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Abstract. In this paper, firstly we give a new identity via local fractional integrals. Then we obtained some new
Simpson’s type integral inequalities for the generalized quasi-convex functions.
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1. Introduction

We will start with the following inequality that is well-known in the literature as Simpson’s
inequality and has several utilization in different fields of mathematics: Let f : [a,b] — R be a

four times continuously differentiable mapping on [a,b] and || f®)||o = sup |f™ (x)| < oo then
x€la,b]
the following inequality holds:

l[—ﬂ“)*ﬂb) +2f(“+b)] —bia/abf(x)dx !

<
— 2880

3 2 2 £ Y]]..(b—a)*.

Several researchers make effort to obtain new inequalities related to Simpson inequality. To
consult some of them, one can take glance to the papers ([5]-[15])
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Theory of convex sets and convex functions play an important role in different fields of pure
and applied sciences. In recent years, the concept of convexity has been extended and general-
ized in various directions using novel and innovative techniques, see [1, 2, 3,4, 6, 11, 26]. One
of these concepts is concept of a quasi-convexity which is well known in the literature.

Many new results were obtained with the help of quasi-convex functions in recent years.(see
[7,14])

In recent years, researchers introduced the generalized convex function on fractal sets as the
following: (see [9, 10])
Definition 1.1. [9] Let f:1 C R — R*. For any x;,x, € I and A € [0, 1], if the following

inequality
fAxy+Ax) < (Z)A%f (1) + (1= 2)%f (x2)

holds, then f is called a generalized convex (or concave) function on /.
We can give two basic examples of generalized convex functions as follows:
L. f(x)=x*?x>0,p>1;
2. f(x) =Eq(x%),x € R, where Eq(x%) = Y7 F(%Za) is the Mittag-Leffer function.
For some recent results about generalized convex functions, see[9, 10, 16, 19, 25] Now, let
us give the notion of generalized quasi-convex function generalizes the notion of generalized
convex function.
Definition 1.2. [19] Let f: 1 C R — R? for any x,x; € I and A € [0,1] , if the following

inequality
fAxi+ (1= 2)x2) <sup{f(x),f(y)}

holds , then f is called a generalized quasi convex function on /.
Clearly all generalized convex function is a generalized quasi-convex function but the reverse
are not true. Because there exist generalized quasi-convex function which are not generalized

convex. In that context, let’s give the following example. The function g : [-3,3] — R%

, te[-3,—1],

, te(—1,3]
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is not generalized convex function on [-3,3] but if is a generalized quasi-convex function on

[-3,3].
2. Preliminaries

Recall the set R* of real line numbers and use the Gao-Yang-Kang’s idea to describe the
definition of the local fractional derivative and local fractional integral, see [21, 22] and so on.

Recently, the theory of Yang’s fractional sets [21] was introduced as follows.

For 0 < a0 < 1, we have the following a-type set of element sets:

7%:The o- type set of integer is defined as the set {OO‘, +1% 42% . £ n%, }

Q® :The a-type set of the rational numbers is defined as the set {m® = (5) *. pqgel, q#
0}.

J%:The a- type set of the irrational numbers is defined as the set {m® # (g) % pg€l, g+
0}

R% : The a-type set of the real line numbers is defined as the set R* = Q* UJ%.

If a®,b* and c* belongs the set R* of real line numbers, then

p—

. a%*+b%* and a®b? belongs the set R%;

L a*+b* =b%*+a% = (a+b)* = (b+a)%
L a%*+ (b +c¢%) = (a+b)* + %

a®b* = b%a* = (ab)* = (ba)%;

. a%(b%c*) = (a®b*)c%;

. a%*(b% 4 c%*) = a%b%* 4 a%c%;

. a%+ 0% =0%+a% =qa% and a*1% = 1%a* = a®.

In [21], local fractional continuity, differentiation and integration and some properties are
given as follows.
Definition 2.1. A non-differentiable function f : R — R%, x — f(x) is called to be local frac-

tional continuous at xo, if for any € > 0, there exists & > 0, such that

|f(x) = f(x0)] < &*
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holds for |x —xp| < 8, where €,6 € R. If f(x) is local continuous on the interval (a,b), we
denote f(x) € Cy(a,b).

Definition 2.2. The local fractional derivative of f(x) of order o at x = xq is defined by

(@) () = 4 ) _ i A% )~ f(x))
f(x0) = dx* | _. _x1—>xo (x—x0)® ’
where A%(f(x) — f(x0))=L(1+ o) (f(x) — f(x0))-

k+1 ti
‘ l 1mes
If there exists £+ )“(x) =DY...D%f(x) for any x € I C R, then we denoted f € Do),

where k =0,1,2,...
Definition 2.3. Let f(x) € Cy [a,b]. Then the local fractional integral is defined by,

N—1
) = gy [ 00" = gty dm, L 700"

with Atj =t —t; and At = max {At],Atp, ..., Aty_1 }, where [tj,thr]} ,j=0,...,N—1and
a=ty<t; <---<ty_ <ty =bis partition of interval [a,b]. Here, it follows that ,J* f(x) = 0
if a=band I} f(x) = —pI{ f(x) if a < b. If for any x € [a,b], there exists I f(x), then we
denoted by
f(x) € I [a,b].
Lemma 2.1.

(1) (Local fractional integration is anti-differentiation) Suppose that f(x) = g(® (x) € Cy [a, ),
then we have

ol f(x) = g(b) - g(a).

(2) (Local fractional integration by parts) Suppose that f(x),g(x) € Dg[a,b] and f (O‘)(x),

¢\ (x) € Cya,b], then we have

A5 ()8 () = f(x)g)lq —a 5 P (X)g(0).

Lemma 2.2.
da.xka . (l—l-kOC) (k 1)06,
dx® (14 (k— )OC) ’
1 b kot g 00 _ (1—|—k0€) (k+1)a (k+1)a
r(1+a)/a X = T (ke D) <b — >

Theorem 2.1.[Generalized Holder inequality][21]
Let f,g € Cyqla,b], p,g > 1 with % +cl1 =1, then
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i L el @
@2.1)

< (s [ VP @) (s [ etoirian)’

It can be found in [21, 22, 23, 24, 25] more detailed information on local fractional calculus.
Also, we recommend readers to some new work about local fractional integral inequalities (see

[16, 17, 18]).
3. Main results

In order to prove our main theorems, we need the following Lemma.
Lemma 3.1. Let / C R be an interval , f: I C R — R% (I° is the interior of I) such that

f €Dg(1°) and f¥ € Cyla,b] for a,b € I° with a < b. Then the following equality holds:

6% 2

1 b—a\* 1]/t 1\* 1+t 1-—t
_ - () “pp 27 3.1
rea(2) b G7s) () e
1 \* 1+t  1—¢
—— ) O ——a+—b)]|(dr)*.
~5m3) s (e
Proof.Using the local fractional integration by parts, we have
1 Ve 1\* 1+t 1—t
h=—— | (=) f9( —b+—"a)(@d)®
1F(1+oc)/o(2 3>f<2+2“()
o INY/ 2 \*.[(1+t 1-1\]|
=|l=-—= —b
(373) () (5,

2
R (bia)ar(liua)/ol (%)af(lJra)f(%bJr% )(dt)a‘
(

e | @+ (20) 0| - L e

1 +1 I—1t
Setting x = ib—k

0= (523) [(5) o+ (§) (7]

_( 2 )zaziar(wa)[ibf(x)(dﬂ“-

b—a ath

(04
a and (dx)* = ) (dt)®*, which gives

(3.2)
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Similarly, we can show that
I+t I—1
(%a + —b) (d)®

1—1¢
a b>
0

t
T
%) I(1+ (X)f(%d—{- %b) (dt)*.

et (5-2)
-(-3) () (5
( : ) FH—a)/l(_

1+t 11—t —b\*
Setting x = ; a+ Tb and (dx)* = (aT) (dt)*, which gives

e () (- €2

+< 2 >2a2iar(1+a>/af(x)(dx)a'

a—>b +

(3.3)

Adding (3.2) and (3.3), we obtain

nen= (22) wlr@ress(452) + )

_(bia)zaziar(l o) /ahf(x)(dx>a

04
if we multiple the resulting equality with (Ta) , then we complete the proof.

The next theorems gives a new results of the Simpson inequality for generalized quasi-convex
functions:
Theorem 3.1. Let / C R be an interval , f: I C R — R® (I° is the interior of ) such that
f€Dg(I°) and f(%) € Cyla,b] for a,b € I° with a < b. If | f(¥)] is generalized quasi convex on

[a, D], then the following inequality holds:

C

< -0 (3) T s {9l w1}

Proof. From Lemma 3.1 and taking modulus, it follows that

6% [f(a)+4af(a;b) +f(b)] - Hl_—walf (X>‘
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6% {f(a)+4af(a;b) +f(b)} - EEI_—Z;?aIE‘f(X)

1 b—a\* ('t 1% 1+1,  1—1
< —— | O —b+— :
—r(1+a)(2)/0{2 3| (2b+2a) (3:5)
I 1+t 1-t
ot e e a
+H3 7 f ( 74t b)H(dr) .
|/(®)| is generalized quasi convex, we have
I w.fath T(l+a)
| F@+ar () g0 - S
CNO a
<1 (boa / r 1 (3.6)
T(l+a)\ 2 0|2 3

< s { U @wLIr @l s { @@l @o) ||

Using Lemma 2.2, we have

1t

3 2

t 1

o o 1 1
73| @ :F(l+a)/o

¢ e (5\'T(+a)
(dr) ‘(E) EYTOR (3.7)

1 1
I'l+a) /0
So, (3.6) and (3.7), we get

o [f@ -4 (50) 10| - )

< 0-0"(5) thasew{ @@L

which completes of proof.
Theorem 3.2. Let I/ C R be an interval , f: I C R — R% (I° is the interior of ) such that
f €Dy(I°) and £ € Cyla,b] for a,b € I° with a < b. If | f(®)|9 is generalized quasi convex

on [a,b], ¢ > 1, then the following inequality holds:

6% [f(a)+4°‘f(a;b> +f(b)} —%alﬁ‘ (%)

)
o)) ) s

X (sup{\f<0‘><a>!q,!f<°‘><b>\‘f})

T
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1,1 _
Wherel—j-i—a—l.

Proof. From Lemma 3.1 and using the generalized Holder inequality, we have

e |[F@+aer (0) )] - L o)
r1”

606
1+1¢ 1—1¢
2 (N L .
( > b+ > a)'

= r(11+a) (b;a) /01 [ 273
" anye );

‘_% <><ﬂa+ﬁb)u
Y
<dr>“)

) K i h

141 1—1t
(@) 2ty 2%
f ( > b+ 5 a)

2 §

<("2
(wrra
“(rita

r
2
1 I+ 1—t¢
1 MNue L, 1t
X(F(l+oc)/0 / ( 2 T b)

Since | f(®)|4 is generalized quasi-convex on [a,b], we have

= (b;a)a(mia) /o1 %_% ”"‘(dﬂa); (3.9)
9 [(sup{\f<“><b>rq,rf<“><a>w})‘1’+ (sup{\f<“><a>\q,rf<“><b>w})‘1’].

Using Lemma 2.2, we have
/o1 %‘% pa(‘”)a:/ol %_% Sy (3.10)

=[(5)7 ()" T vo e

So, (3.9) and (3.10), we get(3.8), which completes of proof.
Theorem 3.3. Let / C R be an interval , f:1 C R — R% (I° is the interior of ) such that
f €Dg(I°) and f(% € Cyla,b] for a,b € I° with a < b. If | f(®)|? is generalized quasi convex

on [a,b], g > 1, then the following inequality holds:
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%{f( >+4“f(“§”) +f<b>} T A >‘

< (-0 %(sup{|f<“><a>|q,|f<“><b>|q});.

Proof. From Lemma 3.1 and generalized power-mean inequality, we have
1 afa+b rl+a) 4,
e |[F@+as (50 40| - L

1 b—a Ire 1% 1+t 11—t
< (o)
_F(I—Fa)(Z)/o{ <2b+ 2“)

(3.11)

2 3

e (e )
(5 ((rasa £ 5= o) o
(et b s 3[lro (3t+ 51 )

(ra b - 4fw)”

(e [ [ o (e 50 )

Since | f(®)|4 is generalized quasi-convex on [a,b], we have
r 1

= (b;a)a[(r(lia) /01 273 a<‘”>“>l;
(e ) asup{If(“)(b)l",lf(“)(a)|q}>;(dt)“
+ (ﬁ/ol a(dt)a> T

(rar [ -2 e {iro@e o) @)

Using Lemma 2.2, we have

1 1
F(1+oc)/o

N~
W =

(3.13)

W[ —
SRS

W[ —
N~

o 1

~riva

t 1
2 3

1 ¢

s " (i)aM. (3.14)

18) I(1+2a)
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So, (3.13) and (3.14), we get (3.11), which completes of proof.
Remark 3.1. Theorem 3.3 is equal to theorem (3.1) for g = 1.

Remark 3.2. Theorem 3.1 is equal to theorem 4 in [20] for ot = 1.
Remark 3.2. Theorem 3.2 is equal to theorem 5 in [20] for ot = 1.

Remark 3.3. Theorem 3.3 is equal to theorem 6 in [20] for a = 1.
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