.1) has at least one solution xo satisfying |xo| <k forallt € 4 —2,u+b+1]n,_,.

Proof Consider the Banach space
B:={x e R""3: ||x|| < K}.

Obviously, T is a continuous opeartor, which is defined in (2.1). To prove T : B — B, it is
enough to prove that ||7x|| < K. Assume that inequalities (3.4) & (3.5) hold for given f & g. For

convenience, let
K

®= D(p+b+ DT (u+b) | (3.6)
UL(b+1)
j byl
Tx|| < max —_— t—s—DEL fls+u—1,x(s+u—1)]+
< m gy L s DA p— L= D)
tlifl b
X +b—s)E s+u—1x(s+u—1)))+
tE[u—z,u+b+1] Fﬂ(ﬂ+b+1 Z’ H (f( u ( U )))
=1 g (x)|

max —
relu—2u+b+1ln, , (U +b+ 1EL
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S T =y ut
<o max —_— t—s—1)—+ Uw+b—s
relp=2,u+b+1ly, , Tu Eb Tu(p+b+1)E= ;
hol
(3.8)

P —1
(L+b+1)E=—
Now simplify the terms on the right-hand side in inequality (3.1) as follows,

1 r—u tu—l b

— Y (t—s—1)tLy +b—s)k!
Fus:o( ) Tp(p+b+1)E= IZ 3 =

1§ w1 1§ -1
— (t—s—l)—+1:u2(u+b—s)—
s=0 s=0

b
—FINZ(“‘H’_S Z U+b—s)E— (3.9)

On the other hand, we know r*~! is increasing in ¢. Thus

b 1 b+l T(u+b+1)
b—s+ D= | - —(u4+b—s—1H| =" 3.10
n;)(l”hL s+1) [ Fu(“+ > )L:O ul'(b+1) (3.10)
On the other hand, we have
2 ! b1 _ T(u+b)
b— L: - — b—s—1)* =— 3.11
ZHJF ) [ u(“+ * )L:O ul'(b+1) (3.11)
Substituting (3.9)-(3.11) into (3.8), we get
C(u+b+1) T(u+b)
Tx|| < o
I7x| < ®| +F<b+1>+ur(b+1)]+ -
b+1)+T(u+b '
:q)[ F(p+b+1)+T(u+ )+1]
(T +1))
By inserting (3.6) into (3.12), we obtain
'u+b+1)+I'(u+b
||TXHSCI>[ ( Fb) 1( ) 1}
uIr'(b+1)
- K [r(u+b+1)+r(u+b) =« (3.13)
T(u+b+1)+T(u+b) r 1 o
eS| ur(b+1)

By Browder theorem, Txo = xo with xo € B. Therefore, the function xj is a solution of (1.1)
and xo satisfies [xo(#)| < K for each? € [u — 2,1 +b+ 1]p, _,. This completes the proof of the

theorem.
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Lemma 3.3. If f:[u,u—1,...u+b+ 1]NN,1 x R — R is a continuous function. Then the
solution x of the FBVP (1.1) satisfy

) 1
min  x(t) > - max lx(2)] .
M‘Tﬂgt§3<b+ﬂ) 4 (H—],b+/~l+])Nﬂ71

7

4. Existence of positive solutions

In this section, the existence theorems are solved using Krasnosel’skii theorem and the suffi-

cient conditions for positive solutions are established.

Lemma 4.1 [15] Let B be a banach space and let K < B be a cone. Assume that Q; & Qo
are bounded open sets contained in B such that 0 € Q; & Q| < Q,. Further, assume that

T :KN(Q\Q) — K is a completely continuous operator. If either
) ||Tx|| < [lx]|  for xe€eKNadQy & ||Tx|| > ||x[| for xe€ KNadQy;

or

(@) ||Tx|| > ||x|]| for x€eKNdQy & ||Tx|<|x|]| for x€KNdQs,.

Then the operator T has atleast one fixed point in K € (Q;\ Q).

Let
= liminf min I,x
fo X0 refu—1p+btily, ft.x)
£ =limsup max f(t,x)
x—0 tG[ufl,ﬂ+b+1]N”71
fo=liminf  min f(t,%)
X—»oo0 ;e[u—],u+b+1]N#71
f7 = limsup max f(t,x)
X—3oo te[u—17u+b+1]1\r”_1
3(b+p+1)
| bt D R e R TR
A & B4 i 2
S—[ I ”+2]

The following conditions are required to prove the existence theorems of positive solutions.
(H)f:[u,u—1,...u+b+1]y, xR — Ris continuous, and g € C([u —1l,u+b+ I]Nu,27R>
is a function.

(Hp) There is a number p > 0, such that g(x) < p for 0 <x < p.
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(H») There is a number p > 0, such that f(,x) <Apfor0<x<p & pu—1<r<b+u+1.
(H3) There is a number p > 0, such that f(¢,x) > Bp for }‘p <x<p & H%H <t <

3(b+u+1)
—

H,) There is a number s > 0 such that % >sforo<s<x<p.

S
>
Y,
Z
B
Vv
&

LetB={x:[u—2,u+b+1]n, , 2> Rx(u—2)=0,x(u+b+1)=g(x)}

Then B is a Banach space with respect to the norm

[lx[l = max e(2)]
te[u—2,u+b+1}NH72

Define a cone in B by

1
K:{xGB:x(t)ZO, min x(t)Z—HxH}
bﬂiﬂ <1< 3(u+4b+1)
b+1
g(x) —1
(Tx)(t) =Y G(t,s)+ — (4.1)
s;) (L +b+1)E
From the lemma, we get
as (b—{—u—}—l)”fl
i Tx)(t) > - b+1 —1 —1 .
s P (7902 3 T G4 1) (o= = D) ()
1 b+1
min Tx)(t) > — max Gt,s)f(s+u—1,x(s+u—1))+ (x| (4.2
s M (PO 25 Y G (s sl a =)+ ] (42)
=3 1ITx].

hence TK < K. In the sequel, let

Qy={xeK:|x]|<A+v}
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Qv = €K, Il = 2 +v}.

Theorem 4.2. Assume that there exists three different positive numbers q,r & R such that g satis-
fies conditions (H,) and (H3) at q, condition (H,) at r and conditions (Hy) at R. Then FBVP

(1.1) has atleast one positive solution xy € K satisfying min{q,r,R} < ||xo|| < max{q,r,R}.

Proof We know that 7 : K — K & T is completely continuous. Without loss of generali-
ty suppose that ¢ < r < R. Note that for x € dQ,,,. We’ve ||x|| = r+ g, so that condition
(Hi) & (H»)holds forall x € 0Q,,.

Then,

b+1

(Tx)(t) < ZE)G(b—I—,LL—F Ls)f(s+u—1x(s+u—1))+gx).

b+1
<Ar) G(b+p+1,5)+q
s=0

(ie) || T|| < ||x|| for x € 0,44

Note that for y € dQg4, and ||x|| = R+ ¢, so condition (H3) & (Hj) holds for all x €
9., since [bfgfl]Jr(“Jrl) c [u+ﬁ+173(u+4b+1)]. (Tx)([b*"z‘*l] +(“+1)>

b sb—u—1 p+b—1/2)41
= ZG([T]+(u+1),s)f(s+u—1,x(s+u—1))+g(x)<(u+b_{)3_1
s=0
3(b+u+l)
1ﬁfﬂ+2 bh—u—1 g
> G([+]+(u+1),s)f(s+u—1,x(s+u—1))+2(ﬁ_>1)
_btu+l
s T 42
3(b+u+1)
BR™ " M b—p—1
SOy (PR () fls b Lx(s - 1) g
4 _btptl 2
s T u+2
=R+gq.

(ie) ||Tx]| > [|x|| for x € K NIQp+q
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By lemma 4.1, T has atleast one fixed point say xo € Qg ,/Q+4. This function xo(t) is a

positive solution of (1.1) and satisfies r+ g < ||xo|| < R+ ¢. This completes the proof.

Theorem 4.3. Suppose that conditions (H),(H),(Hs) & (Hs) hold, f >0 fort € [u —
2,+b+1]y_>. Then the FBVP (1.1) has atleast two positive solutions x &xy with 0 < ||x1|| <

p < |xall.

Proof. Suppose that (Hs) holds. Since f < A, one can find e >0(e <A) & 0<rg<p

such that

ft,x)<(A—e)x, 0<x<ry, te[u—2,u+b+1]x,,.

Letting 1 € (0,794 q), for x € dQ,, 14, we get

=3 G 1 | g
( x)(f)—sg(,) (t,s)f(s+p—1,x(s+u— ))+(u+b+1)ﬂ

b+1
<Y Gb+u+1,5)(A—¢e)r +g(x)
s=0
b+1
<Ar Y G(b+p+1,5)+g(x)
s=0

=r1+q,

from that we get || Tx|| < ||x|| for x € 9Q, 4.
On the other hand, since f* < A, there exists 0 < 6A & Ry—+ ¢ > 0 such that f(r,x) <
Ox, X>Ro+gq, t€[U—2,u+b+1]y, , Let M =max; geu—1putp+ijx[or f(t:X), then

0< f(t,x) <ox+M, o<x<oo. LetRi+q>max{p,52}, forx € IQg 14 we have

b+1 b+l
1T < ;}G(bJru,S)f(SJru —Lax(s+u—1))+g(x) < (o]x]) ;)G(b+u,S) +2(x)

1

<R +gq.

Therefore ||Tx|| < ||x|| for x € dQg, 14
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Finally, for any x € dQ,, since %p <x(t) < p, for [’TT” <t < S(bI“) , then we get (Tx) ([b_g_l |+

(u+1))

b+l _ p-1
- gc([%]+(u+1),s)f(s+u—1,x(s+u—1))+g<X)((L(L“+f;+1{)23LM_1 )

1 b+1 _‘u_l
>B.pY, G5 —1+(1+1).5)+q
s=0

=p+aq=|4x|,

from that we obtain ||7x|| > ||x|| for x € KN JQ,,,. By the lemma, the proof is complete.

Corollary 4.4. Suppose that conditions (H),(H1), (Hs) and (HZ) hold. Then the FBVP (1.1)

has at least two positive solutions.

Theorem 4.5. Suppose that conditions (H), (H,) (Hs) and (Hg) hold, f > 0 fort € [u —
2,b+U|N,_,- Then the FBVP (1.1) has at least two positive solutions xy and x; with 0 < |x; || <
p <|bxll.

Proof. Suppose that (Hg) holds. Since fy > B, there exists € > 0 and 0 < ry < p such that

ft,x) > (B+€)x,0 <x<ry, teu—2,u+b+1]y,,.Letry € (0,r9). Thus for x € 0Q,,,

then we get
b—u—1 b b—p—1 (u+b—1/2)%1
(Tx)([—] —I—(/,L—Fl)) = ;)G([T]+(I.L+1),S)(B+8)x+g(x) (L+b—1u-T
3(b+p+1)
1 T A2 b—u—1 g\
>@rofll ¥ A )+ 5
s:bjLﬁiﬂ—,u—FZ
3(bt+pt1)
| S 2 b—p—1
>Bofall Y Gt 1)s) +a
s:%—u—iﬁ
>r+q,

from that we see that || Tx|| > [|x|| forx € KNIQ,, 4.
On the other hand, since f.. > B, there exists 7 > 0, and Ry + ¢ > 0 such that f(¢,x) > (B+
n)x,x>Ro+q,t € [0 =2, +b+1]n, ,. Choose Ry + g > max{4Ry + ¢, p}. For x € dQp, 14,
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since x(t) > 1||x|| > Ro for 2t <1 < 3”’;{“), then get

—u—1 B b—u—1 (L+b—1/2)H1
(7x)( | ) = X G(F=5 T+ et D) B4 mt gl
3(b+p+1)
1 o e b—u—1 g(x
St Y A )+ 5
_btutl
s=—7——u+2
3(b4u+1)
1 e T |
Byl Y GES (1)) +g
S:HQH—]—M-FZ
>Ry +q.

Therefore ||Tx|| > ||x|| for x € KN IQg, 4. For any x € dQ,, 1, from (H,), we get f(t,x) <

Ap, te[u—1Lu+b+1]y,,,then

b+1
(Tx)(t) =Y G(t,8)f(s+p—Lx(s+p—1))+g(x)
s=0
b+1
<Y G(b+p,5)Ap+q
s=0

=p+q.
Hence ||Tx|| < ||x|| for x € KN JQ,,. Therefore, by the Lemma the proof is complete.

Corollary 4.6. Assume that (H) (Hy) and (H3) hold, (Hs) is replaced by (H;). Then the

FBVP (1.1) has at least two positive solutions.

Theorem 4.7. Suppose that conditions (H) and (H7) hold. Then (1.1) has atleast one positive

solution.
We remark here that the proof of the theorem is analogous to above theorem.

Corollary 4.8. Suppose that conditions (H) and (H3 ) hold. Then (1.1) has at least one positive

solution.

Theorem 4.9. Suppose that conditions (H) and (Hg) hold. Then the FBVP (1.1) has at least

one positive solution.

We remark here that the proof of the theorem is analogous to above theorem.
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Corollary 4.10. Suppose that conditions (H) and (Hg) hold. Then (1.1) has at least one positive

solution.
5. Non-existence of positive solutions

In this section sufficient conditions for the non-existence of positive solutions are obtained.

(Hg) g°= lim supg(x) and g~ = lim supg(x)

[l =0 x| —ee

(Hio) &= lim infg(x) and g = lim infg(x).

(X[ —0 (x| e

Theorem 5.1. Assume the conditions (H) and (Ho) hold. If g, < 0,  ge < o0 and cA™'[(b+

1)+A] < 1 then (1.1) has no positive solutions.

Proof. Assume that (1.1) has positive solutions. Since gy < o and g.. < oo then there exists a

positive number such that g(y;) < c|jx1||. Since ||x;|| = ||Tx;|| where t € [u —1,u+Db+1]

gl !
(W+b+1)r1

b
lxill = ITx1] = Y G(r,9)h(s +p —1) +
s=0

b
<Y G(t,s)h(s+p—1)+g(x)
s=0

which is a contradiction. Hence the theorem is complete.

Theorem 5.2. Assume the conditions (H) and (Hyo) hold. If g° >0, g~ >0and IB~'[(u+
b+1)+ ZB} > 2 then (1.1) has no positive solutions.

proof. Suppose assume x;(¢) is a positive solution of (1.1). Since g >0, g > 0. There

exists a positive number such that

g(x1) > 1|x||.
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Since ||x1|| = ||Tx;|| where ¢ € [LHi?H : 3(u+4b+1)]

(Rl o)

bl =lral> Y GEE T ) hs a1+

S:[u+ﬁ+l 7_:u’+2]

ge)*!
(W+Db+1)H-1

[ 3(;1-2})—0—1) _/J“’Z]

g(xi(s+u—1))+g(x)
s:[”+i’+l7_“+2}
U+b+1
g +1]

>

x|~

> g(x1)|

Zﬁu+b+n+2m%%u

2 el

which is a contradiction. Hence (1.1) has no positive solution.

Corollary 5.3. Suppose the condition (H) and gy < oo, g~ > 0 hold then (1.1) has no positive

solution.

Corollary 5.4. Assume the conditions (H) and g° < oo, g% > 0 hold then (1.1) has no positive

solution.

6. Examples

_ |cosecx(t) _ lsecx(d)]|

Example 6.1. Suppose that y = ‘3‘, b=6.Let f(t,x(t)) = “=55 = +1, and g(x) = 55~

Then (1.1) becomes,

( 1
cosecx(t+3)

—A4/3x(t) = T+ (l“i‘%),
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Therefore, the inequality in theorem 3.1 is,

b 4 i bl i
o[[ED) +a]] (D) +B<1.
=t 7 =1

Hence, from Theorem 3.1, (6.1) has a unique solution.

Example 6.2. Suppose that y = %, b=5, & K =100. Also suppose that f(f,x) =

% log 10 and that g(x) = %. Thus, Problem (1.1) becomes

(

Dy (e 1)2
—AAx(1) = —(l+4)3(§+4) log 10

x(L—2)=0 (6.2)

x(u+b+1)= exp<t+%)(x+%)

and the banach space

B={xeR":|x|| <100,}.

From the conditions (3.4) and (3.5), we get

K 100

2Cptbt1 ~ a(Gtst)
EVEESRNEEEE
Tu+1rb+1 3 +1T5+1

(6.3)
+1

=52.2794

10.416667 < 52.28

()
g(x) < 61_0 ~ 14.8413159 < 52.28.

Hence, f and g satisfies the required conditions. From Theorm 3.2, Problem (6.2) has at least
one solution. Take u = %, b = 14 after computation get the values A ~ 0.01592088, B~

0.138507089. The following examples are derived using these values.
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exp _
oo &) = TOons%"

Example 6.3. Suppose that f(z,x) = Then problem (1.1) becomes

ey = =
1200 [x(1+5)]
6.4
x(-1)=o, (6.4)
8 X
\x(T) lgcgex
Letp=3 & s= % Then
£(t,%) XD (0373546 < A
x)=——=0.
)= 1200 % 9 P
exp”*
= =2.0113107 &
8(x) 10cosx <P glx) > s

where 0 < s < x < p. Then f0 = f* = . Hence, by the corollary, problem (6.4) has at least

two solutions x; &x; suchthat 0 < ||x1 || < 3 < [|xz| .

Example 6.4. Suppose that f(t,x) = 10 exp g(x) = @- Then problem (1.1) has the

9+sint ?
form,
(i B[] oS
N x<t) o 9+sin(t+%) ’
x(#) — xzc§s2x‘

Letp=5 & s=3.Then

1250exp™

fx) = — 0.9082515 > B
Fex) = =5 p

and f0 = f* = 0. Then, the functional g(x) = 25C052x = 3.0775243 < p and g(x) > s. Hence,

all conditions of corollary 4.1 are satisfied. Therefore the FBVP (6.5) has atleast two solutions

x1 & xpsuchthat 0 < ||xi]| <5< x|

Example 6.5. Suppose that f(f,x) = o35 (25+ %% ) g(x)=1t$% & p=4, thenProblem

143 X

(1.1) becomes,

|
>

B oo 20[+8]
7x(t) = 500 (25 T [x(t-i-?%)} )’

x(—4) =0, (66)
8
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We get f© =0.05 <Ax fo=0.6842857 > Bx. Then applying the conditions in theorem 5.1,

the above problem (6.6) has atleast two solutions x; & xp such that 0 < ||x;|| <4 < [|xz||.

Example 6.6. Suppose that f(,x) = exp*, g(x) =50+ — U= 1—73, b = 14 then prob-

142

lem (1.1) becomes

80 =843.85714 < oo g., = 842.85714 < oo
Let ¢ = 7gg5- Then the condition cA~![(b+1) +A] = 0.9431589 < 1

By the theorem, the problem (6.7) has no positive solution.

Example 6.7. suppose that f(r,x) = logx, g(x) =4x>+ 1% 1 and b = 14, then (1.1)

By T
becomes,
—Agx(t) = logx(r + g),
x(—1)=0, (6.8)
\x(#) = 4x% + %’C.

80 = geo =00 > 0. Let | = g5. Then the condition /B! [(u + b+ 1) +2B] =2.5370613 > 2.

By the theorem, the problem (6.8) has no positive solution.
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