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Abstract: In this paper, we prove a common fixed point theorem which is a generalization of Bijendra Singh and
M.S. Chauhan using some weaker conditions namely semi compatible and associated sequence instead of
compatibility and completeness of the metric space. Also, we give suitable example to validate our theorem.
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1. Introduction

A contraction mapping defined on complete metric space is having unique fixed point, this is
known as Banach contraction principle and which is first ever result in fixed point theory. This
result was further generalized and extended in various ways by many authors. S.Sessa[8] defined
weak commutativity and proved common fixed point theorems for weakly commuting maps.
Afterwards G.Jungck[1] introduced the concept of compatible mappings which is weaker than
weakly commuting mappings. Thereafter Jungck and Rhoades [4] defined weaker class of maps

known as weakly compatible maps.
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The concept of semi compatible mappings was introduced by Y.J.Cho, B.K. Sharma and
D.R.Sharma [6]. In this paper we prove a common fixed point theorem for four self maps using

semicompatible mappings.

2. Definitions and Preliminaries
2.1 Definition [3]. A and S are two self maps of a metric space (X,d) are said to be compatible

mappings if limd(ASx,,SAx,)=0 , whenever {x } is a sequence in X such that

lim Ax, =limSx, =t forsome te X..

n—oo n—oo

2.2 Example. Let (X,d) be a metric space where X =[0,2] and d(x,y) 5 x—y|.We define

self maps A and S as

1 if x=0 1 if xe[0,1]
AX)=<x If xe(0,1 and S(x) =
(%) €(0,1] (X) x;l if xe(L2]
gifXE@ﬂ

Let us consider a sequence{x,}byx, = 2—l for n>1.ThenlimAx, =1limSx, =1.
n

n—oo n—oo

Thuslim ASx, = limSAXx,, =1. Hence, the pair (A,S) is compatible.

n—oo n—o

2.3 Definition [6]. A and S are two self maps of a metric space (X,d) are said to be

semicompatible if limd(ASx,,St)=0 whenever {x } is a sequence in X such that

limSx, =lim Ax, =t forsome te X .

n—o0o n—oo

2.4 Example. Let X =[0,2] with the usual metric. Define A and S by

1 if0<x<1 1 if x=1
A(X) = and S(x) =
) giflsXSZ () 5g—iifotherwise

Consider a sequence {X }asx, =2 1 ,forn>1, then
n

limAx, =1imSx, =1. Also limASx, =1and S(1) =1 implieslim ASx, =S(1).

n—o n—o n—oo

Hence (A,S) is semi compatible.
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Again limSAX, :g but A@Q) =1giveslimSAx, # A(1) . Hence (S,A) is not semi compatible.

n—oo

Further the mappings A and S are not compatible.
2.5 Remark. Semi compatibility of the pair (A,S) does not imply the semi compatibility of the
pair (S,A) and semi compatible mappings need not be compatible.
Bijenrda Singh and M.S.Chauhan[5] proved the following theorem.
2.6 Theorem. Let A,B,S and T be self mappings from a complete metric space (X,d) into itself
satisfying the following conditions
(2.6.1) A(X)cT(X) and B(X) <= S(X)
(2.6.2) one of A,B,Sand T is continuous
(2.6.3) [d(Ax, By)J’ <k,[d(Ax,Sx)d(By,Ty)+d(By,Sx)d (Ax,Ty)]

+k,[d (Ax, Sx)d (Ax, Ty) +d(By, Ty)d (By, Sx)]

where 0<k, +2k, <1k ,k, >0

(2.6.4) the pairs (A,S) and (B,T) are compatible on X .
Further if X is a complete metric space then A,B,S and T have a unique common fixed point in X.
Now we generalize the above theorem using semi compatible mappings and an associated
sequence.
2.7 Associated sequence [7]: Suppose A, B, S and T are four self maps of a metric space (X,d)

satisfying the condition(2.6.1),then for an arbitrary X, e X such that Ax, e A(X)<T(X)
gives Ax, =Tx, for some x, € X .For this pointx, € X , Bx, € B(X) = S(X) , there exist a point x,
in X such that Bx, =Sx, .Again Ax, € A(X)cT(X) gives Ax, =Tx, for some x, € X .Now
Bx, € B(X) < S(X)gives Bx, =Sx,and so on. Proceeding in this similar manner, we can define

a sequence {y,} in X such that y, = Ax, =Tx,,,, and y, ., =BX, 8X,,,., forn>0. We shall

N+l
call this sequence as an “Associated sequence” connected to the four self maps A, B, Sand T.
Now we prove a lemma with an example which plays an important role in our main theorem.
2.8 Lemma: Suppose A, B, S and T are self maps of a complete metric space (X, d) into itself

satisfying the conditions (2.6.1) and (2.6.3),then the associated sequence {y. }relative to four self

maps given in (2.7) is a Cauchy sequence in X.
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Proof: Using the conditions (2.6.1), (2.6.3) and from the definition of associated sequence, we

have

[d (y2n+1’ yZn)]2 = [d (AXZn' BXZn—l)]z
< kl [d (AXZn ' SXZn) d ( BXZn—l’TXZn—l) + d ( BXZn—l’ SXZn) d ( AXZn ’TXZn—l ]
+ kz [d (AXZn ' SXZn) d( AX,, ’TXZn—l) +d( BXZn—l’TXZn—l) d (BXZn—l SXZn) ]

= K [d(Vorszs Yon) dVans Yona) [+ Ko [d(Vansr You) A (Yanaas Yons )]
this implies

d (y2n+l’ y2n) < kl d (yZn’ y2n—1) + k2 [d (y2n+l’ yzn) + d (yZn’ y2n—l) ]

d (y2n+1’ yZn) = /1 d (y2n’ y2nfl)

k, +k,

where 1 = <1.

2

Now for every integerm >0, we get

(Yo Vo) S Ao Yaud) A (Yoo Via) Foveeenn + d(Yormar Yoim)
< 2" (Vg ¥) + A" (Vg Vo) + e, + A" (Y, ;)
(A" A + A7) d (Yo, i)

gz”(1+ﬂ+12+ ............. +lm71)d(y0’yl)

SinceA<1, A" -0 as n— oo, so thatd(y.,V,,,) —0. This shows that the sequence {y.} is a
Cauchy sequence in X and since X is a complete metric space, it converges to some point, say
zeX.

The converse of the Lemma is not true, that is A,B,S and T are self maps of a metric space (X,d)
satisfying the (2.6.1) and (2.6.3), though if for any xoe X and for the associated sequence

Ax,, Bx,, AX,, BX,, ..., AX,,, BX,,, ;... cOnverges, the metric space (X,d) need not be complete.

For this we give an example.

2.9 Example: Let X =(0,1) withd(x,y) = x—y|. Define self maps of A, B, Sand T of X by

1 if0<x<1 1-x if0<x<E
A(X) = B(x) =1 2 2 and S(O)=T(x)= 2
x if=<x«1 X if =<x<1

2 2
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Then A(X)=B(X) = Elj andS(X)=T(X)= Blj showing the conditions A(X) =T (X)

and B(X) < S(X). Also it is easy to show that the associated sequence
Ax,, Bx,, AX,, BX,....AX,,, BX,,,.... CONVerges to the point% , but X is not a complete metric

space.

3. Main results
3.1 Theorem: Suppose A, B, S and T are self maps from a metric space (X,d) into itself

satisfying the following conditions

A(X) < T(X) and B(X) = S(X) (3.1.1)

[d(AX, By)]* <k,[d(Ax, Sx)d(By,Ty) +d(By, Sx)d (A, Ty)] (31.2)
+k,[d (Ax, Sx)d (Ax, Ty) +d (By, Ty)d (By, Sx)]

for all x, y in X where 0 <k, +2k, <1k ,k, >0

Sand T are continuous (3.1.3)

the pairs (A,S) and (B, T) are semi compatible mappings. (3.1.4)

Further if

for any x, € X the associated sequence relative to four self maps A,B,S and T such that the
sequence Ax,, Bx, AX,, BX; ...., A, , BX,, ;... CONvergesto ze X as n—oo (3.1.5)

then A,B,S and T have a unique common fixed point in X.

Proof: From the condition (3.1.5), we have

AX,, > 2,TX,,,, > 2,BX,,,, >z and Sx,, -z as n —>o. (3.1.6)
Since the pair (A,S) is semi compatible mapping, then ASx,, — Sz as n—oo (3.1.7)
Suppose S is continuous then SSx,, — Sz and SAX,, — Szas n—co. (3.1.8)

Put x=Sx,,, Yy = X,,,, N the condition (3.1.2), we have

[d (ASXZn ' B)(2n+1)]2 < kl[d (ASXZn ! SSXZn)d (BX2n+1’TX2n+1) + d (BX2n+l’ SSXZn)d (ASXZn ’TX2n+l)]
+ k2 [d (ASXZn ! SSXZn)d (ASXZn ’TX2n+1) + d (BX2n+1’TX2n+1)d (BX2n+l’ SSXZn)]

letting n — oo and using the conditions (3.1.6),(3.1.7) and (3.1.8), we get
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[d(Sz,2)]* <k,[d(Sz,Sz)d(z,z)+d(z,Sz)d(Sz,2)]

+k,[d(Sz,Sz)d(Sz,z) +d(z,Sz)d(z,z)]
this gives
[d(Sz,2))° <k [d(Sz,2)]°
and this implies

(1—k,)[d(Sz,2)]* <0.Since the distance function can never be negative, we getd(Sz,z)* =0,

this gives d(Sz,z) =0and this impliesSz=z.
ThereforeSz =z.

Now put x=2,y=X,,., in the condition (3.1.2), we have

n+l

[d(Az,BX,,,,)T’ <k,[d(Az,Sz)d(BX,,,, TX,,.,) +d(BX,,.;, S2)d (AZ, TX,, )]
+K,[d(Az, S2)d (AZ, TXyp.1) + A (BXp.10 TXop,1)d (BXpp.1, S7)]

letting n — ooand using the conditions (3.1.6) and Sz =z ,we get

[d(Az,2)] <k [d(Az,2)d(z,2)+d(z,2)d(Az,2)]
+k,[d(Az,z)d(Az,z)+d(z,2)d(z,2)]

this gives

[d(Az,2)]* <k,[d(Az,z)and this implies

[1-k,][d(Az,2)]’ <0. Since 0<k, +2k, <land distance function can never be negative, we
getd(Az,z)* =0, this gives d(Az,z) =0 impliesAz =z,

Hence Az =Sz =z --- (3.1.9), showing that z isa common fixed point of AandS.

Also since the pair (B,T) is semi compatible mapping, then BTx,, —»Tz as n—oo (3.1.10)
Suppose T is continuous then TTx,, — Tz and TBx,, ->Tzas n—oo . (3.1.11)

Put x=x,, and y =Tx,, in the condition (3.1.2), we have

[d (AXyy, BTX,, )T < Ky[d (AXy, SX5)d (BT, TTX,,) +d (BT, SXp0)d (A, TTXy, )]
+K,[d (AXy,, SX,)d (A%, TTX,, ) +d (BTX,,, S, )d (BT, TTX,, )]
letting n — oo and using the conditions(3.1.10) and (3.1.11), we get

[d(z,T2))? <k,[d(z,2)d(Tz,Tz)+d(Tz,z)d(z,Tz)]
+k,[d(z,z)d(z,Tz)+d(Tz,z)d(Tz,Tz)]

this gives
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[d(z,T2)]? <k,[d(Tz,2)]? and this implies

(L-k,)[d(z,Tz)]? <0. Since 0<k,+2k, <1 and distance function can never be negative, we

getd(z,Tz)? =0, this gives d(z,Tz) =0and this impliesTz=2z.

Now put x =z,y =z inthe condition (3.1.2), we have

[d(Az,Bz)J’ <k, [d(Az,Sz)d(Bz,Tz)+d(Bz,Sz)d (Az,Tz)]

+k,[d(Az,Sz)d(Az,Tz) +d(Bz,Tz)d (Bz, Sz)]

Using the conditions Az=Sz=z and Tz =z, we have

[d(z,Bz)J <k,[d(z,z)d(Bz,Bz)+d(Bz,z)d(z,Bz)]
+k,[d(z,z)d(z,Bz)+d(Bz, Bz)d(Bz, z)]

this gives

[d(z,B2)J’ <k,[d(Bz,z)]*and this implies

(L-k )[d(z,Bz)F <0.Since 0<k, +2k, <land distance function can never be negative, we get

d(z,Bz)* =0, this gives d(Bz,z) =0 implies Bz =z.

HenceBz=Tz=1z ... (3.1.12), showing that z is a common fixed point of B andT .
From the conditions (3.1.9) and (3.1.12), we have Az=Sz=Bz=Tz=z.
SinceBz=Tz=Az=Sz =1z, we get z isa common fixed point of A, B, Sand T.

3.2 Conclusion: From the example (2.6), we prove that the pairs (A, S) and (B, T) are

semicompatible and S and T are continuous.

For this, take a sequence x, = % 1 , forn>1, then
n

lim Ax, = lim Sx =%=t (Say), then lim ASx, =S(t)=% and limBTx, :T(t):% so that the

n—o

pairs (A,S) and (B,T) are semicompatible mappings. Further the condition (3.1.2) holds for the

values of k;, k, >0, satisfying the condition 0 <k, +2k, <1.It can be seen that X is not a complete

metric space and it can be easily verified that the associated sequence

Ax,, Bx,, AX,, BX,....AX,,, BX,, ,,....converges to the point % which is a common fixed point of A,

B, S and T. We observe that % is the unique common fixed point of A, B, Sand T.
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