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1. Introduction.

The concept of Fuzzy set was initially investigated by Zadeh [17] as a new way to represent
vagueness in everyday life. Subsequently, it was developed by many authors and used in various
fields. To use this concept in Topology and Analysis, several researchers have defined Fuzzy
metric space in various ways. The notion of Fuzzy metric spaces due to George and Veeramani
[6]. Sing and Chouhan [13] introduced the concept of compatible mappings in Fuzzy metric
space and proved some common fixed point theorems. Jungck [7] introduced the concept of
compatible maps, Jungck et al. [8] introduced the concept of compatible maps of type (A) in
metric space and proved the fixed point theorems. The concept of compatible maps of type (P)
introduced by Pathak et. al [10] and proved some common fixed point theorems.

Atanassov [4] introduced and studies the concept of intuitionistic Fuzzy sets, further, using the

idea of intuitionistic fuzzy metric set, Park [9] introduced intuitionistic fuzzy metric space with

Received March 7, 2016



COMMON FIXED POINT THEOREMS 2

the help of continuous t- norm and continuous t- conorm, as a generalization of fuzzy metric
space due to George and Veeramani [6]. Alaca et al.[3] defined the notion of intuitionistic fuzzy
metric spaces and proved common fixed point theorems. Turkoglu et al. [14] first formulate the
definition of weakly commuting

and R-weakly commuting mappings in intuitionistic fuzzy metric spaces.

Turkoglu et al. [15] introduced the concept of compatible maps and compatible maps of types(a)
and (B) in intuitionistic fuzzy metric spaces and gave some relations between the concepts of
compatible maps and compatible maps of types (o)) and (p).Alaca et al.[2] proved some common
fixed point theorem for four mappings under the condition of compatible mappings of type (1)
and of type (I1) in complete intuitionistic fuzzy metric spaces.

The purpose of this paper is to prove some common fixed point theorems for compatible maps of
type (A) and compatible maps of type (P) in intuitionistic fuzzy metric spaces. It is also worth
mentioning that the concept of compatible maps of type (A) and compatible maps of type (P) in
intuitionistic fuzzy metric spaces are same as compatible maps of types (a) and (B) in Turkoglu

et al. [15] respectively.

2. Basic Definitions and Preliminaries.
Definition 2.1.[11]A binary operation * : [0,1] x [0,1]—[0,1] is a continuous t-norm if it
satisfies the following conditions:
. * is commutative and associative;
ii. * is continuous,
iii. a*l=aforallae]|0,1];
iv. a*b<c*dwhenevera<candb<d, foralla, b, c,de[0,1].
Examples of t-norm a * b = ab and a * b=min{a, b}.
Definition 2.2.[3]A binary operation 0:[0,1] X [0,1]—[0,1] is continuous t-conorm if it
satisfies the following conditions:
I. ¢ is associative and commutative;
ii. ¢ is continuous;
iii. a0 0=aforalla€[0,1];
iv. a0 b<c0dwhenevera<candb<d,foreacha, b, c,de [0,1].

Examples of t-conorma ¢ b = min{a+b, 1} and a ® b = max{a, b}.
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Definition 2.3. [3] A 5- tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space if
X is an arbitrary set, * is a continuous t-norm, ¢ continuous t-conorm and M, N are fuzzy sets
on X=x [0,) satisfying the following conditions:

Forall x,y,ze Xandt,s>0

(IFM-1) M, y,t) + N(x, y, 1) < 1;

(IFM-2) M(x, y, 0) =0;

(IFM-3) M(x, y, t) = 1 if and only if x=y;

(IFM-4) M(x,y,t) = M(y,x,t);

(IFM-5) M(x,y,t) * M(y,z,5) < M(x,z,t + 5);

(IFM-6) M(x,y,.):[0,00) = [0,1] is left continuous;

(IFM-7) ll_r)glo M(x,y,t) =1;

(IFM-8) N(x,y,0) = 1;

(IFM-9) N(x,y,t) = 0,ifx=vy;

(IFM-10) N(x,y,t) = N(y,x,t);

(IFM-11)  N(x,y,t) 0 N(y,z,s) = N(x,z,t + s);
(IFM-12)  N(x,y,.):[0,0) — [0,1] is right continuous,
(IFM-13) ll_rxr)lo N(x,y,t) =0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(X, y, t) and N(x, y, t)
denote the degree of nearness and degree of non nearness between x and y with respect to ft,
respectively.

Remark 2.1.[2] In Intuitionistic Fuzzy Metric space X, M(X, y, .) is non decreasing and N(X,

y, .) is non increasing for all x, y € X.

Example 2.1. Let (X, d) be a metric space. Define a * b=ab and a 0 b =min{1, atb }, for all a,
b € [0, 1] and let M and N be fuzzy sets on X=x [0, «) defined as follows:

ax.y)
t+d(x,y)

t

M(X’ Y t) = t+d(x,y)

and N(x, y, t) =

forall x,y € Xandallt> 0.

then (M, N) is called an intuitionistic fuzzy metric space on X. We call this intuitionistic fuzzy
metric induced by a metric d, the standard intuitionistic fuzzy metric.

Remark 2.2. Note that the above examples holds even with the t- norm a * b = min{a, b} and t-
conorm a ¢ b=max{a, b}and hence (M, N) is an intuitionistic fuzzy metric with respect to any

continuous t — norm and continuous t — conorm.
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Definition 2.4[3]. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then
(1) a sequence {x,} in X is said to be Cauchy sequence if, forallt> 0, p >0,

lim M(xp4p Xn, t) = 1land lim N(xp4p X5, t) = 0.
n—-oo

n—-oo

(i)  asequence {x,} in X is said to be convergent to a point x € X if, forall t > 0,

lim M(x,, x,t) = 1,and lim N(x,,, x,t) = 0.
n—oo n—-oo

An Intuitionistic Fuzzy metric space (X, M, N, *, 0) is said to be complete if and
only if every Cauchy sequence in X is convergent.
Throughout in this section, (X, d) denote a metric space. We recall the following definitions and
propositions in metric spaces.
The first ever attempt to relax the commutativity of mappings to a smaller subset of the domain
of mappings was initiated by Sessa [12] who in 1982 gave the notion of weak
commutativity.
Definition 2.5.[12] Self mappings S and T of a metric space (X, d) are said to be weakly
commuting pair if, for all x € X, d(STx, TSx) < d(Sx, Tx).
Definition 2.6.[7] Let S, T: (X, d)= (X, d) be mappings. The mappings S and T are said to be
compatible if limn—.d(STxn, TSXn) = 0 whenever {xn} is a sequence in X such that limn—. Sxn =
limn—»TXn=t for some tin X.
Definition 2.7.[8] Let S, T: (X, d)— (X, d) be mappings. The mappings S and T are are said to
be compatible of type (A) if limn—d(TSXn,SSXn) = 0 and limn—d(STXn, TTXn) = 0, whenever {xn}
is a sequence in X such that limn—. Sxn = limn— TXn =t, for some tin X.
Definition 2.8.[10] Let S, T: (X, d)— (X, d) be mappings. The mappings S and T are said to be
compatible of type (P) if limn—« d(SSxn, TTXn) = 0 whenever{xn} is a sequence in X such that
liMn—o SXn = limn— TXn =t for some t in X.
The following propositions of Pathak et al.[10], shows that definitions 2.6 and 2.7are equivalent
under some conditions:
Proposition 2.1. Let S, T: (X, d) — (X, d) be continuous mappings. If S and T are compatible,
then they are compatible of type (A).
Proposition 2.2. Let S, T: (X, d) — (X, d) be compatible mappings of type (A). If one of S and
T is continuous, then S and T are compatible.

The following is a direct consequence of above Proposition 2.1 and 2.2:
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Proposition 2.3. Let S, T: (X, d) —(X, d) be continuous mappings. Then S and T are compatible
if and only if they are compatible of type (A).

In [8], it is shown that the above Proposition 2.3. is not true if S and T are not continuous on a
metric space.

Also Pathak et al. [10], prove the following proposition:

Proposition 2.4. Let S, T: (X, d) —(X,d ) be continuous mappings. Then S and T are compatible
if and only if they are compatible of type (P).

Proposition 2.5. Let S, T: (X, d) — (X, d) be compatible mappings of type(A). Ifoneof Sand T
is continuous, then S and T are compatible of type (P).

As a direct consequence of above Propositions2.3-2.5, Pathak et al. [10], prove the following:
Proposition 2.6. Let S, T: (X, d) — (X,d) be continuous mappings. Then

(1) S and T are compatible if and only if they are compatible of type (P).

(2) S and T are compatible of type (A) if and only if they are compatible of type (P).

Proposition2.7. Let S, T: (X, d) — (X,d) be mappings. If S and T are compatible of type (P) and
Sz =Tz for some z €X, then SSz =STz =TSz =TTz
Proposition 2.8. Let S, T: (X, d) — (X,d) be mappings. Let Sand T are compatible of type (P)
and let Sxn , Txn — z as n — o for some z €X.Then we have the following:
(i) limh— TTxn=Sz if S is continuous at z.
(i) limh—» SSxn = Tz if T is continuous at z.
(ili)  STz=TSz and Sz=Tz if Sand T are continuous at z.
For the proof of the above propositions one can see Pathak et al. [10].
We now gave the above definitions and propositions in intuitionistic fuzzy metric spaces.
Definition 2.9. [14] A pair (A, S) of self mappings of an intuitionistic fuzzy metric space (X, M,
N, *, 0) is said to be commuting if M (ASx, SAx,t) = 1 and N(ASx,SAx,t) = 0for all x € X.
Definition 2.10. [14] A pair (A, S) of self mappings of an intuitionistic fuzzy metric space (X,
M, N, *, 0) is said to be weakly commuting if M(ASx,SAx,t) =
M (Ax,Sx,t) and N(ASx,SAx,t) < N(Ax, Sx, t)

forall x € Xand t > 0.
Definition 2.11. [15] A pair (A, S) of self mapping of an intuitionistic fuzzy metric space (X, M,
N, *, 0) is said to be compatible if lim M (ASx,, SAx,,t) = 1 and lim N(ASx,, SAx,,t) =

n—oo n—oo
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0 for all t > 0, whenever {x,} is a sequence in X such that lim Ax, = lim Sx,, =

n-w o
u for some u € X.
We now define compatible mappings of type (A) (or type (o) in Turkoglu et al.[15] ) and type (P)
(or type(B) Turkoglu et al.[15]) in intuitionistic fuzzy metric space as follows:
Definition 2.12. Two self mappings S and T of an intuitionistic fuzzy metric space (X, M, N, *,
0) are said to be compatible mappings of type (A) if,

lim M(STx,,,TTx,,,t) =1 and lim N(STx,, TTx,,t) =0

n —oo n —oo

lim M(TSx,,SSx,,t) =1 and lim N(TSx,,SSx,,t) =0 forallt>0,
n —oo

n —oo

whenever {x,} is a sequence in X such that lim Tx, = lim Sx,, = u for some u € X.
n—-oo

n—wo

Definition 2.13. Two self mappings S and T of an intuitionistic fuzzy metric space (X, M, N, *,
Q) are said to be compatible mappings of type (P) if,
lim M(8Sx,,TTx,,t) =1 and lim N(SSx,, TTx,,t) =0 forallt>0.

n —oo n —oo

whenever {x,} is a sequence in X such that lim Tx,, = lim Sx,, = u for some u € X. .

n—-oo n-—-oo

Proposition 2.9. Let S, T be continuous mappings from an intuitionistic fuzzy metric space X
into itself. If Sand T are compatible, then they are compatible of type (A).
Proposition 2.10. Let S, T be compatible mappings of type (A) in an intuitionistic fuzzy metric
space X into itself. If one of S and T is continuous, then S and T are compatible.
Proposition 2.11. Let S, T be continuous mappings from an intuitionistic fuzzy metric space X
into itself. Then S and T are compatible if and only if they are compatible mappings of type (A).
Proposition 2.12. Let S, T be continuous mappings from an intuitionistic fuzzy metric space X
into itself. Then S and T are compatible if and only if they are compatible mappings of type (P).
Proposition 2.13. If S and T are compatible mappings of type (A) in an intuitionistic fuzzy
metric space X into itself. If one of S and T are continuous then S and T are compatible
mappings of type (P).
Proposition 2.14. If S and T are continuous mappings in an intuitionistic fuzzy metric space X
into itself. Then

I If S and T are compatible mappings if and only if they are compatible mappings of

type (P).
ii. Sand T are compatible of type (A) if and only if they are compatible mappings of

type (P).



7 AARTI SUGANDHI, AKLESH PARIYA, SANDEEP KUMAR TIWARI

Proposition 2.15. Let S and T be mappings from an intuitionistic fuzzy metric spaces (X, M, N,
*,0) into itself. If a pair {S, T} is compatible of type (A) on X and if

lim Sx,, = lim Tx,, = z for some z € X, then we have
n—-oo

n—-oo
l. M(TSxy,Sz,t) > 1and N(TSx,,Sz,t) - 0as n — w if S is continuous.
Il. M(STx,,Tz,t) » 1and N(STx,,Tz,t) - Oas n - w if S is continuous.

1. STz=TSzand Sz =Tz if S and T are continuous at z.

For the proof of the above propositions one can use same techniques as in Pathak et al.
[10] and Alaca et al.[2]., Turkoglu et al.[15].
Lemma 2.1.[2] Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space, and for all x, y € X,
and t>0if foranumberk € (0,1), M(x,y, kt)>M(x,y,t) and, N(x,y, kt ) <N(X,y, 1)
then x = .

3. Main Result.
Theorem 3.1. Suppose S, T and A are three self mappings of a complete intuitionistic fuzzy
metric space (X, M, N, *, 0) into itself satisfying the following conditions:
(M. S(X)u T(X) c A(X);
(. M(Sx,Tx,t) = a;M(Ax, Ay, t) + a,M(Sx,Ax,t) + asM(Ty, Ay, t) +
ayM(Ax, Ty, t) + agM(Ay,Sx, t) and
N(Sx,Tx,t) < a;N(Ax, Ay, t) + a;N(Sx,Ax,t) + asN(Ty, Ay, t) + a,N(Ax,Ty,t) +
asN(Ay,Sx,t)
forall x,y € X and a4, a,, a3, a, and a5 are non negative number such that (a; + a, +
as +2a, + as) < 1.
(111). Oneof S, T and A is continuous;
(V). (S, A)and (T, A) are compatible mappings of Type (A).
Then S, T and A have a unique common fixed point in X.
Proof. Letx, € X arbitrary. Construct a sequence{x,, }, as follows
Axypi1 = Sxon, Axonys =Txypyq1, foralln=0,12,.. (1)
M(Axzn41, AXoniz,t) = M(SX2p, Txony1, t) = ayM(Axzn, AXopyq, t) +
a;M(Sxzn, Axzn, t) + asM (Txzny1, Axgny1, t) + ayM(Axgy, Txopneq, ) +

asM(Axzpi1, AXopia, t)
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= (ay + az + a)M(Axzn, Axopiq, t) + (a3 + @) M(Axzpy4q, AXopya, )
and N (Axzp11, AXan2, t) = N(Sxon, Txon1, t) < ayN(AXpn, AXpnyq, t) +
a2 N(Sx2n, AXzn, t) + azN(Txzni1, AxXoni1, t) + agN(Axop, Txopniq, t) +
asN(Axzni1, Axonya t)

< (a1 + ay + ag)) N(Axyy, Axppiq, t) + (@3 + ag)N(AXzpi1, AXopya t),

it follows
(a1 + a; + ay)
M(Axzp11, Axopnez, ) = - — ay) M(Axzp, Axzny1,t)
and
(a1 + az + a,)
N(AXzn41, AXznyz, t) < A—a, — ap) N(Axzn, Axzni1,t)
or
M(Axzn11, AXoniz,t) = h M(Axp, Axppyq, t)
and

N(AXzp41,AXon12,t) < A N(Axpp, Axopnys, t)

(a1+ az+ay)

(1-az—a4)

where h = <1

Similarly, we can show that
M (Axpni1, AXongo, t) = h*™1 M(Axg, Axy, t)

and
N (AXppi1, AXoniz, t) < h* 1 N(Axg, Axy, t)
For k>n
M(Axp, Axp g, t) 2 h M(AXpyioq, AXpy, t)
M(Ax,, Axp i, t) = A1 M(Axg, Axy, t)
> M(Axy,Axy,t) > 1lasn —» o
and

N(Axp, Axpyr, £) < h N(Axpyi_q, AXpyy, t)
N(Ax,, AXpip, t) < K™ N(Axg, Axq, t)
< N(Axy,Ax,,t) > 0asn - o
Hence {Ax,} isa Cauchy sequence. Since X is complete intuitionistic fuzzy metric space, there
exists a point z € X such that Ax,, — z. Then the subsequence of {Ax,,}, {Sx,,} and {Tx,,.1}

also converges to z. i.e. {Sx,,} = z and {Tx,,,1} = z.
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Suppose that A is continuous, and the pair (S, A) is compatible mappings of type (A).
Then from condition (I1), we have,
M(SAxyp, TAXgp42,t) = A M(AAXyy, AXopiq, t) + Ay M (SAX,,, AAx,,, t) +
azM(Txzn41, Axontt, £) + @uM(AAXp, Txopgy, t) + asM(Axgpngq, SAXzy, £)
and
N(SAx,,, TAxpp i, t) < a;N(AAXyy, AXopiq, t) + @y N(SAXy,, AAXyy, t) +
azN(Txzn1, Axopg1, t) + ayN(AAXo,, X041, 1) + asN(Axzpgq, SAXop, )
Since A is continuous, AAx,,, = Az as n — oo. Since the pair (S, A) is compatible of type (A),
then SAx,, - Az asn — oo.
Letting n — o, we have
M(Az, z,t) = a;M(Az z,t) + a;M(Az, Az, t) + asM(z,z,t) + a,M(Az zt) + asM(z, Az, t)
and
N(Az,z,t) < a;N(Az,zt) + a,N(Az, Az, t) + asN(z,z,t) + a,N(Azz,t) + asN(z, Az, t)
Hence M(Az,z,t) = 1,N(Azzt) = 0and Az =z, Since 0 < (a; + az+as) < 1.
Again we have
M(Sz, Txzn41,t)
> a;M(Az, Axypyq,t) + @M (Sz, Az, t) + asM(Txy,41, AXope1, t)
+ a,M(Az, Txypiq,t) + asM(Axypn4q, Sz, t)
N(Sz, Txzn41,t)
< a;N(Az,Axyp 41, t) + a;N(Sz, Az, t) + asN(Txy541, AXopi1, t)
+ ay,N(Az, Txyp41,t) + asN(Axyny1, Sz, t)
Letting n— oo and using Az = z, we have
M(Sz,z,t) = a;M(z,z,t) + a;M(Sz,z,t) + asM(z,z,t) + a,M(z,5z2,t) + asM(z, Sz, t)
= (ay + as)M(Sz,z,t)
and
N(Sz,z,t) < a;N(z,z,t) + a;N(Sz,z,t) + asN(z,z,t) + a,N(z,5z2,t) + asN(z, Sz, t)
= (ay + a5)N(Sz, z,t)
Hence M(Sz,z,t) = 1,N(Sz,z,t) = 0 and Sz = z, since (a, + as) < 1.
So we have Az =Sz =z

By condition (1), we have
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M(z, Tz, t) = M(Sz,Tz,t)
>a,M(Az,Azt) + a,M(Sz,Az,t) + asM(Tz, Az, t) + a,M(Az,Tz,t)
+ asM(Az,Sz,t) = (a3 + a,)M(Tz, z,t)
and
N(z,Tz,t) = N(Sz,Tzt)
< a;N(Az,Azt) + a,N(Sz, Az, t) + azN(Tz, Az, t) + a,N(Az, Tz, t)
+ asN(Az Sz, t) = (a3 + a,)N(Tz,z,t)
Hence M(z,Tzt) =1,N(z, Tz t) =0i.e.z =Tz, since (as + a,) < 1.
Showing that z is common fixed point of S, T and A. Similarly, we can show that z is a common
fixed point of S, T and A when the pair (T, A) is compatible mapping of type (A).
In order to prove the uniqueness of fixed point, let z and z’ be two common fixed
pointof S, Tand A.Sowe have z =Sz =Tz=Azandz =Sz =Tz = Az’
M(z,z ,t) = M(Sz,Tz ,t)
> a,M(Az, Tz, t) + a;M(Sz, Az, t) + asM(Tz, Az, t) + a,M(Az, Tz ,t)
+ asM(Az, Sz, t)
=a,;M(z,z,t) + a;M(z,2,t) + asM(z,z,t) + a,M(z,z,t) + asM(z,z,t)
= (a; + as + as)M(z,z,t)
and
N(z,z ,t) = N(Sz,Tz ,t)
< a;N(Az, Tz,t) + a,N(Sz, Az t) + asN(Tz, Az, t) + a,N(Az, Tz, t)
+ asN(Az',Sz,t)
=a;N(z,z,t) + a,N(z,2,t) + asN(z,z,t) + a,N(z,z,t) + asN(z,zt)
= (a; + a5 + as)N(z,z,t).
Hence M(z,z,t) = 1,N(z,z,t) = 0and z = z,since (a; + a, + as) < 1.
Thus, the common fixed point is unique.
Corollary 3.1. Suppose S, T and A are three self mappings of a complete intuitionistic fuzzy
metric space (X, M, N, *, 0) into itself satisfying the following conditions:
(M. S(X)u T(X) c A(X);
(m. M(Sx,Tx,t) = ayM(Ax, Ay, t) + a;M(Sx, Ax, t) + azsM(Ty, Ay, t) +
a,M(Ax, Ty, t) + agM(Ay,Sx,t) and
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N(Sx,Tx,t) < a;N(Ax, Ay, t) + a;N(Sx,Ax,t) + asN(Ty, Ay, t) + a,N(Ax,Ty,t) +
asN(Ay, Sx,t)
forall x,y € X and a4, a,, a3, a, and a5 are non negative number such that (a; + a, +
as; +2a, + ag) < 1.
(1. Oneof S, T and A is continuous;
(V). (S, A)and (T, A) are compatible mappings of Type (P).
Then S, T and A have a unique common fixed point.
Proof. The proof of the corollary is a direct consequence follows from the proposition 2.13,
proposition 2.14 and theorem 3.1.
Theorem 3.2. Suppose S, A, T and B are four self mappings of a complete intuitionistic fuzzy
metric space (X, M, N, *, 0) into itself satisfying the following conditions:
(). S(X) € B(X), T(X) c A(X);
(m. M(Sx, Ty, t) = ay;M(Ax, Ay, t) + a,M(Ax, Sx,t) + asM(By, Ty, t) +
ayM(Ax, Ty, t) + asM(By,Sx,t)
and
N(Sx,Ty,t) < a;N(Ax, Ay, t) + a,N(Ax,Sx,t) + asN(By, Ty, t) + a,N(Ax,Ty,t) +
asN(By,Sx,t)
forall x,y € X and a4, a,, a3, a, and as are non negative number such that
(a1 + az+ az;+2a, + as) < 1.
(1. Oneof S, A, T and B is continuous;
(V). (S, A)and (T, B) are compatible mappings of Type (A).
Then S, A, T and B have a unique common fixed point.
Proof. Letx, € X arbitrary. Choose a point x; in X such that Sx, = Bx;.This can be done
since S(X) c B(X). Let a point x, in X such that Tx; = Ax,. This can be done since T(X) c
A(X). In general, we can cho0se X5, X2n41, X2n42, ---, SUch that Sx,, = Bxy,q and Txy, 41 =
Axypyo foralln = 0,1,2, .... So that we obtain a sequence Sxg, Tx1,Sx,, Tx3,.... foralln =
0,1,2, .. )
Using condition (11), we have
M(Sxan41, Txons1, t) = @y M(AXop, Bxanyy, £) + @M (Axsp, Sxop, t) +
azsM(Bxzni1, Txone1, 1) + @aM(Axppn, Txopngq,t) + asM (Bxanyy, SXon, t)



COMMON FIXED POINT THEOREMS 12

= ayM(Txzpn_1,Sxon, t) + @aM(TX25_1, SX2n, t) + a3M (Sxzn, TXzn41, )
+ ayM(Txzn-1, TX2n41, 1) + asM(Sx2p, Sxap, t)
and
N(Sxzn+1, TXz2n41, 1)
< a3 N(AXzn, BXzny1, 1) + a2 N(Axap, Sxop, t) + asN(Bxzny1, Txones, )
+ ayN(Axzn, Txony1, t) + asN(Bxznyq, Sxop, t)
= a3y N(Txzp_1,Sx20, 1) + @z N(Txzn_1, Sxan, £) + @3N (Sxzp, Txzngq, t)
+ a4 N(Tx2p-1, Txzn 41, t) + asN(Sx2,, Sxop, t)
it follows
M(Sxan+1, TX2p41, 1)
= a3 M(Txzn-1,SX2p, t) + @2 M (TX2n-1, SXop, t) + a3M (Sx2n, TX2n41, 1)
+ ayM(Txzn_1, SXop, t) + @M (Sx2n, T2 41, t)
and
N(Sxap+1, TX2n41, 1)
< a3 N(Txzn-1, SX2p, t) + a2 N (TXzn-1, SX2p, t) + a3N(Sx2n, TX2n41, 1)
+ ayN(Txzn_1, SX2p, t) + 4N (Sxon, Txopn41,t)
it follows
M(Sx2n41, Txans1,t) = (@1 + @z + @) M (Txzn_1, Sxon, £) + (a3 + )M (Sxzn, TX2n41,8)
and

N(Sxzn4+1, Txons1,t) < (@1 + ay + ay)N(Txppn—q, SXo, t) + (a3 + @4)N(Sxop, TXop41,t)

Hence
M (Sx2n, Tx2p41,8) 2 (@t o+ ) M (Sx2n, Tx2p-1, 8)
(1-az3— ay)
and
N(Sxzn, Axzpy1,t) < (@ + a; + a,) N(Sx2n, Tx2p-1, )
(1-az— ay)
or
M(Sx2n, Txon4 1, t) = kM(Sxan, Txop_q,t)
and

N(SxZn’ Tx2n+]’ t) < kN(SxZn' TxZn—l' t)

(a1+ az+ay)

where k= <1

—a3— Ay
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Similarly we can show that
M(SXZTU TxZ‘n—]ﬁ t) = kM (SXZn—ZI szn—ll t)

and
N(ngn, TxZn—]’ t) < kN(SxZTl—Z’ TxZn—1: t)
therefore
M(Sxopn, TXons 1 t) = k2 M(Sxpp_p, Txpn_1,t) = k*™"M(Sx,, Tx;, t)
and

N(Sx5p, Txops 1 t) < k% N(Sxpp_2, TXpp_1,t) < k?"N(Sxy, Tx;,t)

which implies that the sequence (2) is a Cauchy sequence and since (X, M,N, *,0) is complete, so
the sequence (2) has a limit point z in X. Hence, sub sequences {Sx,}, {Bx>n—;} {Tx>,_;} and
{Ax,,}also converges to the point z in X. Suppose that A is continuous, then AAx,, — Az and
ASx,, = Az as n = o . Since the pair (S, A) is compatible mappings of type (A), we get SAx,,
- Azasn — .
Now by (1)
M(SAx2n, Txon41,t)

= ayM(AAxypn, Bxonyr, ) + ayM(AAxypn, SAXonyq,t)

+ azM(Bxons1, TXoni1,t) + @uM(AAXyn, TXony1, t) + asM(BXopyq, SAXop, £)
and N(SAxyn, TXons1,t) < @y N(AAXy, BXopi1,t) + @y N(AAXyy, SAXopiq, t) +
azN(Bxony1, TXons1,t) + @uN(AAXop, TXxong1,t) + @sN(BXopy1, SAXo,, t)
Letting n — oo, we have
M(Az,z,t) = a;M(Az, z,t) + a;M(Az, Az, t) + asM(z,z,t) + a,M(Az, z,t) + asM(z, Az, t)
=(a; + a, + as)M(Az, z, t)
and N(Azz,t) < a;N(Az,z,t) + a,N(Az, Az, t) + azN(z,z,t) + a,N(Az,z,t) +
asN(z, Az, t) = (a; + a4 + as)N(Az, z,t)
This gives M(Az,z,t) = I,N(Az,z,t) = 0, Since 0 < a; + a4 + a5 < 1. Hence Az = z. Further
M(Sz,Txyp41,t) = ayM(Az, Bxypy1,t) + a;M(Az,Sz,t) + asM(Bxypi1, TXopeq, ) +
aAyM(Az, Txyp41,t) + AsM(Bxgpnyq1,S2,t)
and N(Sz, Txan41,t) < @yN(Az,Bxypiq,t) + a;N(Az,Sz,t) + azsN(Bxypiq, TXone1, ) +
ayN(Az, Txyp41,t) + agN(Bxypiq,52, t)

letting Bx,,41, TX2n41 = Zasn — oo Az =z we get
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M(Sz,z,t) = a;M(z,z,t) + a,M(z,5z,t) + asM(z,z,t) + a,M(z,z,t) + asM(z,5z,t)
(ay + as)M(Sz,z,t)
and N(Sz,z,t) < a;N(z,z,t) + a,N(z,5z,t) + asN(z,z,t) + a,N(z,z,t) + asN(z, Sz, t)
=(a, + as)N(Sz,z,t)
Hence, M(Sz,z,t) = 1and N(Sz,z,t) = 0i.e. Sz = z, since 0<(a, + as) < 1.
Thus, Az =Sz = z.
S(X) € B(X), there is a point u € X such that z = Sz = Bu. Now by (1)
M(z,Tu,t) = M(Sz,Tu,t) = a;M(z, Bu,t) + a,M(Az,Sz,t) + asM(Bu,Tu,t) +
a,M(Az,Tu,t) + asM(Bu,Sz,t)
=a;M(z,z,t) + a,M(z,z,t) + asM(z,Tu,t) + a,M(z,Tu,t) + asM(z,z,t)
=(az; + a,))M(z,Tu,t)
and N(z,Tu,t) = N(Sz,Tu,t) < a;N(z,Bu,t) + a;N(Az, Sz,t) + asN(Bu,Tu,t) +
asN(Az, Tu,t) + agsN(Bu,Sz,t)
=a;N(z,z,t) + a,N(z,2,t) + azN(z,Tu,t) + a,N(z,Tu,t) + asN(z,z,t)
= (a3 + a4)N(z,Tu,t)
hence M(z,Tu,t) = 1 and N(z,Tu,t) =0i.e.Tu = z = Bu,
since0 < (a;+a,) <1.Takey, =uforn = 1.
Then, Ty, > Tu =zand By, - Bu=zasn — oo.
Since the pair (T, B) is compatible mapping of type (A), we get
rlli_)n.}oM(BTyn, TTy, t) =1and Ai_r)‘gloN(BTyn, TTy,,t) = 0 implies

M(Tz Bz, t) =1and N(Tz,Bz,t) =0
since Ty, = z and By,, = z forall n > 1. Hence Tz = Bz. Now
M(z,Tz,t) = M(Sz,Tz,t)
> a;M(Az,Bz,t) + a;M(Az,Sz,t) + asM(Bz, Tz, t) + a,M(Az, Tz, t)
+ asM(Bz,Sz,t)
=a;M(z,Tz,t) + a,M(z,2,t) + asM(Tz,Tz,t) + a,M(z,Tz,t) + asM(Tz,z,t)
=(a; +a,+as)M(z,Tz,t)

14
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and
N(z,Tz,t) = N(Sz,Tz,t)
< a;N(Az,Bz,t) + a,N(Az,Sz,t) + asN(Bz, Tz, t) + a,N(Az,Tzt)
+ asN(Bz, Sz, t)
=a;N(z,Tz,t) + a;N(z,z,t) + agN(Tz Tz, t) + a,N(z,Tz,t) + asN(Tz z,t)
=(a; +a,+as)N(z,Tz,t)
since 0<(a;+a,+as)<lweget Tz=zHencez =Tz = Bz,
therefore z is a common fixed point of S, A, T and B when the continuity of A is assumed.
Now suppose that S is continuous. Then SSx,,, = Sz, SAx,, = Szasn — oo,
By condition (11), we have
M(SSx2n, TX2n 41, t)
= A M(ASxzn, BXoni1,t) + aaM(ASXypn, SSXons1, ) + asM(BXoniq, TXony1, t)
+ ayM(ASxop, TXop11,t) + AsM(BX2p41,SSXon, t)
and
N(8Sx2n, TXzn41,t)
< ayN(ASxzn, BXzny1, t) + agN(ASxop, SSXop41, ) + azN(BXzni1, TX2n 41, t)
+ ayN(ASxop, TXop11, 1) + asN(BX2p11, SSX2n, t)
Letting n — oo and using the compatible mappings of type (A) of the pair (S, A), we get
ASx, — Sz
M(Sz,z,t) = atM(Sz,z,t) + a,M(Sz,5z,t) + asM(z,z,t) + a,M(Sz,z,t) + agM(z,5z,t)
= (a; +a, +as)M(Sz,z,t)
and
N(Sz,z,t) < a;N(Sz,z,t) + a;N(Sz,5z,t) + asN(z,z,t) + a,N(Sz,z,t) + agN(z,Sz,t)
=(a;+a,+as)N(Sz,z,t)
Since 0 < (a; + a4 + as) < I,we get Sz = z.
Since S(X) c B(X), there is a point v € X such that
z =S8z = Bv.
By condition (11), we have
M(SSxy,, Tu,t)
> a;M(ASxyy, Bu,t) + a;M(ASx,,, SSxp,, t) + asM(Bu, Tu, t)
+ a,M(ASxy,, Tu, t) + asM(Bu, SSx,y,, t)
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and
N(SSx,,,Tu,t) < a;N(ASx,,, Bu,t) + a;N(ASx,,, SSxy,,t) + asN(Bu, Tu, t) +
ayN(ASx,,, Tu,t) + asN(Bu,SSx,,, t).
Takingn — oo
M(z,Tv,t) = M(Sz,Tv,t)
>a;M(z,zt) + a,M(z,z,t) + azsM(z,Tv,t) + a,M(z,Tv,t) + asM(z,z,t)
= (a3 + a,)M(z,Tv,t)
and
N(z,Tv,t) = N(Sz,Tv,t)
<a;N(z,z,t) + a,N(z,z,t) + asN(z,Tv,t) + a,N(z,Tv,t) + asN(z,z,t)
= (az+ay)N(z,Tv,t)
since0 < (az+a,) <lwegetTv=z.
Thusz=Bv=Tvlety, =vthenTy, - Tv=zand By, - Tv=zasn — .
Since the pair (T, B) is compatible mapping of type (A), we get
lim M(BTyy, Ty, t) = 1and lim N(BTy,, TTyy,t) = 0

this gives BTv = TTv or Bz = Tz, further
M(Sxy,, Tz, t) = ayM(Axyy,, Bz, t) + ayM(Axyn, Sxopn, t) + azsM(Bz, Tz, t)
+ a,M(Axyy, Tz, t) + asM(Bz, Sxyp, t)
and
N(Sx3,, Tz, t) < ayN(Axyp, Bz, t) + ay;N(Axyy, Sxon, t) + asN(Bz, Tz, t) + ayN(Axyy,, Tz, t)
+ asN(Bz,Sxyp, t)
Letting n — oo, we get
M(z,Tz,t) = a;M(z, Tz, t) + ayM(z,z,t) + asM(Tz, Tz, t) + a,M(z,Tz,t)
+asM(Tz,z,t) = (a; + a, + a5)M(z,Tz, t)
and
N(z,Tzt) < a;N(z,Tz,t) + a;N(z,z,t) + asN(Tz, Tz, t) + a,N(z,Tzt)
+ asN(Tz,z,t) = (a; + a, + as)N(z,Tz,t)
since0 < (a;+a,+as)<1l,wegetTz = z.

Again we have T(X) c A(X), there is a point w € X such that z = Tz = Aw.Now
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M(Sw,z,t) = M(Sw,Tz,t)
> a;M(Aw,Bz,t) + a,M(Aw, Sw,t) + asM(Bz,Tz,t) + a,M(Aw,Tz,t)
+ asM(Bz,Sw,t)
=a,;M(z,z,t) + a,M(z,Sw,t) + asM(z,z,t) + a,M(z,Tz,t) + asM(z, Sw, t)
= (a, + as)M(z,Sw, t)
and
N(Sw,z,t) = N(Sw,Tz,t)
< a;N(Aw, Bz,t) + a,N(Aw, Sw, t) + asN(Bz,Tz,t) + a,N(Aw, Tz, t)
+ asN(Bz, Sw,t)
=a;N(z,z,t) + a,N(z,Sw,t) + asN(z,z,t) + a,N(z,Tz,t) + asN(z, Sw,t)
= (ay + as)N(z,Sw,t)
since 0 < (a, + ag) < 1. we get Sw = z. Take y,, = wthen Sy, - Sw =z, Ay, - Aw =z
Since the pair (S, A) is compatible mappings of type (A),
we get Tllil?oM(ASy"’ SSy,,t) =1and Tlli_{{}oN(ASYn' SSy,,t) =0
this implies that AAw = SSw or Az = Sz.
Thus we have z = Sz = Az = Bz = Tz. Hence z is a common fixed point of S, A, T and B.
Similarly we can prove the same result when B or T is continuous. In order to prove the
uniqueness of fixed point, let z and z' be two common fixed point of S, A, T and B. So we have
z=Sz=Az=Bz=Tzandz' =Sz =Az' =Bz =Tz
By condition (1)
M(z,z',t) = M(Sz,TZ',t)
> a,;M(Az,Bz',t) + a;M(Az,Sz,t) + asM(Bz',Tz',t) + a,M(Az,Tz',t)
+as:M(Bz',Sz,t)
=a,;M(z,z',t) + a,M(z,z,t) + asM(z',z',t) + a,M(z,2z',t) + asM(Z', z, t)
=(ay+a, +as)M(z',z,t)
and
N(z,z',t) = N(Sz, Tz, t)
<a,N(Az,Bz',t) + a,N(Az, Sz, t) + asN(Bz',Tz',t) + a,N(Az,Tz',t)
+ asN(Bz',5z,t)
=a,N(z,z',t) + a,N(z,z,t) + asN(z',z',t) + a,N(z,2',t) + asN(z', z, t)
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=(a; +a,+as)N(z',z,t)
0<(a;+a,+as)<1, wehavez =z'.
This completes the proof.
Corollary 3.2. Suppose S, A, T and B are four self mappings of a complete intuitionistic fuzzy
metric space (X, M, N, *, 0) into itself satisfying the following conditions:
().  S(X) € B(X), T(X) c A(X);
(m. M(Sx, Ty, t) = a;M(Ax, Ay, t) + a,M(Ax, Sx, t) + asM(By, Ty, t) +
asM(Ax, Ty, t) + asM(By,Sx,t)
and
N(Sx,Ty,t) < a;N(Ax, Ay, t) + a,N(Ax,Sx,t) + asN(By, Ty, t) + a,N(Ax,Ty,t) +
asN(By,Sx,t)
forall x,y € X and a4, a,, a3, a, and as are non negative number such that
a,+ a, + az +2a, + as < 1.
(11). Oneof S, A, T and B is continuous;
(V). (S, A)and (T, B) are compatible mappings of Type (P).
Then S, A, T and B have unique common fixed point.
Proof. The proof of the corollary is a direct consequence follows from the proposition 2.13,

proposition 2.14 and theorem 3.2.
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